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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{

p�VÅðÆ�k�NÈ{

Lax-Wendroff �ª3)�mä½FÝé�?duê�ÚÑ¬
��ê���.

Nõ��k�NÈ{��{Ñ�±í2�p�. ~X, Hº
Ïþ, Ïþ��ì, p©EÇ���. �~��k�NÈ{�
8(�±ena:

1 �lÑÏþ��{ (k�NÈþÈ©/ª�ÅðÆ).

2 �lÑ+ Runge-Kutta �{ (ENO, WENO).

3 �ê©� (©Ú{, �O��{).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{—— �lÑÏþ�/ª�k�NÈ�{

���lÑÏþ�/ª�k�NÈ�{

-∆x =xi+1/2 − xi−1/2, ∆y =yj+1/2 − yj−1/2, ∆t= tn+1 − tn,
Cij = [xi−1/2, xi+1/2]× [yj−1/2, yj+1/2]. Kd�§�

d

dt

∫
Cij

qdxdy =

∫ yj+1/2

yj−1/2

f (q(xi−1/2, y , t))dy−
∫ yj+1/2

yj−1/2

f (q(xi+1/2, y , t))dy

+

∫ xi+1/2

xi−1/2

g(q(x , yj−1/2, t))dx−
∫ xi+1/2

xi−1/2

g(q(x , yj+1/2, t))dx .

d tn � tn+1 È©, ��lÑÏþ�.k�NÈ�ª

Qn+1
ij = Qn

ij−
∆t

∆x
[F n

i+1/2,j−F
n
i−1/2,j ]−

∆t

∆y
[Gn

i ,j+1/2−G
n
i ,j−1/2],

Ù¥ F n
i−1/2,j ≈

1
∆t∆y

∫ tn+1

tn

∫ yj+1/2

yj−1/2
f (q(xi−1/2, y , t))dy dt,

Gn
i ,j−1/2 ≈

1
∆t∆x

∫ tn+1

tn

∫ xi+1/2

xi−1/2
g(q(x , yj−1/2, t))dx dt.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{—— �lÑÏþ�/ª�k�NÈ�{

Ïþ�/ª�Godunov �{

3Ïþ�/ª�k�NÈ{¥�

F n
i−1/2,j = f (Q↓i−1/2,j), Gn

i ,j−1/2 = g(Q↓i ,j−1/2).

Ù¥ Q↓i−1/2,j d�§ qt + f (q)x = 0 Ð�� Qi−1,j , Qij �

iù¯K�)½Â; Q↓i ,j−1/2 d�§ qt + g(q)y = 0 Ð��

Qi ,j−1, Qij �iù¯K�)½Â. ��^Cqiù¯K�)½Â.

éu�5¯K, f (q) = Aq, g(q) = Bq, � (Rx)−1ARx = Λx ,
(Ry )−1BRy = Λy , -

A± = Rx(Λx)±(Rx)−1, B± = Ry (Λy )±(Ry )−1.

Kk F n
i−1/2,j = A+Qi−1,j + A−Qi ,j ,

Gn
i ,j−1/2 = B+Qi ,j−1 + B−Qi ,j .
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{—— �lÑÏþ�/ª�k�NÈ�{

Þá/ª�Godunov �{

���aq, Þá/ª�p©EÇ�ª�±��

Qn+1
ij = Qn

ij −
∆t

∆x
[A+∆Qi−1/2,j +A−∆Qi+1/2,j ]

−∆t

∆y
[B+∆Qi ,j−1/2 + B−∆Qi ,j+1/2]

−∆t

∆x
[F̃ n

i+1/2,j − F̃ n
i−1/2,j ]−

∆t

∆x
[G̃n

i ,j+1/2 − G̃n
i ,j−1/2],

é��5ÅðÆ�§, Þá�dGodunov Ïþ½ÂXe

A+∆Qi−1/2,j = f (Qij)−f (Q↓i−1/2,j), A
−∆Qi−1/2,j = f (Q↓i−1/2,j)−f (Qi−1,j),

B+∆Qi ,j−1/2 =g(Qij)−g(Q↓i ,j−1/2), B−∆Qi ,j−1/2 =g(Q↓i ,j−1/2)−g(Qi ,j−1).

�5�K�½Â
A±∆Qi−1/2,j =A±(Qij − Qi−1,j), B±∆Qi ,j−1/2 =B±(Qij − Qi ,j−1).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{—— �lÑz+ Runge-Kutta �mÚ?

�lÑz+ Runge-Kutta �mÚ?—— �lÑz

ò��ÅðÆ�§

d

dt

∫
Cij

qdxdy =

∫ yj+1/2

yj−1/2

f (q(xi−1/2, y , t))dy−
∫ yj+1/2

yj−1/2

f (q(xi+1/2, y , t))dy

+

∫ xj+1/2

xj−1/2

g(q(x , yi−1/2, t))dx −
∫ xj+1/2

xj−1/2

g(q(x , yi+1/2, t))dx ,

lÑ¤ODE:
d

dt
Qij(t) = − 1

∆x
[Fi+1/2,j(Q(t))− F n

i−1/2,j(Q(t))]

− 1

∆y
[Gi ,j+1/2(Q(t))− Gi ,j−1/2(Q(t))],

Ù¥ F n
i−1/2,j(Q(t)) ≈ 1

∆y

∫ yj+1/2

yj−1/2
f (q(xi−1/2, y , t))dy ,

Gn
i ,j−1/2(Q(t)) ≈ 1

∆x

∫ xi+1/2

xi−1/2
g(q(x , yj−1/2, t))dx .

6 / 45



Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{—— �lÑz+ Runge-Kutta �mÚ?

�lÑz+ Runge-Kutta �mÚ?

