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Lecture 3: Finite Volume Methods of Linear Hyperbolic Equations
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qt(x , t) + f (q(x , t))x = 0

�È©/ª§½¡f/ªµ∫ xr

xl

q(x , ta) dx =

∫ xr

xl

q(x , tb) dx−
[∫ ta

tb

f (q(xr , t)) dt −
∫ ta

tb

f (q(xl , t)) dt

]
,

∀xl < xr , ∀tb < ta.

AO/§é�½���xi = ih, tn = nτ§����N£�¡k�
NÈ, ½��ü�¤Ci = (xi− 1

2
, xi+ 1

2
), -q̄ni = 1

4x

∫
Ci
q(x , tn) dx ,

Kkq̄n+1
i = q̄ni −

1
4x

[∫ tn+1

tn
f (q(xi+ 1

2
, t)) dt −

∫ tn+1

tn
f (q(xi− 1

2
, t)) dt

]
.

2 / 46



Lecture 3: Finite Volume Methods of Linear Hyperbolic Equations

��V.ÅðÆ�§ª�k�NÈ{

k�NÈ�k�NÈ�ª

��V.ÅðÆ�§ª�k�NÈ�ª

u´§·��±�Ek�NÈ�ª

Qn+1
i = Qn

i −
4t

4x

(
F n
i+ 1

2
− F n

i− 1
2

)
,

Ù¥Qn
i ≈ q̄ni , F n

i+ 1
2

´�ã[tn, tn+1] þx = xi+ 1
2
?�ê�Ïþ§

F n
i+ 1

2
≈ 1

4t

∫ tn+1

tn

f (q(xi+ 1
2
, t)) dt

ê�ÏþCqO��´x = xi+ 1
2
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©²þ�"
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i− 1
2

��6uQn
i−1 ÚQn

i . ~X§��

F n
i− 1

2
= F (Qn

i−1, Q
n
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Qn+1
i = Qn

i −
4t

4x

(
F (Qn

i , Q
n
i+1)− F (Qn

i−1, Q
n
i )
)
.

ù´��Åð.�ª"Ï�é?��I < J, �ª�)÷v

4x
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− F n
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2

]
.
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~X§é*Ñ�§§�Ïþ�f (x , qx) = −β(x)qx .

e�F (Qi−1, Qi ) = −βi− 1
2
(Qi − Qi−1)/4x , K�wª�ª

Qn+1
i = Qn

i +
4t

4x2

(
βi+ 1

2
(Qn

i+1 − Qn
i )− βi− 1

2
(Qn

i − Qn
i−1)

)
.

e�F n
i− 1

2

= −[βi− 1
2
(Qn

i −Qn
i−1) +βi− 1

2
(Qn+1

i −Qn+1
i−1 )]/24x ,

K�Crank-Nicolson �ª.
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1 F (q̄, q̄) = f (q̄).

ù�^��©g,§Ï�eý)q ≡ q̄ ð�~þ�,
1
4t

∫ tn+1

tn
f (q(x , t)) dt ≡ f (q̄) ´�x , t Ú4t þÃ'�~þ"

2 |F (Qi−1,Qi )− f (q̄)| ≤ Lmax(|Qi−1 − q̄|, |Qi − q̄|), Ù¥L �
�~ê, {¡� F �Lipschitz ëY5^�"

T^��yê�Ïþk�½�%C�þ"ù´�y�ªÂñ
5����'��Eâ5^�"
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CFL (Courant, Friedrichs and Lewy) ^�

�ª�½5´�ª�^�Ø�½"��^�"Ï~���ª
½5���7�^��CFL ^��±Lã�

��ê��{Âñ�7�^�: Tê��{��6«�, ��3
4x → 0, 4t → 0 �4�¿Âe, �¹ �©�§��6«�"

~X§é�Ô.�§§wª�ª~�¦ 4t = O(4x2).

éé6�§qt + ūqx = 0§wª�ª~�¦ ν := ū4t
4x ≤ 1.

