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Abstract. By application of the Girsanov formula for measures induced by
diffusion processes with constant diffusion coefficients it is possible to define
the Onsager-Machlup function as the Lagrangian for the most probable tube
around a differentiable function. The absolute continuity of a measure induced
by a process with process depending diffusion w.rt. a quasi translation
invariant measure is investigated. The orthogonality of these measures w.r.t.
quasi translation invariant measures is shown. It is concluded that the
Onsager-Machlup function cannot be defined as a Lagrangian for processes
with process depending diffusion coefficients.

1. Introduction

In the preceeding years a lot of work has been done concerning the Onsager-
Machlup (OM) function [1-6]. Onsager and Machlup were the first to consider
the probability of paths of a diffusion process as the starting point of a theory of
fluctuations [7]. Their work was restricted to processes with linear drift and
constant diffusion coefficients, the generalization to nonlinear equations was
undertaken by Tisza and Manning [8]. The central point was to express the
transition probability of a diffusion process by means of a functional integral over
paths of the process. A certain part of the integrand was then called the OM
function.

Recent works are concerned with finding the correct integrand. It has often
been overlooked however, that dealing with paths of a diffusion process requires
an almost sure calculus. Otherwise ambiguous results may occur [3, 4, 9, 10], as
was pointed out in [2, 6].

Here the OM function can only be understood as a shortened form in the
functional integral mentioned above. Therefore all forms of the OM function,
containing the derivative of a path, are formal expressions. This is because of the
fact that almost all paths of a diffusion process are nowhere differentiable.

Still another, more physical, meaning can be given to the term OM function.
Some workers have taken up the idea of Tisza and Manning to interprete the OM
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function as a Lagrangian for determining the most probable path of the diffusion
process by a variational principle. This cannot hold for a path of a diffusion
process, because a solution of the variational principle should be twice dif-
ferentiable. Besides, the probability of a single path is zero anyhow. Instead one
can ask for the probability that a path lies within a certain region, which may be a
tube along a differentiable function. So the OM function may be defined as the
Lagrangian giving the most probable tube. Comparing the probabilities of
different tubes of the same “thickness” requires a measure in function space, from
which the probabilities can be derived. This is achieved by the induced measure.
While in the problem of the OM function the theory of induced measures was
referred to only twice [6, 117, there are other fields of physics where this theory 1s
the basis for the connection between quantum mechanics and stochastic processes
[12-147.

So hereafter we shall give an introduction to the theory of induced measures
and try to motivate the mathematical concept. In Section 3 a definition of the OM
function as a Lagrangian in the sense stated above will be given, and subsequently
in Section 4 the OM function for processes with constant diffusion coefficients is
calculated. We shall see that it is of the same form as was supposed in [2, 5, 6].

In Sections 5 and 6 we will consider processes with process depending
diffusion. It is shown that the induced measure of any such process cannot be
absolutely continuous w.r.t. a quasi translation invariant measure. The subsequent
Section 7 consists in proving the orthogonality of measures induced by processes
with process depending diffusion w.r.t. quasi translation invariant measures. In the
conclusion the equation for the most probable tube of processes with constant
diffusion is stated. As our results in the case of process depending diffusion differ
considerably from others we finally give a critical comparison with these works.

2. Mathematical Introduction [15—18]

Let X, denote a nonexploding diffusion process on t=[s,u] defined by the

stochastic differential equation w.r.t. the probability space (2, g, P)
d‘Xt:f(Xt)d{ +g‘(Xt)dW; @.1)
g(x)>0, X,=x,cR. '

The space of paths of such a diffusion process is the space C¥ of continuous
functions

