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Lecture 6: Variable-Coefficients Linear Equations

CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

CXê�5(Å�§|— ØoUÏLA�©)é�z

CXê�5(Å�§|qt + A(x)qx = 0, Ù¥

q(x , t) =

[
p(x , t)
u(x , t)

]
, A(x) =

[
0 K (x)

1/ρ(x) 0

]
.

- c(x) =
√
K (x)/ρ(x) ((�), Z (x) = ρ(x)c(x) =

√
K (x)ρ(x)

(0�{|), Kk A(x) = R(x)ΛR−1(x), Ù¥

R(x) =

[
−Z (x) Z (x)

1 1

]
, Λ(x) =

[
−c(x) 0

0 c(x)

]
.

XÚ��1Å÷v p = −Z (x)u, m1Å÷v p = Z (x)u.
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

CXê�5(Å�§| —— ~0�{|

�K (x) = Z 2
0 /ρ(x) �, 0�{| Z (x) = Z0 �~ê. d�

XÚ�A��þÝ
 R(x) ≡ R �~Ý
, XÚ�é�z�

wt + Λ(x)wx = 0, Ù¥ w(x , t) = R−1q(x , t).

Ï
XÚ��1ÅÚm1Å´�pÕáDÂ�.

3XÚXê�mä:?, XÚ��1Å÷v p = −Z0u, m1
Å÷v p = Z0u, XÚ��1ÅÅ���Ø�um1ÅÅ�.

(Å3BLXÚXê�mä:�, Ø¬�)?Û��, ��
�Cz´(��UC£Ï
Å/¬Ñy� C/, �p. 173,
~9.1, p.174, Fig. 9.4¤.
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

CXê�5(Å�§| —— C0�{|

éuC0�{| Z (x) Ø´~ê. d�

XÚ�A��þÝ
 R(x) Ø´~Ý
, XÚ�z�

wt+Λ(x)wx = Λ(x)R−1
x (x)R(x)w , Ù¥ w(x , t) = R−1q(x , t).

Ï
XÚ��1ÅÚm1Å´ÍÜ�, Ø2´ÕáDÂ�.

(Å3BLXÚXê�mä:�, Ø=¬kß�Å, (�¬
��UC, �¬�)��Å£�p. 175, Fig. 9.5¤.

�±|^©ã~XêXÚ, ÏL¦)�Aiù¯K, ¿(Ü
Gogunov �{Cq¦)C0�{|�5(Å�§|.
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

C0�{|�5(Å�§|iù¯K�)

�ÄC0�{|�5(Å�§|iù¯K:

qt +A(x)qx = 0, q(x , 0) =

{
ql , x < 0,

qr , x > 0;
A(x) =

{
Al , x < 0,

Ar , x > 0.

iù¯K�)dü�(Å|¤, ©O±(� cl =
√

Kl/ρl Ú
cr =

√
Kr/ρr ��mü>DÂ, ¿3�m/¤�¥m� qm.

�m(Å£ü�a�mä¤©O�

qm − ql = α1

[
−Zl

1

]
, qr − qm = α2

[
Zr

1

]
.

- Rlr =

[
−Zl Zr

1 1

]
= [R1

l ,R
2
r ], Kk Rlrα = qr − ql .
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

C0�{|�5(Å�§|iù¯K�)

d R−1
lr = 1

Zl+Zr

[
−1 Zr

1 Zl

]
Ú α = R−1

lr (qr − ql) �)� α.

2d qm − ql = α1

[
−Zl

1

]
½ qr − qm = α2

[
Zr

1

]
�)� qm.

� Zl = Zr = Z0 �, iù¯K)�(��~Xê����
Ó, �´�m1Å�DÂ�Ý£A��Ý¤�UØÓ.

|^iù¯K�)�±O�(Å3DÂL§¥3ØÓ0��
.¡?�ß�XêÚ��Xê.

ù«C0�{|�5(Å�§|iù¯K�¦)�{�±í2�
,
���©ã~XêV­|iù¯K�¦).
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

ß�XêÚ��Xê�O�

� qr − ql T��m1\�Å, = qr − ql = β

[
Zl

1

]
. Kdiù¯

K�)�

α = R−1
lr (qr − ql) = β

Zl+Zr

[
Zr − Zl

2Zl

]
. u´

��Å α1

[
−Zl

1

]
= β Zr−Zl

Zr+Zl

[
−Zl

1

]
, ��Xê CR , Zr−Zl

Zr+Zl
;

ß�Å α2

[
Zr

1

]
= β 2Zl

Zr+Zl

[
Zr

1

]
, ß�Xê CT , 2Zr

Zr+Zl
.