é��V�§|§wª�ª~�¦ ν := 4t
4x maxp |λp| ≤ 1.
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CFL ^��´7�^�

CFL ^��´7�^�"

~X§ê�Ïþµ F (Qi−1,Qi ) = 1
2 (f (Qi−1) + f (Qi )) ��mÚ

�¿©��÷vCFL ^�§�ðØ½�.

~X§éé6�§, f (q) = ūq, �Q0
j = e iξj4x , Ké�½� ν > 0

k Qn
j = (1− iν sin ξ4x)Qn−1

j = (1− iν sin ξ4x)nQ0
j .

�ξ = π/(24x), K�n→∞ �, k|Qn
j | = (1 + ν2)n/2 →∞.
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Lax-Friedrichs �ª

Lax-Friedrichs �ªµ

Qn+1
i =

1

2
(Qn

i−1 + Qn
i+1)− 4t

24x
[f (Qn

i+1)− f (Qn
i−1)].

ù��u�ê�Ïþµ

F (Qn
i−1,Q

n
i ) =

1

2
(f (Qn

i−1) + f (Qn
i ))− 4x

24t
(Qn

i − Qn
i−1).

Lax-Friedrichs �ª���?��§´qt + f (q)x = βqxx , Ù¥
β = 1

2 (4x)2/4t. ���'4t/4x �½�~þ�, β ���ºÝ
�åªu", d��ª3DÚ¿Âe�´�N�"

O\���±)º�<óÊ5§^±ÑÑØ½ê�ÏþÚå�
�*ÑÏþ¤©"ØLdu<óÊ5L�§�ª%C°ÝØp"
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é6�§�Hº�{

é6�§ qt + ūqx = 0.

� ū > 0 �§�F n
i− 1

2

= ūQn
i−1, �

Qn+1
i = Qn

i −
ū4t

4x
(Qn

i − Qn
i−1).

� ū < 0 �§�F n
i− 1

2

= ūQn
i , �

Qn+1
i = Qn

i −
ū4t

4x
(Qn

i+1 − Qn
i ).

����F n
i− 1

2

= ū−Qn
i + ū+Qn

i−1. CFL ^�µ| ū4t
4x | ≤ 1.
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é6�§�Å�DÂ/ª�Hº�ª

PWn
i− 1

2

:= Qn
i − Qn

i−1, ū+ := max(ū, 0), ū− := min(ū, 0), K

Hº�ª�±��Å�DÂ/ª

Qn+1
i = Qn

i −
4t

4x
(ū+Wn

i− 1
2

+ ū−Wn
i+ 1

2
).

��3xi− 1
2
?, a�mäWn

i− 1
2

�XÚ©)�ü�ÞáÅµ

Q�cDÂ�ÞáÅ ū+Wn
i− 1

2

Ú��DÂ�ÞáÅū−Wn
i− 1

2

.

cö^±?�Qn+1
i , �ö^±?�Qn+1

i−1 .
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é6�§Hº�ª�ØÓ)º—(� ū > 0)

1 A��{\�5��µ

Qn+1
i ≈ q(xi , tn+1) = q(xi−ū4t, tn) ≈ ū4t

4x
qni−1+

(
1− ū4t

4x

)
qni .

2 ê�Ïþµ�Qn
i �ü�²þ�, �CFL ^�÷v�, 3�ã

{xi− 1
2
} × [tn, tn+1] þ, q(x , t) ≈ Qn

i−1, Ïd�F n
i− 1

2

= ūQn
i−1.

3 �Qn
i �ü�²þ�, K�CFL ^�÷v�, ©¡~ê�Å±

A��Ý ū DÂ, 31i �ü�þ, ü�²þ��UCþ�

− ū4t

4x
4Qn

i− 1
2

= − ū4t

4x
(Qn

i − Qn
i−1),

5: ū > 0 �, ū+Wn
i− 1

2

= ū4Qn
i− 1

2

, ū−Wn
i− 1

2

= 0.
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Godunov �{�Ä�g�

REA �{�Ä�g�—�!uÐ!²þ

REA (Reconstruct-Evolve-Average) �{µ

1 �Úµ|^ü�²þ� Qn
i ���©¡õ�ª¼ê

q̃n(x , tn). ~X§�{ü� q̃n(x , tn) = Qn
i , ∀x ∈ Ci .

