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Lecture 2: Characteristics and Riemann problems of Linear Hyperbolic Equations
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uÔn¯K�V­.�§|

�5åÆ��5Å

�5åÆ��5Å

1 du�N©fmzÆ���^§�NéØ !.�Ú}�/
CÑ¬�)¡Eå£Aå¤"

2 é¿©��/C§Aå�/C¤�5'X£��5¤§�C
/�K���5�5"

3 ���/Cò��zÆ�äm§eäm�q/¤#�zÆ�
K¤��5¶�.ämK¤�ä�"

4 �6Ä3�5N¥�DÂ¡��5Å§�5Åq�©�
pÅ£P-Å§pressure-wave or primary wave¤Ú
îÅ£S-Å§shear-wave or secondary wave¤.

5 �±y² P-Å�DÂ�Ýcp o�uS-Å�DÂ�Ýcs .

2 / 39



Lecture 2: Characteristics and Riemann problems of Linear Hyperbolic Equations

�

uÔn¯K�V­.�§|

�5åÆ��5Å

�N�:� �! £��Ý

1 P(x , y) ��:3ë��.¥� ��I,
(X (x , y , t),Y (x , y , t)) �Ù3t ��� ��I,
� (X (x , y , 0),Y (x , y , 0)) = (x , y).

2 P £�þ�

~δ =

[
δ1(x , y , t)
δ2(x , y , t)

]
=

[
X (x , y , t)
Y (x , y , t)

]
−
[
x
y

]
3 P�Ý�þ�

~u =

[
u(x , y , t)
v(x , y , t)

]
=

[
δ1t (x , y , t)
δ2t (x , y , t)

]
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�N�/C�AC

1 fN$Ä£²£�^=¤Ø�)Aå"dd�Aå��6u
�é ££/C¤§½ £�FÝ£/CFÝ¤"

2 d½Â§/CFÝ�

∇~δ =

[
δ1x δ1y
δ2x δ2y

]
=

[
Xx − 1 Xy

Yx Yy − 1

]
= ε+ Ω

3 ε ÚΩ ©O�/CFÝÝ
�é¡Ú�é¡©þ, du
Ω~r = 1

2(∇~δ −∇~δT )~r = ~ω ×~r (Ù¥~ω = −1
2(δ1y − δ2x)~k,

~r = r1~i + r2~j) �L
�N$Ä�fN^=©þ§Ïd/C
FÝ ∇~δ ¥éAåk�z��k ε (¡�ACÜþ).
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���m¥pÅ(P-wave)�îÅ(S-wave)�ACÜþ

�Å÷x-¶���DÂ§

1 KépÅkXy (x , y , t) = 0, Y (x , y , t) ≡ y , Ïd

~δ(x , y , t) =

[
X (x , y , t)− x

0

]
, ε =

[
Xx(x , t)− 1 0

0 0

]
;

2 
éîÅKk X (x , y , t) ≡ x , (Y (x , y , t)− y)y = 0, Ïd

~δ(x , y , t) =

[
0

Y (x , y , t)− y

]
, ε =

[
0 1

2Yx(x , y , t)
1
2Yx(x , y , t) 0

]
.
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���§

1 Aå�AC�'Xd���§�Ñ£dá��5�¤û½"
é'íNÄåÆ¥�G��§¤"

2 é����5k

σ11 = (λ+ 2µ)ε11, σ12 = 2µε12,

Ù¥λ > 0, µ > 0 ¡�Lamé Xê, µ �´á��}��þ"
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$Ä�§!Äþ�§Ú�5pÅ�§

1 P�:÷x ���$Ä�Ý�u(x , t) = Xt(x , y , t), Kk

∂tε
11(x , y , t) = ∂t(Xx(x , y , t)− 1) = Xtx(x , y , t) = ux(x , t).

2 dÚî1�½Æ£½ÄþÅð(²ï)�§¤�

ρut − σ11x = 0.

3 u´��5pÅ÷v��§[
σ11

u

]
t

+

[
0 −(λ+ 2µ)
−1/ρ 0

] [
σ11

u

]
x

= 0.