O�F n
i−1/2,j(Q(t)) ÚGn

i ,j−1/2(Q(t)) �, I�)�A���

iù¯K, �Ep��ª��I�^�NCü���'&E.

A^õ?Runge-Kutta �{¦)ODE �§|.

���p©EÇ, k7�æ^HºÏþ, Ïþ��ì, p�/
ª�ENO �.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{—— �ê©�{

�ê©�{—— ©Ú{��«AÏ/ª

ò���{í2�p���{ü��{´�ê©�{.

~X, �ò���5�§ qt + Aqx + Bqy = 0 ©�¤{
x-f¯Kx qt + Aqx = 0,

y-f¯Kx qt + Bqy = 0.

x-f¯Kx±Qn
ij �ü� Cij þ�Ð�, é�½� j , O�

Q∗ij = Qn
ij −

∆t

∆x
(F n

i+1/2,j − F n
i−1/2,j),

F n
i−1/2,j ´ Ci−1,j , Cij m.¡þ·�½Â���ê�Ïþ.

y-f¯Kx±Q∗ij �ü� Cij þ�Ð�, é�½� i , O�

Qn+1
ij = Q∗ij −

∆t

∆y
(G ∗i ,j+1/2 − G ∗i ,j−1/2),

G ∗i ,j−1/2 ´ Ci ,j−1, Cij m.¡þ·�½Â���ê�Ïþ.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{—— �ê©�{

�ê©�{—— ©�Ø�� Strang ©�{

±þ/ª�©�{¡�Godunov ©�{. �AB 6= BA �,
Godunov ©�{¬Ú\ (��) ©�Ø�. � AB = BA
�, �§|�©)¤�|)Í�é6�§.

�nØþ~�©�Ø�, �æ^ Strang ©�{

Q∗ij = Qn
ij −

∆t

2∆x
(F n

i+1/2,j − F n
i−1/2,j),

Q∗∗ij = Q∗ij −
∆t

∆y
(G ∗i ,j+1/2 − G ∗i ,j−1/2),

Qn+1
ij = Q∗∗ij −

∆t

2∆x
(F ∗∗i+1/2,j − F ∗∗i−1/2,j),

5 1: ¢SO�Ñæ^���ª�, Godunov ©�{��NØ�
¿Ø��'Strang ©�{���.

5 2: ±þA«�{¥Ñvkwª?n ∂x∂y �.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��~Xêé6�§

��~Xêé6�§ª9ÙTaylor Ðmª

��~Xêé6�§ª: qt + uqx + vqy = 0.

�§�ý)/� q(x , y , t) =
o
q(x − ut, y − vt).

��B�E�ªÚ©Û�{°Ý, ò)�XeTaylor Ðm

q(x , y , tn+1) = q(x , y , tn) + ∆tqt(x , y , tn) +
∆t2

2
qtt(x , y , tn)

=
[
q − u∆tqx − v∆tqy +

∆t2

2
(u2qxx + 2uvqxy + v2qyy ) + · · ·

]
(x ,y ,tn)

.

5: �±wÑ, ���©�ª�I%C qx , qy , ���ªK�I%
Cqxx , qyy Ú qxy .
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �z-ü�Hº�{Ú�Ñ$Hº�{

�z-ü�Hº�{ (Donor-Cell Upwind, DCU)

��~Xêé6�§ª��{ü�k�NÈ{´Hº�ª,
Ù��/ª� (~¡��z-ü�Hº�{)

Qn+1
ij = Qn

ij −
∆t

∆x
[u+(Qn

ij − Qn
i−1,j) + u−(Qn

i+1,j − Qn
ij )]

− ∆t

∆y
[v+(Qn

ij − Qn
i ,j−1) + v−(Qn

i ,j+1 − Qn
ij )].

�A�ÞáÚê�Ïþ©O�:

A±∆Qi−1/2,j =u±(Qij−Qi−1,j), B±∆Qi ,j−1/2 =v±(Qij−Qi ,j−1).

Fi−1/2,j =u+Qi−1,j + u−Qij , Gi ,j−1/2 =v+Qi ,j−1 + v−Qij .

�ª�^�kú�>�Hº����ü��&E9�A�{
�Ïþ (�ã 20.1), Ïd�U¬K�½5.

�±y²�ª�½5^��: |u∆t
∆x |+ |

v∆t
∆y | ≤ 1.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �z-ü�Hº�{Ú�Ñ$Hº�{

�Ñ$Hº�{ (Corner-Transport Upwind, CTU)

éAé6�§, ���Ð���Hº�ª´ò��� REA �{
(� Algorithm 4.1) ��í2���¯K, =

òü�²þ�Qn
ij À� tn ��½Â3ü� Cij þ�©¡~ê

¼ê q̃n(x , y , tn).

±d�Ð�¦Ñ²L∆t �mé6�§�°().

O�T)3ü� Cij þ�²þ�Qn+1
ij .