Cro={x{t)}x:t—R, x(t) continuous, x{s)=x,} . 2.2

¢
{

With the uniform norm [l - |
lxll = max x@®), x(eCr, (2.3)
C¥0 is a Banach space. Using this norm to induce the uniform topology on C¥® we

get the Borel field B of C7°.
A subset I, of C¥° of the following form

L= {xe C|(x(t,), ..., x(t,))e E} 2.4)
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where s<t; < ...t,<u and E is a Borel set of IR" will be called n-dimensional
cylinder set. The collection of all n-dimensional cylinder sets is a g-field and the
class of all finite-dimensional cylinder sets is a field, which we denote by I. In [17]
it is shown that the o-field o(I) generated by I is the Borel field B i.c.

o(l)=IBr. 2.5
Now let us define the measure p, on B induced by the diffusion process (2.1) by

ux(B)=P({we|X(w)eB}), BeBX. (2.6)
If B=1, we have

px(L)=PY{(x(t,), ..., x(t,))€ E}), (2.7)

where E is the Borel set of R" considered and P¥ is the n-dimensional probability
of the diffusion process X,.

To introduce the following theorems in a heuristic way we call the attention to
the problem of finding the most probable path of X,. As just mentioned it only
makes sense to ask for the probability that a path lies within the open tube K(z, ¢)
which is defined as

K(z, &)= {xeC¥|zeC>, |x—z| <e, £>0}. (2.8

Once an ¢>0 is given one can compare the probabilities of tubes for all ze C°
using

1dK(z, &) = P({oe QX (0)eK(z £)}) , (2.9)

as K(z, e)elB.

Principly the same is done in IR”, if one asks for the most probable value x,, of
the stochastic variable X. Instead of the induced measure u, we have the
distribution P(x), possessing a density p(x) w.r.t. the Lebesgue-measure y;, such
that P(A)= | p(x)u;(dx) and A =[x, y]. In the limit A =[x, x+dx] we get P(xe 4)

A

= p(x)u; (A) =p(x)dx, where dx is independent of x. This property is the wellknown
translation invariance of the Lebesgue-measure. Hence calculating the most
probable value x,, means to maximize p(x).

The concept of a translation invariant measure cannot be transferred to
function space. Instead the role of the small interval dx may be taken over by the
tube K(z, ¢) and that of the Lebesgue-measure by a quasi translation invariant
measure. u(K(z, ¢)) can be represented as a functional integral with the range of
integration K(z,¢). If uy is absolutely continuous w.r.t. a quasi translation
invariant measure g, it is possible to shift the range of integration to K(x,, &), which
no longer depends on z [19].

Qur aim is to approximate the integrand of the new functional integral for ¢
small, such that we get u,(K(z, £))oc M(z)i(K(x,, £)). This defines M(z) as a certain
functional. For that some theorems are needed.

We will call measures py, iy equivalent (uy ~ py) if 1y is absolutely continuous
w.r.t py (Uy < giy) and if py <pty [17]. Our main theorem, as in [6], is the Girsanov
formula [15, 20] which states a sufficient condition for the absolute continuity (or
equivalence) of an induced measure w.r.t. another. Here we need



156 D. Diirr and A. Bach
Theorem 2.1 [15, 20]. Let X, and Y, be two diffusion processes defined by the
stochastic differential equations
dX,=f(X,)dt+ G )dw,, (2.10)
dY, =k(Y)dt+ G(Y)dW,, (2.11)
¢>0, X =Y=x,eR, tet; k f,GeC>.

Then we have uy~uy (as the diffusions are equal) and the Radon-Nikodym
derivative (RND) of uy w.r.t. uy is given by

d “ 14
e %) =exp{f a( Y)W o)~ 5 | (a(Y,(w»Zdr}, (2.12)
where
S —k(x)

We transform the stochastic integral in (2.12) using the Ito formula [ 15]. Firstly we
consider G(x)=c.