ù´��V­.�§§A���±cp = ±
√

(λ+ 2µ)/ρ.
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$Ä�§!Äþ�§Ú�5îÅ�§

1 P�:÷y ���$Ä�Ý�v(x , t) = Yt(x , y , t), Kk

∂tε
12(x , y , t) =

1

2
∂tYx(x , y , t) =

1

2
Ytx(x , y , t) =

1

2
vx(x , t).

2 dÚî1�½Æ£½ÄþÅð(²ï)�§¤�

ρvt − σ12x = 0.

3 u´��5îÅ÷v��§[
σ12

v

]
t

+

[
0 −µ
−1/ρ 0

] [
σ12

v

]
x

= 0.

ù�´��V­.�§§A���±cs = ±
√
µ/ρ.
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.¼íNÄåÆ�P-XÚ

��.¼íNÄåÆ£Lagrangian Gas Dynamics¤

1 3î¼(Eulerian) íNÄåÆ¥§x ��m¥½:§u(x , t)
�t �� ux :?�6N�:£÷*��*�¤��Ý"

2 3.¼(Lagrangian) íNÄåÆ¥, ξ �6N�:��I,
U(ξ, t) �t ��T�:£÷*��*�¤��Ý, 
X (ξ, t)
�T�:3t ��¤Óâ�Ôn �"

3 é��¯K§·��±-ξ =
∫ x
x0

◦
ρ(s) ds. d��:ξ1 Úξ2

�míN�o�þ� ξ2 − ξ1 =

∫ X (ξ2,t)

X (ξ1,t)
ρ(x , t)dx .

4 .¼�ÝÚî¼�Ým�'X:
Xt(ξ, t) = U(ξ, t) = u(X (ξ, t), t).
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.¼íNÄåÆ�P-XÚ

��.¼íNÄåÆ£Lagrangian Gas Dynamics¤

1 ¡ü �þ�Ô�¤Ó�NÈ�'N£specific volume¤, P
�V (ξ, t). d½ÂV (ξ, t) = 1/ρ(X (ξ, t), t).

2 3��.¼íNÄåÆ¥, d

∫ X (ξ2,t)

X (ξ1,t)
ρ(x , t)dx =

∫ ξ2

ξ1

dξ

k∂X (ξ,t)
∂ξ = V (ξ, t), ¤±k∫ ξ2

ξ1

V (ξ, t) dξ =

∫ X (ξ2,t)

X (ξ1,t)
dx = X (ξ2, t)− X (ξ1, t).

3 duXt(ξ, t) = U(ξ, t), dþª�

Vt(ξ, t)− Uξ(ξ, t) = 0.
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.¼íNÄåÆ�P-XÚ

��.¼íNÄåÆ£Lagrangian Gas Dynamics¤

1 3.¼�Ie§3[ξ1, ξ2] �m�6N�oÄþ�∫ ξ2
ξ1

U(ξ, t) dξ.

2 du3d�Ie§3[ξ1, ξ2] üà:vk6N�:�6\½
6Ñ(Ãé6Ïþ), ¤±ÄþCz=
uüà�Øå�, Q
d
dt

∫ ξ2
ξ1

U(ξ, t) dξ = p(ξ1, t)− p(ξ2, t), ½ Ut + pξ = 0.

3 éu��6£½ý96¤kG��§ p = p(V ), £~X, é
��6k p(V ) = κ̂V−γ¤, u´� p-XÚ{

Vt(ξ, t)− Uξ(ξ, t) = 0,

Ut(ξ, t) + pξ(V (ξ, t)) = 0.

�p′(V ) < 0 �§p-XÚ´V­.ÅðÆ�§|"
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>^Å£Electromagnetic Waves¤

>^Å� Maxwell �§

3vkÀ>Ö�>6��¹e§>^Å÷v±e Maxwell �§:
~Dt −∇× ~H = 0,
~Bt +∇× ~E = 0,

∇ · ~D = 0,

∇ · ~B = 0,

Ù¥~D ´> £§~E ´>|rÝ, ~B ´^aArÝ, ~H ´^|r
Ý, §��mk±e'Xµ~D = ε~E , ~B = µ~H, Ù¥ ε ´0>~ê,
µ �^�Ç, éu��Ó5á� ε Ú µ ´Iþ, ���¹eK
� 3× 3 ��Üþ"
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>^Å£Electromagnetic Waves¤

