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Lecture 1: Conservation Laws and Differential Equations
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qt(x , t) + Aqx(x , t) = 0,

Ù¥q : R× R→ Rm, A ´m �¢Ý
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Úó

(��)��V­. �©�§|

��V­. �©�§|

ÅÄ�§µ
utt(x , t) = a2uxx(x , t),

´��V­. �©�§.

-v = ut , w = −aux , Kk[
v
w

]
t

+

[
0 a
a 0

] [
v
w

]
x

= 0.
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Úó

(��)��V­. �©�§|

��ÅðÆ�§|

e�3Ïþ¼êf (q), ¦�

qt(x , t) + f (q(x , t))x = 0,

�Ý
∇f (q) �A��Ñ´¢�§�k�|£m�¤�A��5
Ã'�A��þ§K¡±þ�§|�Åðþ(�Ý) q �V­Åð
Æ"AO/§�¤k¢A��ÑpØ�Ó�§ÅðÆ�§|¡�
´î�V­.�"
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Úó

(��)��V­. �©�§|

ÅðÆ�È©/ª

éÅðÆ�§|3x1 < x < x2 þÈ©�µ

d

dt

∫ x2

x1

q(x , t)dx = f (q(x1, t))− f (q(x2, t))

ù`²§3[x1, x2] þ±q ��Ý�Åðþ'u�m�CzÇ=�
6u«�üà:�Ïþ�"

òþª3[t1, t2] þÈ©§�����È©/ª�ÅðÆ�§|∫ x2

x1

q(x , t2)dx =

∫ x2

x1

q(x , t1)dx −
∫ t2

t1

(f (q(x2, t))− f (q(x1, t)))dt

ù`²§3[x1, x2] þ±q ��Ý�Åðþ�Oþ�u3�A�m
ãÏLT«�à:À6\�Åðþ"
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(��)��V­. �©�§|

mä)

�ÅðÆ�§|�)¿©1w�§ÅðÆ�§|��©/ª�È
©/ª´�d�"

3��5�/§=BÐ©�é1w§V­ÅðÆ�§£|¤�)
�¬�)rmä£-Å¤"��/`§È©/ª�ÅðÆ�§
£|¤�ý¢/�x
�A�Ôny�"
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Úó

k�NÈ{

k�NÈ{— Äu�§�È©/ª�lÑ�{

du)kmä§�©�§3mä?Ø2¤á"

DÚ��©�{3mäNC¬k(J"

k�NÈ{´Äu�§�È©/ª�lÑ�{µò«�y©
�ü�£cells¤§CqO�q 3ü�þ�²þ�§�Ñ%C
ý¢Ïþ�ê�Ïþ£'�Ú½¤§�âÅðÆ�§�È©
/ªO�e��mÚq 3ü�þ�²þ�.

|^q 3ü�þ�Cq²þ��E·��©¡õ�ª, ±Ï
��q �,«¿Âe�Ð�%C"ù«©¡õ�ª­�3k
�NÈ{�ý?nÚ�?n¥Ñu�X­��^"
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Úó

k�NÈ{

Riemann ¯K— �Ek�NÈ{�Ä�óä

V­.�§�Riemann ¯KµQV­.�§�±eAÏ/ª�Ð
�¯K"

q(x , 0) =

{
ql , if x < 0;

qr , if x > 0.

V­.�§&EDÂ�Ý�k�5"

Ð��K�«�!û½«�§)éÐ���6«�"

�A ½f Øw¹(x , t) �§d��ü�ü�þ�ü�²þ�
£ql = Qi−1, qr = Qi¤¤½Â�Riemann ¯K�)�±O�
Ñ���mÚÏLü�ü��.¡?�ê�Ïþ"

8 / 35



Lecture 1: Conservation Laws and Differential Equations

Úó

k�NÈ{

Riemann ¯K�ý)ÚCq)

�A ½f Øw¹(x , t) �§V­.�§£|¤Riemann ¯K��
)��´�q5)§Q�)�x/t �¼ê£- y = αx , s = αt,
q̃(y , s) = q(α−1y , α−1s), K�±y² q̃ Ú q ´Ó�Riemann ¯K
��)"d�)���5=�(Ø¤"

�5¯K�)�±dÐ�ÚA �A��ÚA��þû½"

��5£g£¤¯K�)��^aq��{%C"

duRiemann ¯K�ý)O�þ��§3¢SO�¥é��
5¯KÏ~æ^Riemann ¯K�Cq)"

Riemann ¯K��þ´���§���±í2�p�"~X
é��¯K�õ>/£o>/!n�/¤ü�§�ÏLO�
R�uü�>�Riemann ¯K�ÑB�z^>�ê�Ïþ"
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Úó