Setting
1 X
Vix)=— [ dya(y) (2.14)
we get
1 ¢ da(x)
vy = {Lamien + 5 G2 b devarar (215

or

u

[ a(¥)aw, = v(x) ~ vi(xo)

- % j {—i- a(Y)k(Y)+c m(Y)} (2.16)

Replacing the Ito integral in (2.12) by the above relation we get an expression
F[y(t)] for (2.12), which clarifies the functional property of the RND on C¥

W(DeCy)

FO0]= 42 0]
—exp{Vy(u) — Vi) 3 f debr)|. @17)
where

(

by () ={a®)}* + ¢ — = () + *a(y(t))k(y(t))- (2.18)
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It is well known that the uniqueness of the Lebesgue measure y; on IR" is given by
its translation invariance. That means, if T is a translation on IR”, then for each
EelB”

TEeB" and p,(TE)=y,(E) (2.19)

holds. In C¥ such a one to one mapping is a translation by any function z,(t)e C°
= {x(t)]x :1—=R, x(t) continuous, x(s)=0} and it is easy to see that a translation
invariant measure j, on C™ does not exist [16].

The adequate measure here is the quasi translation invariant (g.t.i.) measure
defined as follows:

Definition 2.1. Let T be a transformation T:C*—C7° such that
Tx—x+2z,, (2.20)

where z,e C?, z, twice differentiable and bounded. Consider the diffusion pro-
cesses X, and

TX, =X, +z(1). (2.21)
If the induced measures u, and p,, are equivalent, u, and pp, will be called q.t.i.

Next we show

Theorem 2.2. Each diffusion process X, with constant diffusion ¢ >0 induces a q.t.1.
measure Uy.

Proof. Let us take (2.10) and the translation (2.20). Then we get in combination
with (2.21)

dTX, = {f(X )+ zo()}dt + cdW,
={ f(TX,— zo(t)) + Z,(t)}dt + cdW, . (2.22)

As the diffusion has not changed under T we have by Theorem 2.1 p,y ~puy, and
the RND of ppy wr.t. uy, is given by (2.12), where a{x) is replaced by

ay(x, 2g) = L= Zo)jé oS 4 2.23)

The index X [cf. (2.23)] indicates that the term belongs to the RND of a measure
Upx W.IL piy; if we replace z, by — z,, in these functionals they refer to the RND of
Hr-1x WILL iy,

If we want to eliminate the stochastic integral now, we have to take into
account that V;, given by (2.14), is a function, explicitely depending on time. Now
the Ito formula yields

dVy(X,, zo(t) = {%@:9}20*@)_

L+ < Jay(x, zy(t)
2 Ox

b a0 20X

x=X;

}dt+ax(x,, zo(D)dW,. (2.24)

x=X¢
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We will denote the RND of pry wrt. iy by J4[X,, z,(t)]. Setting

dy(x(t), (D)) = {ax(x(t), zo())}* +2 OV, 24(1))

a[ x=x(t)
42 oy x), 2o0) x0) e " E) 229
x = x{f)
we get the following expression for Jy[x(1), z,(t)]
L0201 =exp V(0 20~ Ve 26)
- %I dtdy(x(z), Zo(t))} - (2.26)

The q.t.i. measures are important because of the following theorem.

Theorem 2.3' [197. If we take the translation (2.20) then for BeB we have
T~ 'BeBX. If ®[x] is a measurable functional on C* and py is a q.t.i. measure the
Jollowing equation holds

}; PLyldpy(y)= . _le PLx + 201 x[x, — 2 1dpx(x) . 2.27)

This is easily seen : Based on the definition of J,[x, z,] as RND of uy -1y w.rt. yy
we have

Tx[x, — 2o]dpy(x)=dpup- 1 5(x). (228)
Now for any BeB®
pr-ix(T™'B)=P({o|T™ X (0)e ™' B}) = P({wlX (w)e B})=15(B) (229)

holds, which yields (2.27). O

3. The Definition of the Onsager-Machlup Function

In the preceeding section we have considered the tube K(z, ¢) as was given by (2.8).
We are now interested in the most probable tube. As this tube depends on a
function z(t) we have to look for that function z(r) which maximizes (2.9). If we
restrict ourselves on bounded functions z(t), twice differentiable with bounded
derivatives, the following definition makes sense.

