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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1���Ùµp�V­.�§|�ê��{

^Å�DÂ�ª\È���\��Ïþ�Å�DÂúª�A^—— ���5(Å�§|

���5(Å�§| x-, y-���A���A��þ

�Ä u0 = v0 = 0 ����5(Å�§ qt + Aqx + Bqy = 0,

q =

pu
v

 ,A =

 0 K0 0
1/ρ 0 0

0 0 0

 ,B =

 0 0 K0

0 0 0
1/ρ 0 0

 .
A, B �A��ÚA��þ©O�

λx1 =−c0, λ
x2 =0, λx3 =c0, r x1 =

−Z0

1
0

, r x2 =

0
0
1

, r x3 =

Z0

1
0

,
λy1 =−c0, λ

y2 =0, λy3 =c0, r y1 =

−Z0

0
1

, r y2 =

 0
−1
0

, r y3 =

Z0

0
1

.
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1���Ùµp�V­.�§|�ê��{

^Å�DÂ�ª\È���\��Ïþ�Å�DÂúª�A^—— ���5(Å�§|

���5(Å�§| x-, y-���Å!Å�ÚÞáÅ

-αi− 1
2
,j = (Rx)−1∆Qi− 1

2
,j , Wi− 1

2
,j = Rxαi− 1

2
,j , s

p

i− 1
2
,j

= λxp.

dd� x-����g{��ÞáÅ (5¿, s2
i− 1

2
,j

= 0, 2-ÅÃ�z)

A−∆Qi− 1
2
,j = s1

i− 1
2
,j
W1

i− 1
2
,j

, A+∆Qi− 1
2
,j = s3

i− 1
2
,j
W3

i− 1
2
,j

.

-αi ,j− 1
2

= (Ry )−1∆Qi ,j− 1
2
, Wi ,j− 1

2
= Ryαi ,j− 1

2
, sp

i ,j− 1
2

= λyp.

dd� y-����g{��ÞáÅ (Ó�, s2
i,j− 1

2
= 0, 2-ÅÃ�z)

B−∆Qi ,j− 1
2

= s1
i ,j− 1

2

W1
i ,j− 1

2

, B+∆Qi− 1
2
,j = s3

i ,j− 1
2

W3
i ,j− 1

2

.
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^Å�DÂ�ª\È���\��Ïþ�Å�DÂúª�A^—— ���5(Å�§|

���5(Å�§|��g��ÞáÅ

-βi ,j± 1
2

=(Ry )−1A+∆Qi− 1
2
,j , βi−1,j± 1

2
=(Ry )−1A−∆Qi− 1

2
,j .

KkA+∆Qi− 1
2
,j =

3∑
p=1

βp
i ,j± 1

2

r yp. A−∆Qi− 1
2
,j =

3∑
p=1

βp
i−1,j± 1

2

r yp.

9B+A+∆Qi− 1
2
,j =c0β

3
i ,j+ 1

2

r y3, B−A+∆Qi− 1
2
,j =−c0β

1
i ,j− 1

2

r y1,

B+A−∆Qi− 1
2
,j =c0β

3
i−1,j+ 1

2

r y3, B−A−∆Qi− 1
2
,j =−c0β

1
i−1,j− 1

2

r y1.

- γi± 1
2
,j =(Rx)−1B+∆Qi ,j− 1

2
, γi± 1

2
,j−1 =(Rx)−1B−∆Qi ,j− 1

2
.

KkB+∆Qi ,j− 1
2

=
3∑

p=1
γp
i± 1

2
,j
r xp. B−∆Qi ,j− 1

2
=

3∑
p=1

γp
i± 1

2
,j−1

r xp.

9A+B+∆Qi ,j− 1
2

=c0γ
3
i+ 1

2
,j
r x3, A−B+∆Qi ,j− 1

2
=−c0γ

1
i− 1

2
,j
r x1,

A+B−∆Qi ,j− 1
2

=c0γ
3
i+ 1

2
,j−1

r x3, A−B+∆Qi ,j− 1
2

=−c0γ
1
i− 1

2
,j−1

r x1.
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���þ!0�¥�5(Å�§|�\��Ïþ�Å�DÂúª

���þ!0��5(Å�§|�g{�Þá�O�

ò�ü�þ�á�?n¤þ!0�. d�3ú�.¡üý�
ü�k�g�XêÝ
A, B, 9�A�A��ÚA��þ.

-αi− 1
2
,j = (Rx

i− 1
2
,j

)−1∆Qi− 1
2
,j , Wi− 1

2
,j = Rx

i− 1
2
,j
αi− 1

2
,j , Ó�

-αi ,j− 1
2

= (Ry

i ,j− 1
2

)−1∆Qi ,j− 1
2
, Wi ,j− 1

2
= Ry

i ,j− 1
2

αi ,j− 1
2
, Ù¥

Rx
i− 1

2
,j

=

−Zi−1,j 0 Zij

1 0 1
0 1 0

 , Ry

i ,j− 1
2

=

−Zi ,j−1 0 Zij

0 −1 0
1 0 1

 ,
- s1

i− 1
2
,j

=λx1
i−1,j , s

3
i− 1

2
,j

=λx3
i ,j , s

1
i ,j− 1

2

=λy1
i ,j−1, s3

i ,j− 1
2

=λy3
i ,j .

dd���A.¡?��g{�ÞáÅ.
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���þ!0�¥�5(Å�§|�\��Ïþ�Å�DÂúª

���þ!0��5(Å�§|{�Þá���©)

Ón, O�.¡ (i − 1
2 , j) ?��g{�ÞáÅ���©)�,

�A�Ý
 Ry �´ª.½Â�. -

βi ,j± 1
2

=(Ry

i ,j± 1
2

)−1A+∆Qi− 1
2
,j , βi−1,j± 1

2
=(Ry

i−1,j± 1
2

)−1A−∆Qi− 1
2
,j

A+∆Qi− 1
2
,j = β1

i ,j+ 1
2
r y1
ij + β3

i ,j+ 1
2
r y3
i ,j+1,

A+∆Qi− 1
2
,j = β1

i ,j− 1
2
r y1
i ,j−1 + β3

i ,j− 1
2
r y3
ij ,

A−∆Qi− 1
2
,j = β1

i−1,j+ 1
2
r y1
i−1,j + β3

i−1,j+ 1
2
r y3
i−1,j+1,

A−∆Qi− 1
2
,j = β1

i−1,j− 1
2
r y1
i−1,j−1 + β3

i−1,j− 1
2
r y3
i−1,j .
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���þ!0�¥�5(Å�§|�\��Ïþ�Å�DÂúª