-Å�ÓP��l

-Å�ÓP£Capturing¤��l£Tracking¤

1 ÓP£Capturing¤µòa�mä^�£jump condition¤Û
¹3�{¥§¦ÙU
^¦�U����gÄÓP�-Å
£mä¤§�3mäNCØÚ\�Ôn��"

2 �l£Tracking¤µwª/O�Ñ-Å �£mä �¤§
3)1w?æ^k��©½k�NÈ{%C"

10 / 35



Lecture 1: Conservation Laws and Differential Equations

Úó

Å�DÂ�Þá

�5Å!��5Å�p��ª

1 �5V­.�§
ué��ÌÅ�ïÄ"~X(Å
uÔ�
3©fY²���"aq/§>^Å
uÔ�3>fY²�
��"

2 �5V­.�§�)Ï~´1w�§��±^ØÓªÇ��
uÅÜ¤"

3 -Å´�«��5y�"

4 �O�«�´Å��eZ£~X103¤�þ?�§k7�æ
^p��ª±~�ó�þ"
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Úó

Å�DÂ�Þá

Å�DÂÚÞá v.s. ê�Ïþ

1 ���p��ª3A^�ØëY0��¬��(J"

2 p©EÇk�NÈ�ª3ù�¡äk`³"

3 /Å�DÂÚÞá0�{´�a��ÄuRiemann ¯K�)
��«Å£-Å!¥%DÕÅ�¤9�AÅ�§
Ø´ê�
Ïþ§�Eê��ª��{"
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ÅðÆ��©�§

��+�6�é6�§

��+�6 —— �{ü�ÅðÆ�§ª

1 ®�6�µu(x , t)£ü µ�Ý/�m¤"

2 �q(x , t) �6N¥,«Ô���Ý£ü µ�þ/�Ý¤"

3
∫ x2

x1
q(x , t) dx L«3x1 < x < x2 ��ã+�¥TÔ��o

þ§Ù'u�m�CzÇ=�6u£Ã
Ã®¤TÔ�ÏL
à:x1, x2 6\Tã+���Ç§Q:

d

dt

∫ x2

x1

q(x , t) dx = F1(t)− F2(t)

Ù¥ Fi (t) = f (qi , xi , t) �Ïþ, Fi (t) > 0 L«�m6,
Fi (t) < 0 L«��6.
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ÅðÆ��©�§

��+�6�é6�§

��+�6 —— �{ü�ÅðÆ�§ª

1 f (q, x , t) �Ïþ�Ý£ü µ�þ/�m¤

2 �ÏþØwª/�6u(x , t), Qf (q, x , t) ≡ f (q), �§�g
£XÚ"d�k

d

dt

∫ x2

x1

q(x , t) dx = −f (q(x , t))
∣∣∣x2

x1

3 òþªl t1 �t2 È©�È©/ª�ÅðÆ�§ªµ∫ x2

x1

q(x , t2) dx =

∫ x2

x1

q(x , t1) dx−
∫ t2

t1

(f (q(x2, t))−f (q(x1, t))) dt.
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ÅðÆ��©�§

��+�6�é6�§

��+�6 —— �{ü�ÅðÆ�§ª

1 � q Úf ¿©1w�§d f (q(x , t))
∣∣x2

x1
=
∫ x2

x1
fx(q(x , t)) dx ,

etc. � ∫ t2

t1

∫ x2

x1

[qt(x , t) + fx(q(x , t))] dxdt = 0.

2 2dx1, x2, t1, t2 �?¿5§��©/ª�ÅðÆ�§ª

qt(x , t) + fx(q(x , t)) = 0.

3 AO/§�f (q(x , t)) = ūq(x , t) �§�àgé6�§
£advection, convection, one-way wave equation¤

qt(x , t) + ūqx(x , t) = 0.
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ÅðÆ��©�§

A��§§A��§iùØCþ§9Ï)L�ª

é6�§�A���Ï)

1 �Äé6�§qt + ūqx = Ψ(x , t);

2 A��§µX ′(t) = ū;

3 A��µx − ūt = const.;

4 ÷Xz^A��X (t), é6�§{z�~�©�§µ

d

dt
q(X (t), t) = qt(X (t), t)+X ′(t)qx(X (t), t) = qt+ūqx = Ψ(X (t), t);

5 Ïd�é6�§Ð�¯K�Ï):
q(x , t) = q̃(x − ūt) +

∫ t
0 Ψ(x − ū(t − s))ds, Ù¥q̃(x) �Ð�.

