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Lecture 4: High Resolution Methods

oC�(Total Variation) � TVD (Total Variation Deminishing) �ª

oC� (Total Variation) — ïþ¼ê��§Ý�kåóä

��¼êoC��½Â

����¼êoC��½Âµ

TV (Q) =
∞∑

i=−∞
|Qi − Qi−1|.

����¼ê q(x) oC��½ÂµP¿©8Ü
Ξ = {−∞ = ξ0 < ξ1 < · · · < ξN =∞, N ∈ N}, ½Â

TV (q) = sup
Ξ

N∑
i=1

|q(ξi )− q(ξi−1)|.

TV (Q), TV (q) k.�7�^�µ
Qi , q(x)→ q±, � i , x → ±∞.
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oC� (Total Variation) — ïþ¼ê��§Ý�kåóä

��¼êoC��½Â

����¼ê q(x) oC��,�«½Âµ

TV (q) = lim sup
ε→0

∫ ∞
−∞

1

ε
|q(x)− q(x − ε)| dx .

� q 2Â���§±þ½Â��d½Âµ

TV (q) =

∫ ∞
−∞
|q′(x)| dx .
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��ÅðÆ�§� TVD �ª

TVD �ª�½Â

5¿�é6�§£�)Nõ��5ÅðÆ�§ª¤�f)�oC
�ØC, = TV (q(·, t)) = TV (q(·, 0)), ∀t > 0, ����5Åð
Æ�§ª�f)�oC�ØO, = TV (q(·, t1)) ≤ TV (q(·, t0)),
∀t1 > t0 ≥ 0. ·�g,F"�A�ê��{ØO\oC�.

Definition

��ü��ª¡�´ TVD (Total Variation Deminishing) �, e
é?¿� Qn Ñk TV (Qn+1) ≤ TV (Qn).

Definition

��ü��ª¡�´ �üN� (monotonicity-preserving), e
Qn

i ≥ Qn
i+1, ∀i , Kk Qn+1

i ≥ Qn+1
i+1 , ∀i .

�N�Åð.� TVD �ª�½´�üN� (SK).
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Äu REA �{� TVD �{

Äu REA �{� TVD �{——�´'�

duéé6�§£±9��a��5ÅðÆ�§ª¤, ·�k

3uÐÚ

TV (q̃n(·, tn+1)) = (≤)TV (q̃n(·, tn));

3²þÚ TV (Qn) ≤ TV (q̃n(·, tn+1));

Ïd, �I3�Ú�y TV (q̃n(·, tn)) ≤ TV (Qn),

K����{�½´ TVD �. ���Ñµ/�Ú´TVD �0
´/REA�{´TVD�0¿©^�, �¿�7�^�.
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Äu REA �{��Ç��ì�{

TVD �Ç��ì�{�µminmod �Ç��ì

w,, σni ≡ 0 �Ñ���Hº�ª´ TVD �. 3)1w?äk
��°Ýq´ TVD �~���{k minmod �Ç, superbee �
�ì, MC (monotonized central-difference) ��ì, �.

minmod : σni = minmod
(
Qn

i −Q
n
i−1

∆x ,
Qn

i+1−Q
n
i

∆x

)
, Ù¥

minmod(a, b) =


a, if |a| ≤ |b| and ab > 0;

b, if |a| > |b| and ab > 0;

0, if ab ≤ 0.

��u§�HºÚ�º��ûÓÒ�ÀJÙ¥����þ, =3
Beam-Warming Ú Lax-Wendroff �{¥À�Ç������, Ï
d, 3)��4�:���1w?k��°Ý; �üöÎÒ�
�, ½��k���"£Qn

i �4�:¤�, � σni = 0, =ÀJH
º�ª. �´TVD�. ê��J� p. 104, fig. 6.2.
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Äu REA �{��Ç��ì�{

TVD �Ç��ì�{�µsuperbee �Ç��ì

superbee : σni = maxmod(σ
(1)
i , σ

(2)
i ), Ù¥

σ
(1)
i = minmod

(Qn
i+1 − Qn

i

∆x
, 2

Qn
i − Qn

i−1

∆x

)
σ

(2)
i = minmod

(
2
Qn

i+1 − Qn
i

∆x
,
Qn

i − Qn
i−1

∆x

)
maxmod(a, b), a, b ÓÒ�����ö, ÄK�". ù��u, �
∆Qn

i+ 1
2

, ∆Qn
i− 1

2

ÓÒ������, ����ö; ÓÒ����

���ü�����ö; ÄK�". (���¿�TVD�)

`:µ3)��4�:���1w?k��°Ý, �émä�©
EÇ�p. Äusuperbee ��REA�{´TVD�.