���þ!0��5(Å�§|{�Þá���©)

O�.¡ (i , j − 1
2 ) ?��g{�ÞáÅ���©)�, �A

�Ý
Rx �´ª.½Â�. -

γi± 1
2
,j =(Rx

i± 1
2
,j

)−1B+∆Qi ,j− 1
2
, γi± 1

2
,j−1 =(Rx

i± 1
2
,j−1

)−1B−∆Qi ,j− 1
2

B+∆Qi ,j− 1
2

= γ1
i+ 1

2
,j
r x1
ij + γ3

i+ 1
2
,j
r x3
i+1,j ,

B+∆Qi ,j− 1
2

= γ1
i− 1

2
,j
r x1
i−1,j + γ3

i− 1
2
,j
r x3
ij ,

B−∆Qi ,j− 1
2

= γ1
i+ 1

2
,j−1

r x1
i ,j−1 + γ3

i+ 1
2
,j−1

r x3
i+1,j−1,

B−∆Qi ,j− 1
2

= γ1
i− 1

2
,j−1

r x1
i−1,j−1 + γ3

i− 1
2
,j−1

r x3
i ,j−1.
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���þ!0�¥�5(Å�§|�\��Ïþ�Å�DÂúª

���þ!0��5(Å�§|�g��Þá�O�

�A��g��ÞáÅ�Å�±c �7L�TÞáÅ¤?\
ü���AA��. Ïd�

B+A+∆Qi− 1
2
,j = ci ,j+1β

3
i ,j+ 1

2
r y3
i ,j+1,

B−A+∆Qi− 1
2
,j = −ci ,j−1β

1
i ,j− 1

2
r y1
i ,j−1,

B+A−∆Qi− 1
2
,j = ci−1,j+1β

3
i−1,j+ 1

2
r y3
i−1,j+1,

B−A−∆Qi− 1
2
,j = −ci−1,j−1β

1
i−1,j− 1

2
r y1
i−1,j−1.

5: ù
�g��ÞáÅ©O^5�#��ÏþG̃i ,j± 1
2
, G̃i−1,j± 1

2
.
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���þ!0�¥�5(Å�§|�\��Ïþ�Å�DÂúª

���þ!0��5(Å�§|�g��Þá�O�

aq/�

A+B+∆Qi ,j− 1
2

= ci+1,jγ
3
i+ 1

2
,j
r x3
i+1,j ,

A−B+∆Qi ,j− 1
2

= −ci−1,jγ
1
i− 1

2
,j
r x1
i−1,j ,

A+B−∆Qi ,j− 1
2

= ci+1,j−1γ
3
i+ 1

2
,j−1

r x3
i+1,j−1,

A−B−∆Qi ,j− 1
2

= −ci−1,j−1γ
1
i− 1

2
,j−1

r x1
i−1,j−1.

5: ù
�g��ÞáÅ©O^5�#��Ïþ F̃i± 1
2
,j , F̃i± 1

2
,j−1.
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���þ!0�¥�5(Å�§|�ê��~

���þ!0�¥�5(Å�§|�ê��~

���þ!0�«�X p.478 ã 21.1(a) ¤«.

Ð©²¡ÅØåóÀ� �Xã 21.1(b) ¤«.

3Xã 21.1(b) ¤«�ª.ü�þ�ÝÚN�þXe½Â:

ρij = wlρl + wrρr , Kij =
(
wl/Kl + wr/Kr

)−1
,

Ù¥wl , wr ©O�ü�þØÓ0�.¡�müý0��¡
È©ê. - cij =

√
Kij/ρij , Zij = ρijcij .

ã 21.2 �mü�©Ow«
 100× 100 Ú3dÄ:þg·A
\� (��J� 960× 960 ��) ���þ���mD(ÅD
�ØÓ0�.¡���Úß��ê�(J.

10 / 45



Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1���Ùµp�V­.�§|�ê��{

����5ÅðÆ�§|�g��iù¯K�¦)

����5ÅðÆ�§|�g��iù¯K�¦)

����5ÅðÆ�§| qt + f (q)x + g(q)y = 0.

¯K: �®�A±∆Qi− 1
2
,j , XÛO� B±A±∆Qi− 1

2
,j?

éu�5¯K, Ý
B ®�, Ïd�IO�B±A±∆Qi− 1
2
,j .

éu��5¯K, .¡ (i , j ± 1
2 ) ?�Jacobi Ý
 g ′(q) ��.

)û�{: ëì��iù¯K�5zCq){ (XRoe �{).

3^�5zCq�{¦)�§ qt + f (q)x = 0 �iù¯K,
=�g{��iù¯K�, Â ~�� Jacobi Ý
f ′(Q̂i− 1

2
,j),

Ù¥ Q̂i− 1
2
,j ´G�Qi−1,j , Qij 3,«¿Âe�²þ (§ 15.3).

·��±^aq��{O��A�G�²þ, ½Â B̂±
i ,j± 1

2

.