éu~Xêé6�§, REA �{N´¢�, Ï�d�°()�

q̃n(x , y , tn+1) = q̃n(x − u∆t, y − v∆t, tn).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �z-ü�Hº�{Ú�Ñ$Hº�{

�Ñ$Hº�{ (Corner-Transport Upwind, CTU)

Ïd, U½Âk

Qn+1
ij =

1

∆x∆y

∫ xi+1/2

xi−1/2

∫ yj+1/2

yj−1/2

q̃n(x−u∆t, y−v∆t, tn)dxdy

=
1

∆x∆y

∫ xi+1/2−u∆t

xi−1/2−u∆t

∫ yj+1/2−v∆t

yj−1/2−v∆t
q̃n(x , y , tn)dxdy .

u´#ü�²þ��Pü�²þ���A¡È'�à|Ü
(� u > 0, v > 0, �ã 20.2)

Qn+1
ij =

1

∆x∆y

[
(∆x−u∆t)(∆y−v∆t)Qn

ij +(∆x−u∆t)(v∆t)Qn
i ,j−1

+ (u∆t)(∆y − v∆t)Qn
i−1,j + (u∆t)(v∆t)Qn

i−1,j−1

]
.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �z-ü�Hº�{Ú�Ñ$Hº�{

�Ñ$Hº�{ (Corner-Transport Upwind, CTU)

T�ª²�n�±�� (¡��Ñ$Hº�{):

Qn+1
ij = Qn

ij −
u∆t

∆x
(Qn

ij − Qn
i−1,j)−

v∆t

∆y
(Qn

ij − Qn
i ,j−1)

+
∆t2

2

{ u

∆x

[ v

∆y
(Qn

ij − Qn
i ,j−1)− v

∆y
(Qn

i−1,j − Qn
i−1,j−1)

]
+

v

∆y

[ u

∆x
(Qn

ij − Qn
i−1,j)−

u

∆x
(Qn

i ,j−1 − Qn
i−1,j−1)

]}
.

N´wÑ�ª�1�Ü© (1�1) =��z-ü�Hº�
ª (DCU), 1�Ü©K´éTaylor Ðmª¥���ê�
uvqyx + vuqxy ��©Cq.

dué uqx , vqy �Cq´ü>Hº, q"�é qxx , qyy �C
q, CTU �{E´���ª. ù
"Ã�ÏL©OÚ\ x-,
y-����Ç5)û (� §20.6 p©EÇ��).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— Å�DÂ/ª��Ñ$Hº�{

Å�DÂ/ª��Ñ$Hº�{

·����À�, ±Å�DÂ��ª5�E�Ñ$Hº�{.

� u > 0, v > 0, Kk��a�þ�Qij − Qi−1,j �ÅBLü
� Ci−1,j � Ci ,j m�.¡, ±9ü� Ci ,j � Ci ,j+1 m�Ü©.
¡ (�ã 20.3(a)). 3∆t �mS,ü� Ci ,j Ú Ci ,j+1 �TÅ×
L�¡È©O� (u∆t∆y − 1

2uv∆t2) Ú 1
2uv∆t2.

dd�.¡ (i − 1/2, j) ?�Åé tn+1 ��ü�²þ�Qij

ÚQi ,j+1 �UCþ��z©O�

−
u∆t∆y − 1

2uv∆t2

∆x∆y
(Qij − Qi−1,j) Ú −

1
2uv∆t2

∆x∆y
(Qij − Qi−1,j).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— Å�DÂ/ª��Ñ$Hº�{

Å�DÂ/ª��Ñ$Hº�{

�é{`, .¡ (i − 1/2, j) Ú (i − 1/2, j − 1) ?�Åé tn+1

��ü�²þ�Qij UCþ��z©O� (�ã 20.3(a), (b))

−
u∆t∆y − 1

2uv∆t2

∆x∆y
(Qij−Qi−1,j) Ú −

1
2uv∆t2

∆x∆y
(Qi ,j−1−Qi−1,j−1).

Ón, .¡ (i , j − 1/2) Ú (i − 1, j − 1/2) ?�Åé tn+1 ��
ü�²þ�Qij UCþ��z©O� (�ã 20.3(a), (b))

−
v∆t∆x − 1

2uv∆t2

∆x∆y
(Qij−Qi ,j−1) Ú −

1
2uv∆t2

∆x∆y
(Qi−1,j−Qi−1,j−1).

dd�Ñ��ªT��Ñ$Hº�ª (20.10) (CTU).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— Å�DÂ/ª��Ñ$Hº�{

Å�DÂ/ª�CTU �ÑDCU Ïþ���Ïþ

,��¡, DCU ��AÞáÚê�Ïþ©O�:

A±∆Qi−1/2,j =u±(Qij−Qi−1,j), B±∆Qi ,j−1/2 =v±(Qij−Qi ,j−1).

Fi−1/2,j =u+Qi−1,j + u−Qij , Gi ,j−1/2 =v+Qi ,j−1 + v−Qij .

CTU K3dÄ:þO\
��ê�Ïþ (�u, v > 0, '�p.442 (19.19))

F̃i−1/2,j =−uv∆t

2∆y
(Qi−1,j−Qi−1,j−1), F̃i+1/2,j =−uv∆t

2∆y
(Qij−Qi ,j−1),

G̃i ,j−1/2 =−uv∆t

2∆x
(Qi ,j−1−Qi−1,j−1), G̃i ,j+1/2 =−uv∆t

2∆x
(Qij−Qi−1,j).

5 1: �3���mÚ¥����� £þØ�L�A����
�m��Ú��, =CFLê max{u∆t

∆x =: νx , v∆t
∆y =: νy} ≤ 1 �,

CTU �Ñ
uÐÚ�°().

5 2: �CFLê≤ 1 �, d)�à|Ü�E�CTU L1-½.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— von Neumann ½5©Û� DCU Ú CTU � L2-½5

von Neumann ½5©Û�DCU Ú CTU � L2-½5

òFp�Å.Qn
IJ = e i(ξI∆x+ηJ∆y) �\DCU �ª (u, v > 0)

Qn+1
IJ = Qn

IJ − νx(Qn
IJ −Qn

I−1,J)− νy (Qn
IJ −Qn

I ,J−1) �O�Ï

f g(ξ, η,∆x ,∆y ,∆t) = (1−νx−νy )+νxe−iξ∆x +νye−iη∆y .

dd� 0 ≤ νx + νy ≤ 1 ⇔ DCU L2-½.