":µ$:?¬C��5�Í�. ê��J� p. 104, fig. 6.2.
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Äu REA �{��Ç��ì�{

TVD �Ç��ì�{nµMC �Ç��ì

MC : σni = minmod
(
Qn

i+1−Q
n
i−1

2∆x , 2
Qn

i+1−Q
n
i

∆x , 2
Qn

i −Q
n
i−1

∆x

)
.

ù��u, � ∆Qn
i+ 1

2

, ∆Qn
i− 1

2

ÓÒ������, �üö²þ�,

=d?�ª�� Fromm �ª; ÓÒ�������ü����
�ö; ÄK�". MC���Ø´TVD�.

ÄuMC��REA�{3)��4�:���1w?k��°
Ý, �´TVD�. ê��J� p. 104, fig. 6.2. éé��a¯K,
MC- ��ìÑ´�Ð�ÀJ. (MC-limiter: Monotonized Central-
difference limiter)
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Äu REA �{�Ïþ��ì�{

©¡�5�� REA �{�Ïþúª

±þ�Ç��ì�{��±�¤Ïþ��/ª

Qn+1
i = Qn

i −
∆t

∆x
(F n

i+ 1
2
− F n

i− 1
2
).

é©¡�5�k: F n
i− 1

2

= aQn
i + bQn

i−1 + cσni + dσni−1,

F n
i+ 1

2

= āQn
i+1 + b̄Qn

i + c̄σni+1 + d̄σni

dÅð.�ª��N5, � σni = σni−1 = 0, Qn
i = Qn

i−1 = Q
�, ATk F n

i− 1
2

= f (Q), Ïd� a + b = ā + b̄ = f (Q)/Q.

é�½��Ç��ì.��{, ��o�±^�ê�{)Ñ
Xê a, b, c , d , ā, b̄, c̄ , d̄ , l�Ñ�A�ê�Ïþ.

~X, éé6�§ f (q) = ūq, �ÇÃ���dA��{��

F n
i− 1

2

= (ū+Qn
i−1+ū−Qn

i )+ 1
2 (1− |ū|∆t

∆x )(ū+σni−1∆x−ū−σni ∆x).
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Äu REA �{�Ïþ��ì�{

©¡�5�� REA �{�Ïþúª

©¡�5���Aê�Ïþ����â±eúª��O�µ

q̃n(xi− 1
2
, t) = q̃n(xi− 1

2
− ū(t − tn), tn)

= Qn
i−1 + (xi− 1

2
− ū(t − tn)− xi−1)σni−1,

Ú F n
i− 1

2

= 1
∆t

∫ tn+1

tn
f (q̃n(xi− 1

2
, t)) dt.

,�,2^Ïþ�úªQn+1
i = Qn

i −
∆t
∆x (F n

i+ 1
2

− F n
i− 1

2

) ���{.
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Äu REA �{�Ïþ��ì�{

Äu REA �{�Ïþ��ì�{

é6�§f (q) = ūq Äu©¡�5�� REA �{�ê�Ïþ

F n
i− 1

2

= (ū+Qn
i−1 + ū−Qn

i ) + 1
2 (1− |ū|∆t

∆x )(ū+σni−1∆x − ū−σni ∆x)

��±��±e/ª:

F n
i− 1

2
= (ū+Qn

i−1 + ū−Qn
i ) +

1

2
|ū|
(

1− |ū|∆t

∆x

)
δn
i− 1

2
.

ÙÏþ��ì�{Ò´ò δn
i− 1

2

�� ∆Qn
i− 1

2

= Qn
i − Qn

i−1 �,

«��/ª.

~X, �� δn
i− 1

2

≡ ∆Qn
i− 1

2

�, ���B´ Lax-Wendroff �ª.

·�/À� δn
i− 1

2

, K�±��p©EÇ�ª.
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Äu REA �{�Ïþ��ì�{

~^�Ïþ��ì

Ï~, ·��±� δn
i− 1

2

= φ(θn
i− 1

2

)∆Qn
i− 1

2

, Ù¥

θn
i− 1

2
=

∆Qn
I− 1

2

∆Qn
i− 1

2

, I =

{
i − 1, if ū > 0,

i + 1, if ū < 0.

�±wÑ, 34�:±	�1w:?, θn
i− 1

2

∼ 1.