11 / 45



Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1���Ùµp�V­.�§|�ê��{

����5ÅðÆ�§|�g��iù¯K�¦)—— ��fY�§�5zCqiù¯K¦)�{

��fY�§Äu�ê©��ê�){

��fY�§ (ρ̄ = 1): qt + f (q)x + g(q)y = 0, Ù¥

q =

 h
hu
hv

, f (q) =

 hu
hu2 + 1

2gh
2

huv

, g(q) =

 hv
hvu

hv2 + 1
2gh

2

.
dd�

f ′(q) =

 0 1 0
−u2 + gh 2u 0
−uv v u

, g ′(q) =

 0 0 1
−uv v u

−v2 + gh 0 2v

.
æ^�ê©�{, K�g{�iù¯K�¦)��þ��«
lJ���fY�§|iù¯K�¦) (§13.12.1) �Ó. ¢
SO��, �±æ^Roe �{��5z�{¦Cq).
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����5ÅðÆ�§|�g��iù¯K�¦)—— ��fY�§�5zCqiù¯K¦)�{

��fY�§{�iù¯KRoe �5zCq¦)�{

± x-���{���~, d� v ��^aqu��¯K¥�
«lJ, é��5Åvk�^. �Cþ (h, hu) �Roe ²þ
(�§15.3.3, P hl = hi−1,j , hr = hij , ul = ui−1,j , ur = uij)

h̄ =
1

2
(hl + hr ), û =

√
hlul +

√
hrur√

hl +
√
hr

,

½Â.¡ (i − 1
2 , j) ?�Roe Ý
 Âi− 1

2
,j (Ù¥ v̂ �½):

Â =

 0 1 0
−û2 + gh̄ 2û 0
−ûv̂ v̂ û

 = f ′(h̄, h̄û, h̄v̂).

�¦�ª´Åð.�, K7Lk Â(Qr −Ql) = f (Qr )− f (Ql).
d h̄, û Roe ²þ�½Â�T�§|cü��§¤á. ·��
AT� v̂ ¦1n��§�¤á.
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����5ÅðÆ�§|�g��iù¯K�¦)—— ��fY�§�5zCqiù¯K¦)�{

��fY�§{�iù¯KRoe �5zCq¦)�{

P δ = Qr − Ql , K1n��§�

−ûv̂δ1 + v̂δ2 + ûδ3 = hrurvr − hlulvl .

P δ = Qr −Ql , al = hl(û− ul), ar = hr (ur − û), K� ul 6= ur
��±)Ñ (ul = ur �, ©1�"):

v̂ =
(hrurvr − hlulvl)− û(hrvr − hlvl)

(hrur − hlul)− û(hr − hl)
=

alvl + arvr
al + ar

=

√
hlvl +

√
hrvr√

hl +
√
hr

.

� ul = ur (=: û) �, 1n��§é?¿� v̂ ð¤á. d�,

Ün��{´� vl , vr �Roe ²þ v̂ =
√
hlvl+

√
hrvr√

hl+
√
hr

.

P ĉ =
√

gh̄, Kkλx1 = û − ĉ , λx2 = û, λx3 = û + ĉ ,

r x1 =

 1
û − ĉ
v̂

 , r x2 =

0
0
1

 , r x3 =

 1
û + ĉ
v̂

 .
14 / 45



Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1���Ùµp�V­.�§|�ê��{

����5ÅðÆ�§|�g��iù¯K�¦)—— ��fY�§�5zCqiù¯K¦)�{

��fY�§Roe �5zCq¦)�{

-A+∆Qi− 1
2
,j = Â+∆Qi− 1

2
,j , A−∆Qi− 1

2
,j = Â−∆Qi− 1

2
,j .

������ì�����Ó (©O�§15.3.5, §15.4).

aq/, �±½Â.¡ (i , j ± 1
2 ) ?�Roe Ý
 B̂i ,j± 1

2
.

½Â�g��iù¯KCq)�

B+A+∆Qi− 1
2
,j = B̂+

i ,j+ 1
2

Â+∆Qi− 1
2
,j , B

−A+∆Qi− 1
2
,j = B̂−

i ,j− 1
2

Â+∆Qi− 1
2
,j ,

B+A−∆Qi− 1
2
,j = B̂+

i−1,j+ 1
2

Â−∆Qi− 1
2
,j , B

−A−∆Qi− 1
2
,j = B̂−

i−1,j− 1
2

Â−∆Qi− 1
2
,j .

aq/, �±½Â.¡ (i , j ± 1
2 ) ? y-���g{�Ú�g�

�iù¯KCq).

����5fY�§�~— »�é¡$t¯K (� §21.7.1).
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1���Ùµp�V­.�§|�ê��{

p�V­.�§|Ð>�¯K�ê�>.^�

J[ü� (Gohst Cell) Úê�>.^�

����/aq/I�Ú\J[ü� (Gohst Cell).

~X, é��Ý/«�, �«�þ�ü�?Ò�
i = 1, 2, · · · , mx , j = 1, 2, · · · ,my .

Ú\mBC �J[��ü�, K*Ð«�þ��?Òòÿ�
i = 1−mBC , · · · , 0; i = mx + 1, · · · ,mx + mBC ,
j = 1−mBC , · · · , 0; j = my + 1, · · · , my + mBC .

Äu�5­�Ú�Ç½Ïþ��ì�p©EÇ�{��I�
�mBC = 2. Äup�õ�ª­��p©EÇ�{KI��
���mBC .
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p�V­.�§|Ð>�¯K�ê�>.^�

�ê©�.�{�J[ü�Úê�>.^�

�k×£ x-��dQn �Q∗, 2×£ y-��dQ∗ �Qn+1.

×£ x-���^Qn ÚÔn>^�(���ª)½ÂJ[ü�
1 ≤ y ≤ my , 1−mBC ≤ i ≤ 0, 1 ≤ i −mx ≤ mBC þ��.

×£ y-���I�J[ü� 1 ≤ x ≤ mx , 1−mBC ≤ j ≤ 0,
1 ≤ j −my ≤ mBC þ��. �duQ∗ Ø´�¯K3?Û�
��Cq), Ïdù
���ØUdQ∗ ÚÔn>^���.

���1��{´ò x-���×£��ÿÐ� 1 ≤ x ≤ mx ,
1−mBC ≤ y ≤ my + mBC . dd�¤IJ[ü�þ�Q∗ �.

éStrang ©�{( 1
2 x-, y-, 1

2 x-×£), ���aq�?n. Ø
L�
U�Ñ�� 1

2 x-×£Ú�¤I��ÜÐ�Q∗∗, I�
3 x-���Ñü��ê�J[ü�.
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1���Ùµp�V­.�§|�ê��{

p�V­.�§|Ð>�¯K�ê�>.^� —— ;.>.^��~

p�¯K;.ê�>.^��~ —— �9>^�

�9>^� ⇔ >.þ{��Ý�" ⇔ {��Ý�é¡.
±d��K½ÂJ[ü�þ�¼ê�.