CTU �ª (u, v > 0) �O�Ïf�

g(ξ, η,∆x ,∆y ,∆t) = [1−νx(1−e−iξ∆x)][1−νy (1−e−iη∆y )].

dd� max{νx , νy} ≤ 1 ⇔ CTU L2-½.

��CTU �ª�'DCU �ªk�Ð� L2-½5.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— CXêé6�§ª� CTU �{

CXêé6�§ª� CTU �{

�ÄôÚ�§/ª�CXêé6�§ª (A^Úí2 §9.5 .¡�
Ý�{, �:: q ÷A���~þ) qt + u(x , y)qx + v(x , y)qy = 0.

·�òïáÅ�DÂ/ª�CTU�{, =½ÂÅ, Å�, Þá
9��Ïþ� (Åð.�§��ò1ÊÙ�'SN��Aí2, �:: .¡þÏþëY).

P Ci−1,j Ú Ci ,j �.¡þ�{��Ý²þ�� ui−1/2,j . P Ci ,j
Ú Ci ,j−1 �.¡þ�{��Ý²þ�� vi ,j−1/2.

z�.¡?�iù¯K�Ñ��d.¡{��Ý��Ý�Å{
x-��: Wi−1/2,j = Qij − Qi−1,j , si−1/2,j = ui−1/2,j ,

y-��: Wi ,j−1/2 = Qij − Qi ,j−1, si ,j−1/2 = vi ,j−1/2.

19 / 45



Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— CXêé6�§ª� CTU �{

CXêé6�§ª� CTU �{

±9�EDCU �ª¤I�Þá (�g{�iù¯K�)){
A±∆Qi−1/2,j = s±i−1/2,jWi−1/2,j = u±i−1/2,j(Qij − Qi−1,j),

B±∆Qi ,j−1/2 = s±i ,j−1/2Wi ,j−1/2 = v±i ,j−1/2(Qij − Qi ,j−1).

�O�CTU�{¤I�/��Ïþ0(ò�ª���Ü©�¤/Ïþ�0�/ª),
I��Äz�Åî�DÂ����ü��þ. äN�{Xe.

ÄkÐ©z/��Ïþ0, - F̃i−1/2,j :=0, G̃i ,j−1/2 :=0, ∀i ,j .

O�A±∆Qi−1/2,j ���Þá (�g��iù¯K�))
B−A−∆Qi−1/2,j = v−i−1,j−1/2u

−
i−1/2,j(Qij − Qi−1,j),

B+A−∆Qi−1/2,j = v+
i−1,j+1/2u

−
i−1/2,j(Qij − Qi−1,j),

B−A+∆Qi−1/2,j = v−i ,j−1/2u
+
i−1/2,j(Qij − Qi−1,j),

B+A+∆Qi−1/2,j = v+
i ,j+1/2u

+
i−1/2,j(Qij − Qi−1,j).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— CXêé6�§ª� CTU �{

CXêé6�§ª� CTU �{

^{�ÞáA±∆Qi−1/2,j ��g��Þá B±A±∆Qi−1/2,j

�#�A.¡?�/��Ïþ0 (�«¿ã 20.4):
G̃i−1,j−1/2 := G̃i−1,j−1/2 − ∆t

2∆x v
−
i−1,j−1/2u

−
i−1/2,j(Qij − Qi−1,j),

G̃i−1,j+1/2 := G̃i−1,j+1/2 − ∆t
2∆x v

+
i−1,j+1/2u

−
i−1/2,j(Qij − Qi−1,j),

G̃i ,j−1/2 := G̃i ,j−1/2 − ∆t
2∆x v

−
i ,j−1/2u

+
i−1/2,j(Qij − Qi−1,j),

G̃i ,j+1/2 := G̃i ,j+1/2 − ∆t
2∆x v

+
i ,j+1/2u

+
i−1/2,j(Qij − Qi−1,j).

Ón, ^ÞáB±∆Qi ,j−1/2 ��g��Þá A±B±∆Qi ,j−1/2

�#�A.¡?�/��Ïþ0:
F̃i−1/2,j−1 := F̃i−1/2,j−1 − ∆t

2∆y u
−
i−1/2,j−1v

−
i ,j−1/2(Qij − Qi ,j−1),

F̃i+1/2,j−1 := F̃i+1/2,j−1 − ∆t
2∆y u

+
i+1/2,j−1v

−
i ,j−1/2(Qij − Qi ,j−1),

F̃i−1/2,j := F̃i−1/2,j − ∆t
2∆y u

−
i−1/2,jv

+
i ,j−1/2(Qij − Qi ,j−1),

F̃i+1/2,j := F̃i+1/2,j − ∆t
2∆y u

+
i+1/2,jv

+
i ,j−1/2(Qij − Qi ,j−1).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— p©EÇ���

p©EÇ���

ÏL�g��Þá�#��Ïþ, ¦�CTU k
é��·
Ü�ê��k�Cq. �E"�é��Hº�Ö�, ±9�
��ê� qxx , qyy �%C�.

���p©EÇ�ª, ·�ò��Hº%CO�¤�A��
� Lax-Wendroff %C, Ó�Ú\·����ì, =U±e�
ª�#/��Ïþ0:F̃i−1/2,j := F̃i−1/2,j + 1

2 |ui−1/2,j |
(
1− ∆t

∆x |ui−1/2,j |
)
W̃i−1/2,j ,

G̃i ,j−1/2 := G̃i ,j−1/2 + 1
2 |vi ,j−1/2|

(
1− ∆t

∆y |vi ,j−1/2|
)
W̃i ,j−1/2.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— p©EÇ���

CTU + Ã��ìp©EÇ�����dê�Ïþ

CTU + Ã��ìp©EÇ�����dê�Ïþ�

Fi−1/2,j =
1

2
u(Qi−1,j + Qij)−

∆t

2∆x
u2(Qij − Qi−1,j)

− ∆t

2∆y

[
u−v−(Qi ,j+1 − Qij) + u+v−(Qi−1,j+1 − Qi−1,j)

+u−v+(Qij − Qi ,j−1) + u+v+(Qi−1,j − Qi−1,j−1)
]
,

Gi ,j−1/2 =
1

2
v(Qi ,j−1 + Qij)−

∆t

2∆y
v2(Qij − Qi ,j−1)

− ∆t

2∆x

[
v−u−(Qi+1,j − Qij) + v+u−(Qi+1,j−1 − Qi ,j−1)

+v−u+(Qi ,j − Qi−1,j) + v+u+(Qi ,j−1 − Qi−1,j−1)
]
.