3mä? θn
i− 1

2

���Kål 1 ��.

é6�§�^Ïþ��ìLÑ� REA �{(ν = ū∆t
∆x > 0)

Qn+1
i = Qn

i − ν(Qn
i − Qn

i−1) (HºÏþ�/��ìLÑ�p�Ïþ�)

− 1

2
ν(1− ν)[φ(θn

i+ 1
2
)(Qn

i+1 − Qn
i )− φ(θn

i− 1
2
)(Qn

i − Qn
i−1)].
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Äu REA �{�Ïþ��ì�{

~^�Ïþ��ì—— �5�{

Hº�ª: φ(θ) = 0.

Lax-Wendroff �ª: φ(θ) = 1.

Beam-Warming �ª: φ(θ) = θ.

Fromm �ª: φ(θ) = 1
2 (1 + θ).

5µù
�{ÑØäkp©EÇ.
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Äu REA �{�Ïþ��ì�{

~^�p©EÇÏþ��ì

minmod: φ(θ) = minmod(1, θ).

Superbee: φ(θ) = max(0,min(1, 2θ),min(2, θ)).

MC: φ(θ) = max(0,min((1 + θ)/2, 2, 2θ)).

Van Leer: φ(θ) = θ+|θ|
1+θ .

555µµµ é6�§ÄuÏþ��ìLÑ� REA �{(ν = ū∆t
∆x > 0)

Qn+1
i = Qn

i − ν(Qn
i − Qn

i−1) (HºÏþ�/��ìLÑ�p�Ïþ�)

− 1

2
ν(1− ν)[φ(θn

i+ 1
2
)(Qn

i+1 − Qn
i )− φ(θn

i− 1
2
)(Qn

i − Qn
i−1)],

3/ªþ�Bu·�©ÛÙ TVD 5�.
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Harten ½n—— TVD ��ì

Harten ½n

minmod ��ì� TVD 5�dÙ�E q̃n(x , tn) N´wÑ. ±e
Harten ½n´y²�ª� TVD �Ä�óä.

Theorem

�Ä�ª
Qn+1

i = Qn
i − Cn

i−1(Qn
i − Qn

i−1) + Dn
i (Qn

i+1 − Qn
i ),

Ù¥Xê Cn
i−1, D

n
i �±�6u Qn. eXê÷v'X

Cn
i−1 ≥ 0, Dn

i ≥ 0, Cn
i + Dn

i ≤ 1, ∀i .

Kk TV (Qn+1) ≤ TV (Qn).

yyy²²²: d�ªk |Qn+1
i+1 − Qn+1

i | ≤ (1− Cn
i − Dn

i )|Qn
i+1 − Qn

i |+
Cn
i−1|Qn

i − Qn
i−1|+ Dn

i+1|Qn
i+2 − Qn

i+1|. òTØ�ªé i l −∞
� +∞ ¦Ú=�½n(Ø. �
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Harten ½n—— TVD ��ì

©Û^Ïþ��ìLÑ� REA �{� TVD 5�

~X, é6�§�^Ïþ��ìLÑ� REA �{(ν = ū∆t
∆x > 0)

Qn+1
i = Qn

i − ν(Qn
i − Qn

i−1) (HºÏþ�/��ìLÑ�p�Ïþ�)

− 1

2
ν(1− ν)[φ(θn

i+ 1
2
)(Qn

i+1 − Qn
i )− φ(θn

i− 1
2
)(Qn

i − Qn
i−1)].

5¿�d θn
i+ 1

2

�½Âk Qn
i+1 − Qn

i = (Qn
i − Qn

i−1)/θn
i+ 1

2

, Ïd,

éT�ª·��±-Cn
i−1 = ν + 1

2ν(1− ν)

(
φ(θn

i+ 1
2

)

θn
i+ 1

2

− φ(θn
i− 1

2

)

)
,

Di = 0.
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Harten ½n—— TVD ��ì

©Û^Ïþ��ìLÑ� REA �{� TVD 5�

d�, �ª÷v Harten ½n^� ⇔ 0 ≤ C n
i−1 ≤ 1, ∀i .