>^Å� Maxwell �§

� ε Ú µ ´~Iþ�§ Maxwell �§�z{�:
~Et − 1

εµ∇× ~B = 0,

~Bt +∇× ~E = 0,

∇ · ~E = 0,

∇ · ~B = 0.

|^�ü��§£~E , ~B ÃÑ¤�±y²cü��§´n��5
V­.�§|"
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>^Å£Electromagnetic Waves¤

²¡>^ÅÚ�� Maxwell �§

k�Ä÷ x-¶DÂ�²¡Å"� E -field 3 y ���Ä, B-field

3 z ���Ä, Q ~E =

 0
E 2(x , t)

0

, ~B =

 0
0

B3(x , t)

, d� ε Ú µ

�~Iþ� Maxwell �§z{�:{
E 2
t + 1

εµB
3
x = 0,

B3
t + E 2

x = 0.

XÚ�XêÝ
� A =

[
0 1

εµ

1 0

]
, dd�ù´��V­XÚ, ü�

A��©O� ±1/
√
εµ, Ïd0�¥�>^ÅDÂ�Ý�

c = 1/
√
εµ.
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V­.�§�A�!�6«�!K�«�Úû½«�

�����5V­. �©�§|9ÙA�

���5V­. �©�§|

�Ä�����5î�V­. �©�§|µ

qt(x , t) + Aqx(x , t) = 0,

Ù¥q : R× R→ Rm, A ´m ��¢é�z�¢Ý
.

PÝ
A �A���λ1 < . . . < λm, r1, . . . , rm ´Ù�A�mA
��þ§R = [r1 . . . rm] ´dmA��þ���¤�Ý
"K
L = R−1 �1l1, . . . , lm ´Ý
A ��A��A��þ§�k

A = RΛR−1, Ù¥ Λ =

λ
1

. . .

λm

 .
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V­.�§�A�!�6«�!K�«�Úû½«�

�����5V­. �©�§|9ÙA�

��~Xê�5V­. �©�§|�é�z

-w = R−1q ½wp(x , t) = lpq(x , t), p = 1, . . . ,m, K�§z{�

wt + Λwx = 0, ½ wp
t + λpwp

x = 0, p = 1, 2, . . . ,m.

ù´m �Õá�é6�§§§��Ð�¯K�)�

wp(x , t) = wp(x − λpt, 0) = lpq(x − λpt, 0) = lp
◦
q(x − λpt).

Ïd§��§Ð�¯K�)�

q(x , t) = Rw(x , t) =
m∑

p=1

wp(x , t)rp =
m∑

p=1

[lp
◦
q(x − λpt)]rp.
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V­.�§�A�!�6«�!K�«�Úû½«�

�����5V­. �©�§|9ÙA�

��~Xê�5V­.�§|�A��iùØCþ

1p (1 ≤ p ≤ m) xA��§µX ′p(t) = λp;

1p (1 ≤ p ≤ m) xA��µXp(t) = Xp(0) + λpt;

÷1p (1 ≤ p ≤ m) xA��Xp(t)§ d
dtw

p(Xp(t), t) = 0;

wp(q) = lpq ¡�1p (1 ≤ p ≤ m) xA��iùØCþ;

÷p (1 ≤ p ≤ m) xA��Xp(t) = Xp(0) + λpt DÂ�p x
Å�Å.´A��þ rp, Å�DÂ�Ý�λp, Å�rÝ´i
ùØCþ wp(x , t) = lp

◦
q(x − λpt).

555: î�/`, ~Xê�5�/�ù«iùØCþ�½Â���
�/�½Â¿Ø�Ó, §�´,«¿Âþ��«pÖ'X"
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V­.�§�A�!�6«�!K�«�Úû½«�

�����5V­. �©�§|9ÙA�

��~Xê�5V­.�§|�{Å)

�±ò��~Xê�5V­.�§|�)À�m �Å�U
\, Ù¥z�Å±Ùg��A��ÝDÂ¿�±/GØC"

1p �Å�/G�
◦
wp(x)rp, ÙDÂ�Ý�λp.

ewp(x , 0) =
◦
wp(x) ≡ w̄p, ∀p 6= i , Kk

q(x , t) =
◦
w i (x − λi t)r i +

∑
p 6=i

w̄prp =
◦
q(x − λi t).