5: ±þúª¥ u±, v± ���:dÙ��∆Q ���:ÚþI
�± û½. ~Xé∆Qi ,j+1/2 = (Qi ,j+1 − Qij), � u−i−1/2,jv

−
i ,j+1/2.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— p©EÇ���

CTU + Ã��ìp©EÇ��� 6= Lax-Wendroff �ª

3~Xê�/, CTU + Ã��ìp©EÇ����{Ú
Lax-Wendroff �{é qx , qy , qxx , qyy ��lÑ´�Ó�, 
é���ê��lÑKØÓ ('� (19.14), (19.15)).

± uvqy (xi−1/2, yj) �lÑ�~, d?�lÑ�Hº.�

uvqy (xi−1/2, yj) ≈
1

∆y

[
u−v−(Qi ,j+1−Qij)+u+v−(Qi−1,j+1−Qi−1,j)

+ u−v+(Qij − Qi ,j−1) + u+v+(Qi−1,j − Qi−1,j−1)
]
,

 Lax-Wendroff �{K´��4�:? uv∆Q �²þ�.

5: Hº.�·Ü�êlÑ¦��ª' Lax-Wendroff �ªk�

Ð�½5. �ö�½5^�:
√

(u∆t
∆x )2 + ( v∆t

∆y )2 ≤ 1, cö

�K´max{
∣∣u∆t

∆x

∣∣, ∣∣ v∆t
∆y

∣∣} ≤ 1.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �Ý|ÃÑ�/

�Ý|ÃÑKÅðÆ�ôÚ�§�d

Ø�Ø 6��Ý|´ÃÑ|. ����, XJé?¿f«
� Ω 6|ÏL>. ∂Ω ?\Tf«�Ω �ÀÏþo�",
KT6|´ÃÑ|. (∵ 0 =

∫
∂Ω ~n(s) · ~uds =

∫
Ω
~∇ · ~udxdy .)

3���/, �Ý|ÃÑ= ~∇ · ~u = ux(x , y) + vy (x , y) = 0.

d qt + (uq)x + (vq)y = qt + (ux + vy )q + uqx + vqy , �d�
k qt + (uq)x + (vq)y = 0 ⇔ qt + uqx + vqy = 0. =Å
ðÆ�ôÚ�§�d.

� q ´ÃÑ�Ý|¥�Åðþ, ·�F"3lÑ�¡, �U

ÏLê�¦)ôÚ�§��{ (XCTU) 5¦)ÅðÆ.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �Ý|ÃÑ�/

lÑÃÑ�Ý|ÚDCU �ª�Åð5

�½Â3ü�.¡¥:�lÑ�Ý|÷v±elÑÃÑ^�

1

∆x
(ui+1/2,j − ui−1/2,j) +

1

∆y
(vi ,j+1/2 − vi ,j−1/2) = 0

�, DCU �ª´Åð.�ª. ¯¢þ:

3���/e, DCU �ª���/ª�

Qn+1
ij = Qn

ij −
∆t

∆x
[u+

i−1/2,j(Q
n
ij −Qn

i−1,j) + u−i+1/2,j(Q
n
i+1,j −Qn

ij )]

− ∆t

∆y
[v+

i ,j−1/2(Qn
ij − Qn

i ,j−1) + v−i ,j+1/2(Qn
i ,j+1 − Qn

ij )].
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �Ý|ÃÑ�/

lÑÃÑ�Ý|ÚDCU �ª�Åð5

òþªé I1 ≤ i ≤ I2, J1 ≤ j ≤ J2 ¦Ú, Ü¿Óa��∑
i ,j

Qn+1
ij =

∑
i ,j

Qn
ij

[
1+

∆t

∆x
(ui+ 1

2
,j−ui− 1

2
,j)+

∆t

∆y
(vi ,j+ 1

2
−vi ,j− 1

2
)
]

+
∑
j

(u+
I1− 1

2
,j
Qn

I1−1,j−u−I2+ 1
2
,j
Qn

I2+1,j)+
∑
i

(v+
i ,J1− 1

2

Qn
i ,J1−1−v−i ,J2+ 1

2

Qn
i ,J2+1).

duþªmà1�!n��?\¦Ú«��>.Ïþ, ql
Ñ�Ý|ÃÑ, ¤±þª�Ñ∑

i ,j

Qn+1
ij =

∑
i ,j

Qn
ij +?\¦Ú«��>.Ïþ

¯¢þ, þªé?¿¦Ú«�Ñ¤á. Ïd�ª´Åð.�.

27 / 45



Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �Ý|ÃÑ�/

lÑÃÑ�Ý|ÚCTU �ª�Åð5

CTU 9Ùp©EÇ�ªÑ´3DCU �ª�Ä:þO\Ïþ
�/ª�������, Ïd§��Åð5�duDCU �
ª�Åð5.

