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Lecture 5: Convergence, Accuracy and Stability; Variable-Coefficient Linear Equations

Âñ5!°Ý�­½5

Âñ5!°Ý�­½5

�Ù·�ò�u?ØÐ�¯K, ¿b�Ð�k;|8. Ï
éu
V­.¯K, )©ªk;|8.

é���{�µ�Ï~ÏL±eü�Ãã:

^ÿÁ¯K��: ^�
�é{ü, k°()½�±ÏL,
«�ª£XÙ§nØ!�{!Ôn¢��¤�Ñ^u'��
p°Ý�Cq), �¯K5ÿÁ�{�k�5.

�Âñ5Ú°Ý�nØ©Û: �U��¹e, ·�F"Uy
²ê�)���ºÝªu"�Âñ��(�Ôn), ¿��
ê�)��Ð�Ø��O.
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Âñ5!°Ý�­½5

Âñ5 —– �ê�ÀJ

Âñ5�½Â

� Qn
i �)�Cq�, qni �)�°(�(§�3,
�{¥´!

:¼ê�, 
3,�
�{¥K´ü�²þ�). � T = N∆t. d
�, Cq)3 T ����NØ��

EN = QN − qN .

Ï~·�ob½ ∆t, ∆x ±,«�½�\�´»\�. ~X, é
uV­.¯K, o�±b½��' ∆t/∆x ´~ê.

Definition

¡�{3 T ����ê ‖ · ‖ Âñ, XJ

lim
N=[T/∆t]→∞

‖EN‖ = 0.

¡�{k s �°Ý, XJ

‖EN‖ = O(∆ts).
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Âñ5!°Ý�­½5

Âñ5 —– �ê�ÀJ

Âñ5©Û~^��ê

L∞-�ê: n��Âñ(J, �éukmä)�¯K, ��%
Ø�U¢y.

L2-�êµduk Fourier ©Û�óä, é�5¯K¬�5N
õ�B.

L1-�êµdu L1-�È5g�3¯K¥�AÏ­�5, ïÄ
ÅðÆ�~~��A^.
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Âñ5!°Ý�­½5

���mÚ, ÛÜ�äØ�

ÛÜ�äØ�9Ù3Âñ5©Û¥��^

�NØ��O�Ï~�{:

ïÄ�{3���mÚÚ\�Ø� —— y²�{��©�
§´�N�, ¿�3?Û���mÚ�Ú\���Ø�.

ïÄ�{�­½5 —— y²ÛÜØ�Ø¬LÝO�, ¿?
�Ú�Ñ^ÛÜØ�LÑ��NØ�..

��/, ��üÚ{�±�� Qn+1 = N (Qn). Ïd, �{3��
�mÚ�)�üÚØ�� N (qn)− qn+1, qn = q(·, tn) �ý).

ÛÜ�äØ��±½Â�

τn =
1

∆t
(N (qn)− qn+1).

·�òw�, 3�{­½�^�e, �{��NØ�����Û
Ü�äØ���Ó.
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Âñ5!°Ý�­½5

���mÚ, ÛÜ�äØ�

�N5!ÛÜ�äØ���

Definition

eé÷v�§�?¿1w¼êÑk

lim
n=[t/∆t]→∞

τn = 0, ∀t ∈ (0,T ].

K¡T�{��§´�N�.

Definition

eé÷v�§�?¿1w¼êÑk

τn = O(∆x s), ∀t ∈ (0,T ], n∆t ≤ T .

K¡T�{�ÛÜ�äØ�´ s ��.

5¿, 3¦^ù
½Â�A�²¤¦^��êÚ÷v½Â�^�.

qt + ūqx = 0 �Hº�ª�ÛÜ�äØ�´��� (L∞-�, u ∈ C2).
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Âñ5!°Ý�­½5

­½5nØ

­½5©Û�8I

� Qn = qn + En, Kk Qn+1 = N (Qn) = N (qn + En).

u´, tn+1 ����NØ��±L«�

En+1 = Qn+1 − qn+1 = N (qn + En)−N (qn) +N (qn)− qn+1

=
[
N (qn + En)−N (qn)

]
+ ∆tτn.

­½5nØÒ´�©Û [N (qn + En)−N (qn)] � En �'X, �
ÑÙ^ En L«�3·��ê¿Âe�..