Äk5¿�, ���÷v CFL ^�, = 0 < ν = ū∆t/∆x ≤ 1 �,

|Φ| ,
∣∣∣∣φ(θ1)

θ1
− φ(θ2)

∣∣∣∣ ≤ 2, ∀θ1, θ2, ⇒ 0 ≤ ν2 ≤ C n
i−1 ≤ ν(2−ν) ≤ 1.

eΦ<−2 (½> 2), K∃ν ∈ (0, 1) s.t.C n
i−1<0 (½> 1). ?�Ú�©Ûµ

1 � θ > 0, = ∆Q ØCÒ�, d��5���Ç σn
i−1 AT�

∆Qn
i− 1

2

ÓÒ (∵ φ(θn
i− 1

2

)∆Qn
i− 1

2

= σn
i−1∆x), ¤±ATk φ(θ) > 0.

lÏþ��ì��Ý�Ä, ù�n)�, θ > 0 �Ïþ��ìØAUC

p�?�Ïþ���, =δn
i− 1

2

= φ(θn
i− 1

2

)∆Qn
i− 1

2

�∆Qn
i− 1

2

ÓÒ. d�,

\Ïþ��ì�p�?�ÏþE´�*ÑÏþ, ÄKK¬\ìÑÑ.
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Harten ½n—— TVD ��ì

©Û^Ïþ��ìLÑ� REA �{� TVD 5�

2 � θn
i− 1

2

=
∆Qn

i− 3
2

∆Qn

i− 1
2

< 0 �, Qn
i−1 �4�:, d���y�ª TVD,

�5���Ç σn
i− 1

2

AT�� 0, = φ(θ) = 0, ∀ θ ≤ 0.

3 3
∣∣∣φ(θ1)

θ1
− φ(θ2)

∣∣∣ ≤ 2 ¥©O� θ1 < 0 Ú θ2 ≤ 0, Kd (1), (2)

�

0 ≤ φ(θ) ≤ 2, 0 ≤ φ(θ)

θ
≤ 2, ∀θ > 0, φ(θ) = 0, ∀θ ≤ 0.

ù�±�d/L«�

0 ≤ φ(θ) ≤ minmod(2, 2θ).

¯¢þ, 3 (1), (2) �cJe, þª�
∣∣∣φ(θ1)

θ1
− φ(θ2)

∣∣∣ ≤ 2 �d.

÷vù
^����ì�ë�p.117, Fig 6.6.
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Harten ½n—— TVD ��ì

3)1w?����°ÝéÏþ��ì�N\^�

é6�§f (q) = ūq Äu©¡�5�ÚÏþ��ì�ê�Ïþ:

F n
i− 1

2
= (ū+Qn

i−1 + ū−Qn
i ) +

1

2
|ū|
(

1− |ū|∆t

∆x

)
φ(θn

i− 1
2
)∆Qn

i− 1
2
.

2dÏþ�úªQn+1
i = Qn

i −
∆t
∆x (F n

i+ 1
2

− F n
i− 1

2

) ���A��{.

·�F"T�{Ø=3)mä?�Pk TVD 5�, �F"Ù3
)1w?k��%C°Ý.

òý) q(x , t) �\�ª(6.40) ¿3 (xi , tn) ?� Taylor Ðm, �
�ª�ÛÜ�äØ�Ì��

∆x

2
ν(1− ν)

(
φ(θn

i+ 1
2
)− φ(θn

i− 1
2
)
)
qx(xi , tn)

− ∆x2

4
ν(1− ν)

(
φ(θn

i− 1
2
) + φ(θn

i+ 1
2
)− 2

)
qxx(xi , tn).
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Harten ½n—— TVD ��ì

3)1w?����°ÝéÏþ��ì�N\^�

���¼êφ(·) Lipschitz ëY. 5¿�, 3)�1w��4�:
? θn

i− 1
2

= 1 + O(∆x) ±9 θn
i+ 1

2

− θn
i− 1

2

= O(∆x2) . K�í�§

�¦%C°Ý����, 7L- φ(1) = 1.

nÜ±þ©Û(J, ·���3)��4�:�1w?����
°Ý� TVD Ïþ��ì�^�:

1 0 ≤ φ(θ) ≤ minmod(2, 2θ). (TVD ^�)

2 φ(1) = 1, φ(θ) Lipschitz ëY(��3θ = 1 ?). (�4�:1w?k��°Ý�^�)
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Harten ½n—— TVD ��ì

3)1w?����°Ý� TVD Ïþ��ì

Sweby uy, � Lax-Wendroff (φ(θ) = 1) Ú Beam-Warming
(φ(θ) = θ) �à|Ü	\�� 0 ≤ φ(θ) ≤ minmod(2, 2θ) ���
��ì�ê�Ly�Ð(�p.117, Fig 6.6(b)). ~X, MC Ú Van
Leer ��ì(�p. 115, (6.39b)), üö3 θ = 1 ���S´1w
�, ùéJp�N%C°ÝkÃ.