2 uÐÚµ3�m� tn þ± q̃n(x , tn) �Ð�, °(£½C
q¤¦) 4t �mÚ�V�§|�) q̃n(x , tn+1).

3 ²þÚµO� tn+1 ���ü�²þ�
Qn+1

i = 1
4x

∫
Ci
q̃n(x , tn+1) dx .

5¿µ�
¦éAu��ü�iù¯K£½aq¯K¤�)Ø¬
�pU, �¦maxp |λp|4t/4x ≤ 1/2.
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g£V.ÅðÆ�§(|)iù¯K�)��q5

�g£V.ÅðÆ�§(|)iù¯K

qt + f (q)x = 0, q(x , 0) =

{
ql if x < 0;

qr , if x > 0.

k÷v�^��f)£q¡�)¤ q(x , t).

?�α > 0, -x = αy , t = αs, q̂(y , s) := q(αy , αs), K
q̂(y , s) ´±eiù¯K��):

q̂s + f (q̂)y = 0, q̂(y , 0) =

{
ql if y < 0;

qr , if y > 0.

∵ ÷v�^��f)��, ∴ q(y , s) = q̂(y , s) := q(αy , αs).
d α > 0 �?¿5=��)��q5.
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ê�ÏþF n
i− 1

2

Cq�´���mÚþÏþ�È©²þ�§

Q

F n
i− 1

2
≈ 1

4t

∫ tn+1

tn

f (q(xi− 1
2
, t)) dt.

òq(xi− 1
2
, t) ��q̃(xi− 1

2
, t), �ödiù¯K)��q5�

~ê§PÙ�Q↓
i− 1

2

= q↓(Qi−1,Qi ). Ïd§3REA �{¥�

±òê�Ïþ½Â�

F n
i− 1

2
:= f (q↓(Qn

i−1,Q
n
i )).
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1 O� xi− 1
2
?�iù¯K�£Cq¤) q↓(Qn

i−1,Q
n
i ).

2 O�ê�Ïþ

F n
i− 1

2
= F(Qn

i−1,Q
n
i )) = f (q↓(Qn

i−1,Q
n
i )).

3 ^Ïþ�úª

Qn+1
i = Qn

i −
4t

4x

(
F n
i+ 1

2
− F n

i− 1
2

)
O� tn+1 ���ü�²þ�"
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ÅDÂ/ª� Godunov �{

�é6�§�Hº�ªaq/§·���±ÏLïÄÅ£A
�þ¤�DÂ^Godunov �{5�E�ª"ùa�{�±í
2��Åð�V.�§|"

~Xê�5V.�§|iù¯K�)�±L«��xÅ

Qn
i − Qn

i−1 =
m∑

p=1

αp

i− 1
2

rp =
m∑

p=1

Wp

i− 1
2

,

Ù¥αi− 1
2

= R−1(Qn
i − Qn

i−1).

ù
Å©O±�A�A��Ý λ1 < · · · < · · · < λm DÂ"
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ÅDÂ/ª� Godunov �{

ÅDÂ/ª� Godunov �{

�λk > 0, K²L4t �m(maxp |λp|4t ≤ 4x) �§1i �ü
�Ci þ'~�λ

k4t/4x ��ãþ)k�A�Oþ−Wk
i− 1

2

.

�λk < 0, K²L4t �m(maxp |λp|4t ≤ 4x) �§1i �ü
�Ci þ'~�|λk |4t/4x ��ãþ)k�A�OþWk

i+ 1
2

.

Ïd§Ci þ)�²þ�C¤


Qn+1
i = Qn

i −
4t

4x

 m∑
p=1

(λp)+Wp

i− 1
2

+
m∑

p=1

(λp)−Wp

i+ 1
2

 .
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-A−4Qn
i− 1

2

=
m∑

p=1

(λp)−Wp

i− 1
2

, ¡�4Qn
i− 1

2

��1ÞáÅ.

-A+4Qn
i− 1

2

=
m∑

p=1

(λp)+Wp

i− 1
2

, ¡�4Qn
i− 1

2

�m1ÞáÅ.