555µµµ Ø
ÏL©Û�N5Ú­½5y²�{Âñ5��{�	,
ÏL©Û­½5Úê�)3A½¼ê�m�;5y²Âñ5�´
�a~^��{"

7 / 42



Lecture 5: Convergence, Accuracy and Stability; Variable-Coefficient Linear Equations

Âñ5!°Ý�­½5

­½5nØ

Ø �f

Ø �f: e�3�ê ‖ · ‖ ¦�
‖N (P)−N (Q)‖ ≤ ‖P − Q‖, ∀ P, Q.

e N ´Ø �f, Kk

‖EN+1‖ ≤ ‖EN‖+ ∆t‖τN‖ ≤ ‖E 0‖+ ∆t
N∑

n=0

‖τn‖

≤ ‖E 0‖+ T max
0≤n≤N

‖τn‖.

e N ´��§�N�Ø �f, Ð©Cq÷v
lim∆x→0 ‖E 0‖ = 0, KT�{´Âñ�.

e�{�÷vÙÛÜ�äØ�´ s ��, �
‖E 0‖ = O(∆x s), K�{��NØ���´ s ��.

8 / 42



Lecture 5: Convergence, Accuracy and Stability; Variable-Coefficient Linear Equations

Âñ5!°Ý�­½5

­½5nØ

�O�f —— ·��tØ ^�

�O�f: e�3�ê ‖ · ‖ Ú~ê α ≥ 0, ¦�
‖N (P)−N (Q)‖ ≤ (1 + α∆t)‖P − Q‖, ∀ P, Q.

e N ´�O�f, Kk

‖EN+1‖ ≤ (1 + α∆t)‖EN‖+ ∆t‖τN‖

≤ (1 + α∆t)N+1‖E 0‖+ ∆t max
0≤n≤N

‖τn‖
N∑

n=0

(1 + α∆t)N−n

≤ eαT (‖E 0‖+ T max
0≤n≤N

‖τn‖).

e N ´��§�N��O�f, Ð©Cq÷v
lim∆x→0 ‖E 0‖ = 0, KT�{´Âñ�.

e�{�÷vÙÛÜ�äØ�´ s ��, �
‖E 0‖ = O(∆x s), K�{��NØ���´ s ��.
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Âñ5!°Ý�­½5

­½5nØ

�5�{� Lax-Richtmyer ­½5

e N ��5�f, K�O^�Ò{z�
‖N (En)‖ ≤ (1 + α∆t)‖En‖, ∀En, = ‖N‖ ≤ 1 + α∆t.

e N ��5�f, Kk
En+1 = N (En) + ∆tτn = N n+1(E 0) + ∆t

∑n
m=0Nm(τn−m).

�5�f N ¡�´ Lax-Richtmyer ­½�, XJ ∃C > 0,
s.t. ‖N n‖ ≤ C , ∀n ≤ N = [T/∆t].

e�5�fN´ Lax-Richtmyer ­½�, KÙ�NØ�÷v
‖EN‖ ≤ C (‖E 0‖+ T max0≤n≤N−1 ‖τn‖).
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Âñ5!°Ý�­½5

­½5nØ

L2 ­½5!Fourier ©Û�{!von Neumann ^�

P i =
√
−1, I ����I. � ‖Qn‖2

2 ,
∑∞

I=−∞ |Qn
I |2∆x <∞.

KQn
I = 1√

2π

∫∞
−∞Q̂

n(ξ)e iξI∆xdξ, Q̂n(ξ)= 1√
2π

∑∞
I=−∞Q

n
I e
−iξI∆x .

�d�{� Qn+1
I = 1√

2π

∫∞
−∞Q̂n(ξ)g(ξ,∆x ,∆t)e iξI∆xdξ. K

¡ g(ξ,∆x ,∆t) ��{'uÅê ξ �O�Ïf, Ï�d�
k Q̂n+1(ξ) = Q̂n(ξ)g(ξ,∆x ,∆t).

d Parseval 'Xª ‖Qn‖2 = ‖Q̂n‖2 , (
∫∞
−∞ |Q̂

n(ξ)|2dξ)1/2,

�±�B/ò L2 ­½5©Û=z�éO�Ïf��O.

�{ L2 ­½� von Neumann ^�: �3~ê α ≥ 0, ¦�
é¤k�Åê ξ, Ñk |g(ξ,∆x ,∆t)| ≤ 1 + α∆t.
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Âñ5!°Ý�­½5

­½5nØ

L2 ­½5!Fourier ©Û�{!von Neumann ^�

~X, �Ä qt + ūqx = 0 (ū > 0) �Hº�ª (ν = ū∆t/∆x):

Qn+1
I = Qn

I − ν(Qn
I − Qn

I−1) = (1− ν)Qn
I + νQn

I−1,

� Qn
I = e iξI∆x �\�ª�

Qn+1
I = (1− ν)e iξI∆x + νe iξ(I−1)∆x = [(1− ν) + νe−iξ∆x ]Qn

I .