Definition 3.1, Let ¢>0 be given. Let z,(¢) be a function that maximizes p,(K(z, &)).
If for e»0 z,(t) can be found by variation of a functional |OM(,z)dr, the

integrand OM(Z, z) will be called Onsager-Machlup function.
The question of uniqueness of the OM function depends on the formulation of
the variational principle and will be discussed later (cf. Section 8).

! In [16] this theorem is proven for the Wiener measure
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4. The Onsager-Machlup Function for a Diffusion Process
with Constant Diffusion
Let X, be given by the stochastic differential equation
dX,=fX)dt+cdW,, ¢>0, X,=x,eR, feC?. 4.0

For any bounded function z(r)e C7°, twice differentiable and both derivatives
bounded, we can find a function z,(f)e C? as in (2.20) such that

2 =x,+2(t), ZHt)=24(). 4.2
Following Definition 3.1 we have to consider
pK(z )= | duy(x). (4.3)
K(z,¢&)

Now we have
T™'K(z,8)=K(x,, 8), (4.4)

where T is given by (2.20).
We know that each diffusion process ¥, with diffusion ¢ and initial value ¥, =x,
induces a q.t.1 measure uy, with u, ~ uy. Hence combining (2.15) and (2.27) we get

Uy(K(z, &)= f FIx+zylJy[x, — zolduy{x). 4.5)

K(x0,9)
As u, is already q.t.i. we may take uy instead of py in (4.5). Then F=1 and instead
of (4.5) we get

Kz e)= | Jylx, —zo]duy(x). (4.6)

K(xo,2)
As we want to get K(0, ¢) as integration area we define
Yo=Y, —x, 4.7

and denote by py, the measure induced on C?.
Applying Equation (2.27) again with translation parameter x, yields

ﬂx(K(Za £)= j Fly+z]Jyly +x0, —2zo1dptyo(y). (4.8)

K(0,8)

Combining (2.17) and (2.26) we can write for the integrand of (4.8)

FLy+ 2, [y + %o, — zg] =exp {V(y(u) T o)
~Vlrg)~ 3] b+ 0}
’ (4.9)

"exp {Vy(y(u) +Xg, — 2g(u) — Vy(Xq, —2(s))

1 H
- 3 ddote+.x0 — 2.
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We remark that the integrals in (4.9) are Riemann integrals. They can easily be
estimated by well known methods. We expand the exponent of (4.9) into a Taylor
series around y(¢) =0 and split off the terms of zero order. The remaining terms can
be made arbitrarily small if we choose ¢ small enough, as for y(t)e K(0,¢)

Iyl <e (4.10)

holds.
Denoting the remaining terms by 4]y, z] we have

Fly+z)Jy[y +x4 —zo]=exp(4ly, z])

exp | Vet~ V(xo) 5§ dteo)

@.11)
exp{mxo, 24— Vil —20(5)
— M dedyx,, —zoa»}.
25
Inserting this into (4.8) we get
py(K(z, €)= F[2)Jy[x4, —2o] | exp(d[y, z])dpyo(y). (4.12)

K(D,2)

We recall that for a functional ¥[y] on C? with I1'¥[y1l £ the following relation
holds

i P[yldu(y)Sou(B), BeB?. (4.13)

Now we choose an ¢>0 such that A[y, z] <é for §—0. Expanding the exponential
in (4.12) we can approximate (4.12) neglecting terms smaller than §(5 <1)

1x(K(z, &) = F[z]Jy[xo, — 2o syo(K(0, €)) . (4.14)
Using uyolK(0, £)) = puy(K(x,, £)) we finally get

1x(K(z, £) = FLZ) [, — 201K (o, 8)) - (4.15)
To find a z{t} which maximizes (4.15) we have to maximize the functional

Mz]=F[z}J %0, — 201 - (4.16)

X, is given by (4.1) and let ¥, be given by (2.11). To get (4.16) in terms of f(x) and
k(x) we need the following equations for which we used (2.13), (2.14), (2.18), (2.23)},



Onsager-Machlup Function 161

(2.25), (4.2) and the differentiability of z(¢)