ß�XêÚ��Xê©O�N�´ß�ÅÚ��ÅÅc�Å
�Øra�rÝ�\�ÅØra�rÝ�'.
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

CXê�5(Å�§|Ð�¯K� Godunov �{

ÄkO��Ñz�ü� Ci þ��Ý ρi ÚN�þ Ki ;

- Qn
i � tn �� q 3ü� Ci þ�²þ�;

3z�ü�.¡ xi−1/2 ?) ρl = ρi−1, Kl = Ki−1,
Ql = Qn

i−1; ρr = ρi , Kr = Ki , Qr = Qn
i �iù¯K, �ü�

Å W1
i−1/2 = α1

i−1/2r
1
i−1/2, W2

i−1/2 = α2
i−1/2r

2
i−1/2, Ù¥

r1
i−1/2 =

[
−Zi−1

1

]
, r2

i−1/2 =

[
Zi

1

]
, αi−1/2 =

[
−Zi−1 Zi

1 1

]−1

(Qn
i −Qn

i−1),

9�AÅ� s1
i−1/2 = −ci−1, s2

i−1/2 = ci .

-A−∆Qi−1/2 =s1
i−1/2W

1
i−1/2, A+∆Qi−1/2 =s2

i−1/2W
2
i−1/2;

�ª: Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qi−1/2 +A−∆Qi+1/2).
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

CXê�5(Å�§|Ð�¯K� Godunov �{

- Λi−1/2 =

[
s1
i−1/2 0

0 s2
i−1/2

]
=

[
−ci−1 0

0 ci

]
, Ri−1/2 =

[
−Zi−1 Zi

1 1

]
,

½Â Ai−1/2 = Ri−1/2Λi−1/2R
−1
i−1/2. Kk

A−∆Qi−1/2 = Ri−1/2Λ−
i−1/2R

−1
i−1/2(Qi − Qi−1) = A−

i−1/2(Qi − Qi−1),

A+∆Qi−1/2 = Ri−1/2Λ+
i−1/2R

−1
i−1/2(Qi − Qi−1) = A+

i−1/2(Qi − Qi−1),

¤±�ª��±�¤ (é'~Xê�(4.43), (4.47), (4.48))

Qn+1
i = Qn

i −
∆t

∆x
(A+

i−1/2(Qi − Qi−1) + A−
i+1/2(Qi+1 − Qi )).
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

CXê�5(Å�§|Ð�¯K�p©EÇ�{

�A�p©EÇ�ª

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2 +A−∆Qn
i+1/2)− ∆t

∆x
(F̃i+1/2 − F̃i−1/2),

F̃i−1/2 = 1
2

∑m
p=1 |s

p
i−1/2|(1− ∆t

∆x |s
p
i−1/2|)W̃

p
i−1/2, � W̃i−1/2 =Wi−1/2 �,

�ª�±�¤

Qn+1
i = Qn

i −
∆t

2∆x
[Ai−1/2(Qi − Qi−1) + Ai+1/2(Qi+1 − Qi )]

+
∆t2

2∆x2
[A2

i+1/2(Qi+1 − Qi )− A2
i−1/2(Qi − Qi−1)].

��?��Cq�´ 1
2 ∆t2(A2qx)x 
Ø´�VÐm¤I��

1
2 ∆t2qtt = 1

2 ∆t2A(Aqx)x , Ïd�ªØäk/ªþ���°Ý. �du

Hº�ª?��§�*Ñ� 1
2 ∆t2A2qxx �O(/LÑ, Ïd�ª3)

�1w?Ek�Ð�ê�Ly ('�p163 $ 9.3.1 (9.20, (9.21), (9.22)).
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

CXê�5(Å�§|�p©EÇ�{ —— XÛ���ì?

��Äkmä�)�, ?�Å W̃p
i−1/2 = φ(θpi−1/2)Wp

i−1/2 I�¦

^·����ì.

~Xê� θpi−1/2 =
αp
I−1/2

αp
i−1/2

'�Hº��ÓxÅ�rÝ;

CXê�, Wp
i−1/2 = αp

i−1/2r
p
i−1/2 = (lpi−1/2∆Qi−1/2)rpi−1/2,

éØÓ� i Ó� p xÅ¿Ø¿�X§�´�p²1��þ;

CXê�, θpi−1/2 AU�NØ²1§Ý, 
Ø==´rÝ'.

�{�µθpi−1/2 :=
Wp

I−1/2
·Wp

i−1/2

Wp
i−1/2

·Wp
i−1/2

. �õê�¹(¹��5)e¢

SO��JØ�.
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

CXê�5(Å�§|�p©EÇ�{ —— XÛ���ì?