¤± g(ξ,∆x ,∆t) = (1− ν) + νe−iξ∆x , ∀ξ.

∴ Hº�ª L2-­½ ⇔ |g(ξ,∆x ,∆t)| ≤ 1, ∀ξ ⇔ 0 ≤ ν ≤ 1.
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Âñ5!°Ý�­½5

­½5nØ

Hº�ª L1-­½5

�^� 0 ≤ ν ≤ 1 ¤á�, Hº�ª�)÷v

‖Qn+1‖1 = ∆x
∑
i

|Qn+1
i | = ∆x

∑
i

|(1− ν)Qn
i + νQn

i−1|

≤ ∆x
∑
i

[
(1− ν)|Qn

i |+ ν|Qn
i−1|
]

≤ ∆x
∑
i

[
(1− ν)|Qn

i |+ ν|Qn
i |
]

= ‖Qn‖1.

ù`²d�Hº�ª´ L1-Ø �, Ï
�´ L1-­½�.
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Âñ5!°Ý�­½5

­½5nØ

��5�{�oC�­½5

éu��5�{,

‖N (E )‖ ≤ (1 + α∆t)‖E‖ Øv±�y�{�­½5;


 ‖N (P + Q)−N (P)‖ ≤ (1 + α∆t)‖Q‖ éJ÷v;

Ï
k7�Ú\#�­½5½Â, 9�A�­½5©Û�{.

Definition

ê��{¡�´oC�k. (TVB) �, XJé?¿÷v
TV (Q0) <∞ �Ð©êâÚ�m T > 0, �3~ê R > 0,
∆t0 > 0, ¦�ê�)÷v

TV (Qn) ≤ R, ∀n ≤ T/∆t, ∆t < ∆t0.
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Âñ5!°Ý�­½5

­½5nØ

��5�{�oC�­½5

Definition

ê��{¡�´oC� Lax-Richtmyer ­½�, XJé?¿÷v
TV (Q0) <∞ �Ð©êâ, �3~ê α > 0, ∆t0 > 0, ¦�ê�
)÷v

TV (Qn+1) ≤ (1 + α∆t)TV (Qn), ∀n > 0, ∆t < ∆t0.

oC� Lax-Richtmyer ­½ ⇒ TVB

§ 12.2 ¥ò|^ TVB ù«oC�­½5y²Åð.�{�
Âñ5.
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Âñ5!°Ý�­½5

·��°4�:NC� TVD �¦�Jp4�:?�%C°Ý

Jp4�:?�%C°Ý��{

18Ù¥ïáå5�p©EÇ�ª3)�ÛÜ4�:?�°ÝÑ
��� (� p.104-105, Fig 6.2, 6.3).

�Ï´du�
�y TVD, 3lÑ)�4�:?7L- σ = 0.

ù¬�²)34�:?�¸, l
�� O(∆x2) = O(∆t2) þ
?�ÛÜ�äØ�. \Oå5, ²L T/∆t Ú, �5��NØ�
Ò¬�� O(∆t) þ? (� p.104-105, Fig 6.2, 6.3).

�
Jp4�:?�%C°Ý, �±�Ä·��°4�:NC�
TVD �¦, =#N TV 34�:?k¤O\, �é TV O\�o
þk¤��, ~X�¦ TV (Qn+1) ≤ (1 + α∆t)TV (Qn).

~^��{k TVB �{(§ 8.4, �ã 8.1), ENO (essentially non-
oscillatory method, § 10.4.4).
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Âñ5!°Ý�­½5

^�äØ�Ì���L«��{�°Ý¿ØU���NÙ¢S%C5�

°Ý�¿Ø�L��

s �°Ý: ‖EN‖ = C (∆x)s+ higher order terms.

���k� ∆x ¿©��âk |h.o.t.| � C (∆x)s .

C ���3¢SO�¥��^Ø��Ñ, � p.151, Fig 8.2.

éukmä�), /ªþ�Ø����p©EÇ�{�²w
`u��� L-W, B-W ��{(� p.104, Fig 6.2).

éuÅ�¯K, ¦+d�ý)¿©1w, p©EÇ�{E,
²w`u L-W, B-W ��{(� p.105, Fig 6.3, p.151, Fig 8.2).

k
�{3ØÓ�êe�°Ý�Ú¢S%C°ÝÑ¬k��
�O(� p.151, Fig 8.2).

17 / 42



Lecture 5: Convergence, Accuracy and Stability; Variable-Coefficient Linear Equations

Âñ5!°Ý�­½5

?��§ —— ©Û�{­½5!Âñ5!�N5��9Ïóä

?��§

´Ä�3ù�� �©�§, Ùý)3��!:þ���T|�
u¤��©�ª3�½��þ�) Qn

i ?