Ïd§�ªq�±�¤ÞáÅDÂúª�/ªµ

Qn+1
i = Qn

i −
4t

4x

[
A+4Qn

i− 1
2

+A−4Qn
i+ 1

2

]
.

éu��5V.�§|, ��Uòiù¯K�)(Cq)©
)¤�1Úm1ÞáÅ, K�±^±þúªO�ÙCq)"
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éu~Xê�5V.�§|qt + Aqx = 0, k
Wp

i− 1
2

= αp

i− 1
2

rp, TÅ±ÙA��Ýλp (Arp = λprp) DÂ"

P Λ± = diag((λ1)±, · · · , (λm)±), ½ÂA± = RΛ±R−1.

P4Qi− 1
2

= Qi − Qi−1 = Rαi− 1
2
, Kk

A+4Qn
i− 1

2
= RΛ+αi− 1

2
=

m∑
p=1

(λp)+αp

i− 1
2

rp = A+4Qn
i− 1

2
.

A−4Qn
i− 1

2
= RΛ−αi− 1

2
=

m∑
p=1

(λp)−αp

i− 1
2

rp = A−4Qn
i− 1

2
.
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,��¡§éu~Xê�5V.�§|qt + Aqx = 0, Ù
3xi− 1

2
?iù¯K�)�

Q↓
i− 1

2

= q↓(Qi−1,Qi ) = Qi−1+
∑

p:λp<0

Wp

i− 1
2

= Qi−
∑

p:λp>0

Wp

i− 1
2

,

Ù¥Wp

i− 1
2

= lp(Qi − Qi−1)rp = αp

i− 1
2

rp. Ïd§

F n
i− 1

2
= AQ↓

i− 1
2

= AQi−1+
∑
p

(λp)−Wp

i− 1
2

= AQi−
∑
p

(λp)+Wp

i− 1
2

.

dd�

F n
i+ 1

2
−F n

i− 1
2

=
∑
p

(λp)−Wp

i+ 1
2

+
∑
p

(λp)+Wp

i− 1
2

= A−4Qn
i+ 1

2
+A+4Qn

i− 1
2
.
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ÅDÂ/ª� Godunov �{

ÅDÂ/ª� Godunov �{

u´dÏþ�úª

Qn+1
i = Qn

i −
4t

4x

(
F n
i+ 1

2
− F n

i− 1
2

)
Ó���ÑÞáÅDÂúª

Qn+1
i = Qn

i −
4t

4x

(
A−4Qn

i+ 1
2

+A+4Qn
i− 1

2

)
.

Ïd§ÞáÅDÂúª�¡�ÅDÂ/ª� Godunov �
{"

5µe A4Qn
i− 1

2

= 0§K 0 ´A �A��"d����/�

q↓(Qi−1,Qi ) = Qi ½ Qi−1 ½ Qi−1 + γ4Qn
i− 1

2

, ∀γ ∈ [0, 1].
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Ïþ�©�. Godunov �{9Ù�Ïþ�þ©�. Godunov �{�'X

Ïþ�©��{

éu~Xê�5V.�§|§ê�Ïþ�±�¤

F n
i− 1

2
= AQi−1 +

∑
p

(λp)−Wp

i− 1
2

= f (Qi−1) +A−4Qn
i− 1

2
.

F n
i− 1

2
= AQi −

∑
p

(λp)+Wp

i− 1
2

= f (Qi ) − A+4Qn
i− 1

2
.

ù�±À�òÏþ�©�¤��!m1ÞáÅµ

f (Qi )− f (Qi−1) = A−4Qn
i− 1

2
+A+4Qn

i− 1
2
,

�!m1ÞáÅ�±©O^5�#Qi−1 ÚQi .

24 / 46



Lecture 3: Finite Volume Methods of Linear Hyperbolic Equations

V.�§|� Godunov �{

Ïþ�©�. Godunov �{9Ù�Ïþ�þ©�. Godunov �{�'X

Ïþ�©��{

��/§·�òäk±e/ª�Ïþ�©�úª

f (Qi )− f (Qi−1) = A−4Qn
i− 1

2
+A+4Qn

i− 1
2

(ÜÞáÅDÂúª����{Ú¡�Ïþ�©��{"

éÏþ�©��{§o�±�d/½Âê�Ïþ

F n
i− 1

2
= f (Qi−1) +A−4Qn

i− 1
2

= f (Qi )−A+4Qn
i− 1

2
.