§ 20.5 Ú § 20.6 ïá�CTU �ª9CTU p©EÇ�ª, �
½Â3ü�.¡¥:�lÑ�Ý|÷v±elÑÃÑ^�

1

∆x
(ui+1/2,j − ui−1/2,j) +

1

∆y
(vi ,j+1/2 − vi ,j−1/2) = 0

�, ´Åð.�ª.

5: e�Ω = Cij , �lÑ�Ý ui±1/2,j = 1
∆y

∫ yj+1/2

yj−1/2
u(xi±1/2, y)dy ,

vi ,j±1/2 = 1
∆x

∫ xi+1/2

xi−1/2
v(x , yj±1/2)dy , K:∫

∂Ω
~n(s) · ~uds = 0 ⇒lÑ�Ý|ÃÑ
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �Ý|ÃÑ�/

ÃÑ�Ý|�6¼êÚ6�

?ÛëY�©¡���Iþ¼êψ(x , y) Ñ�½Â��ÃÑ
��Ý| (0 =

∫
∂Ω ~n(s) · ~uds =

∫
Ω
~∇ · ~udxdy).

u(x , y) = ψy (x , y), v(x , y) = −ψx(x , y).

¯¢þ, ?Û��ÃÑ��Ý|Ñ�36¼ê¦þª¤á.

´��Ý|~u = (u, v) � ~∇ψ = (ψx , ψy ) ��. Ïd, 6¼
êψ 3 x-y ²¡þ����=�6|�6�, ½=6N�:
$Ä�;,.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— �Ý|ÃÑ�/

^6¼ê£½6�¤½Â�ÃÑlÑ�Ý|

�ψ(x , y) ´�Ý|~u = (u, v) �6¼ê, Kk

ψ(x , y2)−ψ(x , y1) =

∫ y2

y1

u(x , y)dy , ψ(x2, y)−ψ(x1, y) =−
∫ x2

x1

v(x , y)dx .

dd�, Xe½Â�lÑ�Ý|´ÃÑ�

ui− 1
2
,j =

[
ψ(xi− 1

2
, yj+ 1

2
)− ψ(xi− 1

2
, yj− 1

2
)
]
/∆y ,

vi ,j− 1
2

= −
[
ψ(xi+ 1

2
, yj− 1

2
)− ψ(xi− 1

2
, yj− 1

2
)
]
/∆x ,

5: ^È©²þ�Ú^6�½ÂÃÑlÑ�Ý|3êÆþ´�d
�. �cö3O��I��ê�È©, ÏdJ±ý�¢yÃÑ.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— ê�~f: �N^=, ��Burges �§

ê�~f: �N^=

ã 20.5 w«æ^MC ��ì (� (6.39(b))) � CTU p©E
Ç�ª����N (���IÚ���Î) ^=�ê�(J.

ã 20.6 K©Ow«
��CTU �ª£þã¤, Ã��ì�
�� Lax-Wendroff �ª£¥ã¤, Úp©EÇ�ê©��ª
£eã¤���ê�(J.

�±wÑ, ü�p©EÇ�ª(JJ©pe, Ó��(',
	ü��ªÐéõéõ.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��é6�§ª�k�NÈ{—— ê�~f: �N^=, ��Burges �§

ê�~f: ��Burges �§

�Ä��ÃÊBurges �§ ut + nx( 1
2u

2)x + ny ( 1
2u

2)y = 0.

e�~n = (1, 0), K�§òz� ut + ( 1
2u

2)x = 0.

e�~n = (0, 1), K�§òz� ut + ( 1
2u

2)y = 0.

��IC�

[
ξ
η

]
=

[
nx ny

−ny nx

] [
x
y

]
,

[
x
y

]
=

[
nx −ny
ny nx

] [
ξ
η

]
,

K��/, �§òz� ut + ( 1
2u

2)ξ = 0.

�þ��~f t = 0 ��¼ê��Ð� (� (20.46) ), ©O�
θ , tan−1(ny/nx) = 0 Úπ/4.

ã 20.7 w«�´æ^
MC ��ì� CTU p©EÇ�ª
3 300× 300 ��þ��� t = 0.4 Ú t = 2 ���ê�(
J��p�ã (u = 0.05 : 0.05 : 0.095).

555µµµ é��5ÅðÆ�§(|), �g{�iù¯KLæ^�A�
äk�Nê�Ïþ�Åð.�{°(½Cq¦).
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

����5ÅðÆ�§ªê��{Âñ5��
nØ(J

����5ÅðÆ�§ª�ê©�{�Âñ5

PS(t) ��§ qt + f (q)x + g(q)y = 0 �)�f. =T�§

±
o
q(x , y) �Ð��ý)� q(x , y , t) = (S(t)

o
q)(x , y).

PSx(t), Sy (t) ©O��§ qt + f (q)x = 0, qt + g(q)y = 0
�)�f.

Theorem

�T > 0. � n∆t = T. Ké?��·½�Ð�
o
q k

lim
∆t→0

‖S(T )
o
q − [Sy (∆t)Sx(∆t)]n

o
q‖1 = 0.

lim
∆t→0

‖S(T )
o
q − [Sx(∆t/2)Sy (∆t)Sx(∆t/2)]n

o
q‖1 = 0.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

����5ÅðÆ�§ªê��{Âñ5��
nØ(J

����5ÅðÆ�§ª�ê©�ê��{�Âñ5

5¿, ±þ½n¥1��ªf`²�´Godunov ©�{�Â
ñ5, 1��ªf`²�´ Strang ©�{�Âñ5.

½n`²e3�ê©�{¥zÚ^�Ñ´�A��¯Ký)
�{, K©�{�)3 L1-��¿ÂeÂñuý).

e¡�½nK�Ñ
¦^��üN�ª��ê©��{�Â
ñ5. (ü�½nÑ´Crandall & Majda y²�.)