´Ä�3ù�� �©�§, ¦��½�©�ª�) Qn
i éÙ)

�%C°Ýpu Qn
i é�8I �©�§)�%C°Ý?

ü�¯K��YÑ´�½�. )û1��¯K��{´ÏL
Taylor Ðm½k��©�fü�é�Ù)T|÷vê��ª�
PDE, §Ï~¬kÃ¡õ�, �¹
 ∆t, ∆x ��5�p�g.

ò1��¯K���PDE �ä� s ����1��¯K��Y.

�Y¿Ø��. ·�F"Ù¦�U{ü, Ó�qBu©Û. ÷vù

�¦� PDE ¡�T�ª�?��§, k��¡��.�§.
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Âñ5!°Ý�­½5

?��§ —— ©Û�{­½5!Âñ5!�N5��9Ïóä

é6�§Hº�ª���?��§

�Äé6�§ qt + ūqx = 0, (ū > 0) �Hº�ª

Qn+1
i = Qn

i − ū
∆t

∆x
(Qn

i − Qn
i−1).

N´�y vt + ūvx = 1
2 ū∆x(1− ν)vxx ´Ù��?��§.

� 0 < ν = ū∆t
∆x < 1 �, ù´��*ÑXê� 1

2 ū∆x(1− ν) �é
6*Ñ�§. ÏdÙ)¬k���P~.

� ū < 0 ½ν = ū∆t
∆x > 1 �, *ÑXê�K�, )¥�êO�, �

�Ø­½.

� ν = ū∆t
∆x = 1 �, vt + ūvx = 0 �)T÷vHº�ª. Ïd, d

�ê�)�Ñ�§ý)�°(�.
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Âñ5!°Ý�­½5

?��§ —— ©Û�{­½5!Âñ5!�N5��9Ïóä

é6�§� L-W �ªÚ B-W �ª�n�?��§

N´�yé6�§� L-W �ªÚ B-W �ª�n�?��§©
O�

vt + ūvx = −1

6
ū(∆x)2(1− ν2)vxxx ,

Ú

vt + ūvx =
1

6
ū(∆x)2(2− 3ν + ν2)vxxx .

§�Ñ´3é6�§þ\
��ÚÑ� σvxxx ����. σ < 0
�, Ù)�éué6�§�)� ¢�, σ > 0 �, K� �é�
c. ùO(�N
�ªê�)��A5�.

L-W �ªÚ B-W �ª�ÑÑ5�Ú­½5K�±ÏLÙo�?
��§©Û.
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Âñ5!°Ý�­½5

?��§ —— é6�§Hº�ª3mäNC�°Ý

é6�§Hº�ª3mäNC�°Ý

��?��§©Û�{�A^, ·�|^Ù5y²é6�§Hº
�ª3mäNC�°Ý.

é6�§Hº�ª���?��§ vt + ūvx = 1
2 ū∆x(1− ν)vxx

dukÑÑ�, Ïd, Ù)o´¿©1w�. ^?��§3��§
)�mäNC�5��±�Oê�)3mäNC�°Ý.

~X, é6�§Hº�ª���?��§Ð��

v0(x) =

{
2, x < 0,

0, x > 0.

�iù¯K�)� v(x , t) = erfc( x−ūt√
4βt

), Ù¥ β = 1
2 ū∆x(1− ν),

erfc(x) = 2√
π

∫∞
x e−z

2
dz .
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Âñ5!°Ý�­½5

?��§ —— é6�§Hº�ª3mäNC�°Ý

é6�§Hº�ª3mäNC�°Ý

é6�§�AÐ��iù¯K�)� q(x , t) = 2H(ūt − x).

�±y²

‖q(·, t)−v(·, t)‖1 = 2

∫ ∞
0

erfc(
x√
4βt

) dx = 2
√

4βt

∫ ∞
0

erfc(z) dz

= C1

√
βt = C2

√
∆xt = O((∆x)1/2).

dd��, �,Hº�ª´���, �émä)Ù°Ý¢Sþ�
k�©���.
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CXê�5�§

Åð.��Åð.CXê�5V­.�§—— +�¥�é6¯K

Åð.��Åð.CXê�5V­.�§

e¡�Ä�5V­.�§£|¤Xê£Ý
¤��mCþ�¼ê
�Ù)�5��Cz, ¿3dÄ:þ�E�A�ê��{.

CXê�5V­.�§�±�¤ü«ØÓ�/ª:

�Åð.: qt + A(x)qx = f , (⇔ qt + (A(x)q)x = f + A′(x)q).