6 AO/, éàgé6�§Ð�¯K, kq(x , t) = q̃(x − ūt).
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ÅðÆ��©�§

A��§§A��§iùØCþ§9Ï)L�ª

~Xê�5V­.�§|�A��§ÚiùØCþ

qt + Aqx = 0, Ù¥R−1AR = Λ = diag(λ1, . . . , λm);

1i (1 ≤ i ≤ m) xA��§µX ′i (t) = λi ;

1i (1 ≤ i ≤ m) xA��µXi (t) = Xi (0) + λi t;

-w = R−1q, Kkwt + Λwx = 0;

÷1i (1 ≤ i ≤ m) xA��Xi (t)§ d
dtwi (Xi (t), t) = 0;

wi ¡�1i (1 ≤ i ≤ m) xA��iùØCþ;

Ï)µq(x , t) =
m∑
i=1

r iwi (x − λi t, 0) =
m∑
i=1

r i l iq(x − λi t, 0),

Ù¥l i , r i ©O´A �láuλi ��mA��þ"
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ÅðÆ��©�§

é6�§Ð�¯KÚÐ>�¯K�)

~Xêé6�§Ð�¯K�)

1 é6�§£advection, convection, one-way wave equation¤

qt(x , t) + ūqx(x , t) = 0.

2 Ð©^�µq(x , t0) = q0(x), −∞ < x <∞;

3 u´, e x − ūt = x0 − ūt0, Kk q(x , t) = q(x0, t0) = q0(x0).
dd�Ð�¯K�):

q(x , t) = q0(x − ū(t − t0)), t ≥ t0.
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ÅðÆ��©�§

é6�§Ð�¯KÚÐ>�¯K�)

~Xêé6�§Ð>�¯K�)

1 Ð©^�µq(x , t0) = q0(x), a < x < b¶

2 >.^�µq(a, t) = g0(t), t ≥ t0, �ū > 0;
q(b, t) = g1(t), t ≥ t0, �ū < 0;

3 Ð>�¯K�):

q(x , t) =

{
g0(t − (x − a)/ū), if a < x < a + ū(t − t0),

q0(x − ū(t − t0)), if a + ū(t − t0) < x < b,
if ū > 0;

q(x , t) =

{
q0(x − ū(t − t0)), if a < x < b + ū(t − t0),

g1(t − (x − b)/ū), if b + ū(t − t0) < x < b,
if ū < 0;
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ÅðÆ��©�§

CXêÅð.Ú�Åð.+�6�§

CXêÅð.+�6�§

1 CXêÅð.+�6�§µqt(x , t) + (u(x)q(x , t))x = 0.

2 A��§µX ′(t) = u(X (t)) (�´�:�;,�§);

3 ÷A��)÷v~�©�§:

d

dt
q(X (t), t) = qt(X (t), t) + X ′(t)qx(X (t), t)

= qt(X (t), t) + (u(X (t))q(X (t), t))x − u′(X (t))q(X (t), t)

= −u′(X (t))q(X (t), t).

~XC�¡+�¥�Ø�Ø6§-κ(x) �+��¡�¡È§K
6þ�Çκ(x)u(x) =: U �~þ (�Ý q þj�µ�þ/�Ý).
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ÅðÆ��©�§

CXêÅð.Ú�Åð.+�6�§

CXê�Åð.+�6�§£Color Equation¤

1 e�Ýq̃ þj��µ�þ/NÈ"

2 Koþ�
∫ x2

x1
κ(x)q̃(x , t) dx , Ïþ�f (q̃) = Uq̃.

3 dÅðÆ�κ(x)q̃t(x , t) + Uq̃x(x , t) = 0, ½

q̃t(x , t) + u(x)q̃x(x , t) = 0.

4 A��§µX ′(t) = u(X (t)) (�´�:�;,�§);

5 ÷A��)÷v~�©�§:

d

dt
q̃(X (t), t) = q̃t(X (t), t) + X ′(t)q̃x(X (t), t) = 0.

5µ�f∂t + u∂x ¡��N�ê§Ï�§�N�´�X$Ä�:
¤*	��Ô��Ý�CzÇ"
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ÅðÆ��©�§

*Ñ�§Úé6-*Ñ�§

*Ñ�§Úé6-*Ñ�§£�Ô. �©�§¤

du©f�9$Ä§Ø
�6N�$Ä�	§Ô��©fk��
d�Ý���«���Ý���«����À$Ä (*Ñ�A),
6N�6� ū AÀ�©f�²þ$Ä�Ý"

1 � ū = 0 �, d*Ñ�Fick ½ÆµÏþ� f (qx) = −βqx , Ù
¥β �*ÑXê"u´dÅðÆ�*Ñ�§µ

qt = βqxx ½ qt = (β(x)qx)x .