Ïd§Ïþ�©��{Ñ´Åð.��{"
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Ïþ�©�. Godunov �{9Ù�Ïþ�þ©�. Godunov �{�'X

Ïþ�þ©��{

~Xê�5V.�§|(iù¯K)�Ïþ��±�¤

f n
i− 1

2
= (A+ + A−)Qn

i−1 + A−(Qn
i −Qn

i−1) = A+Qn
i−1 + A−Qi .

ù�±n)�éÏþ£�þ¤��«©�£iù¯KHºÏ
þ©�¤"Ù¥A+Qn

i−1 ´AQn
i−1 = f (Qn

i−1) �m1©þ,
A−Qn

i ´AQn
i = f (Qn

i ) ��1©þ"

��/§k
Ïþ£�þ¤©�úª§K�|^Ïþ�úª
�E Godunov .�ª"
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Ïþ�©�. Godunov �{9Ù�Ïþ�þ©�. Godunov �{�'X

Ïþ�þ©��{�Ïþ�©��{�'X

é��5¯K§Ïþ�þ©��Ïþ�©���ØÓ"

�e�½�«Ïþ�þ©��{f (Qi−1) = f
(−)
i−1 + f

(+)
i−1 Ú

f (Qi ) = f
(−)
i + f

(+)
i . K·��±âd½Â�1Úm1ÞáÅ

A−4Qi− 1
2

= f
(−)
i − f

(−)
i−1 , A+4Qi− 1

2
= f

(+)
i − f

(+)
i−1 .

?�Ú�± (d'Xª (4.55)) ½Âê�Ïþ

F n
i− 1

2
= f

(+)
i−1 + f

(−)
i

Ïd§·�ÃI;�üÕïÄÏþ�þ©�.�{"
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Roe �{

Roe �{

éu~Xê�5V.�§|§ê�Ïþ�±�¤

F n
i− 1

2
= AQn

i−1 +
∑
p

(λp)−Wp

i− 1
2

= f (Qn
i−1) +A−4Qn

i− 1
2
.

F n
i− 1

2
= AQn

i −
∑
p

(λp)+Wp

i− 1
2

= f (Qn
i ) − A+4Qn

i− 1
2
.

g,/§·���±�d/�Ù²þ�§Q

F n
i− 1

2
=

1

2
A(Qn

i + Qn
i−1)− 1

2
|A|(Qn

i − Qn
i−1).

½�¤�í2���5¯K�/ªµ

F n
i− 1

2
=

1

2

[
f (Qn

i−1) + f (Qn
i )
]
− 1

2

m∑
p=1

|λp|Wp

i− 1
2

.
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V.�§|� Godunov �{

Roe �{

Roe �{

dÏþ��{��A��ª£¡�Roe �ª¤�

Qn+1
i = Qn

i −
1

2

4t

4x

[
f (Qn

i+1)− f (Qn
i−1)

]
+

1

2

4t

4x

m∑
p=1

(
|λp|Wp

i+ 1
2

− |λp|Wp

i− 1
2

)
.

ù��uÏL\\�½þ�*ÑéØ½��²þ��ê�
Ïþ?1
·�/?�.
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Roe �{

Roe �{

3ÞáÅ/ª�úª

Qn+1
i = Qn

i −
4t

4x

 m∑
p=1

(λp)+Wp

i− 1
2

+
m∑

p=1

(λp)−Wp

i+ 1
2


¥§�O�(λp)+ = 1

2 (λp + |λp|), (λp)− = 1
2 (λp − |λp|), �

�±����Roe �ª"

ù«�{��±í2���5�/"
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Roe �{

Roe �{

,	§é�5¯K§Roe �ª¥�?��

1

2

4t

4x

m∑
p=1

(
|λp|Wp

i+ 1
2

− |λp|Wp

i− 1
2

)
=

1

2
|A|4t

4x
δ2
xQ

n
i

´��ÑÑ�£��qxx �¤"

Ïd§Roe �ª��±@�´3Ø½�ªÄ:þ\þ
·
��Ê5������ª"
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���ª�?���p°Ý�ª

ÄuHº�ª��{ü� Godunov �{

O� xi− 1
2
?�iù¯K�£Cq¤) q↓(Qn

i−1,Q
n
i ).