Äk, � x-���>.é¡òÿ, -Q0,j =Q1,j , Q−1,j =Q2,j ,
j = 1, · · · ,my ; 2òéAu{��Ý�©þUCÎÒ (¦±
−1). é x-��m>.�aq?n.

,�, � y-��e>.é¡òÿ, -Qi ,0 =Qi ,1, Qi ,−1 =Qi ,2,
−1 ≤ i ≤ mx + 2; 2òéAu{��Ý�©þUCÎÒ (¦
±−1). é y-��þ>.�aq?n.

5 1: ±þê�>.?n�{T�/½Â
o��þJ[ü��
�. 3½ÂÙ§a.ê�>.^��, ù�´­��'5:��.

5 2: 3�Ê5�¯K¥�U�¬�¦Ãw£>^�, d��A
UC���Ý�ÎÒ.
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1���Ùµp�V­.�§|�ê��{

p�V­.�§|Ð>�¯K�ê�>.^� —— ;.>.^��~

p�¯K;.ê�>.^��~ —— áÂ>^�

����/aq, �{ü�áÂê�>.^�´"�	í.

~X, Äk-Q−1,j = Q1j , Q0j = Q1j , j = 1, 2, · · · ,my . ,�
- Qi ,−1 = Qi1, Qi0 = Qi1, i = −1, 0, · · · ,mx + 2.

5¿, ±þL§Ø
½Â
>þ�J[ü��, �½Â
�
þ�J[ü��. ~X, 3�e��o�J[ü�þ, "�	
í�Ñ
�Ó�� Q−1,−1 = Q−1,0 = Q0,−1 = Q00 = Q11.

¦+ép�¯K3O�«��>.þ¦^"�	í�kØ�
�ê��J, �������J�'%�
ò�. �Ï´�
Ñ6ÅØ´���O�«�>.R��²¡Å�, Ñ6Å�
À�d x- Ú y- ��eZÅU\
¤, ù
Å�Å���=
k��kK, ÏdXd©)�Å3O�«��>.þ���
¹
�½�\6Å©þ, 
"�	íKÚ\
\6Å©þ�
Ø�. ê�Ly�>.þÑy
��Å (�ã 21.7).
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1���Ùµp�V­.�§|�ê��{

p�V­.�§|Ð>�¯K�ê�>.^� —— ;.>.^��~

p�¯K;.ê�>.^��~ —— áÂ>^�

l�{��Ýw, ±"�	í�Ð���g{�iù¯K�
)3ê�>.þØ�)?ÛÅ, �3�ê�>.R��.¡
þ��g{�iù¯K�)���". Ïd, �g��iù
¯K�)���". 
��g��iù¯K�)�"�§"
�	í>.^�Ò¿�ê�áÂ>.^�£½ö`�3��
°Ý�¿Âe´ê�áÂ>.^�¤.

kNõ�E,Ó���°(�ê�áÂ>.^�.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

ÅðÆ�§|3ü� C þ�È©/ª —— Åðþ�ü�²þ��.¡Ïþ

o>/��þ��ÅðÆ�§|�k�NÈ{

�Ù�Äo>/��þ��ÅðÆ�§|�k�NÈ{"

éu��¯K, ü� C þ�ÅðÆ�§|�±��
d

dt

∫
C
q(x , y , t)dxdy = −

∫
∂C
~n(s) · ~f (s, t)ds,

Ù¥~n(s) = (nx , ny )� ∂C þ�ü 	{�þ, s �l�ëê,
~f (s, t) = (f (q(x(s), y(s), t)), g(q(x(s), y(s), t)))T �Ïþ.

ü l�ü �m÷��~n(s) �ÏþdeªO�

F̆ (s) = ~n(s)·~f (s, t) , nx(s)f (q(x(s), y(s), t))+ny (s)g(q(x(s), y(s), t)).

5¿, ùp f , g (Ïd F̆ (s)) Ñ´m ��þ.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

ÅðÆ�§|3ü� C þ�È©/ª —— Åðþ�ü�²þ��.¡Ïþ

��ÅðÆ�§|3ü� C þ�È©/ª

ò�§l tn � tn+1 È©, 2Ø±ü�¡È |C| ���ÅðÆ
�§|3ü� C þ�È©/ª

1

|C|

∫
C
q(x , y , tn+1)dxdy =

1

|C|

∫
C
q(x , y , tn)dxdy

− 1

|C|

∫ tn+1

tn

∫
∂C
~n(s) · ~f (s, t)dsdt.

k�NÈ{ïá3�§|�±þÈ©/ª�Ä:þ.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

ÅðÆ�§|3ü� C þ�È©/ª —— Åðþ�ü�²þ��.¡Ïþ

��ÅðÆ�§|�k�NÈ{

PQn ��� tn Åðþ�ü�²þ��Cq, F̆ n
j �ü��

1 j ^> (�ÝP� hj) þ{�Ïþ²þ��Cq (ê�Ï
þ), K�A�k�NÈ{�

Qn+1 = Qn − ∆t

|C|

N∑
j=1

hj F̆
n
j .

U½Â, ê�ÏþCq�´�A>þü l�ü �m÷	
{�~n(s) �²þÏþ, =

F̆ n
j ≈

1

∆t

∫ tn+1

tn

( 1

hj

∫
side j

~n(s) · ~f (s, t)ds
)
dt.

é��o>/��ü�, ·�òÏL�O·��O�Åðþ
ü�²þ��.¡ê�Ïþ��{�Ek�NÈ�ª.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

��ÅðÆ�§|Ü6Ý/��þ�k�NÈ�ªÚO�«�þ!Ý/��þ�N¼ê.k�NÈ�ª

Ü6Ý/��þ�k�NÈ�ª

Ü6Ý/��, q¡­�5 (curvilinear) o>/��µ

Ôn«����do^>Ñ´�>�o>/ü�|¤.