�{�µ- Ŵp
I−1/2 = (lpi−1/2∆QI−1/2)rpi−1/2, =ò ∆QI−1/2

©)¤ Ri−1/2 �A��þ, ,�� θpi−1/2 :=
Ŵp

I−1/2
·Wp

i−1/2

Wp
i−1/2

·Wp
i−1/2

.

3A��þCz�¯�, �J`u�{�.

�{nµ- Ŵp
I−1/2 = (lpi−1/2W

t
I−1/2)rpi−1/2, =ò ∆QI−1/2

�ß�Å Wt
I−1/2 ©)¤ Ri−1/2 �A��þ, ,�2�

θpi−1/2 :=
Ŵp

I−1/2
·Wp

i−1/2

Wp
i−1/2

·Wp
i−1/2

. 3A��þCzé¯�, �J�Ð.

555µµµ ���¹e�{n¥�ß�ÅWt
I−1/2 ATL«�

Wt
I−1/2 =

∑
k:λksign(i−I )>0

Rk
I−1/2L

k
I−1/2∆QI−1/2,
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

¯�CzXê�þ!z

�0�3����ü�SkA�ºÝ��uü�ºÝ�[±Ï.
�Øþ!5�, k7�A^þ!znØ5T�/½Â ρ(x), K (x)
3��ü�þ�²þ� ρi , Ki , ¿�Ä^©¡~Xê�5(Å�

§| qt + Aiqx = 0, Ù¥ Ai =

[
0 Ki

1/ρi 0

]
, %C��§|.

du ρ ´�Ý(3���ü ´µ�þ/�Ý), Ïd, 3ü�
Ci = (xi−1/2, xi+1/2) þ�²þ�Ý´ü�þ�o�þØ±ü��

�Ý, = ρ(x) 3 Ci þ��â²þ�: ρi = 1
∆x

∫ xi+1/2

xi−1/2
ρ(x)dx .

�¿�¤kþ�ü���þ�Tþ�ü�²þ�.
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

¯�CzXê�þ!z—���5�þ���N�þ�O�

d���5�þ�½Â σ(x) = K (x)ε(x), ½ ε(x) = 1
K(x)σ(x), Ù¥

σ(x) � x ?�Aå, ε(x) = Xx(x)− 1 � x ?�AC£�é��Ç¤.
AO/, XJ σ(x) ≡ σ �~ê, K Ci ���AC£�é��Ç¤�

εi =
[Xi+1/2 − Xi−1/2]−∆x

∆x
=

1

∆x

∫ xi+1/2

xi−1/2

[Xx(x)− 1]dx

=
1

∆x

∫ xi+1/2

xi−1/2

ε(x)dx =
( 1

∆x

∫ xi+1/2

xi−1/2

1

K (x)
dx
)
σ.

Ïd, Ci ����5�þ Ki �
(

1
∆x

∫ xi+1/2

xi−1/2

1
K(x)dx

)−1

, ùw,Ø´

K (x) ��â²þ�. 
���Ø5Xê 1
Ki
K´�â²þ�.

aq/§CXê�5(Å�§|���N�þ Ki ��
(

1
∆x

∫ xi+1/2

xi−1/2

1
K0(x)

dx
)−1

(�p.26-28 § 2.7, -K0(x) = ρ0(x)P′(ρ0(x)), � ρ0(x)p̃(x) ≡ const., Kd'Xª ρ0(x)p̃(x) = K0(x)ρ̃(x), 9

���þ�Ý��þ�Ý��â²þ�=�.)
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CXê�5�§

CXê�5(Å�§| —— �Åð.V­.�§|�.¯K

¯�CzXêþ!z?n�Ün5(p.185 ~9.4)

�ÄC0��5(Å�§| q(x , 0) ≡ 0 ���9.Ð>�¯K:

qt+A(x)qx = 0, u(0, t) =

{
0.2
[
1 + cos(π(t−15)

10 )
]
, |t − 15| < 10,

0, otherwise.

A(x) =

[
0 K (x)

1/ρ(x) 0

]
, ρ(x) = K (x) =

{
3, 2i < x < 2i + 1,

1, 2i + 1 < x < 2i + 2.