Vet~ Vo) = 2§ AT )~ K0T, @17)
WEILOSED } i
x=z{t}
S oK k), @19)
x=z{f)
Vilos — 2o(t)— Vylxg, — _%}dt{z(z W(z(t) — 1)) (4.19)
2 : 2
oy —zo(0)= — 50 - I O

2 .
N k (zz(t)) B 2z(t2)x0 N dk(x) . (4.20)
¢ c dx |iesn
With (2.17) and (2.26) we get for M[z] combining the last four formulas
kz

o0z = - 3 far P22 - (S5 k) @21)

In accordance with Definition 3.1 we define the following OM function

. fle)—z\* k"“(x@)

OM(z,z}= R +f{z)— +k (x5} {4.22)

The function z,(t) that maximizes (4.15) must be independent of the choice of the
g.t.i. measure iy i€ independent of k{z). As we see this is fulfilled. The term

- (£ ()| “23)

is a constant and depends on the measure chosen. As it is a constant it cannot
influence z,(t). So we can take as OM function the expression

_2\2
OM(z, 2)= (&1—2> (). (4.24)
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With (4.24) we give some versions of (4.15):

i) =enp {5 s

1y(K (g, ) XD {— 3] ai0Me z)}, (4.25)
o =enp 325+ x| -9

K0 exp| 3 [ar0ME ), (426)
1l Kz, &)= py(K(x,, &)} exp {- % E dtOM(z, Z)} . (4.27)

In the last expression we used the modified Wiener process
W = (W, — W)+, . (4.28)

Until now our considerations were restricted to processes with constant diffusion.
In the next section we treat the case of process depending diffusion. Our aim is to
show that the way described above is not possible in this case, i.e. that the induced
measure of a process with process depending diffusion (p.d.d.) is not absolutely
continuous w.r.t. a quasi translation invariant measure. This purpose is achieved
in two steps:

Firstly we prove, that, if two measures are absolutely continuous w.r.t. another,
the diffusion coefficients of the underlying processes are the same. This is the
conversion of the Girsanov theorem (Theorem 2.1).

Secondly we show, using the first step, that only processes with constant
diffusion induce quasi translation invariant measures. The first step is rather
mathematical in nature, but there seems to be no reference concerning this point.

5. The Converse of the Girsanov Theorem

Let X, and Y, be given by (2.10} and (2.11). Theorem 2.1 then states
My~ py . (5.1)

Let us define the measure P by the absolutely continuous transformation of the
measure P:

B(4)= { o()dP(w), (5.2)
where Aeo and

0lo)= 22 o). (53)

Then Theorem 2.1 is equivalent to the following statement :
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Theorem 5.1 [157. The process
t
W,=W,+ [ aX,)dr (5.4)

is a Wiener process w.r.t. P, and a is given by (2.13).
Proof of the Equivalence. Combining (2.10) and (5.4), we get
dX, = k(X )dt + G(X )aW, . (5.5)

Now if Theorem 5.1 holds, then (5.5) is the SDE of X, w.r.t. P and we have the
equality of u, and fiy, induced by (X,, P), on B
For any BeB® we have:

P({w]Y(w)e B})=py(B) uX(B) P({le(w)eB}

= dp T (0)iP)= j (w)caux( L)), (5.6)
{w!Xt(w}eB}

because P is by definition absolutely continuous w.r.t. P. So

d“‘Y s )= @),

If Theorem 2.1 holds we have for any BeB*:

d dP .
uY(B)=£E§§duX= | S@dPw)= [ dPo)

{0} X {w)eB} {0 X (0)eB}
=P({wlX (w)e B})=[ix(B). (5.7)

Thus X, induces the same measure w.r.t. P as Y, wrt. P,so that (X,, P) is equivalent
to (Y, P) Therefore the SDE of X, w.r.t. Pis (5.5). Then (W; P) is the Wiener
process. [

Note 5.1. Let HY = o(xo, 7.t <u) denote the o-algebra of all events W{w), t=u. As
each diffusion process is a non antlclpatmg functional of the Wiener process we
can choose [18]: HY =IB°. In [20] it is shown, that Theorem 5.1 also holds if we
replace a(X,) by any Hw-measurable function «,(w).