Åð.: qt + (A(x)q)x = f , (⇔ qt + A(x)qx = f − A′(x)q).

´�3Ú\·��6u��Cþ�
¼ê�, üö�±�p=z.

,	, �¬�ÄN¼ê/ª��Åð.�§ κ(x)qt +A(x)qx = f ,
ÚN¼ê/ª�Åð.�§ κ(x)qt + (A(x)q)x = f
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CXê�5�§

Åð.��Åð.CXê�5V­.�§—— +�¥�é6¯K

�.¯K —— Ø�Ø6N�C�¡+�6

�+��¡È�κ(x), �3�¡ x ?, 6N��Ý� u(x). Kü
 �m6L�¡ x �Ø�Ø6N�NÈκ(x)u(x) = U ≡ const.

ü«½þ�x+�¥6N¤¹,«�þÔ���{:

N�Ý.: q̄(x , t), (t ��, x ?ü NÈ6NS�Ô�þ).

��Ý.: q(x , t), (t ��, x ?ü �Ý+�S�Ô�þ).

Ï
, [x1, x2] ¥Ô�oþ�:
∫ x2

x1
q(x , t)dx =

∫ x2

x1
κ(x)q̄(x , t)dx ;


 x ?Ô��Ïþ�: u(x)q(x , t) = κ(x)u(x)q̄(x , t).
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CXê�5�§

Åð.��Åð.CXê�5V­.�§—— +�¥�é6¯K

^ q Ú q̄ LÑ�Ø�Ø6N�C�¡+�6�§

dÔ�oþ�Ô�Ïþ�Åð'X, ¿5¿κ(x)u(x) = U, �

qt + (u(x)q(x , t))x = 0. q ÷vÅðÆ�§.

κ(x)q̄t + (κ(x)u(x)q̄)x = 0, ⇔ κ(x)q̄t + Uq̄x = 0, ⇔
q̄t + u(x)q̄x = 0. q̄ ÷vÑ$�§£�¡ôÚ�§¤.

Cþ�{ØÓ�, ¤��§�a.�U�ØÓ. þ~¥��
´Åð.�V­.�§, ,��K´�Åð.�V­.�§.

üök�Ó�A���§, X ′(t) = u(X (t)), �
d
dt q̄(X (t), t) = 0, 
 d

dt q(X (t), t) = −u′(X (t))q(X (t), t).
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CXê�5�§

©ã~êXê�é6�§Ú©ã~êÐ��iù¯K

k�NÈ{

�κ(x)u(x) = U > 0 �,

é�§ qt + (u(x)q(x , t))x = 0 �Hº�ª���

Qn+1
i = Qn

i −
∆t

∆x
[u(xi )Q

n
i − u(xi−1)Qn

i−1].

ù��u�ê�Ïþ F n
i+1/2 = uiQ

n
i .

é�§ q̄t + u(x)q̄x = 0 �Hº�ª���

Q̄n+1
i = Q̄n

i −
∆t

∆x
u(xi )[Q̄n

i − Q̄n
i−1].

ü� Ci þÑ$�§�6��� ui , ���� ui−1/2.
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CXê�5�§

©ã~êXê�é6�§Ú©ã~êÐ��iù¯K

òCXêé6�§lÑz�©ã~Xêé6�§

òCXêé6�§lÑz�©ã~Xêé6�§�~^�{��©�
üa.

�a´�z��ü�D��Cq6� ui . ~X, �- ui = u(xi ),
½- ui � u(x) 3ü�þ�È©²þ�, ½òT!+���¡È
À�~þ κi , ,�- ui = U/κi (~X, - κi = 1

∆x

∫
Ci
κ(x)dx , ù

��u- ui = ( 1
∆x

∫
Ci

1
u(x)dx)−1) .

,�a´�z��ü�.¡ xi−1/2 D��Cq6� ui−1/2. Ó�
�¬kXÛ½ÂT6���¯K.

·�k5�Ä1�a�{, ¿©O�éôÚ�§ÚÅð.é6�§5�

E�Aiù¯K�£Cq¤).
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ôÚ�§�ÅDÂ.�{ — �:µq̄(x , t) ÷A��´~þ

éuôÚ�§ q̄t + u(x)q̄x = 0 Ú©ã~êêâ q̄(x) = Q̄i ,
u(x) = ui (κ(x) = κi ), ∀x ∈ Ci = (xi−1/2, xi+1/2), ·��Ä3ü
�.¡ xi−1/2 ?¦)�§�iù¯K.

d�£Iþ¯K¤3mä?�)��Å Wi−1/2 = Q̄i − Q̄i−1.

e U > 0, KTÅò?\ Ci , ÏdÙÅ�� si−1/2 = ui ,

e U < 0, KTÅò?\ Ci−1, ÏdÙÅ�� si−1/2 = ui−1.