Theorem

eòþã½n¥���)�f Sx(∆t), Sy (∆t) ���A���
ÅðÆ�§ª�üN�ª, K½n�(Ø�,¤á.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

����5ÅðÆ�§ªê��{Âñ5��
nØ(J

��ÅðÆ�§ª�ý)�´TVD �

éu��¯K, �±�Eäk��°Ý (��34�:��
	)�TVD �ª.

éu��¯K, TVD �{�y
ê�)8Ü3�½¿Âe�
;5, l�±y²�{'u��5¯K�Âñ5.

éu��¯K, 3Xe�C��¿ÂeÅðÆ�§ª�ý)
�´TVD �:

TV (q) = lim sup
ε→0

1

ε

∫ ∞
−∞

∫ ∞
−∞
|q(x + ε, y)− q(x , y)|dxdy

+

∫ ∞
−∞

∫ ∞
−∞
|q(x , y + ε)− q(x , y)|dxdy .
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

����5ÅðÆ�§ªê��{Âñ5��
nØ(J

��ÅðÆ�§ª�TVD �{���õk��°Ý

éu��¯K, �±aq/½ÂlÑ�C�

TV (Q) =
∞∑

i=−∞

∞∑
j=−∞

[∆y |Qi+1,j − Qij |+ ∆x |Qi ,j+1 − Qij |].

��X±e½n (Goodman & LeVeque) L², TVD �{é
p�¯K¿��Ùé��¯K@ok^.

Theorem

Ø�,
²��/, ?Û��TVD �{�õ�k��°Ý.

5: p©EÇCTU Úp©EÇ�ê©�{ØU�yTVD, �k�
Ð�°ÝÚ³�ê�����J. ÿÝ�)�nØK3�f�¿
ÂeïÄÅðÆ�)9Ùê�)�Âñ5.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��~Xê�5V.�§|� Lax-Wendroff �ª9Ùp©EÇUE

��~Xê�5V.�§|� Lax-Wendroff �ª

��~Xê�5V.�§|� Lax-Wendroff �ª�±�
¤Ïþ�/ª, �A�ê�Ïþ� (� (19.14))

Fi− 1
2
,j =

1

2
A(Qi−1,j + Qij)−

∆t

2∆x
A2(Qij − Qi−1,j)

− ∆t

8∆y
AB
[
(Qi ,j+1 − Qij) + (Qi−1,j+1 − Qi−1,j)

+(Qij − Qi ,j−1) + (Qi−1,j − Qi−1,j−1)
]
.

Gi ,j− 1
2

=
1

2
A(Qi ,j−1 + Qij)−

∆t

2∆y
B2(Qij − Qi ,j−1)

− ∆t

8∆x
BA
[
(Qi+1,j − Qij) + (Qi+1,j−1 − Qi ,j−1)

+(Qij − Qi−1,j) + (Qi ,j−1 − Qi−1,j−1)
]
.

AO5¿, ABqy , BAqx ^�´�Ao��:�û�²þ�.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��~Xê�5V.�§|� Lax-Wendroff �ª9Ùp©EÇUE

��~Xê�5V.�§| Lax-Wendroff �ª�p©EÇUE

��~Xê�5V.�§|�Godunov Ïþ (Hº.)

Fi− 1
2
,j = A+Qi−1,j + A−Qij , Gi ,j− 1

2
= B+Qi ,j−1 + B−Qij .

ëìé6�§CTU �?n�{, é��~Xê�5V.
�§| Lax-Wendroff �ªê�Ïþ¥����Hºz+p©
EÇ��UE.

=ò Lax-Wendroff �ªê�Ïþ¥�cü�UE¤Gogunov
HºÏþ+ (�A�����ì) p©EÇ���; 2|^:
AB = (A++A−)(B++B−) = A−B−+A+B−+A−B++A+B+

éABqy , BAqx ��û��HºzUE (� (20.25)-(20.28)).

¢SO��¿ØI�éÝ
�±þ©), �ª¥Ñy���
Ñ�±ÏL¦)�A���iù¯K���ÞáÅ�Ñ.
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Lecture 14: Chap. 19, § 19.2 —-; Chap. 20; Chap. 21, § 21.1, § 21.2

1�ÊÙµp�VÅðÆ�ê��{

��~Xê�5V.�§|� Lax-Wendroff �ª9Ùp©EÇUE

UE����p©EÇÏþ

ò Lax-Wendroff �ªê�Ïþ¥����Hºz+p©E
Ç��UE��

Fi− 1
2
,j = A+Qi−1,j + A−Qij +

1

2

m∑
p=1

|λxp|
(
1− ∆t

∆x
|λxp|

)
W̃ p

i− 1
2
,j

− ∆t

2∆y

[
A−B−(Qi ,j+1 − Qij) + A+B−(Qi−1,j+1 − Qi−1,j)

+A−B+(Qij − Qi ,j−1) + A+B+(Qi−1,j − Qi−1,j−1)
]
.

Gi ,j− 1
2

= B+Qi ,j−1 + B−Qij +
1

2

m∑
p=1

|λyp|
(
1− ∆t

∆y
|λyp|

)
W̃ p

i ,j− 1
2

− ∆t

2∆x

[
B−A−(Qi+1,j − Qij) + B+A−(Qi+1,j−1 − Qi ,j−1)

+B−A+(Qij − Qi−1,j) + B+A+(Qi ,j−1 − Qi−1,j−1)
]
.
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1�ÊÙµp�VÅðÆ�ê��{

��~Xê�5V.�§|� Lax-Wendroff �ª9Ùp©EÇUE

��p©EÇÏþ¥���Å

Wp

i− 1
2
,j

= αp

i− 1
2
,j
r xp, αp

i− 1
2
,j

= (Rx)−1(Qij −Qi−1,j), W̃ p

i− 1
2
,j
K

´òTÅWp

i− 1
2
,j
� x-��Hº���ÅWp

I− 1
2
,j
'�¿æ^

·���ì������Å, Ù¥ I =

{
i − 1, λxp > 0,

i + 1, λxp < 0.