(� c(x) =
√
K (x)/ρ(x) ≡ 1, ���9�)�(Å¿�±(�

c = 1, 
´Cq±þ!z0��(� c̄ =
√

K̂/ρ̄ �mDÂ, Ù¥

ρ̄ =
1

2

(
3 + 1

)
, K̂ =

(
1

2

(1

3
+ 1
))−1

�Ï´0�.¡m��E�ß�Ú��¦�UþDÂ�Ý(+�Ý)Cú.
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¼�p©EÇ�Ù§å»

c¡¤0��¼�p©EÇ�å»

c¡·��0�
�«¼�p©EÇk�NÈ�ª�å»:

1 ò¤�¯Kz�©ã½Â�iù¯K;

2 ¦)�A�©ã½Â�iù¯K;

3 ^iù¯K�)¤�Ñ�Å½Â/ªþ��°Ý��{;

4 é?���ÅA^·����ì±��Ã����J.

e¡·�50�Ù§�
~^�¼�p©EÇ�å».
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¼�p©EÇ�Ù§å»

Åð.V­.�§���mÚ�:Ïþ{ —— Centered-in-Time Fluxes

A^��mÚ�:Ïþ¼���°Ý

�ÄÄuÏþ���ª

Qn+1
i = Qn

i −
∆t

∆x
(F n

i+1/2 − F n
i−1/2),

Ù¥ F n
i−1/2 ≈

1
∆t

∫ tn+1

tn
f (q(xi−1/2, t))dt. ��U±¿©p�°Ý

O�TÈ©, nØþÒ�±�Ñ?¿p°Ý��{. ~X:

3 tn ?�Taylor Ðm, ¿|^�§ò ∂kt �� ∂kx (�Chp. 6).
T�{Juí2�p�p©EÇ�{(I�A�©)�).

- F n
i−1/2 = f (Q

n+1/2
i−1/2 ), Ù¥ Q

n+1/2
i−1/2 ≈ q(xi−1/2, tn+1/2) �

�±|^ tn ?�Taylor ÐmO� (�Richtmer üÚ{(4.23)).

3)�1w?, cöXJÐm���, K���°Ý. �ödu�
m��æ^
¥:È©úª, Ïd� Q

n+1/2
i−1/2 ≈ q(xi−1/2, tn+1/2)

k��±þ%C°Ý��´���.
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¼�p©EÇ�Ù§å»

Åð.V­.�§���mÚ�:Ïþ{ —— Centered-in-Time Fluxes

A^��mÚ�:Ïþ¼���p©EÇ��{

3)�mä?, �
��p©EÇ, EI/ÏHº����g�.

ò q 3 (xi−1, tn), (xi , tn) � Taylor Ðm

Q
L,n+1/2
i−1/2 ≈ q(xi−1, tn)+

∆x

2
qx(xi−1, tn)+

∆t

2
qt(xi−1, tn)+· · · ;

Q
R,n+1/2
i−1/2 ≈ q(xi , tn) +

∆x

2
qx(xi , tn) +

∆t

2
qt(xi , tn) + · · · ,

|^�§ò ∂t �� ∂x , ^HºÚ��ì�{­��Ç qx .

ÏL¦)iù¯K� Q
n+1/2
i−1/2 = q↓(Q

L,n+1/2
i−1/2 ,Q

R,n+1/2
i−1/2 ).

p©EÇ�ª: Qn+1
i = Qn

i −
∆t
∆x (f (Q

n+1/2
i+1/2 )− f (Q

n+1/2
i−1/2 )).
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¼�p©EÇ�Ù§å»

Åð.V­.�§���mÚ�:Ïþ{ —— Centered-in-Time Fluxes

A^��mÚ�:Ïþ¼���p©EÇ��{

ÏL q↓(Q
L,n+1/2
i−1/2 ,Q

R,n+1/2
i−1/2 ) ½ÂQ

n+1/2
i−1/2 �`:�Ün5µ

1) =I (xi−1/2, tn+1/2) �:��, 
� xi−1/2 × (tn, tn+1) ��;
2) �§�)'uÐ�äkëY�65.

±þ�{�":3ué qx �­�I�Äuz�ü�þ�A�©
), ùaqu�¦)��iù¯K. �
~�ó�þ, Ï~�æ^
�
Cq½{z��{.

3Å�DÂ{¥, �¦)�g Qn
i−1 � Qn

i �m�iù¯K, d
iù¯K�)�Ñ�Å�(��^u�E���ê�Ïþ, Ó�,
du Qi − Qi−1 ≈ qx∆x , ù
Å��±À� qx �A�©), l

�^u Taylor ÐmÚ��?��. oN5`, Å�DÂ{'�
{ü, ��´uí2����V­XÚ.

19 / 39



Lecture 6: Variable-Coefficients Linear Equations

¼�p©EÇ�Ù§å»

p�p©EÇ�{ —— Higher-Order High-Resolution Methods

p�p©EÇ�{

é�5¯K, cÙ´~Xê�5¯K�1w), p��{$�Ì�
{, ~~'·�c¡0��p©EÇ�{�k�. 
�Xê½)k
mä�, p��{KéJs�.

éu REA .��{, Äu©¡~êÚ©¡�5�­��±?�Ú
Jp�©¡�pg�­�. ©¡�Ô�{(PPM) Òáuùa�{.