Q̄n
i = 1

∆x

∫ xi+1/2

xi−1/2
q̄(x , tn)dx �Åðþ, ÙUCþØ�L«�Ïþ�,

� q̄(x , t) ÷A��´~þ, Q̄n
i �UCþ�±^Å9Å�O�.
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ôÚ�§�ÅDÂ.�{

e U > 0, K3���mÚSTÅò?\ Ci �ål� si−1/2∆t,

Ïd, Tü�þ'~� si−1/2∆t/∆x ��ãþ�¼ê�d Q̄i C

¤
 Q̄i−1. u´k ('�Hº�ª£9.15¤)

Q̄n+1
i = Q̄n

i −
∆t

∆x
si−1/2Wi−1/2.

e U < 0, Kk

Q̄n+1
i−1 = Q̄n

i−1 −
∆t

∆x
si−1/2Wi−1/2.

- A+∆Q̄i−1/2 = s+
i−1/2Wi−1/2, A−∆Q̄i−1/2 = s−i−1/2Wi−1/2, Ù

¥ si−1/2 = u+
i + u−i−1, Ò��
�ª ('�£4.43¤)

Q̄n+1
i = Q̄n

i −
∆t

∆x
(A+∆Q̄i−1/2 +A−∆Q̄i+1/2).
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©ã~êXê�é6�§Ú©ã~êÐ��iù¯K —— ôÚ�§� Gogunov �{�p©EÇ��

ôÚ�§�ÅDÂ.�{�p©EÇ��

ëì~Xê¯K�p©EÇ��, ·�/ªþ/Ú\ôÚ�§�
ÅDÂ.�{�p©EÇ���ª

Q̄n+1
i = Q̄n

i −
∆t

∆x
(A+∆Q̄i−1/2+A−∆Q̄i+1/2)−∆t

∆x
(F̃i+1/2−F̃i−1/2),

F̃i−1/2 = 1
2 |si−1/2|(1− ∆t

∆x |si−1/2|)W̃i−1/2, W̃i−1/2 =φ
(
WI−1/2

Wi−1/2

)
Wi−1/2, Ù

¥ φ(·) ���ì. � φ(θ) ≡ 1 �, �A�ª�?��§�

qt + u(x)qx = −1

2
[∆x − u(x)∆t]u′(x)qx + O(∆x2).

dd��, =� u(x) �~ê�, �ªâk��°Ý. Ïd, ���
¹e, ���ª/ªþ�k��°Ý.
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ôÚ�§�ÅDÂ.�{�p©EÇ��

5¿�·���±rÃ��ì���ª�?��§��

qt + u
(
x +

1

2
[∆x − u(x)∆t]

)
qx = O(∆x2),


ü��§ qt + u
(
x + 1

2 [∆x − u(x)∆t]
)
qx = 0, qt + u(x)qx = 0

�)��O=3u�Ý��:k��é�� �. Ød
	, Ã
��ì���ªvkÚ\���ÑÑ. Ïd, 3)�1w:?, �
��ª�ê�Ly�²w`u���Hº�ª.

�)kmä�, �/ªþ���£X Lax-Wendroff �ª�¤�ª
�', �·���ì����ª�ê��J�Ðéõ.
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Åð.é6�§iù¯K — �:µü�.¡þÏþëY

éuÅð.é6�§ qt + (u(x)q)x = 0 Ú©ã~êêâ
q(x) = Qi , u(x) = ui (κ(x) = κi ), ∀x ∈ Ci = (xi−1/2, xi+1/2), ·
��Ä3ü�.¡ xi−1/2 ?¦)�§�iù¯K:{

qt + ui−1qx = 0, q(x , 0) = Qi−1, x < xi−1/2,

qt + uiqx = 0, q(x , 0) = Qi , x > xi−1/2.

5¿, du q L«ü �Ý+�S�,Ô��þ, Ïd, XJ+
��¡¡Èka�mä, K�6N6Lmä¡�, Ù q ��¬�
)a�mä. �duÔ��Åð5, ÙÏþAT�±ØC, =
f |x−

i−1/2
= f |x+

i−1/2
. ùp f = u(x)q(x , t) �Ïþ.
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ÄuÅð.é6�§iù¯K)�k�NÈ�ª

� u(x) > 0, �6Nd Ci−1 6\ Ci �Ù q �d Qi−1 C� Q∗i−1/2.

d�, ·�òw���Å Wi−1/2 = Qi − Q∗i−1/2 ±�Ý si−1/2 = ui �

Ci SDÂ (,	�k���Ý�"�Å Q∗i−1/2 − Qi−1).