¯¢þ, e φ(θ) > Superbee, KÅ.ò�LÝØ £ù�:þ
Superbee ®²ÐyàX, �p.104, Fig 6.2(b)¤.

e φ(θ) < minmod, K�ªÑÑLÝ£ù�:3 minmod þ�®
wy, �p.104, Fig 6.2(a)¤.

21 / 40



Lecture 4: High Resolution Methods

oC�(Total Variation) � TVD (Total Variation Deminishing) �ª

�§|�p©EÇ�{

�§|�Ïþ��

�§| qt + Aqx = 0 � Lax-Wendroff �ª�ê�Ïþ�

F n
i− 1

2
=

1

2
A(Qn

i−1 + Qn
i )− 1

2

4t

4x
A2(Qn

i − Qn
i−1),

��L«�HºÏþÄ:þ\þ���*Ñ��Ïþ�/ª

F n
i− 1

2
= (A+Qn

i−1 + A−Qn
i ) +

1

2
|A|(I − 4t

4x
|A|)(Qn

i − Qn
i−1).

dua�mä´÷A���U�A�A��ÝDÂ�, ·�7L
kò Qn

i − Qn
i−1 'u A �mA��þX {rp}mp=1 �A�©)

Qn
i − Qn

i−1 =
m∑

p=1

αp

i− 1
2

rp

,�23A���þÚ\Ïþ��ì α̃p

i− 1
2

= αp

i− 1
2

φ(θp
i− 1

2

).
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�§|�p©EÇ�{

�§|�Ïþ��ì

Ù¥

θp
i− 1

2

=
αp

I− 1
2

αp

i− 1
2

, I =

{
i − 1, if λp > 0;

i + 1, if λp < 0,

Ïþ��ì φ(·) ÷v^�:

1 0 ≤ φ(θ) ≤ minmod(2, 2θ), (TVD ^�).

2 φ(1) = 1, �31:o¼ëY, (�4�:1w?k��°Ý).

3 φ(1/θ) = φ(θ)/θ, (é¡5^�: �(6.47) ÚSK 6.8).

Ù¥é¡5´�eQ−i = Qi , i = 0, 1, · · · , K����ÇAT
÷vσ−i = −σi . éé6�§, � ū > 0 �, d(6.30), (6.32) Ú
(6.34) �σ−1 = φ(θ− 1

2
)∆Q− 1

2
, σ1 = φ(θ 3

2
)∆Q 3

2
. dd9é¡5=

�íÑ^�3. (é¡5^�3�9Ú��9>.^��ê�?n¥å�'��^.)
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�§|�p©EÇ�{

�§|�¦^
��ì�p©EÇ TVD ê�Ïþ

�§|�¦^
��ì�p©EÇ TVD ê�Ïþ�±��

F n
i− 1

2
= (A+Qn

i−1 + A−Qn
i ) + F̃ n

i− 1
2
,

Ù¥ F̃ n
i− 1

2
=

1

2
|A|(I − 4t

4x
|A|)

m∑
p=1

φ(θp
i− 1

2

)αp

i− 1
2

rp.

du |A|rp = |λp|rp, Ïdk

F̃ n
i− 1

2
=

m∑
p=1

1

2
|λp|(1− 4t

4x
|λp|)φ(θp

i− 1
2

)αp

i− 1
2

rp.
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Lecture 4: High Resolution Methods

oC�(Total Variation) � TVD (Total Variation Deminishing) �ª

�§|�p©EÇ�{

�§|�p©EÇ TVD Å��ì

5¿, mäa� Qn
i − Qn

i−1 �©)¤
�§|�÷ m �A��� rp

U�A�A��Ý λp DÂ�Å Wp

i− 1
2

= αp

i− 1
2

rp.

±þ�Ñ�Ïþ��ì�{��±À�éA�Å�p©EÇ?���
{, ½Å��ì�{, - W̃p

i− 1
2

= α̃p

i− 1
2

rp.