We now prove the converse of the Girsanov theorem.
Theorem 5.2. Let u, and py denote the measures induced by the diffusion processes
X, and Y, respectively. If py~ py then the diffusions of X, and Y, are the same.
For the proof we need the lemma:

Lemma 5.1. If X/, and Y/, denote the restrictions of X, and Y, on v’ ={s, ], then

clearly py; ~ py,, if pix~ py.
We consider the RND's

0,(@)= Z (X, () (58)
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defined on C2° and
duy
ow)= = (X () (5.9)
1 d#X/r 3
defined on C°.

Then (0, B}®), o, is a martingale.

Proof. For any BelBX®

]J} 2 (0)duy(X (o)) = f“’“ duy
= i dpy = piy, (B)= ,£ edpy), :}; 2{@)duyX (). (5.10)

This yields E{g,(w)|B>)=g,(w) which shows (g, BX) is martingale. [J
For the proof of Theorem 5.2 we consider the two diffusion processes

dX,=f(X )i+ G(X )dW, X ,=x,eR (5.11)
and
dY,=k(Y, dt+ G(Y)dW, Y,=x,. (5.12)

Let ¢ {w) be defined as in (5.8). With Note 5.1 and Lemma 5.1 we have (¢, H}is a
martingale. Now by a result of Kunita and Watanabe [21], there exists a H}-
measurable function o,(w) such that a positive martingale can be written as

Bl )~ Bl )= [, (5.13)
Because of E(g,JHY)=E(g,|x,)=E(p,)=1 we get
olw)—1= ioct,(w)d W.{w) or
do,=a,dW,. (5.14)

2
By the Ito formula dlng,= —(1/2) (%) dt+ (%)th and (5.8} we get
t

t

d“" 2 Xdo)= eXp{j (e, (a)))dW(a)) 1/2)f (5’— )dt} (5.15)

s t

So

@ (0)= %(w) (5.16)
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defines a H-measurable function. Now if we take (5.15) to define a new measure P
as was done in (5.4), we have by virtue of Note 5.1

t
W,=W,— [ ®,dr (5.17)

is the Wiener process w.r.t. P. Introducing this into (5.11) yields:
X, =(f(X,)+ G(X)®,)dt + G(X )aw, (5.18)

which is the SDE of X, w.r.t. P. The induced measure will be called fiy. As uy~ piy,
we have the equality i, = u, as was shown in (5.7). So (X,, P) is equivalent to (¥, P).
This gives the equality of the drifts of (5.18) and (5.12)

k(Y()) = f(Y{w)) + G(Y ()P {w) (5.19)
and the equality of the diffusions of (5.12) and (5.18), so that
Gx)=G(x). [ (5.20)

Combining Theorems 2.1 and 5.2 gives the final result:

iy ~ iy =G0 = G(x) (5.21)

6. The Quasi Translation Invariance of Induced Measures

Now we are able to show that a measure induced by a diffusion process with.p.d.d.
cannot be absolutely continuous w.r.t. a q.t.i measure. With respect to (5.21) it is
sufficient to show:

Theorem 6.1. Only processes with constant diffusion induce q.L.i measures.

For the proof we consider the process (2.10) and the transformation T, defined
by (2.20). Let us consider the new process Y,=TX,, which is governed by the
stochastic differential equation

A, =(f(Y,~ zo) + 2o)dt + G (Y, ~ zo)AW, (6.1)
Now quasi translation invariance requires py ~ fiy. With (5.21)
Gx)=G(x—z,) 6.2)

holds. This can only be fulfilled for any z, if G{x)=constant. []

As a consequence we have that the proceeding in Section 4 is not possible in
the case of process depending diffusion.