��O�ê�Ïþ F n
i− 1

2

= F(Qn
i−1,Q

n
i )) = f (q↓(Qn

i−1,Q
n
i )).

½òÏþ�©)¤�1Úm1ÞáÅA−4Qn
i− 1

2

, A+4Qn
i− 1

2

.

^Ïþ�úª½ÞáÅDÂúª

Qn+1
i = Qn

i −
4t

4x

(
F n
i+ 1

2
− F n

i− 1
2

)
,

Qn+1
i = Qn

i −
4t

4x

[
A+4Qn

i− 1
2

+A−4Qn
i+ 1

2

]
O� tn+1 ���ü�²þ�"
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ÏLO\?��Jp�ª�%C°Ý

���ÄuHº�ª� Godunov �{

Qn+1
i = Qn

i −
4t

4x

(
A−4Qn

i+ 1
2

+A+4Qn
i− 1

2

)
�k��°Ý"

�
Jp%C°Ý§Ï~�±�ÄO\·��?��µ

Qn+1
i = Qn

i −
4t

4x

(
A−4Qn

i+ 1
2

+A+4Qn
i− 1

2

)
−4t

4x

(
F̃ n
i+ 1

2
− F̃ n

i− 1
2

)
.
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Lax-Wendroff �{£�ª¤Ú Beam-Warming �{£�ª¤

���5V.�§|� Lax-Wendroff �{

éu���5V.�§|qt + Aqx = 0, dTaylor Ðm, k

q(x , tn+1) = q(x , tn) +4tqt(x , tn) +
1

2
(4t)2qtt(x , tn) + · · · .

qd�§k qt = −Aqx , 9

qtt = −Aqxt = A2qxx .

Ïd§�§|�)kÐmª

q(x , tn+1) = q(x , tn)−4tAqx(x , tn)+
1

2
(4t)2A2qxx(x , tn)+· · · .
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Lax-Wendroff �{£�ª¤Ú Beam-Warming �{£�ª¤

���5V.�§|� Lax-Wendroff �{

dd�äk��%C°Ý� Lax-Wendroff �ª:

Qn+1
i = Qn

i −
4t

24x
A(Qn

i+1−Qn
i−1)+

1

2
(
4t

4x
)2A2(Qn

i−1−2Qn
i +Qn

i+1).

ù��u3 Godunov �{¥�ê�Ïþ

F n
i− 1

2
=

1

2
A(Qn

i−1 + Qn
i )− 1

2

4t

4x
A2(Qn

i − Qn
i−1).

dA = A+ + A−, |A| = A+ − A− � 1
2A = A+ − 1

2 |A|,
1
2A = A− + 1

2 |A|. Ïd§Tê�Ïþ��±�¤

F n
i− 1

2
= (A+Qn

i−1 + A−Qn
i ) +

1

2
|A|(I − 4t

4x
|A|)(Qn

i − Qn
i−1).

d�§�ª�ÛÜ�äØ�Ì�´ÚÑ�qxxx .
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Lax-Wendroff �{£�ª¤Ú Beam-Warming �{£�ª¤

���5V.�§|� Beam-Warming �{

eòqx ���¥%�û��Hº���û£�A �½¤µ

qx(xi , tn) =
1

24x
[3q(xi , tn)− 4q(xi−1, tn) + q(xi−2, tn)]+O(4x2),

qxx(xi , tn) =
1

4x2
[q(xi , tn)− 2q(xi−1, tn) + q(xi−2, tn)]+O(4x),

K�äk��%C°Ý� Beam-Warming �ª:

Qn+1
i = Qn

i −
4t

24x
A(3Qn

i −4Qn
i−1+Qn

i−2)+
1

2
(
4t

4x
)2A2(Qn

i −2Qn
i−1+Qn

i−2).