,�a�{´Äu q ��¼ê�pgõ�ª��­���{. ~
X ENO (��Ã��) Ú WENO (\���Ã��) �ª. cö�
Ä��{´3�¹ i :�¤k��(stencil) ¥ÀJ¦�¼ê��
�õ�ªäk��������Ñ���õ�ª^u­�, 
�
öK�â�����^\���ª�Ñ­�.
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¼�p©EÇ�Ù§å»

�lÑz�{(Ü�mÚ?

k��mlÑ, 2��mlÑ —— �{

|^ Taylor Ðm, ¿|^�§ò q 'u�m��ê=��'u
�m��ê��{~~¬�5�	�E,5. )û��{´ò�
mÚ�m�lÑz©O?n.

kò�§��mlÑz. ùòr PDE �lÑz�'u�m
� ODE XÚ.

2A^·�� ODE ¦)ìlÑ¿¦)¤��� ODE XÚ.

ù«�{cÙ·^u�Epu��°Ý��{.

21 / 39
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¼�p©EÇ�Ù§å»

�lÑz�{(Ü�mÚ?

�m�lÑz�(J —— ü�²þ��uÐ�§

- Qi (t) ≈ q̄i (t) =
1

∆x

∫ xi+1/2

xi−1/2

q(x , t) dx .

KdÅðÆ qt + f (q)x = 0 k

q̄′i (t) = − 1

∆x
[f (q(xi+1/2, t))− f (q(xi−1/2, t))].

òTª¥� q̄i (t) �� Qi (t), f (q(xi±1/2, t)) ��ê�Ïþ

Fi±1/2(Q(t)), ~X� Fi−1/2(Q(t)) = f (q↓(Qi−1(t),Qi (t))), K�

Q ′i (t) = − 1

∆x
[Fi+1/2(Q(t))− Fi−1/2(Q(t))] ≡ Li (Q(t)).

dd�Ñ��'uü�²þ� Q(t) �ÍÜ�~�©�§|:

Q ′(t) = L(Q(t)).

22 / 39



Lecture 6: Variable-Coefficients Linear Equations

¼�p©EÇ�Ù§å»

�lÑz�{(Ü�mÚ?

�lÑz —— òü�²þ��uÐ�§'u�m�lÑz

- Qn
i ≈ Qi (tn), éü�²þ��uÐ�§'u�m�lÑz. ~

X, ^Ú�� ∆t �î.{� Godunov �ª

Qn+1
i = Qn

i + ∆tLi (Qn) = Qn
i −

∆t

∆x
[Fi+1/2(Qn)− Fi−1/2(Qn)].

��«O

ùp Fi−1/2(Qn) ≈ f (q(xi−1/2, tn)), �½���Ïþ�,

±c Fi−1/2(Qn) ≈ 1
∆t

∫ tn+1

tn
q(xi−1/2, t) dt, �mÚÏþþ�.

��/, �lÑz�§�lÑz��^Ïþ3,
A½��
�Cq�, 
Ø´^���mÚþCq�Ïþ²þ�.

���p��ª, ±c��{´�O�°(�O����m
ÚþCq�Ïþ²þ���{, ~X Lax-Wendroff �ª. 

ùp�æ^�´�
�´uí2�p���{.
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¼�p©EÇ�Ù§å»

�lÑz�{(Ü�mÚ?

�m!�m©OlÑz���p�°Ý��{

���p��ª, ·��±

ò�½��©¡~ê�Q(t)O��T���©¡�5, ©¡
�g�©¡õ�ª%C, ¿(Ü��ì, ½ ENO, WENO �;

^p���mÚ?�ªO����î.{¦)�lÑz��
�� ODEs.

~X, P QR
i−1 = Qi−1 + ∆x

2 σi−1, QL
i = Qi − ∆x

2 σi , -

Fi−1/2(Q) = f (q↓(QR
i−1,Q

L
i )).

Ké·�À���Ç��ì, Fi−1/2(Q) 3�4�:�1w?, ´
äk��°Ý�ê�Ïþ.

5: 3p��/, ò�m��m©lBup��ª��E�©Û.
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¼�p©EÇ�Ù§å»

�lÑz�{(Ü�mÚ?

�m!�m©OlÑz����mp�°Ý��{

���m��p°Ý�{�~, �Äü?wªRunge-Kutta �ª:

Q∗i = Qn
i −

∆t

2∆x
[Fi+1/2(Qn)− Fi−1/2(Qn)] = Qn

i +
1

2
∆tLi (Qn),

Qn+1
i = Qn

i −
∆t

∆x
[Fi+1/2(Q∗)− Fi−1/2(Q∗)] = Qn

i + ∆tLi (Q∗).

z��mÚI�3 tn Ú tn + ∆t/2 ¦ü�iù¯K, �=I
§��)3 (xi−1/2, t

+
n ), (xi−1/2, (tn + ∆t/2)+) ?��;

Q∗i , Qn+1
i ©O´ tn+1/2, tn+1 �ü� Ci þ q �Cq²þ�.