7. Orthogonality of Measures

Before giving up the search for the OM function we investigate the last possibility
which could lead us to the solution of the problem, ie. we investigate the
component of a measure which is absolutely continuous to a g.t.i. measure. This
will be specified as follows:
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Definition 7.1 [22]. Two measures p, and u, are called orthogonal py L py if there
exists an A€ C such that y,(A4)=0and py(C°— 4)=0. The RND of p, w.r.t. sty is
zero py-almost everywhere. For each uy and p, exists a unique representation

px=avy+bvy, (7.1)

where vyl p, and vy~ uy.

a+b=1 and vy, v, are probability measures. av, is called the orthogonal
component of py w.r.t. u, and bv, is called the absolutely continuous component
of py wrt. py. Hence

pxlpy

if bvy=0. We are interested to know which values avy and bv, can take. For
example the orthogonal component of u, might be much smaller than the
absolutely continuous one. To solve this problem, we cite the following theorem:

Theorem 7.1{22]. Let uy and uy be two measures on B;°. Denote by %;° the o-algebra
generated by the collection of the n-dimensional cylindersets 1, and denote by py,
and Ly, the restrictions of uy and yy on ,° respectively. It is clear that %;° is an
increasing sequence of c-algebras, such that o | | #;° =IBX. Assume that on

B Py 1y~ Uy holds. Then (o, %;°) is a martingale, where

o dﬂ){/n

— ) (1.2)
d.uY/n

@y

From the theorem on the limit of martingales follows that [22]
o(x)= lim o,(x) (7.3)

exists py-almost everywhere and
dv
o= (). (.4
Hy

If puyLlpy then o(x)=0.

Let us call a process with diffusion G(x) a G(x)-process and its measure G(x)-
measure. As we consider only nonexploding processes, all G{x)-measures are
equivalent. We can use this equivalence if we want to investigate whether a G(x)-
measure has an absolutely continuous component w.r.t. a K(x)-measure. We can
choose a G(x)- or K(x)-measure, such that we can easily apply Theorem 7.1.

To apply Theorem 7.1 we need ji,,, = P} which is the n-dimensional probability
distribution of the process X,. If X, is given by (2.10) we can take as equivalent
G{x)-process the process

X, =u(W) (7.5)
the n-dimensional probability P} of which is known. u{x) is determined by

U =Glu). (7.6)
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This is seen at once if we write down the SDE of X .
dX,=(1/2u"(u= (X ) dt +u'(u™ (X )dw,. (7.7)

If the process (2.10) has an absolutely continuous component w.r.t. a ¢.t.i. measure,
then the measure yy induced by (7.5) has one too. As g.t.i. measure we take the
modified Wiener measure .. induced by

We =W, — W)+, (7.8)

the n-dimensional probability of which is also wellknown. P and P%. are both

absolutely continuous w.r.t. n-dimensional Lebesgue measure. Hence pig), ~ tye/ye
The RND

dMX/
0 YU 7.9
eo)= g 2 (o) (19)
is given by

o =exp{ ¥ —in C 2000 )= P

i=1

+(1/24) (W—_C‘;l'_i)z} , (7.10)

U—s
where we set At=-——and w,=W}, . (w), i=1,2,...,n
n

The limit n— oo of (7.10) exists and gives the absolutely continuous component
Ve Of g WIL lype:

olw)=exp {,}grgo Y —In G{“’) ~ (12400 (w) —u " (w,_ )
=1
+(1/2At)(w—cw‘- 1> } (7.11)
Now we use the fact [21] that for a diffusion process Y, with diffusion B(y) and
Y At <o
i=1
lim Z ;=Y ) = [dtB*(Y(w)) holds, (7.12)

5

or in a discretisized form

lim Y Wi ¥io) LT Z By, ). (7.13)

n-w o At n=+ 0

To apply (7.13) we must determine the diffusion of the process

Z,=u"\(W). (7.14)
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The Ito formula yields for the diffusion term
-1