ùL²) q(x , t) 3��m¥�;,á3�^ i-È©­�þ. 5¿3z^

i-È©­�þwp(q) ��~ê, ∀p 6= i ( i-iùØCþ���½Â).

d�, �§|�)�òz�§ w i
t +λiw i

x = 0�)1− 1éA.

ù«)¡�{Å)"��5¯K¥�kaq/ª�)§3ù
«)¥�káu��A�x�Å3�mDÂ"
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V­.�§�A�!�6«�!K�«�Úû½«�

�����5V­. �©�§|9ÙA�

��~Xê�5V­.�§|�{Å)

éu���äk;|8�Ð�§��m¿©���§Ð�¯
K�)ò��©l¤ m �±�g�A��ÝDÂ�{Å.

~X§éu(Å�§[
p
u

]
t

+

[
0 K0

1/ρ0 0

] [
p
u

]
x

= 0.

�§|�A��ÚmA��þ©O�

λ± = ±c0 = ±
√
K0/ρ0,

r1 = r− =

[
−ρ0c0

1

]
=

[
−Z0

1

]
, r2 = r+ =

[
ρ0c0

1

]
=

[
Z0

1

]
.

dq(x , t) =
◦
w1(x − λ1t)r1 +

◦
w2(x − λ2t)r2, é��;|8�

(
§�±*	���!mDÂ�ü�{Å"
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V­.�§�A�!�6«�!K�«�Úû½«�

V­.�§��6«�!K�«�Úû½«�

V­.�§|��6«�

d��~Xê�5V­.�§|Ð�¯K)�L�ª

q(x , t) = Rw(x , t) =
m∑

p=1

wp(x , t)rp =
m∑

p=1

[lp
◦
q(x − λpt)]rp

�3x-t �m¥�:(X ,T ) ?§)q(X ,T ) ����6uÐ

©��
◦
q 3m �:X − λpt, p = 1, . . . ,m, ?��"¤±¡

8ÜD(Ω,T ) = {X − λpt : p = 1, . . . ,m, X ∈ Ω} ��§|
�)3T ��'u8ÜΩ 3Ð©����6«�"

é?��T > 0, �Ω k.�§V­.�§��6«��o
´k.�§ù�N
&EDÂ�Ý�k�5"

=BΩ �´��:§3��5�/§Ù�6«����´�
�k.«m"
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V­.�§�A�!�6«�!K�«�Úû½«�

V­.�§��6«�!K�«�Úû½«�

V­.�§|�K�«�

d��~Xê�5V­.�§|Ð�¯K)�L�ª

q(x , t) = Rw(x , t) =
m∑

p=1

wp(x , t)rp =
m∑

p=1

[lp
◦
q(x − λpt)]rp

�3x0 ?�Ð©�
◦
q(x0) �¬÷A�� x = x0 + λpt,

p = 1, . . . ,m, DÂ§l
K�ù
A��þ�§|�)��
�"Ïdòù
A��¡�x0 :�K�«�"��/§½
Â I (Ω) = {x + λpt : p = 1, . . . ,m, x ∈ Ω, t > 0} �«�Ω
�K�«�"

3��5�/§=B�´��:§ÙK�«����´��
«�§�3?¿k��mS§§´��k�«�"
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V­.�§�A�!�6«�!K�«�Úû½«�

V­.�§��6«�!K�«�Úû½«�

V­.�§|�û½«�

d��~Xê�5V­.�§|Ð�¯K)�L�ª

q(x , t) = Rw(x , t) =
m∑

p=1

wp(x , t)rp =
m∑

p=1

[lp
◦
q(x − λpt)]rp.

�µ���½
«�Ω þ�Ð�, V­.�§|�)38Ü
K (Ω) = {(x , t) : x − λpt ∈ Ω, 1 ≤ p ≤ m, t > 0} þ���
Ò���(½
§
Ø3K (Ω) ¥�:þ)��KØU��
dΩ þ�Ð���(½"Ïd¡K (Ω)�Ω �û½«�"
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~Xê�5V­.�§|�iù¯K9Ù)�(�

~Xê�5V­.�§|�iù¯K

~Xê�5V­.�§|�iù¯K

~Xê�5V­.�§|�iù¯Kµ
qt + Aqx = 0,

◦
q(x) =

{
ql , if x < 0,

qr , if x > 0.

