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Abstract

Freidlin-Wentzell theory of large deviations for the description of the effect of
small random perturbations on dynamical systems is exploited as a numerical
tool. Specifically, a numerical algorithm is proposed to compute the quasi-
potential in the theory, which is the key object to quantify the dynamics on
long time scales when the effect of the noise becomes ubiquitous: the equilib-
rium distribution of the system, the pathways of transition between metastable
states and their rate, etc., can all be expressed in terms of the quasi-potential.
We propose an algorithm to compute these quantities called the geometric mini-
mum action method (gMAM), which is a blend of the original minimum action
method (MAM) and the string method. It is based on a reformulation of the
large deviations action functional on the space of curves that allows one to easily
perform the double minimization of the original action required to compute the
quasi-potential. The theoretical background of the gMAM in the context of large
deviations theory is discussed in detail, as well as the algorithmic aspects of the
method. The gMAM is then illustrated on several examples: a finite-dimensional
system displaying bistability and modeled by a nongradient stochastic ordinary
differential equation, an infinite-dimensional analogue of this system modeled
by a stochastic partial differential equation, and an example of a bistable genetic
switch modeled by a Markov jump process. (© 2007 Wiley Periodicals, Inc.
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1 Introduction and Main Results

Dynamical systems are often subject to random perturbations. Even when these
perturbations have small amplitude, they have a profound impact on the dynamics
on the appropriate time scale. For instance, perturbations result in transitions be-
tween regions around the stable equilibrium points of the deterministic dynamical
system that would otherwise be impossible. Such transitions are responsible for
metastable phenomena observed in many systems: regime changes in climate, nu-
cleation events during phase transitions, conformation changes of biomolecules,
and bistable behavior in genetic switches are just a few examples among many
others.

When the amplitude of the random perturbations is small, the Freidlin-Wentzell
theory of large deviations provides the right framework to understand their effects
on the dynamics [6, 17, 19]. In a nutshell, the theory builds on the property that
events with very little likelihood, when they occur, do so with high probability by
following the pathway that is least unlikely. This makes rare events predictable,
in a way that Freidlin-Wentzell theory of large deviations quantifies. The central
object in the theory is an action functional whose minimum (subject to appropri-
ate constraints) gives an estimate of the probability and the rate of occurrence of
the rare event and whose minimizer gives the pathway of maximum likelihood by
which this event occurs. A key practical question then becomes how to compute
the minimum and minimizer of the Freidlin-Wentzell action functional. This ques-
tion is the main topic of this paper. As we will see, it will lead us to reformulate the
action minimization problem in a form that is convenient for numerical purposes
but will also shed light on some interesting analytical properties of the minimizer.

Before going there, however, we begin with a brief summary of the main results
of the Freidlin-Wentzell theory of large deviations that we will use. For simplicity
of exposition, we focus here on the finite-dimensional case, but the theory can be
extended to infinite dimensions (e.g., to situations where (1.3) below is replaced
by a stochastic partial differential equation defining a stochastic process X ¢ with
values in some suitable Hilbert space [2]; situations of this type are considered in
Section 4.2).

1.1 Freidlin-Wentzell Theory of Large Deviations

As mentioned above, the central object in the theory is an action functional: if
the state space of the dynamical system is embedded in R” and if C(0, T') denotes
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the space of all continuous functions mapping from [0, T'] into R”, this action can
be written as

fOT Ly, y)dt ify € C0,T)is absolutely continuous
1.1  Srwy) = and the integral converges,

+o00 otherwise,
where the Lagrangian L(x, y) is given by
(12) L(x’y) = Sup ((y,@)—H(x,@))

OcR”
Here (-, -) denotes the Euclidean scalar product in R” and H (x, 6) is the Hamil-
tonian whose specific form depends on the dynamical system at hand.
There are two important classes we shall consider here. The first consists of

stochastic differential equations (SDEs) on R” with drift vector b and diffusion
tensora = oo’ ,ie.,

(1.3) dX°(t) = b(X°(1))dt + eo(X(1))dW(1).
Their Hamiltonian H and Lagrangian L are given by

H(x.0) = (b(x).0) + 3(0.a(x)6),
L(x,y) =y = b(x),a” (x)(y = b(x))).

Additional restrictions are required on b and o in order that large deviations theory
applies, but these are usually mild—for instance, it suffices that a and b be bounded
and uniformly continuous, and that a be uniformly elliptic, i.e., 3m > 0 V& € R" :
(€, a(x)&) > m|&|?; see [6, chap. 5.3].