�ª��m°Ý���, �m°Ýd Li (Q) û½. ~X, �
Fi−1/2(Q(t)) = f (q↓(Qi−1(t),Qi (t))) ����, 
·�À�

�Ç¿� Fi−1/2(Q) = f (q↓(QR
i−1,Q

L
i )) �K��n�.
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¼�p©EÇ�Ù§å»

p©EÇ�{��E —— Ø�´°Ý, �7L�y­½5, ;�LÝ�ê��� —— �mlÑ

TVD ��mÚ?�ª

3�Ep©EÇ�{�, ·�F"3) ODEs �, �mÚ?�ª
Ø¬�ê�)�5#�LÝ�ê���.

~X, �¦�mÚ?�ª´ TVD �, = TV (Qn+1) ≤ TV (Qn).

F é,
�mÚ?�ª, Ù TVD 5�8(�y²�A�î.
�ª Qn+1 = Qn + ∆tL(Qn) � TVD 5�. ~X±e�ª

Q∗ = Qn+∆tL(Qn), Q∗∗ = Q∗+∆tL(Q∗), Qn+1 =
1

2
(Q∗+Q∗∗).

5 1: ù�´��ü?wªRunge-Kutta �ª. ��5¿�´c
¡,��ü?wª Runge-Kutta �ª(10.16) Øä�ù�5�.

5 2: TVD �mÚ?�{q�¡�r�­½��mlÑz�{.
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p©EÇ�{��E —— Ø�´°Ý, �7L�y­½5, ;�LÝ�ê��� —— �mlÑ

Äu�¼ê�­��{

¼��mp°Ý�'�3u�ÑÏþ f (q(xi−1/2, t)) �p�
Cqê�Ïþ Fi−1/2.

~X, ÏL¦^��Ç��ì�©¡�5­�½ÂQR
i−1, QL

i ,

2diù¯K�)�Ñ��Cq Qi−1/2 = q↓(QR
i−1,Q

L
i ).

¯K: XÛd©¡~ê�ü�²þ� q̄i (t) �E q(t) �äk�p
Å:%C°Ý�õ�ª.

­��¯¢: 3�½��� t, ½Â q(x , t) ��¼ê

w(x) =

∫ x

x1/2

q(ξ, t)dξ.

K¦+ q̄i (t) �´ t �� Ci þ q(x , t) �²þ�,

Wi = w(xi+1/2) =

∫ xi+1/2

x1/2

q(ξ, t)dξ = ∆x
i∑

j=1

q̄j(t)

%´ w(x) 3 xi+1/2 :�°(�.
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¼�p©EÇ�Ù§å»

p©EÇ�{��E —— Ø�´°Ý, �7L�y­½5, ;�LÝ�ê��� —— �mlÑ

Äu�¼ê�­��{

|©��Y: |^�¼ê w(x) ���õ�ª9ÙØ��O, �
Ñ q(x , t) = w ′(x) �õ�ª%C9ÙØ��O.

~X, � w(x) ∈ C s+1 �, |^ w(x) 3 s + 1 �!: xi−j ,
· · · , xi−j+s þ��Wi−j , · · · ,Wi−j+s ���õ�ª pi (x), Kk

pi (x) = w(x) + O(∆x s+1)9 p′i (x) = q(x , t) + O(∆x s), ∀x ∈ Ci .

,�^Tõ�ª½Â q(x , t) 3�ü� Ci ��m.¡þ��

QL
i = p′i (xi−1/2), QR

i = p′i (xi+1/2).

Xd, 3.¡ xi−1/2 ?Ò½Â
 t ���iùÐ�

QR
i−1 = p′i−1(xi−1/2) Ú QL

i = p′i (xi−1/2).
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¼�p©EÇ�Ù§å»

p©EÇ�{��E —— Ø�´°Ý, �7L�y­½5, ;�LÝ�ê��� —— �mlÑ

Äu�¼ê­��äk�mp�°Ý��{

é�lÑz�Cþ Q(t), - Wi = ∆x
∑i

j=1 Qj(t);

�L (xi−j ,Wi−j), · · · , (xi−j+s ,Wi−j+s) ���õ�ª pi (x);

- QL
i = p′i (xi−1/2), QR

i = p′i (xi+1/2), ∀i ;

½Â xi−1/2 ?�ê�Ïþ Fi−1/2(Q(t)) = f (q↓(QR
i−1,Q

L
i ));

- Li (Q(t)) ≡ − 1
∆x [Fi+1/2(Q(t))− Fi−1/2(Q(t))];

K Qn+1 = Qn + ∆tL(Qn) ´k�m s �°Ý�î.�ª;

(Üp�� TVD �mÚ?�{�E��p��ª.