ù
o>/ü�Ü6þ�ü�¤1Ú�, ©OIP� i Ú j .

ü� (i , j) �o���ü�IÒ� (i ± 1, j) Ú (i , j ± 1).

ü�IÒ i (½ j) �±´M (½N) ±Ï�(�ã23.1(a),(b)).

Ü6Ý/��þ�k�NÈ�ªµ3ü� Cij þ

Qn+1
ij =Qn

ij−
∆t

|Cij |
(hi+ 1

2
,j F̆i+ 1

2
,j−hi− 1

2
,j F̆i− 1

2
,j+hi ,j+ 1

2
Ği ,j+ 1

2
−hi ,j− 1

2
Ği ,j− 1

2
),

hi± 1
2
,j , F̆i± 1

2
,j ©O´ Cij � Ci±1,j .¡�>�Ú	{�Ïþ;

hi ,j± 1
2
, Ği ,j± 1

2
©O´ Cij � Ci ,j±1 .¡�>�Ú	{�Ïþ;

|Cij | ´ Cij �¡È, 	{�Ïþ�þj�:Åðþ/�Ý·�m.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

��ÅðÆ�§|Ü6Ý/��þ�k�NÈ�ªÚO�«�þ!Ý/��þ�N¼ê.k�NÈ�ª

O�«�þ!Ý/��þ�N¼ê.k�NÈ�ª

PO�«���I� (ξ, η), Ôn«���I� (x , y).

� (X (ξ, η),Y (ξ, η)) ´lO�«�þþ!Ý/���Ôn«
�þÜ6Ý/����IC�¼ê.

P~hi± 1
2
,j =

(
X (ξi± 1

2
, ηj+ 1

2
)− X (ξi± 1

2
, ηj− 1

2
),Y (ξi± 1

2
, ηj+ 1

2
)−

Y (ξi± 1
2
, ηj− 1

2
)
)
, hi± 1

2
,j = |~hi± 1

2
,j |. aq/½Â~hi ,j± 1

2
, hi ,j± 1

2
.

Pκij =
|Cij |

∆ξ∆η , Fi± 1
2
,j =
(h

i± 1
2 ,j

∆η

)
F̆i± 1

2
,j , Gi ,j± 1

2
=
(h

i,j± 1
2

∆ξ

)
Ği ,j± 1

2
.

KÜ6Ý/��þ�k�NÈ�ª�±L«�O�«�þ�N¼
êκ �ÅðÆ�§κqt + F (q)ξ + G (q)η = 0 �k�NÈ�ª:

Qn+1
ij =Qn

ij −
∆t

κij∆ξ

(
Fi+ 1

2
,j − Fi− 1

2
,j

)
− ∆t

κij∆η

(
Gi ,j+ 1

2
− Gi ,j− 1

2

)
.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

��Åð�§|�ü�.¡ê�Ïþ�O�9�A� Godunov �{

ü�.¡ê�Ïþ�O�9�A� Godunov �{

Godunov �{´;.�Ø�­��REA �{:

3ü� Cij þ, q �~þQij . -κij =
|Cij |

∆ξ∆η .

)±Qi−1,j ÚQij �Ð����iù¯K� Q↓
i− 1

2
,j

.

)±Qi ,j−1 ÚQij �Ð����iù¯K� Q↓
i ,j− 1

2

.

- F̆i− 1
2
,j = ~ni− 1

2
,j · ~f (Q↓

i− 1
2
,j

), Ği ,j− 1
2

= ~ni ,j− 1
2
· ~f (Q↓

i ,j− 1
2

).

- γi− 1
2
,j = hi− 1

2
,j/∆η, Fi− 1

2
,j = γi− 1

2
,j F̆i− 1

2
,j .

- γi ,j− 1
2

= hi ,j− 1
2
/∆ξ, Gi ,j− 1

2
= γi ,j− 1

2
Ği ,j− 1

2
.

Qn+1
ij =Qn

ij −
∆t

κij∆ξ

(
Fi+ 1

2
,j − Fi− 1

2
,j

)
− ∆t

κij∆η

(
Gi ,j+ 1

2
− Gi ,j− 1

2

)
.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

���ÅðV­.�§|9ÞáÅ/ª� Godunov �{

�ÅðV­.�§|ÞáÅ/ª� Godunov �{

�Ä�ÅðV­.�§| qt + A(x , y)qx + B(x , y)qy = 0 ÞáÅ
/ª��ª(O�«�þ�N¼êκ �ÅðÆ�§κqt + F (q)ξ + G(q)η = 0

ÞáÅ/ª�k�NÈ�ª):

Qn+1
ij =Qn

ij −
∆t

κij∆ξ

(
A+∆Qi− 1

2
,j +A−∆Qi+ 1

2
,j

)
− ∆t

κij∆η

(
B+∆Qi ,j− 1

2
+ B−∆Qi ,j+ 1

2

)
.

ÏL¦)��ü�.¡{�iù¯K, O�ÅÚÅ�, ¿ò
ÞáÅ^�A�Å!Å�±9Ïfκ, γ �L«.

3�ª¥��±�Ä\\p©EÇ���.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

���ÅðV­.�§|9ÞáÅ/ª� Godunov �{

�g{�ÞáÅ�O�£��Cq¤, �éÅ��½Â

3ü� Cij þ, q �~þQij . -κij =
|Cij |

∆ξ∆η .

)±Qi−1,j ÚQij �Ð� (Ă = nx
i− 1

2
,j
A+ny

i− 1
2
,j
B)���iù¯

K�÷.¡{�DÂ��xÅWp

i− 1
2
,j
��A�Å� s̆p

i− 1
2
,j

.

� s̆p
i− 1

2
,j
> 0. K3�mã∆t S, Wp

i− 1
2
,j
ÏL°Ý� hi− 1

2
,j

�.¡?\ Cij , p� s̆p
i− 1

2
,j

∆t. Ïd, TÅéQij UCþ��

z�: −
(h

i− 1
2 ,j

s̆p
i− 1

2 ,j
∆t

|Cij |

)
Wp

i− 1
2
,j

= − ∆t
κij∆ξ

(h
i− 1

2 ,j

∆η s̆p
i− 1

2
,j

)
Wp

i− 1
2
,j

.