Å��ì�{�±g,/í2���5�§|. d�k

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i− 1
2

+A−∆Qn
i+ 1

2
)− ∆t

∆x
(F̃ n

i+ 1
2
− F̃ n

i− 1
2
),

Ù¥ A+∆Qn
i− 1

2

Ú A−∆Qn
i+ 1

2

©O��A:? Riemann ¯K�m1

Ú�1ÞáÅ(fluctuation), F̃ n
i− 1

2

=
∑m

p=1
1
2 |s

p

i− 1
2

|(1− 4t
4x |s

p

i− 1
2

|)W̃p

i− 1
2

�

(xi− 1
2
, tn) ? m xÅ�p©EÇ?��, sp

i− 1
2

�1 p xÅ�Å�.
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Lecture 4: High Resolution Methods

>.^��J[ü�

ê�>.^�—— J[ü��Ú\

ê�>.^� —— J[ü��Ú\

3¢SO��, ÃØ´Ð>�¯K�´Ð�¯K, ·�ÑI�3
k��Ôn«��>.þ?nÔn�½<ó�>.^�.

?n>.^���{�±©�ü�a:

3>.NC?�OAÏ��ª, ±Bò>.^��S:þ�
�ª���, ^±�#>.NCS:þe��mÚ�Cq).

Äk, ÏLÚ\J[£�¡�Kf!9Ï¤ü�·�*�Ô
n«�, *���«�Ï~¡�O�«�; ,�, |^SÜ«
�þCq)�&EÚ>.^�½ÂJ[ü�þz��mÚÐ
©���¼ê�; ��, ò¤k�SÜü�^Ó���ª?
1�#, ��e��mÚ�Cq).

��a�{I�Ú\¤¢�J[ü�.
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Lecture 4: High Resolution Methods

>.^��J[ü�

ê�>.^�—— J[ü��Ú\

ê�>.^� —— J[ü��Ú\

~X, éu��¯K�±Ï>.^�: q(a, t) = q(b, t), ∀t > 0.
�� x 1

2
= a, xN+ 1

2
= b, -

Qn
−1 = Qn

N−1, Q
n
0 = Qn

N , Q
n
N+1 = Qn

1 , Q
n
N+2 = Qn

2 .

K (x− 3
2
, x− 1

2
), (x− 1

2
, x 1

2
) �Ôn«��à>.	Ú\�ü�J[

ü�, (xN+ 1
2
, xN+ 3

2
), (xN+ 3

2
, xN+ 5

2
) �Ôn«�mà>.	Ú\�

ü�J[ü�.

�¦^p©EÇ�ª�, k�UI�Ú\�õ�J[ü�.
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Lecture 4: High Resolution Methods

>.^��J[ü�

��é6¯K —— Ñ6>.þ�ê�>.^�

��é6¯K9Ù\6(inflow)ÚÑ6(outflow)>.

3«m [a, b] þ�Äé6�§ qt + ūqx = 0, (ū > 0). d�

>. x = a ¡�\6>., 3\6>.þ7L�Ñ>.^
�. ~X, q(a, t) = g0(t).

>. x = b ¡�Ñ6>., 3Ñ6>.þØUJ>.^�.

�e3O� Qn+1
i �¤¦^��{����¹
 xi m>�

!:, ~X, Lax-Wendroff �ª, K7L�Ä3Ñ6>.
x = b ?�Ñê�>.^�.

�e3O� Qn+1
i �¤¦^��{´ü>�ª, ~X, Hº

�ª!Beam-Warming �ª�, K3Ñ6>. x = b ?ÃI
�Ñ?Ûê�>.^�.
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Lecture 4: High Resolution Methods

>.^��J[ü�

��é6¯K —— Ñ6>.þ�ê�>.^�

��é6¯K —— Ñ6>.þ�ê�>.^�

Ñ6>.þ�ª�ÀJÚê�>.^��?né�{�N½5Ú°
ÝÑ'X�. ~^��{��©�ü�a.

�a´3Ñ6>.NCU^ü>Hºa�ª. Ï~d�ª=��
)�,Å¬�«�SÜDÂ, l�5Ø�À/, $��UE¤�
{�Ø½5, Ïd7L\±5¿. ØL, Lax-Wendroff �ªé�
ºÅk�r�P~, �Ù�Ü�)��{�±y²´½�.

,�a�{´æ^	í{½ÂJ[ü�þ��, ,�3Ñ6>.
þ��¦^�SÜ!:�Ó��ª. �{ük���{´"�	
í, =^~ê¼ê	í

Qn
N+1 = Qn

N , Qn
N+2 = Qn

N .

du, éu��¯K, "�	íØ¬�)���Å, Ïd�)��
{´½�. ��	í�U�)½5¯K, ��Øí�¦^.
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Lecture 4: High Resolution Methods

>.^��J[ü�

��é6¯K—— \6>.þ�>.^�

��é6¯K—— \6>.þ�>.^�

\6>.þ?n>.^��~^�{���©�ü�a.