¯K: XÛ��du­��5� TV �O\ (ê���)º
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¼�p©EÇ�Ù§å»

p©EÇ�{��E —— Ø�´°Ý, �7L�y­½5, ;�LÝ�ê��� —— �mlÑ

Äu�¼ê�­��{ —— ��Ã���{ (ENO)

3)�mä?, ½)Czì�?���S·�¿Ø�"��p�
�õ�ª%C, ù�Ä��?Ö´��ê���.

é©¡�5­�, �±ÏLÚ\��ì��{¦­��©¡
�5¼ê TV ØO. ~X, minmod �ÇÀJ�´¤k��
ü�þ����Ç.

minmod �Ç�g�{üí2�p�õ�ª­�=���©
� ENO �{. =3­��©O� j = 1, 2, · · · , s, �¤��
s ���õ�ª¥Ù�ê��3 Ci þ�������õ�
ª��ê p′i (x) ��­�õ�ª.

��©� ENO �{�":´Ùó�þ��é�6Ä¯a.
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¼�p©EÇ�Ù§å»

p©EÇ�{��E —— Ø�´°Ý, �7L�y­½5, ;�LÝ�ê��� —— �mlÑ

Äu�¼ê�­��{ —— ��Ã���{ (ENO)

A^�2� ENO �{: k�L Wi−1, Wi ��gõ�ª

p
(1)
i (x); '� {Wi−2,Wi−1,Wi}, {Wi−1,Wi ,Wi+1} ���
�û, ¿����û¥���(minmod)�|êâA^Úî�

�{ò�gõ�ª p
(1)
i (x) ÿÐ��g��õ�ª p

(2)
i (x);

· · · · · · , ��^ s + 1 �êâ�EÑ s gõ�ª p
(s)
i (x).

ù���Ñ
ó�þ��":, �é�6ÄE,¯a.

5¿ ���û
Wi−Wi−1

∆x = q̄i , 
·��ªI��´��õ
�ª��ê p′i (x). Ïd3¢SO��¿ØI�O��¼ê
Wi ��.
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¼�p©EÇ�Ù§å»

p©EÇ�{��E —— Ø�´°Ý, �7L�y­½5, ;�LÝ�ê��� —— �mlÑ

Äu�¼ê�­��{ —— \���Ã���{ (WENO)

\���Ã���{ (WENO): ÙÄ�g�´òÄu¤k�
U��O����õ�ªU,«�K�\�²þ5���ª
�õ�ª pi (x).

ENO ���C��g�������� 1, Ù§���".

��K�-C���ö�­��, C���ö�­��.

WENO dué�6ÄØ¯a, Ïdk�Ð�­½5.

�Ùó�þ%��©�ENO ��. �~�ó�þ��Ä�
ì�û�ª�ENO, ���ï�û²w���©|, 
òÙ
§©|�3¿�ª�\�²þ.
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¼�p©EÇ�Ù§å»

�����¥%�ª

ïÄ����Ú¥%�ª�ÄÅ

éu��5V­ÅðÆ¯K, ¦)iù¯KO�þé�, �
é�UÃ{¦�°().

�=IO�Ïþ���{�', iù¯KCq)¦)ìE,
O�þ��.

{ü�ê�Ïþ�{, ~X Lax-Friedtichs �{ (�§ 4.6)
Fi−1/2 = F(Qi−1,Qi ) = 1

2 [f (Qi−1) + f (Qi )]− ∆x
2∆t (Qi −Qi−1),

�k��°Ý, �kî­�ÑÑ. Ïd, ���p°Ý�ê�
), ��I�é����, O�þ��~�.

UÄé��«�{, ÏL�é{ü�O�Ò�±���p°
Ý�ê�)?
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�����¥%�ª

ÄuGogunov�{Ú Lax-Friedtichs�ª�����g�

Lax-Friedtichs �ª:
Qn+1

i = 1
2 (Qn

i−1 + Qn
i+1)− ∆t

2∆x [f (Qn
i+1)− f (Qn

i−1)].

5¿3O� Qn+1
i �, �^� Qn

i−1 ÚQn
i+1, =����:

þ�&E.

Ïd, eÚ\����, 3Ûê�mÚ t2n−1 �kÛê��
ü�ÚÙþ½Â�²þ� Q2n−1

2i−1 , ∀i , 3óê�mÚ t2n �
kóê��ü�ÚÙþ½Â�²þ� Q2n

2i , ∀i .