3���mÚSl Ci−1 6Ñ�Ô�þ� Qi−1ui−1∆t.

3���mÚS6\ Ci �Ô�þ� Q∗i−1/2ui∆t.

u´dÅð5� Q∗i−1/2 = ui−1

ui
Qi−1.

ddÅ9Å����A�Þá£fluctuation¤�:

A+∆Qi−1/2 = si−1/2Wi−1/2 = uiQi − ui−1Qi−1,

A−∆Qi−1/2 = 0.

5¿ü�ü.¡þ�Þá�Ú=�Ïþ�, dd�k�NÈ�ª

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2+A−∆Qn
i+1/2) = Qn

i −
∆t

∆x
(u+

i Q
n
i −u+

i−1Q
n
i−1).

33 / 42



Lecture 5: Convergence, Accuracy and Stability; Variable-Coefficient Linear Equations

CXê�5�§

©ã~êXê�é6�§Ú©ã~êÐ��iù¯K —— Åð.é6�§� Gogunov �{

ÄuÅð.é6�§iù¯K)�k�NÈ�ª

� u(x) < 0, �6Nd Ci 6\ Ci−1 �Ù q �d Qi C� Q∗i−1/2. d

�, ·�òw���Å Wi−1/2 = Q∗i−1/2 − Qi−1 ±�Ý si−1/2 = ui−1

� Ci−1 SDÂ (,	�k���Ý�"�Å Qi − Q∗i−1/2).

3���mÚSl Ci 6Ñ�Ô�þ� −Qiui∆t.

3���mÚS6\ Ci−1 �Ô�þ� −Q∗i−1/2ui−1∆t.

u´dÅð5� Q∗i−1/2 = ui
ui−1

Qi .

ddÅ9Å����A�Þá£fluctuation¤�:

A+∆Qi−1/2 = 0,

A−∆Qi−1/2 = si−1/2Wi−1/2 = uiQi − ui−1Qi−1.

5¿ü�ü.¡þ�Þá�Ú=�Ïþ�, dd�k�NÈ�ª

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2+A−∆Qn
i+1/2) = Qn

i −
∆t

∆x
(u−i+1Q

n
i+1−u−i Qn

i ).
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ÄuÅð.é6�§iù¯K)�k�NÈ�ª

nÜ±þ(J, ·��±��Åð.é6�§�k�NÈ�ª:

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2 +A−∆Qn
i+1/2)

= Qn
i −

∆t

∆x
(|ui |Qn

i − u+
i−1Q

n
i−1 + u−i+1Q

n
i+1),

±9�A�p©EÇ�ª

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2+A−∆Qn
i+1/2)−∆t

∆x
(F̃i+1/2−F̃i−1/2),

F̃i−1/2 = 1
2 |si−1/2|(1− ∆t

∆x |si−1/2|)W̃i−1/2, W̃i−1/2 =φ
(
WI−1/2

Wi−1/2

)
Wi−1/2, Ù

¥ φ(·) ���ì.
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CXêÅð.é6�§�.¯K —— ��Dx�XÚÚ�6¯K

��Dx�XÚ�±��©ã~XêÅð.é6�§����.
¯K. �Ô�l�Ý� ui−1 �Dx�Dx��Ý� ui < ui−1 �
Dx��, 3üDx��ë�?Ô���Ý¬O\ ui−1/ui �.

�6¯K´CXêÅð.é6�§����.¯K. {zb�:

1 ü��, �� u(x) =�6uål x (ü : �ý���Ý);

2 �6�Ý q(x , t) (�ýê/�ý���Ý), 0 ≤ q(x , t) ≤ 1;

3 Ï
�6þ� f (x , q) = u(x)q(x , t) (ÏL�ýê/ü �m);

4 ddí� q(x , t) ÷v�ÅðÆ�§: qt + (u(x)q)x = 0;

5 1 k ý� t ��� � Xk(t) ÷v�§ X ′k(t) = u(Xk(t)).

5: é�5é6�§, �:$Ä;,�A��­Ü, 
��5�K
Ø,. ��Ý��6u�6�Ý�, ��ÎÜ¢S���5�§.
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©ã~êXê�é6�§Ú©ã~êÐ��iù¯K —— Åð.é6�§� Gogunov �{

�6¯K�,�«J{ —— ôÚ�§�.¯K

eU^�6þ(ÏL�ýê/ü �m) q̄(x , t) �x�ÏG¹, K

q̄(x , t) = u(x)q(x , t),

q̄t = (uq)t = uqt = −u(uq)x = −uq̄x .