1
c “dx (x)lxzwtc:Ca"(“V‘VT),

t

(7.15)

where we used (7.6). Inserting this into (7.11) we get for the exponential of (7.11)

- G(w) c? }
lim —In—"= —(1/2 +(1/2
fim 3 {-0 % g+
— IS +In ¢
Glxo) G(W(w))
n—1 C2 CZ
1/2) li In — — —5r . 1
+{ / )ngg i;() { n Gz(Wi) GZ(Wi) + 1} (7 6)
To discuss the r.h.s. of (7.16) we have to consider the function
r=lny—y+1. (7.17)
It is easy to see that r <0, where r=0 holds for y=1 only. For example let us take
G(x)=d>0, d*c (7.18)

then the limit in (7.16) is infinite and negative, so that (7.11) becomes zero.
Remembering (7.5) and (7.6) we see that the choice (7.18) gives another modified
Wiener process besides (7.8):

Wi =d(W,— W)+, . (7.19)
Hence we have shown that

0= dvy.
dptye

i.e. uy« has no absolutely continuous component w.r.t. yy. if c+d

This is a special case of the wellknown dichotomy of Gaussian measures [17].

If we take instead of (7.18) a process depending diffusion G(x), we can use the
argument that a continuous function cannot vanish in a neighborhood of a point,
where it is unequal to zero. Now G(W,{w)) is a continuous function of t and if there
exists a t,, such that G(W, (w))# c then this holds for a neighborhood U (t,) of ¢,.
For all t,e U (t,) then (7.17) is negative. We can choose an ¢, such that r< —4,
8 >0, for all t,e U,(t,). So the limit in (7.16) becomes infinite and (7.20) becomes
zero, which states the orthogonality of measures induced by processes with process
depending diffusion w.r.t. quasi translation invariant measures.

=0, (7.20)

8. The Most Probable Tube—Conclusion

Firstly we return to the case of constant diffusion, where an OM function has been
stated. It seems to be more suitable for gaining some information of the diffusion
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process, if we consider paths with fixed initial and variable final point. In both
cases the most probable tube z,(¢) is given by a variational principle

5l§dtOM(z’, z)=0, 8.1)
where either
(S =Xy, zlu)=x,;, xR (8.2)
or
Z,(S)=X,, QO—ME—Z—)- =0. (8.3)
0z 2o, 2(0)

(8.1) and (8.2) correspond to the variational problem of classical mechanics;
according to the Lagrange function the OM function is not unique. It can be
changed by a gauge transformation. We get the Euler-Lagrange equations

d 90M(z,z)  0OM(Z, 2)

dt 0z 0z (8.4)
as differential equation for z,(t). We obtain with (4.24)
. c .
n=5 S )+ (2) [ (2) s
8.5

z (8)=xy, Z,(W)=x,.

(8.1) and (8.3) give the equation of motion z,(¢) if only the initial point is fixed. The
condition (8.3) shows that the OM function cannot be changed by a total
differential of a function of z without changing z, (t). We need the whole expression
(4.24) to get the evolution equation of z,(f)

3 = "7 )+ 12 )

(8.6)
Z(S)=Xg,  ZW)=f(z,(u).

Based on our Definition 3.1 we had to restrict ourselves to differentiable functions
z(t). As we have shown, we can determine a most probable tube K(z,, ¢) by means
of a variation principle {8.1) where ¢ must be smaller than a given 6. The Equations
(8.5) and (8.6) then hold for each e<é.

As was stated in the introduction, some attempts exist, where an OM function
has been given and used as Lagrangian even in the case of process depending
diffusion [5]. A certain part of the integrand of a functional integral from which
the OM function has been derived is called measure. The term (4.12) in [5] is only
a part of the usual “element of integration” in approximating a functional integral
by a n-fold ordinary integral.

So it is worthwhile to state the fact that in the case of process depending
diffusion the induced measure is not absolutely continuous w.r.t. a quasi trans-
lation invariant measure, which seems to result in the failure of defining an
Onsager-Machlup function as a Lagrangian in this case.
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