ù��u3 Godunov �{¥�ê�Ïþ

F n
i− 1

2
= AQn

i−1 −
1

2
A

(
I − 4t

4x
A

)
(Qn

i−1 − Qn
i−2).

d�§�ª�ÛÜ�äØ�Ì��´ÚÑ�qxxx .
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Lax-Wendroff �{£�ª¤Ú Beam-Warming �{£�ª¤

Lax-Wendroff �ªÚ Beam-Warming �ª�Û�5

1 ê�¢�(JL² Lax-Wendroff �ªÚ Beam-Warming �
ªØUk�ÓPmä). ù�±@�´ÚÑ�A§cÙ´p
ª�ÚÑ�A (�ã 6.1)"

2 ò Lax-Wendroff �ª�ê�Ïþ��±e/ª

F n
i− 1

2
= (A+Qn

i−1 + A−Qn
i ) +

1

2
|A|(I − 4t

4x
|A|)(Qn

i − Qn
i−1).

Q3HºÏþÄ:þ\þ���*ÑÏþ£CFL^�¤á¤.

3 ù��3)1w�Cz²�?Jp
%C°Ý§�3)Ø1
w½ÛÜCzÍ��?���¥K¬duê�Ê5L�¦
ê�)�)�� (�p.101, Fig. 6.1)"
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Lax-Wendroff �{£�ª¤Ú Beam-Warming �{£�ª¤

ê�Ïþ��ì

3HºÏþÄ:þ\þ���*ÑÏþ¦�3)1w�Cz²�
?Jp
%C°Ý§�3)ÛÜCzÍ��?�å
��^"
ù�¯¢éu
ê�Ïþ��ì�Vg"

�FL(Qi−1,Qi ) ÚFH(Qi−1,Qi ) ©O�$�Úp��ê�Ïþ"

-F n
i− 1

2
= FL(Qn

i−1,Q
n
i ) + Φn

i− 1
2

[FH(Qi−1,Qi )−FL(Qi−1,Qi )] ,

Ù¥ Φn
i− 1

2

3)Cz²�?��� 1, 3)CzÍ�?���

0. ê�¢�(JL²§·�À���ì�(�±k��Jpê
�)�©EÇ§Ó�;�ê��� (�p.104, Fig. 6.2)"

5µLax-Wendroff �ªÚBeam-Warming �ª¥�$�Ïþ
FL(Qn

i−1,Q
n
i ) ´©¡~ê(Hº)Ïþ§��Ïþ

FH(Qi−1,Qi )−FL(Qi−1,Qi ) K�6uCzÇ∆Qn
i−1/2/∆x .

38 / 46



Lecture 3: Finite Volume Methods of Linear Hyperbolic Equations

���ª�?���p°Ý�ª

©¡�5�� REA �{

©¡�5�� REA �{

3 REA �{ 4.1 ¥, ò©¡~ê���©¡�5��

q̃n(x , tn) = Qn
i + σni (x − xi ), xi− 1

2
≤ x < xi+ 1

2
.

5¿, 1
∆x

∫ x
i+ 1

2
x
i− 1

2

q̃n(x , tn)dx = Qn
i , =È©²þ���Ç σni ��

�Ã', E� Qn
i .

é?���Ç σni , ©¡�5�´Åð�.

q, REA �{�1�!nÚ, =uÐÚ�È©²þÚ, ´Åð�,
Ïd, ©¡�5�� REA �{´Åð.�{.
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©¡�5�� REA �{

é6�§�Äu©¡�5��Hº�ª (ū > 0)

éué6�§ qt + ūqx = 0, k q̃n(x , tn+1) = q̃n(x − ū∆t, tn),
u´, � ū > 0 �,

Qn+1
i =

1

∆x

∫ x
i+ 1

2
−ū∆t

x
i− 1

2
−ū∆t

q̃n(x , tn)dx

=
ū∆t

∆x

(
Qn

i−1 +
1

2
(∆x − ū∆t)σni−1

)
+ (1− ū∆t

∆x
)
(
Qn

i −
1

2
ū∆tσni

)
= Qn

i −
ū∆t

∆x
(Qn

i − Qn
i−1)− 1

2

ū∆t

∆x
(∆x − ū∆t)(σni − σni−1).