KA^ Godunov �{=�±��/ªþ� Lax-Friedtichs
�ª���3Ûê�mÚ t2n−1 �|^Ûê��ü�²þ�
Q2n−1

2i−1 , ∀i , O�óê�mÚ t2n óê��ü�²þ�Q2n
2i , ∀i ;


3óê�mÚK�|^óê��ü�²þ�O�e�Ú�
Ûê��ü�²þ�.
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¼�p©EÇ�Ù§å»

�����¥%�ª

����þ¥%�ª�í�

3�mÚ t2n−1 IÒ� 2i − 1, 2i + 1 �ü�©O�
[x2i−2, x2i ], [x2i , x2i+2], Ùþ�þ�©O� Q2n−1

2i−1 , Q2n−1
2i+1 .

dÅðÆ�§k

Q2n
2i =

1

2∆x

∫ x2i+1

x2i−1

q̃(x , t2n)dx =
1

2∆x

∫ x2i+1

x2i−1

q̃(x , t2n−1)dx

− 1

2∆x

[ ∫ t2n

t2n−1

f (q̃(x2i+1, t))dt −
∫ t2n

t2n−1

f (q̃(x2i−1, t))dt
]
,

Ù¥ q̃(x , t) ´± Q2n−1
2i−1 , Q2n−1

2i+1 �Ð��iù¯K�).
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�����¥%�ª

����þ¥%�ª�í�


���Ú�÷v CFL ^�, =¥Kê�u�u 1 �,

q̃(x2i−1, t) ≡ Q2n−1
2i−1 , q̃(x2i+1, t) ≡ Q2n−1

2i+1 , ∀t ∈ [t2n−1, t2n].

u´�ÛêÚ�óêÚ��ª
Q2n

2i = 1
2 (Q2n−1

2i−1 + Q2n−1
2i+1 )− ∆t

2∆x [f (Q2n−1
2i+1 )− f (Q2n−1

2i−1 )].

aq/�óêÚ�ÛêÚ��ª
Q2n+1

2i−1 = 1
2 (Q2n

2i−2 + Q2n
2i )− ∆t

2∆x [f (Q2n
2i )− f (Q2n

2i−2)].

�,T�ª/ªþ� Lax-Friedtichs �ª��, �%k��
«O. �� REA �{, cö���CqÑy3^��²þ�
�O��þ�ý), 
�ö�3uÐÚ¦^
Cq�ê�Ï
þ, ¿ÏdÚ\
LÝ�ÑÑ.
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�����¥%�ª

p°Ý�����¥%�ª— �Ø�A�©)��í2��§|

du¦^��²þ�%C��þ�ý), ÏdÄuþ�����
�þ�¥%�ª�k��°Ý. �Jp%C°Ý, ·��±

|^��ì½ ENO, WENO ��{�©¡�5, ½©¡pg
õ�ª­�; ^­���©¡õ�ª�Ð��iù¯K�)
3ü�¥%�þ�� q̃(x2i−1, t) (ÛêÚ), q̃(x2i , t) (óêÚ)
Ø2´~�.

����Ú�÷v CFL ^��, q̃(x , t) �mäØ¬DÂ�
��¥%�, Ïd�±|^ Taylor ÐmÚ�§O���¥%
�þ�p°ÝÏþCq�, 
Ø7/Ïu¦)iù¯K.


��c�z��iù¯K��!m1ÞáÅ�¤k&EÑ
Û�ue���Ó����Aü�þ.

du±þ�Ï, 3­�Ú¦^�Ç��ì��, �±é©þ
�, 
Ø7�A�©). l
?�Ú~�
ó�þ.
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�����¥%�ª

p°Ý�����¥%�ª

~X��� Nessyahu-Tadmor �ª

�­����Ç� σi−1, σi+1,

K­���©¡�5¼ê3 Ci þ���²þ��
Q̄n

i = 1
2 (Qn

i−1 + Qn
i+1) + 1

8 ∆x(σi−1 + σi+1).

q̃(xi−1, tn+1/2) ≈ Qn
i−1−

∆t
2
∂f
∂x (q̃(xi−1, tn)) (d�VÐmÚ�§).

- φni−1 ≈
∂f
∂x (q̃(xi−1, tn)), ~X� φni−1 = f ′(Qn

i−1)σi−1, ½
±aqu�Ç­���{������ü�ÏþCzÇ.

- F
n+1/2
i−1 = f (Qn

i−1 −
1
2 ∆tφni−1).

�#�ª: Qn+1
i = Q̄n

i −
∆t

2∆x (F
n+1/2
i+1 − F

n+1/2
i−1 ).
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��: 9.2, 9.3, 10.1, 10.2.

Thank You!
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