The second class consists of continuous-time Markov jump processes on ¢Z"
with a generator Q defined for every test function f : R” — R by

1.4)

N
(1.5) (0N (x) =" > v ()(f(x + ge) — f(x)),
j=1
where v; : R" — (0,00), j = 1,..., N, are the rates (or propensities) and e; €
7", j =1,...,N, are the change (or stoichiometric) vectors. The Hamiltonian
H for this type of dynamics is given by
N
(1.6) H(x,0) = vj(x)(' %) —1),
ji=1
and L must be obtained via (1.2)—in this case, no closed-form expression for L is
available in general. Here, too, some mild restrictions are necessary in order that
large deviations theory applies, e.g., that v; be uniformly bounded away from 0
and +o0 [17].
Large-deviations theory gives a rough estimate for the probability that the tra-
jectory X%(¢),t € [0,T], T < oo, of the random dynamical system—be it the
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SDE (1.3), the Markov chain with generator (1.5), or any other system whose ac-
tion functional can be expressed as (1.1)—lies in a small neighborhood around a
given path ¢ € C(0, T). The theory asserts that, for § and ¢ sufficiently small,
(L.7) Px{ sup [X°(t) —¥(1)] <8} ~ exp(—&'ST(¥)),

0<t<T
where P, denotes the probability conditional on X?¥(0) = x and we assumed that
¥ (0) = x. Estimate (1.7) can be made precise in terms of lower and upper bounds
on the probability [6, 17, 19], but for our purpose here it suffices to say that it
implies that the probability of various events can be evaluated by constrained min-
imization. For instance, if B is a Borel subset of R”, we have

(1.8) P, {X%(T) € B} < exp(—e ! igfsT(w))

where f(e) =< g(e) if and only if log f(¢)/logg(e) — 1 as & — 0, and the
infimum is taken over all paths ¥ such that ¥ (0) = x and ¥(T) € B. The
minimizer of S7 () in (1.8) is then the path of maximum likelihood by which the
process X ends in B at time T starting from x.

1.2 The Role of the Quasi-Potential

In (1.8), T is finite, but large deviations theory can be generalized to make
predictions on long-time intervals [0, 7'(¢)], with T'(¢) < exp(¢~!C) and C >
0. On these time scales, the effects of the noise become ubiquitous in the sense
that events are likely to occur that are otherwise prohibited by the deterministic
dynamics. For this reason these are often the natural time scales over which to
analyze the dynamics, and these are the time scales on which we shall mostly
focus in this paper. To understand what happens then, the relevant object is the
quasi-potential

(1.9) V(x1,x2) = inf  inf  S7(y),
T>0 yeCiE(0.7)

where C_';f (0, T) denotes the space of all absolutely continuous functions f :
[0, T] — R” such that f(0) = x; and f(T) = x,.

A detailed exposition of the significance of the quasi-potential is beyond the
scope of this paper and can be found in [6, chap. 6]. Let us simply say that the
quasi-potential roughly measures the difficulty to go from point x; to point x5, as
made apparent by the following alternative definition (see [6, p. 161]):

(1.10) V(x1,x2) = lim lim lin})(—s log Py, {75, (X®) < T})

T—008§§—0e—>

where
(1.11) 5., (X®) :=inf{t > 0 | X*(¢) € Bs(x2)}

denotes the first time at which the process X?¢ starting from x; enters the ball
Bg(x3) of radius § around x5.
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The quasi-potential allows one to understand the limiting dynamics over ex-
ponentially long intervals of time. For instance, suppose that the deterministic
systems associated with (1.3) and (1.5), that is,

(1.12) X (1) = b(X(1))
and, according to Kurtz’s theorem [17],
' N
(1.13) X(1) =) vj(X(1)e.
j=1

respectively, possess exactly two stable equilibrium points x1 and x5, the basins of
attraction of which form a complete partition of R”. Then on large time intervals
the dynamics can be reduced to that of a continuous-time Markov chain on the state
space {x1, xo} with rates

(1.14) ki =< exp(—e 'V(x1,x2)), ka1 < exp(—e 1V(xa,x1)).

These are reminiscent of the Arrhenius law. Similar reductions are possible
when (1.12) and (1.13) possess more than two stable equilibrium points or even
other stable equilibrium structures such as limit cycles [6]. The quasi-potential
V(x1, x2) is also the key object to characterize the equilibrium distribution of the
process in the limit as ¢ — 0. For instance, if x; is the only stable equilibrium
point of (1.12) or (1.13) and it is globally attracting, then

(1.15) wf(B) < exp(—e~ 1 inf V(x1,x2))
x2€B

where B is any Borel set in R” and ? is the equilibrium distribution of the process.
(1.15) is reminiscent of the Gibbs distribution associated with a potential. Similar
statements can again be made in more general situations [6].