2 � ū 6= 0 �, Ïþ� f (q, qx) = ūq − βqx , u´dÅðÆ�
é6-*Ñ�§µ

qt + ūqx = βqxx ½ qt + (ūq)x = (β(x)qx)x .
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ÅðÆ��©�§

*Ñ�§Úé6-*Ñ�§

UþÅð�9�§

q �§Ý£�Åðþ¤§SU�Åðþ§SU�Ý
E (x , t) = κ(x)q(x , t), Ù¥κ �á��9N.

1 d9£U¤Ïþ�Fourier ½Æµ9£U¤Ïþ�
f (qx) = −βqx , Ù¥β �9D�Xê"u´dÅðÆ�
9D��§µ

(κq)t = (βqx)x .

2 ��/, eCþ� q, Åðþ�κq, Ù¥κ ¡�N¼ê"K�
Ïþ� f (q) �, B�ÅðÆµ

(κq)t + f (q)x = 0.
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ÅðÆ��©�§


��²ï�§


��K��²ï�§

� (x1, x2) þk
½®�§KÅðþ�CzÇ�7L�Ä
Ú®
��z"

1 �
��Ý£þjµÅðþ/�Ý¤�Ψ(q, x , t). Kk∫ x2

x1

[qt(x , t) + fx(q(x , t))] dx =

∫ x2

x1

Ψ(q(x , t), x , t) dx .

½
qt(x , t) + fx(q(x , t)) = Ψ(q(x , t), x , t).

2 ~X§é9²ï¯K§�Ψ(q, x , t) = D(q0 − q(x , t)) �§
�µ (κq)t = (βqx)x + D(q0 − q(x , t)).
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ÅðÆ��©�§


��²ï�§

�A6�§

���~�+�6¥kßÝ©O� q1 Ú q2 ���5Ó �§Ù
¥ßÝ� q1 �Ó �±�Çα �êP~�,�«Ó �"

1 Kéu1�«Ó �
ó§��uk���Ý�
Ψ(q1, q2) = −αq1 �
"Ïdk

q1
t + ūq1

x = −αq1.

2 
éu1�«Ó �
ó§��uk���Ý�
Ψ(q1, q2) = αq1 �
"Ïdk

q2
t + ūq2

x = αq1.
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�

uÔn¯K�V­.�§|

6NåÆ¥���5�§|

��+�6��þÅð�§ÚÄþÅð�§

�ρ ��þ�Ý£þjµ�þ/�Ý¤§u �6�£þjµ
�Ý/�m¤§Kk�þÅð�§µ

ρt + (uρ)x = 0

e�þ�Ý�Cz¬é6��)K��§�Ýu �7,´C
þ"5¿§�,�ÝØ´Åðþ§�Äþ

∫ x2

x1
ρu dx ´Åð

þ"Äþ�ÏþdüÜ©|¤"

Äþ�é6ÏþµÄþ�Ý· 6�= (ρu) · u = ρu2.

Äþ�ÀþÏþµÄþCzÇ= 	åÌ�þ£Øåp¤.

u´�ÄþÅð�§µ

(ρu)t + (ρu2 + p)x = 0.
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�

uÔn¯K�V­.�§|

6NåÆ¥���5�§|

��+�6�UþÅð�§�G��§

±þü��§Øµ4§Ï�Øåp ��"Øå�Åðþ§Ø
åü �m¤��õpu �ÅðþUþE �'"

�E �Uþ�Ý£þjµUþ/�Ý¤"

Uþ�é6ÏþµUþ�Ý· 6�= Eu.

Uþ�	å�õÏþµUþCzÇ= 	å£Øåp¤· 6�
= pu.

u´�UþÅð�§µ

Et + [(E + p)u]x = 0.

Øåp E��"��I�ÏL�0��Ôn5��'�G�
�§òØåp L«¤�ρ, ρu ÚE �¼êp = p(ρ, ρu,E ).
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�

uÔn¯K�V­.�§|

6NåÆ¥���5�§|

����6�§|

éu��6§Øå�±L«��þ�Ý�¼ê p = P(ρ), Ù
¥P ÷vP ′ > 0, ∀ρ > 0.

d�d�þÅð�§ÚÄþÅð�§�µ4��§|µ{
ρt + (ρu)x = 0,

(ρu)t + (ρu2 + P(ρ))x = 0.
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�

uÔn¯K�V­.�§|

6NåÆ¥���5�§|

����6�§|

����6�§|��±�¤ qt + f (q)x = 0, Ù¥

q =

[
ρ
ρu

]
=

[
q1

q2

]
; f (q) =

[
ρu

ρu2 + P(ρ)

]
=

[
q2

(q2)2/q1 + P(q1)

]
.