Wp

i ,j− 1
2

= αp

i ,j− 1
2

r yp, αp

i ,j− 1
2

= (Ry )−1(Qij −Qi ,j−1), W̃ p

i ,j− 1
2

K

´òTÅWp

i ,j− 1
2

� y-��Hº���ÅWp

i ,J− 1
2

'�¿æ^

·���ì������Å, Ù¥ J =

{
j − 1, λyp > 0,

j + 1, λyp < 0.

5: ±þp©EÇÏþ�±À�é Lax-Wendroff Ïþ¥�ü��
� (�¹����Ú����) {Ïþ���Hº+p©EÇU
E, ±9ü��g�Ïþ�HºUE�(J.
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��~Xê�5V.�§|�p©EÇ�ª—— ^Å�DÂ�ª\È��Åép©EÇÏþ��z

^Å�DÂ�ª\È��Åép©EÇÏþ��z

aqu�§ªCTU p©EÇÏþ�O�, ·��±ÏL±e�
ª\È�ÞáÅÚ��Ïþé�§|p©EÇÏþ��z:

1 Ð©z: - F̃i− 1
2
,j = 0, G̃i ,j− 1

2
= 0, ∀ i , j .

2 ×£�ü�¦) x-���iù¯K. =éü� Ci−1,j , Cij �.
¡, ¦)Ð��Qi−1,j , Qij ���iù¯K. O�Å Wp

i− 1
2
,j

,

Å� sp
i− 1

2
,j

, ±9ÞáÅA−∆Qi− 1
2
,j =

∑m
p=1(sp

i− 1
2
,j

)−Wp

i− 1
2
,j

ÚA+∆Qi− 1
2
,j =

∑m
p=1(sp

i− 1
2
,j

)+Wp

i− 1
2
,j

.

3 O���Å W̃p

i− 1
2
,j

, ¿^d�#�A.¡?���Ïþ:

F̃i− 1
2
,j = F̃i− 1

2
,j +

1

2

m∑
p=1

∣∣sp
i− 1

2
,j

∣∣(1− ∆t

∆x

∣∣sp
i− 1

2
,j

∣∣)W̃p

i− 1
2
,j
.
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^Å�DÂ�ª\È��Åép©EÇÏþ��z

4 ÏL¦)'um1ÞáÅA+∆Qi− 1
2
,j ��g��iù¯K

O�þ1��ÞáÅ B+A+∆Qi− 1
2
,j Úe1��ÞáÅ

B−A+∆Qi− 1
2
,j .

5 ^±þ���þe1��ÞáÅB±A+∆Qi− 1
2
,j �# Cij þ

e.¡���Ïþ

G̃i ,j± 1
2

= G̃i ,j± 1
2
− ∆t

2∆x
B±A+∆Qi− 1

2
,j ,

5: �Ï~¿Âed�mü�G��Ð��iù¯KØÓ, �g
��iù¯K´ÏL������§|ò�þA+∆Qi− 1

2
,j ©)

¤����gÞáÅ. é~Xê�5�§|, PA+∆Qi− 1
2
,j =

m∑
i=1
βpr yp, KB±A+∆Qi− 1

2
,j =

m∑
i=1

(λyp)±βpr yp =B±A+(Qij−Qi−1,j).
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^Å�DÂ�ª\È��Åép©EÇÏþ��z

6 ÏL¦)'u�1ÞáA−∆Qi− 1
2
,j ��g��iù¯KO

�þ1��ÞáÅ B+A−∆Qi− 1
2
,j Úe1��ÞáÅ

B−A−∆Qi− 1
2
,j , ¿^u�# Ci−1,j þe.¡���Ïþ

G̃i−1,j± 1
2

= G̃i−1,j± 1
2
− ∆t

2∆x
B±A−∆Qi− 1

2
,j .

7 é y-��z�éü� Ci ,j−1, Cij m�.¡, E12-16Ú�
O�. ��Å Wp

i ,j− 1
2

, Å� sp
i ,j− 1

2

, ÞáÅB±∆Qi ,j− 1
2
, ±9

� y-��'������Å W̃p

i ,j− 1
2

. Ù¥Å����Å^u

�# G̃i ,j− 1
2
, òü�ÞáÅ�g��©��A±B+∆Qi ,j− 1

2

Ú A±B−∆Qi ,j− 1
2
©O^u�# F̃i± 1

2
,j Ú F̃i± 1

2
,j−1.
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^Å�DÂ�ª\È���\��Ïþ�Å�DÂúª

8 ��^\��Ïþ�ÅDÂúªO�#�mÚü�²þ�:

Qn+1
ij = Qn

ij −
∆t

∆x
(A+∆Qi− 1

2
,j +A−∆Qi+ 1

2
,j)

−∆t

∆y
(B+∆Qi ,j− 1

2
+ B−∆Qi ,j+ 1

2
)

−∆t

∆x
(F̃i+ 1

2
,j − F̃i− 1

2
,j)−

∆t

∆y
(G̃i ,j+ 1

2
− G̃i ,j− 1

2
).

5: ±þ�{�±g,/í2u£color .¤CXê�5V.�
§|, ��±í2�£color .¤��5V.�§|. d�I5
¿é�g{�ÞáÅ��g��ÞáÅ©��AT¦^Ùò�?
\�ü�þ�Au�g�������XÚ.
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��: 20.1, 20.2, 20.6

Thank You!
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