- sp
i− 1

2
,j

=
h
i− 1

2 ,j

∆η s̆p
i− 1

2
,j

=γi− 1
2
,j s̆

p

i− 1
2
,j

, sp
i ,j− 1

2

=γi ,j− 1
2
s̆p
i ,j− 1

2

. K�

A±∆Qi− 1
2
,j =
∑
p

(
sp
i− 1

2
,j

)±Wp

i− 1
2
,j
, B±∆Qi ,j− 1

2
=
∑
p

(
sp
i ,j− 1

2

)±Wp

i ,j− 1
2

.

28 / 45



Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

o>/��þ��~Xêé6�§� Godunov �{

��~Xêé6�§Ïþ�/ª� Godunov �{

��~f, �Äo>/��þ��é6�§ qt + uqx + vqy = 0.

~u = (u, v) ´ (~) �Ý�þ. ~f = ~uq ´Ïþ.

P ŭi− 1
2
,j = unx

i− 1
2
,j

+ vny
i− 1

2
,j

, K.¡ (i − 1
2 , j) þ�{�Ïþ

��� F̆i− 1
2
,j = ~ni− 1

2
,j · ~f (Q↓

i− 1
2
,j

) = ŭi− 1
2
,jQ
↓
i− 1

2
,j

. Ù¥

Q↓
i− 1

2
,j

=

{
Qi−1,j , ŭi− 1

2
,j > 0,

Qij , ŭi− 1
2
,j < 0.

£Hº¤

^�Ý' γi− 1
2
,j = hi− 1

2
,j/∆η òÏþ�5z�

Fi− 1
2
,j = γi− 1

2
,j F̆i− 1

2
,j = γi− 1

2
,j(ŭ

+
i− 1

2
,j
Qi−1,j + ŭ−

i− 1
2
,j
Qij).
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

o>/��þ��~Xêé6�§� Godunov �{

��~Xêé6�§Ïþ�/ª� Godunov �{

aq/, P v̆i ,j− 1
2

= unx
i ,j− 1

2

+ vny
i ,j− 1

2

, K.¡ (i , j − 1
2 ) þ�

{�Ïþ��� Ği ,j− 1
2

= ~ni ,j− 1
2
· ~f (Q↓

i ,j− 1
2

) = v̆i ,j− 1
2
Q↓

i ,j− 1
2

.

Ù¥

Q↓
i ,j− 1

2

=

{
Qi ,j−1, v̆i ,j− 1

2
> 0,

Qij , v̆i ,j− 1
2
< 0.

£Hº¤

^�Ý' γi ,j− 1
2

= hi ,j− 1
2
/∆ξ òÏþ�5z�

Gi ,j− 1
2

= γi ,j− 1
2
Ği ,j− 1

2
= γi ,j− 1

2
(v̆+

i ,j− 1
2

Qi ,j−1 + v̆−
i ,j− 1

2

Qij).

dd�Godunov �{ (Donor-Cell Upwind �{):

Qn+1
ij =Qn

ij −
∆t

κij∆ξ

(
Fi+ 1

2
,j − Fi− 1

2
,j

)
− ∆t

κij∆η

(
Gi ,j+ 1

2
− Gi ,j− 1

2

)
.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

o>/��þ��~Xêé6�§� Godunov �{

��~Xêé6�§Ïþ�/ª� Godunov �{

,�«�{´|^�Ý' γ Ú ŭ, v̆ ½ÂO�«�þü�.
¡þ�{��Ý {

Ui− 1
2
,j = γi− 1

2
,j ŭi− 1

2
,j ,

Vi ,j− 1
2

= γi ,j− 1
2
v̆i ,j− 1

2
.

2��|^O�«�ü�.¡þ��Ý½Â�A�.¡{�
Ïþ

Fi− 1
2
,j = U+

i− 1
2
,j
Qi−1,j + U−

i− 1
2
,j
Qij ,

Gi ,j− 1
2

= V+
i ,j− 1

2

Qi ,j−1 + V−
i ,j− 1

2

Qij .

dd�Ó��Godunov �{ (Donor-Cell Upwind �{):

Qn+1
ij =Qn

ij −
∆t

κij∆ξ

(
Fi+ 1

2
,j − Fi− 1

2
,j

)
− ∆t

κij∆η

(
Gi ,j+ 1

2
− Gi ,j− 1

2

)
.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

o>/��þ��~Xêé6�§� Godunov �{—— ÞáÅ/ª

��~Xêé6�§ÞáÅ/ª� Godunov �{

Ôn«�.¡ (i − 1
2 , j) þ�{���iù¯K�)�)�

�Å�� s̆1
i− 1

2
,j

= ŭi− 1
2
,j �Å Wi− 1

2
,j = Qij − Qi−1,j .

Ôn«�.¡ (i , j − 1
2 ) þ�{���iù¯K�)�)�

�Å�� s̆2
i ,j− 1

2

= v̆i ,j− 1
2
�Å Wi ,j− 1

2
= Qij − Qi ,j−1.

|^�Ý' γ Ú s̆1, s̆2 ½ÂO�«�ü�.¡þ�Å�s1
i− 1

2
,j

= γi− 1
2
,j s̆

1
i− 1

2
,j

= Ui− 1
2
,j ,

s2
i ,j− 1

2

= γi ,j− 1
2
s̆2
i ,j− 1

2

= Vi ,j− 1
2
.

½ÂO�«��A.¡þ�ÞáÅA
±∆Qi− 1

2
,j = U±

i− 1
2
,j

(Qij − Qi−1,j),

B±∆Qi ,j− 1
2

= V±
i ,j− 1

2

(Qij − Qi ,j−1).
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

o>/��þ��~Xêé6�§� Godunov �{—— ÞáÅ/ª

~Xêé6�§ÞáÅ/ª Godunov �{�Åð5

éu��~Xêé6�§, 3Ý/��þ, ÞáÅ/ª�Ï
þ�/ª� Godunov �{´���d�, Ï
�´Åð.
��ª.