Ù¥ql , qr �~�þ"

é�§ª�/§qt + ūqx = 0 �)�q(x , t) =
◦
q(x − ūt), ¤

±k

q(x , t) =

{
ql , if x − ūt < 0,

qr , if x − ūt > 0.
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~Xê�5V­.�§|�iù¯K9Ù)�(�

~Xê�5V­.�§|�iù¯K

~Xê�5V­.�§|iù¯KiùØCþ/ª

é�§|�/§�A �A��Ú�!mA��þ©O
�{λp}mp=1, {lp}mp=1, {rp}mp=1, K�§|�±��

wp
t + λpwp

x = 0, p = 1, . . . ,m,

Ù¥w(x , t) = R−1q(x , t) = Lq(x , t).

òql Úqr �©)ql =
∑m

p=1 w
p
l r

p, qr =
∑m

p=1 w
p
r rp.

u´§�A�iùÐ��±��

◦
wp(x) =

{
wp
l , if x < 0,

wp
r , if x > 0.
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~Xê�5V­.�§|�iù¯K9Ù)�(�

~Xê�5V­.�§|iù¯K�)

~Xê�5V­.�§|iù¯K�)

~Xê�5V­.�§|iù¯K�iùØCþ�)�:

wp(x , t) =

{
wp
l , if x − λpt < 0,

wp
r , if x − λpt > 0,

p = 1, . . . ,m.

Ïd§~Xê�5V­.�§|iù¯K�)�±L«�

q(x , t) = Rw(x , t) =
m∑

p=1

wp(x , t)rp =
∑

p:λp<x/t

wp
r r

p+
∑

p:λp>x/t

wp
l r

p.
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~Xê�5V­.�§|�iù¯K9Ù)�(�

~Xê�5V­.�§|iù¯K)�(�

~Xê�5V­.�§|iù¯K)�(�

dd��§~Xê�5V­.�§|L�:�m ^A�
�x = λpt, p = 1, . . . ,m, òþ�²¡©�
m + 1 �f«
�§l��mªL1p ^A���, )k��a� (�
ã 3.3).

W p = (wp
r − wp

l )rp , αprp p = 1, . . . ,m.

5¿§÷1p ^A��§)�a�þ�½´A �1p �A�
�þrp ��ê§u´k[f ]p = λp[q]p, Q

f (qp)−f (qp−1) = A(qp−qp−1) = Aαprp = λpαprp = λp(qp−qp−1).

5µ ��5¯Kf)�mä�÷v¤¢�Rankine-Hugoniot a
�mä^�[f ]p = sp[q]p , Ù¥ sp �1 p x-Å�DÂ�Ý.
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~Xê�5V­.�§|�iù¯K9Ù)�(�

~Xê�5V­.�§|iù¯K)�(�

~Xê�5V­.�§|iù¯K)�(�

Pqr − ql = α1r1 + · · ·+ αmrm, ½ α = R−1(qr − ql),
PW p = αprp, K~Xê�5V­.�§|iù¯K�)q
�±L«�

q(x , t) = ql +
∑

p:λp<x/t

W p = qr −
∑

p:λp>x/t

W p.

½

q(x , t) = ql +
m∑

p=1

H(x − λpt)W p = qr −
m∑

p=1

H(λpt − x)W p.

Ù¥H(·) �Heaviside ¼ê"
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~Xê�5V­.�§|�iù¯K9Ù)�(�

ü��§�~Xê�5V­.�§|�iù¯K��²¡�{

ü��§�~Xê�§|�iù¯K��²¡�{

m ��§�~Xê�5V­.�§|iù¯K�)l��
ml ql C�qr �ªLm ^A��§²Lm − 1 �¥mG�
ql + W 1, ql + W 1 + W 2, · · · , ql + W 1 + · · ·+ Wm−1.

l1i �G��1i + 1 �G��a�W i+1 = αi+1r i+1 ´A
�áuλi+1 �A��þ, i = 0, 1, · · · ,m − 1"