1.3 Geometric Reformulation

One of the main theoretical results of this paper is to show that the variational
problem (1.9) that defines the quasi-potential admits a geometric reformulation.
This reformulation will prove quite useful for numerical purposes. Since it is actu-
ally quite simple to understand in the context of SDEs, let us outline the argument
in this case (a similar argument is given in [18] in the different context of quan-
tum tunneling, and it is also at the core of [6, lemma 3.1, p. 120]). For an SDE
like (1.3), (1.9) reduces to (using (1.1) and (1.4))

1. ) r. 2
(1.16) V(x1,x2) = 7 inf weéji‘r%f(o,T)/o WO = bW o) 4t

where, for any u,v,x € R", (u,v)4x) = (u,a='(x)v) is the inner product that

1/2 is the

is associated with the diffusion tensor ¢ = oo’ and |u| = (u,u)
a(x) a(x)
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associated norm. Clearly, expanding the square under the integral in (1.16) and
using |u|§(x) + |v|§(x) > 2|u|q(x)|Va(x), We deduce that

V(x1,x2)
T . .
win =zt [ Ok OOl — 0BG
T
=21 [ WOl 1Oy s 3 03,

where 7(7) is the angle between v/ (¢) and b(v(¢)) in the metric that is induced by
(. “)ap@))- On the other hand, there is a matching upper bound since equality
between the integrals at the right-hand sides of (1.16) and (1.17) is achieved in
the special case when v is constrained so that |/ (t)| = |b(y/(¢))|. Thus, the
inequality sign in (1.17) can be replaced by an equality sign (this conclusion is
proven rigorously in Section 2).

Now, the key observation is that the integral in (1.17) has become independent
of the particular way in which y is parametrized by time. In other words, (1.17)
offers a geometric expression for the quasi-potential as

1
(1.18) V(x1,x2) =Zinf/|b|a sinzinds,
Y

14

where the integral at the right-hand side is the line integral along the curve y (ds
being the arc length element along this curve), 7 is the angle between y and b at
location s along the curve, and the infimum is taken over all curves y connecting
X1 to Xx».

As shown below, (1.18) can be generalized to dynamical systems with action
functional (1.1) that are not SDEs (such as Markov jump processes with genera-
tor (1.5)). In these cases, too, the key idea is to reformulate (1.9) geometrically
in terms of curves y = {¢(x) | « € [0, 1]}, where ¢ : [0,1] — R” is an arbi-
trary parametrization of the curve y. Our main result in this direction is that the
quasi-potential (1.9) can be expressed as

1
(1.19)  V(x1,x2) = inf  S(p) with S(¢) =  sup / (¢, %) da
9eCx2(0,1) 9:[0,1]>R" Jo
H(p,%)=0

(see Proposition 2.1 below for a precise statement and other representations of
S(9)).

The action S (¢) in (1.19) is parametrization free; i.e., it is left invariant un-
der reparametrization of ¢, so it can be interpreted as an action on the space of
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curves. Compared to (1.9), the minimizer of (1.19) over all ¢ exists in more gen-
eral circumstances (for reasons to be explained later), and this makes (1.19) also
more suitable for computations, as explained next. The curve y* associated with
the minimizer ¢* of (1.19) can then be interpreted as the curve of maximum like-
lihood by which transitions from x; to x, occur (see Proposition 2.3).

1.4 Numerical Aspects

One of our main points of focus in this paper is the numerical counterpart to
Freidlin-Wentzell theory; i.e., how can one efficiently compute the quasi-potential
V(x1,x2) in (1.19) and the corresponding minimizer ¢* (the maximum likelihood
transition curve)?

The Shooting Method

Perhaps the simplest way to minimize the Freidlin-Wentzel action is to use a
shooting method (see, e.g., [10]) to solve as an initial value problem the boundary
value problem for the Hamilton equation associated with the minimization problem
in (1.8) or (1.9). Working with the Hamiltonian is an advantage since it is typically
known explicitly. On the other hand, in practice this approach quickly becomes
inefficient when the dimension of the system increases, and it can be inapplicable
in infinite dimension. In addition, the shooting method may lead to additional
difficulties when T is optimized upon as well.

The Original MAM and the String Method

In [4], a numerical technique, termed minimum action method (MAM), was
introduced for situations where the minimization of S7 () is sought over a fixed
time interval of length 7'. The MAM is a relaxation method and is a generalization
of previous techniques, such as the one used in [15]. The MAM, however, is not
very well suited for the double minimization problem over i and T required to
compute the quasi-potential V(x1, x2) defined in (1.9). The main reason is that
the functional may have no minimizer because the infimum is only “achieved”
when 7" — oo. (In fact, this will always happen in the typical case in which the
prescribed start and end points x; and x5 are critical points of the deterministic
dynamics (1.12) or (1.13); see Lemma 2.8(ii) below.)