3o>/��þ, �Ý'´�mCþ�¼ê, d�ÞáÅ
/ª�Ïþ�/ª� Godunov �{��Ø2�d.

ØL, d~�Ý�þ|~u �ÑÝ�", lÑ{��Ý÷v±
elÑÃÑ^�

hi+ 1
2
,j ŭi+ 1

2
,j − hi− 1

2
,j ŭi− 1

2
,j + hi ,j+ 1

2
v̆i ,j+ 1

2
− hi ,j− 1

2
v̆i ,j− 1

2
= 0.

âdØJ�yÞáÅ/ª Godunov �{�Åð5.

5: ±þ���Å�Å���±^uCorner-Transport Upwind �
{Úp©EÇ?�� (�§20.5, §20.6).

�~: o>/��þ��~Xêé6�§��~� p.523-524.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

o>/��þ��é6�§� Godunov �{—— CXê�/

o>/��þ��CXêé6�§� Godunov �{

3CXê�/, k7�«©Åð.Ú�Åð.��§. ��
3�A.¡½Â
{��Ý ŭi− 1

2
,j , v̆i ,j− 1

2
, K~Xê�/�

Ïþ�½ÞáÅ/ª��{�±g,/í2�CXê�/.

nØþ ŭi− 1
2
,j , v̆i ,j− 1

2
AT���A.¡þ{��Ý�È©²

þ�. ù3O�þ�U¬k�½�(J.

��Ý|~u ´ÃÑ�, K�|^Ù6¼êψ 3ü�o��:
���B/O� ŭi± 1

2
,j , v̆i ,j± 1

2
. (Ï� u = ψy , v = −ψx , ∴

~n · ~u = ~τ · ∇ψ, �§20.8.1)

AO/, ��Ý|~u ´ÃÑ�, 3O�«�þ, {��ÝU,
V �O�����IX¥²1u�I¶�þ!Ý/���
//ªþ���Ó ( =6¼êψ 3ü�o��:�3�A
O�ü�>þ��û, �(23.29), (23.30), '�§20.8.1).
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

o>/��þ��~Xê(Å�§�k�NÈ{ —— ÞáÅ/ª�CTU �{

o>/��þ��~Xê(Å�§CTU �{�µe

�Ä~Xê(Å�§ qt + Aqx + Bqy = 0, (u0 = v0 = 0), Ù¥

q =

pu
v

 ,A =

 0 K0 0
1/ρ0 0 0

0 0 0

 ,B =

 0 0 K0

0 0 0
1/ρ0 0 0

 .
^3�ü�þ�~�þ�Q Cq q. 3d�Ý���Cþ!

òü�þ��Ý©)¤�>þ�{��ÝÚ���Ý.

{��Ý^u½Â��o>/ú�>?{�(Å�§���
iù¯K. dd���A.¡?��g{�ÞáÅ.

� u0 = v0 = 0 �, >þ����Ýa�Ø¬éUCü�²
þ���z. 5¿: ���Ýa���±�Ý~n · ~u0 DÂ, l

�~n · ~u0 6= 0 ��Aü����Ý�²þ�¬�UC.

�g{�ÞáÅÚ��/þ0!/e0>þ�{��Ý^u
�E{�(Å�§�A�g��iù¯K)¤�ÞáÅ.
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Lecture 15: Chap. 21, § 21.3 —; Chap. 23

1��nÙµo>/��þ�k�NÈ{

o>/��þ��~Xê(Å�§�k�NÈ{ —— ÞáÅ/ª�CTU �{

o>/��þ��~Xê(Å�§{�iù¯K�¦)

±.¡ (i − 1
2 , j) �~, �ÄQi−1,j , Qij m{�iù¯K9Ù¦).

�Ä{�(Å�§ qt + Ăi− 1
2
,jqn = 0, Ù¥ qn = ∇q · ~ni− 1

2
,j ,

~ni− 1
2
,j �ü {�þ,

Ăi− 1
2
,j = ~ni− 1

2
,j · ~Ai− 1

2
,j =


0 nx

i− 1
2
,j
K0 ny

i− 1
2
,j
K0

nx
i− 1

2
,j
/ρ0 0 0

ny
i− 1

2
,j
/ρ0 0 0


P R̆ =

−Z0 0 Z0

nx −ny nx

ny nx ny

, α = R̆−1∆Q, KÅ W = R̆α.

^>���Ý'�KzÅ�� s1,3 = ∓γi− 1
2
,jc0, s2 = 0.

�g{�ÞáÅ�A−∆Q = s1W1, A+∆Q = s3W3.
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E±.¡ (i − 1
2 , j) ÚiùÐ�Qi−1,j , Qij �~. ĭ ©O� i − 1, i ,

d�{�(Å�§ qt + Ăĭ ,jqn = 0 �©¡½Â, Ù¥

Ăĭ ,j = ~ni− 1
2
,j · ~Aĭ ,j =


0 nx

i− 1
2
,j
Kĭ ny

i− 1
2
,j
Kĭ

nx
i− 1

2
,j
/ρĭ 0 0

ny
i− 1

2
,j
/ρĭ 0 0

 .

- R̆ =

−Zi−1,j 0 Zij

nx −ny nx

ny nx ny

, α = R̆−1∆Q, W = R̆α.

(�ÑeI (i − 1
2
, j))

^>���Ý'�KzÅ�� s1,3 = ∓γi− 1
2
,jci− 1

2
∓ 1

2
, s2 = 0.