Ïd, q̄(x , t) ÷vôÚ�§

q̄t + u(x)q̄x = 0.

dd�, ÷XA�� X ′k(t) = u(Xk(t)) �6þ´~ê.

5: é��5�6¯K±þ(Ø��Ø¤á.
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CXêé6�§Ú©ã~êÐ��iù¯K —— ¦^ü�.¡�Ý� Gogunov �{

ôÚ�§�¦^ü�.¡�Ý�ÅDÂ{

éôÚ�§ q̄t + u(x)q̄x = 0, �3ü� Ci−1 Ú Ci ��.¡
xi−1/2 þ�½�Ý ui−1/2, K�-

Wi−1/2 = Q̄i − Q̄i−1, si−1/2 = ui−1/2,

¿½ÂÞá(fluctuations)

A+∆Q̄i−1/2 = s+
i−1/2Wi−1/2, A−∆Q̄i−1/2 = s−i−1/2Wi−1/2.

u´dÅDÂ{�ÑO��ª

Q̄n+1
i = Q̄n

i −
∆t

∆x
(A+∆Q̄n

i−1/2 +A−∆Q̄n
i+1/2).
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CXêé6�§Ú©ã~êÐ��iù¯K —— ¦^ü�.¡�Ý� Gogunov �{

Åð.é6�§�¦^ü�.¡�Ý�ÅDÂ{ÚÏþ�{

éÅð.é6�§ qt + (u(x)q)x = 0, �±Óþ��/½ÂÞá
(fluctuations), �dd�Ñ��ª´�Åð�. Ï�, Ïþ�©�
úª��Ø¤á, = f (Qi )−f (Qi−1) 6= A−∆Qi−1/2 +A+∆Qi−1/2.

·��±ÏL±e�ª�EÅð.�ª(� (4.52), (4.53)).

½ÂHºÏþ Fi−1/2 = u+
i−1/2Qi−1 + u−i−1/2Qi ,

½ÂA+∆Qi−1/2 =Fi−Fi−1/2, A−∆Qi−1/2 =Fi−1/2−Fi−1,

é?�� Fi , ��duÏþ�úª�Åð.ÅDÂ�ª

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2 +A−∆Qn
i+1/2)

= Qn
i −

∆t

∆x
(F n

i+1/2 − F n
i−1/2).
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�duÏþ�úª�Åð.ÅDÂ�ª

e� Fi � Ci þ�CqÏþ Fi = (u+
i−1/2 + u−i+1/2)Qi , K

A±∆Qn
i−1/2 ��±À�ªL.¡��Ïþ�. (*:�)

X, � u > 0 �, k Fi−1/2 = ui−1/2Qi−1, Fi = ui−1/2Qi , Ú

A+∆Qi−1/2 =ui−1/2(Qi−Qi−1), A−∆Qi−1/2 =(ui−1/2−ui−3/2)Qi−1. �
�5¿�´¦+ u > 0, �d�Ø=km1Å, �k�1Å. 
�

1 ò�§�� qt + u(x)qx + u′(x)q = 0, K´� A+∆Qi−1/2

Ú A−∆Qi+1/2 ��§¥�ü�����©Cq(*:�);

2 dd����ª Qn+1
i = Qn

i −
∆t
∆x (ui+1/2Q

n
i − ui−1/2Q

n
i−1)

Ï
��k��°Ý.
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CXêé6�§Ú©ã~êÐ��iù¯K —— ¦^ü�.¡�Ý� Gogunov �{

�duÏþ�úª�Åð.ÅDÂ�ª

ò�§�� qt + u(x)qx = −u′(x)q, =�
��ôÚ�§,
K Wi−1/2, si−1/2, A+∆Qi−1/2 �ôÚ�§ÅDÂ{��A
þ�Ó; 
 A−∆Qi+1/2 K�À�3ü� Ci ¥±·���ª
Ú\
U�yÅð5�Cq
�(*:n).

�A�p©EÇ�ª

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2+A−∆Qn
i+1/2)−∆t

∆x
(F̃i+1/2−F̃i−1/2),

F̃i−1/2 = 1
2 |si−1/2|(1− ∆t

∆x |si−1/2|)W̃i−1/2, W̃i−1/2 =φ
(
WI−1/2

Wi−1/2

)
Wi−1/2, Ù

¥ φ(·) ���ì. �±y², � φ(θ) ≡ 1 �, ò1�� si−1/2 �

� ui−1/2, 1�� si−1/2 ��
∆(uQ)i−1/2

∆Qi−1/2
, Ù¥ ui =

ui+1/2+ui−1/2

2 ,

KTp©EÇ�ªk/ªþ���°Ý.
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��: 8.1, 8.3, 8.4

Thank You!
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