éuü��§��§|, �k��¥mG�qm, ù�§ù�
L§�±3�²¡£G��m¤þ{üLÑµ

ql = w1
l r

1+w2
l r

2, qr = w1
r r

1+w2
r r

2 ⇒ qm = w1
r r

1+w2
l r

2.
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~Xê�5V­.�§|�iù¯K9Ù)�(�

ü��§�~Xê�5V­.�§|�iù¯K��²¡�{

ü��§��§|�iù¯K��²¡�{

¡�ql ��÷v f (q)− f (ql) = λ1(q − ql) �¤kG� q |
¤:8�L ql �1-Hugoniot :8"aq/, ¡�qr ��÷
v f (q)− f (qr ) = λ2(q − qr ) �¤kG� q |¤:8�L qr
�2-Hugoniot :8 (�ã 3.4(a))"

¡��m¥ r1 �þ|�È©­��1-È©­�, ¡��m
¥ r2 �þ|�È©­��2-È©­�"

éu~Xê�5¯K, L ql �1-Hugoniot :8�1-È©­�
­Ü, Ú¡ 1-A�£1-Å¤¶L qr �2-Hugoniot :8�2-È
©­�­Ü, Ú¡ 2-A�£2-Å¤; §�Ñ´��"

dqm − ql = (w1
r − w1

l )r1 Úqr − qm = (w2
r − w2

l )r2 �qm 7
á3Lql �1-A�£1-Å¤þ§Ó�§7á3Lqr �2-A�
£2- Å¤þ. Ïd§3�²¡þ§qm T�Lql �1-A�Ú
Lqr �2-A���: (�ã 3.5)"
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~Xê�5V­.�§|�iù¯K9Ù)�(�

�5(Å�§iù¯K�)

�5(Å�§9ÙA�

��í�é6�Ýu0 = 0 �§�5(Å�§�±��[
p
u

]
t

+

[
0 K0

1/ρ0 0

] [
p
u

]
x

= 0.

�§|�A��Ú�!mA��þ©O� (�ã 3.6(a))

λ± = ±c0 = ±
√

K0/ρ0,

r1 = r− =

[
−ρ0c0

1

]
=

[
−Z0

1

]
, r2 = r+ =

[
ρ0c0

1

]
=

[
Z0

1

]
,

l1 = l− =
1

2Z0
[−1 Z0], l2 = l+ =

1

2Z0
[1 Z0].
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~Xê�5V­.�§|�iù¯K9Ù)�(�

�5(Å�§iù¯K�)

�5(Å�§iù¯K�)

÷A��a�mäþrÝdα = R−1(qr − ql) �Ñ§Q

α1 = l1(qr − ql) =
−(pr − pl) + Z0(ur − ul)

2Z0
,

α2 = l2(qr − ql) =
(pr − pl) + Z0(ur − ul)

2Z0
.

Å.©O�r1 Úr2, �Å�W 1 = α1r1, �Å�W 2 = α2r2.

¥mG��

qm = ql + α1r1 =
1

2

[
(pr + pl)− Z0(ur − ul)

(ur + ul)− (pr − pl)/Z0

]
,

3�²¡þ§§´dLql � 1-È©­��Lqr � 2-È©­
���: (�ã 3.6(b), Ù¥ ul = ur = 0)"
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~Xê�5V­.�§|�iù¯K9Ù)�(�

�5(Å�§ÍÜé6�§iù¯K�)

�5(Å�§ÍÜé6�§�A�

�5(Å�§ÍÜé6�§�±��pu
φ


t

+

 u0 K0 0
1/ρ0 u0 0

0 0 u0

pu
φ


x

= 0.

Pc0 =
√
K0/ρ0, Z0 = ρ0c0, K�§|�A��ÚmA��

þ©O�
λ1 = u0 − c0, λ2 = u0, λ3 = u0 + c0,

r1 =

−Z0

1
0

 , r2 =

0
0
1

 , r3 =

Z0

1
0

 .
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~Xê�5V­.�§|�iù¯K9Ù)�(�

�5(Å�§ÍÜé6�§iù¯K�)

�5(Å�§ÍÜé6�§iù¯K�)

u´é�5(Å�§ÍÜé6�§k

R =

−Z0 0 Z0

1 0 1
0 1 0

 , R−1 =

 −12Z0

1
2 0

0 0 1
1

2Z0

1
2 0

 .
éiùÐ�ql , qr , -α = R−1(qr − ql), Q

α1 =
1

2Z0
[−(pr − pl) + Z0(ur − ul)],

α2 = φr − φl ,

α3 =
1

2Z0
[(pr − pl) + Z0(ur − ul)].
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~Xê�5V­.�§|�iù¯K9Ù)�(�

�5(Å�§ÍÜé6�§iù¯K�)

�5(Å�§ÍÜé6�§iù¯K�)

u´é�5(Å�§ÍÜé6�§iù¯K�)� (�
ã 3.7)

q(x , t) =


ql , if x < (u0 − c0)t,

ql + α1r1, else if x < u0t,

ql + α1r1 + α2r2, else if x < (u0 + c0)t,

qr , else if x > (u0 + c0)t.

AO/§ªL1�A���§�Å�mäa��

α2r2 =

 0
0

φr − φl

 .
Q3a�mä�üà§ØåÚ�ÝÑ´ëY�"ù��Å¡
��>mä"
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�5V­.�§|�Ð>�¯K

XÛ�k.«m(a, b) þ�é�z�5V­.�§|J>.^�

é�zXÚÚ\6>.^�

1 ��5V­.�§|�é�zXÚ�

wp
t + λpwp

x = 0, p = 1, 2, · · · ,m.

2 �λp > 0, KI�3x = a ?Jøwp �&E, 
�λp < 0, K
I�3x = b ?Jøwp �&E.

3 \6>.^�µeXÚkn �KA��Úm − n ��A��,
KI�3>.b ?�Ñn ��pÕá��¹cn �iùØC
þw I &E�>.^�§3>.a ?Ñm − n ��pÕá�
�¹�m − n �iùØCþw II &E�>.^�.
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�5V­.�§|�Ð>�¯K

XÛ�k.«m(a, b) þ�é�z�5V­.�§|J>.^�

\6>.^��/ª

1 3>.x = b ?�\6>.^����±��

w I (b, t) = B2w
II (b, t) + g2(t).

2 3>.x = a ?�\6>.^����±��

w II (a, t) = B1w
I (a, t) + g1(t).

3 Ù¥w I ´éAun �KA��λ1, · · · , λn �iùØCþ, 

w II ´éAum − n �KA��λn+1, · · · , λm �iùØCþ.

w =

[
w I

w II

]
.
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�5V­.�§|�Ð>�¯K

XÛ�k.«m(a, b) þ����5V­.�§|J>.^�

>.^�Ï~��â¯K�Ôn�µJÑ

1 nØþ`§·�o�±ò�§|^iùØCþé�z§Ïd
>.^�o�±±\6>.^��/ª�Ñ"

2 �3A^¥§��ØI��é�z§>.^�Ï~�±�â
Ôn¯K(½"��5`§>.^�Ø´±A�/ª£\6
>.^��/ª¤�Ñ�"

3 ~X§é«m[a, b] þ�(Å�§£u0 = 0¤§�3üà:
-u(a, t) = u(b, t) = 0, QíNØU6Ñ«�£�ØU�S
$Ä§ÄKò/¤ý�¤§ùÒ´¤¢��9>.^�"d
uW 1 = −p + Z0u, W 2 = p + Z0u, ¤±�9>.^��A
�/ª�µW 2(a, t) = −W 1(a, t) ÚW 1(b, t) = −W 2(b, t),
Ïd�¡Ù����>.^�"
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�5V­.�§|�Ð>�¯K

XÛ�k.«m(a, b) þ����5V­.�§|J>.^�

>.^�Ï~��â¯K�Ôn�µJÑ

1 qX§é«m[a, b] þ�(Å�§£u0 = 0¤§�3üà:
-W 2(a, t) = 0 9W 1(b, t) = 0, QÑ6>.^�£outflow
boundary condition¤§½áÂ>.^�"d
uW 1 = −p + Z0u, W 2 = p + Z0u, ¤±Ñ6>.^��Ô
nCþ/ª�µp(a, t) = −Z0u(a, t) Úp(b, t) = Z0u(b, t)"

2 ±Ï>.^��´~^�>.^�µq(a, t) = q(b, t) ⇔
W 2(a, t) = W 2(b, t), W 1(b, t) = W 1(a, t).
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��: 2.5, 3.1 (a), (b), 3.4

Thank You!
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