- F n
i− 1

2

= ūQn
i−1 + 1

2 ū(1− ū∆t
∆x )∆xσni−1, KT�ª��u3Hº

Ïþþ\þ���6u�Ç���Ïþ"
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©¡�5�� REA �{

é6�§�Äu©¡�5��Hº�ª (ū < 0)

� ū < 0 �,

Qn+1
i =

1

∆x

∫ x
i+ 1

2
−ū∆t

x
i− 1

2
−ū∆t

q̃n(x , tn)dx

= (1 +
ū∆t

∆x
)
(
Qn

i −
1

2
ū∆tσn

i

)
− ū∆t

∆x

(
Qn

i+1 −
1

2
(∆x + ū∆t)σn

i+1

)
= Qn

i −
ū∆t

∆x
(Qn

i+1 − Qn
i ) +

1

2

ū∆t

∆x
(∆x + ū∆t)(σn

i+1 − σn
i ).

- F n
i− 1

2

= ūQn
i − 1

2 ū(1 + ū∆t
∆x )∆xσn

i , KT�ª��u3HºÏþþ\

þ���6u�Ç���Ïþ"

é6�§�Äu©¡�5��Hº�ª�ê�Ïþ

F n
i− 1

2
= (ū+Qn

i−1 + ū−Qn
i ) +

1

2
(1− |ū|∆t

∆x
)(ū+σn

i−1∆x − ū−σn
i ∆x).
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©¡�5�� REA �{

©¡�5��Ç�ÀJ

�
��*�ÀJµ

¥%�Çµσni =
Qn

i+1−Q
n
i−1

2∆x , ⇒ Fromm �ª.

Hº�Çµσni =
Qn

i −Q
n
i−1

∆x , ū > 0, ⇒ Beam-Worming �ª.

�º�Çµσni =
Qn

i+1−Q
n
i

∆x , ū > 0, ⇒ Lax-Wendroff �ª.
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©¡�5�� REA �{

©¡�5�Úå�ê���—�Ç��ì�Ú\

±þÀJ3)1w�«�Ñäk��°Ý"�3)�mä?NC
Ñ¬Úåê���"

~X§é©¡~ê�êâ

Qn
i =

{
1, i ≤ J;

0, i > J,

�� 0 < ū∆t < ∆x �, K¬k Qn+1
J > 1 (�p.108, Fig. 6.4).

�Ø��§KσnJ 7L��" (< 0 ��§> 0 ��uOr*Ñ,
Ã¿Â���°Ýeü).

âd§Van Leer ÄkÚ\
�Ç��ì�g�µ=3)�a�m
äNCé σni �ÀJ\±·����±;�ê���"
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oC�(Total Variation) � TVD (Total Variation Deminishing) �ª

oC� (Total Variation) — ïþ¼ê��§Ý�kåóä

��¼êoC��½Â

����¼êoC��½Âµ

TV (Q) =
∞∑

i=−∞
|Qi − Qi−1|.

����¼ê q(x) oC��½ÂµP¿©8Ü
Ξ = {−∞ = ξ0 < ξ1 < · · · < ξN =∞, N ∈ N}, ½Â

TV (q) = sup
Ξ

N∑
i=1

|q(ξi )− q(ξi−1)|.

TV (Q), TV (q) k.�7�^�µ
Qi , q(x)→ q±, � i , x → ±∞.
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oC�(Total Variation) � TVD (Total Variation Deminishing) �ª

oC� (Total Variation) — ïþ¼ê��§Ý�kåóä

��¼êoC��½Â

����¼ê q(x) oC��,�«½Âµ

TV (q) = lim sup
ε→0

∫ ∞
−∞

1

ε
|q(x)− q(x − ε)| dx .

� q 2Â���§±þ½Â��d½Âµ

TV (q) =

∫ ∞
−∞
|q′(x)| dx .
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��: 4.1, 4.3(a),(d), 6.1

Thank You!
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