�g{�ÞáÅ�A−∆Q = s1W1, A+∆Q = s3W3.
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±�g{�ÞáÅA+
i− 1

2
,j

∆Qi− 1
2
,j �~, ?Ø�A��g��i

ù¯K�ÞáÅB−
i ,j− 1

2

A+
i− 1

2
,j

∆Q ÚB+
i ,j+ 1

2

A+
i− 1

2
,j

∆Q �O�.

k�ÄB−A+
i− 1

2
,j

∆Q. �d, kòA+
i− 1

2
,j

∆Q 3.¡ (i , j − 1
2 )

?�A�©): A+
i− 1

2
,j

∆Q = β1r̆1
i ,j−1 + β2r̆2

i ,j− 1
2

+ β3r̆3
i ,j+1,

(�ÑeI (i , j − 1
2
))

β = R̆−1A+
i− 1

2
,j

∆Q, R̆ = [r̆1
i ,j−1 r̆

2
i ,j− 1

2
r̆3
i ,j+1] =

−Zi ,j−1 0 Zij

nx −ny nx

ny nx ny

 .
> (i , j − 1

2 ) ��Ý'� γi ,j− 1
2
, ü� Ci ,j−1 ¥�(��

ci ,j−1, u´�B−
i ,j− 1

2

A+
i− 1

2
,j

∆Qi− 1
2
,j = −γi ,j− 1

2
ci ,j−1r̆

1
i ,j−1.

Ón�� B+
i ,j+ 1

2

A+
i− 1

2
,j

∆Qi− 1
2
,j = γi ,j+ 1

2
ci ,j+1r̆

3
i ,j+1.
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±þ�{Äu¦){��§ qt + Ăqn =0 ��iù¯K. 5
¿, T¯K¿���(Å�§�iù¯K.

eò(Å��Ý÷��ü�ú�>©)¤{�Ú��©þ,
KØåÚ{��Ý©þ÷v��(Å�§, 
���Ý©þ
K´±�Ý u0n = ~u0 · ~n $Ä��>mä.

²LÛÜ���5z, q̆ = (p, un, vτ )T ÷v��(Å�§
q̆t + Aq̆x = 0. ùp, x , y �~n, ~τ ½Â����IX��I.

ÛÜ���5z�Ð?3u�±¿©|^¤Ù���iù¯
K¦)ì.
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±.¡ (i − 1
2 , j) ?iùÐ�Qi−1,j , Qij �{�ÞáÅO��~:

1 -Ri− 1
2
,j =

1 0 0
0 nx

i− 1
2
,j

ny
i− 1

2
,j

0 −ny
i− 1

2
,j

nx
i− 1

2
,j

,

{
Q̆l = Ri− 1

2
,jQi−1,j ,

Q̆r = Ri− 1
2
,jQij .

K Q̆ �n�©þ©O�Øå, .¡{��ÝÚ���Ý.

2 -A=

 0 K 0
1/ρ 0 0

0 0 0

, R̆ =

−Zl 0 Zr

1 0 1
0 1 0

,

{
α = R̆−1∆Q̆,

W̆ = R̆α.

(CXê�, A ©¡½Â, Zl Ú Zr ��A�0�{|.)

3 � Å�: s1
i− 1

2
,j

=−γi− 1
2
,jci−1,j , s

2
i− 1

2
,j

=0, s3
i− 1

2
,j

=γi− 1
2
,jcij .

�d, ·���
÷.¡{�DÂ���(Å�§iù¯K
)�Å��A�Å�.
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4 ò.¡�IX�Å W̆ C����IX�Å: W = R−1W̆.

5 O��g{�ÞáÅ: A−∆Qi− 1
2
,j = s1

i− 1
2
,j
W1

i− 1
2
,j

, (s1 < 0),

A+∆Qi− 1
2
,j = s3

i− 1
2
,j
W3

i− 1
2
,j

, (s3 > 0). �µ(�~u0 6= 0 �, s2

����", d��A�ÄW2 ��z.

aq/, é�g{�ÞáÅA+∆Qi− 1
2
,j ��A�^=C�Ú��

(Å�§�A�©), 2�_^=C���g��ÞáÅ. ~X:

- Zl = Zi ,j−1,Zr = Zij , βi ,j− 1
2

= R̆−1Ri ,j− 1
2
A+∆Qi− 1

2
,j ,

K{�ÞáÅA+∆Qi− 1
2
,j UA� R̆ = [r̆1

i ,j−1 r̆
2
i ,j− 1

2

r̆3
ij ] ©)�

Ri ,j− 1
2
A+∆Qi− 1

2
,j = R̆β = β1r̆1

i ,j−1 + β2r̆2
i ,j− 1

2
+ β3r̆3

ij .

���B−A+∆Qi− 1
2
,j = −γi ,j− 1

2
ci ,j−1R−1

i ,j− 1
2

β1
i ,j− 1

2

r̆1
i ,j−1.
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Zl = Zij ,Zr = Zi ,j+1, βi ,j+ 1
2

= R̆−1Ri ,j+ 1
2
A+∆Qi− 1

2
,j ,

K{�ÞáÅA+∆Qi− 1
2
,j UA� R̆ = [r̆1

ij r̆
2
i ,j+ 1

2

r̆3
i ,j+1] ©)�

Ri ,j+ 1
2
A+∆Qi− 1

2
,j = R̆β = β1r̆1

ij + β2r̆2
i ,j+ 1

2
+ β3r̆3

i ,j+1.

���B+A+∆Qi− 1
2
,j = γi ,j+ 1

2
ci ,j+1R−1

i ,j+ 1
2

β1
i ,j+ 1

2

r̆3
i ,j+1.

aq/�±O�B±A−∆Qi− 1
2
,j , ±9 A±B±∆Qi ,j− 1

2
.

5 1: ù«ÏL^=C�ò�§�iù¯KÛÜ��z��{�
±í2A^uNõÙ§�§, ~XfY�§Úî.�§��.

5 2: ü«�{(Äu qt + Ăqn = 0 ½^=C�)�ê�)¢�þ´�d�.
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�½�Î, ã23.5 w«-E76�eZ�m:þO�(J�
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2 , j) éA

u ξ = 0 ?��9, éu(Å�§, �½ÂJ[ü��Q0j ,
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{�Ú���Ý), ,��"�	í, 2ò{��Ý�K�

Q̆ij = R 1
2
,jQij , Q̆1−i ,j = Q̆ij , Q̆2

1−i ,j = −Q̆2
1−i ,j , i = 1, 2;

��, �_^=C��: Q1−i ,j = R−1
1
2
,j
Q̆1−i ,j , i = 1, 2.
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