�a´|^>.^���O�Ïþ¼ê. ~X

F n
1
2

=
1

∆t

∫ tn+1

tn

ūq(a, t) dt =
ū

∆t

∫ tn+1

tn

g0(t) dt

½Ù��Cq F n
1
2

= ūg0(tn + ∆t
2 ).

,�a���£Ï~��{ü¤��{´|^>.^�Ú)�5
�£A�!iùØCþ¤½ÂJ[ü�þ�¼ê�, ,�^�S
Ü�Ó��ªO�Ïþ F n

1
2

9Ù§þ. ~X, d

q(x , tn) = q(a, tn + a−x
ū ) = g0(tn + a−x

ū ) �

Qn
0 =

1

∆x

∫ a

a−∆x

g0(tn +
a− x

ū
) dx =

ū

∆x

∫ tn+ ∆x
ū

tn

g0(τ) dτ,

½��Cq Qn
0 = g0(tn + ∆x

2ū ). Ón Qn
−1 = ū

∆x

∫ tn+ 2∆x
ū

tn+ ∆x
ū

g0(τ) dτ .
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|9ÙA��iùØCþ

���5(Æ�§|£�p.28, (2.52)¤{
pt + K0ux = 0,

ρ0ut + px = 0.

Ù¥ p Úu ´ØåÚ0�$Ä�Ý��6þ, ρ0 ´0���þ�
Ý, K0 ´0��NØ �þ. �§|�XêÝ
9ÙA��þ�

A =

[
0 K0

1/ρ0 0

]
, r1 =

[
−ρ0c0

1

]
, r2 =

[
ρ0c0

1

]
.

�A�A��� λ1 = −c0, λ2 = c0, c0 =
√

K0/ρ0, iùØCþ
� w1(x , t) = 1

2Z0
(−p + Z0u), w2(x , t) = 1

2Z0
(p + Z0u), Ù¥

Z0 = ρ0c0.
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|�©ã~�Ð�¯K

�Ä���5(Æ�§|�©ã~�Ð�¯K�±eÐ�

(p, u) =


(pL, uL), x < a1;

(p0(x), u0(x)), a1 < x < b1;

(pR , uR), x > b1.

KÙ) (�p.60) kü��6u (p0(x), u0(x)) �©O��mDÂ
�Å, �Ý©O� −c0 Úc0. ��m t > (b1 − a1)/c0 ��, ü�
Åò�.©l, ¿3 [a1, b1] þ/¤��#�G�: ÙiùØC
þ1-Å�w1

R = 1
2Z0

(−pR + Z0uR), 2-Å�w2
L = 1

2Z0
(pL + Z0uL).

d q = Rw , �d (p, u) L«�#G��:

p = Z0(w2
L − w1

R) = 1
2 (pL + pR) + Z0

2 (uL − uR),

u = (w1
R + w2

L ) = 1
2Z0

(pL − pR) + 1
2 (uL + uR).
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|�Ã��>.^�

±þ¯K�iùØCþ÷v{
w1(b1, t) = w1(b1 + c0t, 0) = 1

2Z0
(−pR + Z0uR),

w2(a1, t) = w2(a1 − c0t, 0) = 1
2Z0

(pL + Z0uL),
∀t ≥ 0.

3ê�O��, �O�«� (a, b) ! (a1, b1). ·�F"3 a, b ?
�Ñ·��>.^�, ¦�(ÅDÑ�Ø¬3>.?�)�SD
Â�Å. ù��>.^�¡�Ã��>.^�, ½áÂ>.^�.

éu Godunov .��{, 0-�	í´��Ø���{. ����
{´kò�§é�z, ,�éz��iùØCþ¤÷v�é6�
§½Â�A�\6ÚÑ6>.^�.
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|Äu0-�	í�Ã��>.^�

éu���5(Æ�§|, 3 a :, W 1 = (−Q1 + Z0Q
2)/2Z0 ´

Ñ6Å,  W 2 = (Q1 + Z0Q
2)/2Z0 ´\6Å. u´, d\6>.

^�ÚéÑ6>.� 0-�	í{�

W 2
0 = W 2

−1 =
1

2Z0
(pL + Z0uL), W 1

0 = W 1
−1 = W 1

1 .