��±�¤[�5�§| qt + f ′(q)qx = 0, Ù¥

f ′(q) =

[
0 1

P ′(q1)− (q2/q1)2 2q2/q1

]
=

[
0 1

P ′(ρ)− u2 2u

]
.

f ′(q) �A�õ�ª�λ2 − 2uλ+ (u2 − P ′(ρ)) = 0, §kü
�¢�λ± = u ±

√
P ′(ρ).

Ïd, dP ′ > 0 �: ����6�§|´î�V­.�§|.
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�

uÔn¯K�V­.�§|

�5(Å�§£linear acoustic equation¤

�5(Å�§

1 (Å�±d��6�§�x§AO´3XÚ½~�NC��
1w6Ä�(Å�±^�5z���6�§£ã"

2 d�§q(x , t) = q0 + q̃(x , t), Ù¥q̃(x , t) 9Ù���ê� 1.

3 �Ñp��þ��5(Å�§: q̃t + f ′(q0)q̃x = 0§½{
ρ̃t + (ρ̃u)x = 0,

(ρ̃u)t + (−u2
0 + P ′(ρ0))ρ̃x + 2u0(ρ̃u)x = 0.
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�

uÔn¯K�V­.�§|

�5(Å�§£linear acoustic equation¤

�5(Å�§

1 duũ Úp̃ ��±��ÿþ�Ônþ§�~~ò�5(Å�
§z�'u ũ Úp̃ ��§|"

2 dp0 + p̃ = P(ρ0 + ρ̃) = P(ρ0) + P ′(ρ0)ρ̃+ . . .
� p̃ ≈ P ′(ρ0)ρ̃.

3 d(ρu)0 + ρ̃u = ρu = (ρ0 + ρ̃)(u0 + ũ) = ρ0u0 + ρ̃u0 +ρ0ũ+ ρ̃ũ,
� ρ̃u ≈ u0ρ̃+ ρ0ũ.

4 PK0 = ρ0P
′(ρ0), ¡�NØ �þ§K��5(Å�§:[

p̃
ũ

]
t

=

[
u0 K0

1/ρ0 u0

] [
p̃
ũ

]
x

.
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�

uÔn¯K�V­.�§|

�5(Å�§£linear acoustic equation¤
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1 �PÒ{üå�§�Ñ §̃P

q =

[
p
u

]
, A =

[
u0 K0

1/ρ0 u0

]
.

2 Kd det(λI − A) = (λ− u0)2 − K0/ρ0 �µ

λ± = u0 ±
√

K0/ρ0 = u0 ±
√
P ′(ρ0).

3 ¡ c0 =
√

K0/ρ0 =
√
P ′(ρ0) �TíN¥�(�"

4 ��kλ±(A) = u0 ± c0"AO/§�u0 = 0
�§λ±(A) = ±c0"
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1 P0��{| Z0 = ρ0c0. K A �mA��þ©O�

r1 = r− =

[
−ρ0c0

1

]
=

[
−Z0

1

]
, r2 = r+ =

[
ρ0c0

1

]
=

[
Z0

1

]
.

2 -w = R−1q, Ù¥Ý
R = [r1, r2], KkÏ)L�ªµ

q(x , t) =
2∑

i=1

r iwi (x − λi t, 0) =
2∑

i=1

r i l iq(x − λi t, 0),

Ù¥l i ´R−1 �1i 1§´A �láuλi ��A��þ"

R−1 =
1

2Z0

[
−1 Z0

1 Z0

]
.
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1 iùØCþ w = R−1q �Ð©��©þ�

◦
w1(x) =

1

2Z0
[− ◦p(x)+Z0

◦
u(x)];

◦
w2(x) =

1

2Z0
[
◦
p(x)+Z0

◦
u(x)].

2 Ð�¯KÏ)©þL�ªµ

p(x , t) =
1

2
[
◦
p(x+c0t)+

◦
p(x−c0t)]−Z0

2
[
◦
u(x+c0t)− ◦u(x−c0t)];

u(x , t) =
−1

2Z0
[
◦
p(x+c0t)− ◦p(x−c0t)]+

1

2
[
◦
u(x+c0t)+

◦
u(x−c0t)].
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��: 2.1, 2.2, 2.4

Thank You!
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