5¿, du)�÷v W 2
1 = 1

2Z0
(pL + Z0uL), Ïd, \6Å�>.

^���±d 0-�	í{��. =¤kCþ, ÃØ\6�´Ñ6,
Ñ�d 0-�	í{��.
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|Äu0-�	í�Ã��>.^�

¤kCþ, ÃØ\6�´Ñ6, Ñ�d 0-�	í{��ù�¯¢
�¿Â3u, 3¢SO��, ·�Ø7ò�§é�z, �±��
^ 0-�	í{�Ñ>.^�

Q0 = Q1, Q−1 = Q1, QN+1 = QN , QN+1 = QN .

3d>.^�e, ��ü�m�iù¯KØ¬�)?ÛÅ. AO
/, vk�)�«�SÜDÂ�¤¢��Å. 3>.þ�	DÑ
�ÔnÅ´d 0-�	í{���Ñ�.
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|k\�Å��>.^�?n

3k
¯K¥, ·�I�3>.þ�Ñ\�Å>.^�.

~X, éum1Å W 2(x , t), ·��±3�à>.: a þ�Ñ>
.^� W 2(a, t) = sin(ωt) (, g0(t)),

é�1ÅKæ^ 0-�	í{�ÑÃ��>.^�.

~X, � Q1 = W 1
1 r

1 + W 2
1 r

2, Kd±þ�K��Ñk��%C
°Ý�%C^�(� p. 133, (7.9))

Q0 = W 1
1 r

1 + sin(ω(tn + ∆x/2c0))r2

= Q1 + (sin(ω(tn + ∆x/2c0))−W 2
1 )r2.
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|��9>.^�

¤¢�9, ´�d«�SÜDÂ�TÜ©>.þ�Å¬���(Q
ÃÑÑ�) ��£«�SÜ. ·��±�âÔn)�A5�Ñ�
A�Ôn>.^�.

~X, éu��(Å, ·��±- u(a, t) = 0, =3�9?0��
$Ä�Ý�". ·�k±e�¯¢:

�Ð©^� (p0(x), u0(x)) ÷v u0(a) = 0 Ú

p0(a− ξ) = p0(a + ξ), u0(a− ξ) = −u0(a + ξ), ∀ξ > 0.

K���5(Æ�§|��m Cauchy ¯K�)��3
x > a þT���m x > a þ�9¯K�).
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|��9>.^�ê�?n

Äu±þ�¯¢, ·��±�â�d Cauchy ¯KÐ�^��
é¡5£�é¡5¤��Cauchy ¯K�)3>. a þ�'Xª
(d=���>.^�½�9>.^�)

w2(a, t) = w2(a− c0t, 0) =
1

2Z0

(
p0(a− c0t) + Z0u0(a− c0t)

)
=

1

2Z0

(
p0(a+c0t)−Z0u0(a+c0t)

)
= −w1(a+c0t, 0) = −w1(a, t)

Ïd·��±�Ñ±eê��9>.^�:{
Q0 : p0 = p1, u0 = −u1;

Q−1 : p−1 = p2, u−1 = −u2.

¯¢þ, �±�yµ3 CFL ^�e3���mÚS, ±þª�Ð
��iù¯K�)3 x 1

2
= a ?�(÷v u∗ = 0 (�SK7.2(a)).
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Lecture 4: High Resolution Methods

>.^��J[ü�

���5(Æ�§|9Ù>.^��?n

���5(Æ�§|���9>.^�ê�?n

e3>. x = a ?>.k�Ì��, = u(a, t) = U(t), ·��±
�CþO� v(x , t) = u(x , t)− U(t). ù� v(x , t) Ò÷v�9>
.^� v(a, t) = u(a, t)−U(t) = 0. ·��±�Ä/� (p, v) �
ê��9>.^�, �Ñ (p, u) �ê���9>.^�:{

Q0 : p0 = p1, u0 = 2U(tn)− u1;

Q−1 : p−1 = p2, u−1 = 2U(tn)− u2.

¯¢þ, �±y²µ3 CFL ^�e3���mÚS, ±þª�Ð
��iù¯K�)3 x 1

2
= a ?÷v u∗ = U(tn) (�SK7.2(b)).

ùÒ�y
±þê���9>.^��Ün5.

555: e��ì÷vé¡5^�φ(1/θ) = φ(θ)/θ, K�±�yé�
A�p©EÇ�ª¦^±þê��9(��9)>.^��Ün5.
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��: 6.3, 6.4, 7.1, 7.2(a)

Thank You!
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