In the special case of an SDE (1.3) in which b is minus the gradient of some
potential, b = —V U, and o is the identity, the string method (introduced in [3] and
generalizing the nudged elastic band method introduced in [9]) circumvents this
problem by taking advantage of the fact that for such systems transition paths are
always parallel to the drift » = —VU. This allows for a geometric reformulation
of the problem and leads to a numerical algorithm in which a discretized curve
(or string) is evolved by iterating over the following two-step procedure: in the
first step the discretization points along the curve are evolved independently in the
direction of the flow b = —V U in the second step the curve is reparametrized by
redistributing the discretization points at equally spaced positions along the curve
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(an idea which we will borrow in our approach). Unfortunately, for a generic
SDE, transition paths are generally not parallel to the drift, and therefore the string
method is not applicable.

The gMAM

The geometric minimum action method (gMAM) that is presented in this pa-
per merges and further develops ideas from both the original MAM and the string
method. It also has the advantage that it is formulated in terms of the Hamilton-
ian H(x, 8). The gMAM resolves the problem of infinite 7" analytically, leading to
the equivalent minimization problem (1.19), which can then be performed in vari-
ous ways. Here we will use what is, in essence, a preconditioned steepest-descent
algorithm (that is, it is based on a semi-implicit spatiotemporal discretization of the
Euler-Lagrange equation for (1.19)). The only nonstandard aspects of the proce-
dure are that (i) it requires performing first the maximization over ¢, which we do
in an inner loop using a quadratically convergent version of a Newton-Raphson-
like algorithm, and (ii) it requires controlling the parametrization of the curve ¢
since the latter is nonunique. Here we opt for parametrizing ¢ by normalized arc
length (as it was done in the string method), meaning that ¢ satisfies |¢’| = cst
a.e.on [0, 1].

The gMAM can be applied to generic SDEs, continuous-time Markov chains,
and other types of dynamics whose Hamiltonians are known analytically and fulfill
Assumptions 1-3 below. The gMAM can also be applied to SPDEs, as illustrated
here, and the underlying strategy may even apply to the minimization of integrals
whose integrand is not the Legendre transform of a Hamiltonian (see Remark 2.6).

1.5 Organization, Notation, and Assumptions

The remainder of this paper, which is also the core of the thesis [8], is orga-
nized as follows. In Section 2 we first establish and discuss the theoretical results
mentioned above, and we also show how to recover the optimal time parametriza-
tion once the minimizing curve y* is found. In Section 3, we propose and discuss
the gMAM algorithm for computing V(x1, x2) and the maximum-likelihood tran-
sition curve y*. In Section 4 we illustrate these algorithms on several examples. In
Section 4.1 we consider an example with bistable behavior first analyzed in [12] in
the context of an SDE; in Section 4.2 we consider an SPDE generalization of this
example; and in Section 4.3 we consider a Markov chain used in [1, 16] that arises
in the context of the genetic toggle switch. Finally, we draw some conclusions in
Section 5.

For the reader’s convenience, our most technical calculations and proofs are
deferred to several appendices, which we recommend skipping on first reading.
We do, however, recommend reading the proof of Proposition 2.1 in Section 2.3,
since it provides valuable insights into the workings of our method. Note also that
the appendices are sorted by their order of dependence and should thus be read in
order.
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Notation and Assumptions

Throughout this paper we make the following assumptions on the Hamiltonian
H(x,0): D xR" — Rin (1.2), where the domain D is an open connected subset
of R” (in the introduction we used D = R” for simplicity):

ASSUMPTION 1 For every x € D we have H(x,0) < 0.
ASSUMPTION 2 H(-, -) is twice continuously differentiable.

ASSUMPTION 3 Hyg(x, -) is uniformly elliptic on compact sets; i.e., there exists
a function m(x) such that for VE, 0 € R" : (€, Hgp(x,0)E) > m(x)|E|?, and for
every compact set K C D we have mg = infycg m(x) > 0.

REMARK 1.1 Equivalently, one can rephrase these assumptions in terms of the
Lagrangian L(x, y) defined in (1.2) by requiring that L(x, y) > O forevery x € D
and y € R”, and that Assumptions 2 and 3 hold with H replaced by L.

For every T > 0 we denote by C(0, T') the space of all continuous functions
S 10, T] — D equipped with the supremum norm | f'[[o,1] := sup;efo, 77 |/ (©)I,
and by C (0, T) the subspace of all such functions that are absolutely continuous.
For every x1, xo € D we further define the subspaces

Cor(0.T) = {f € CO,T) | f(0) = x1},

CRO.T) ={f €CO.T)| f(0) = x1. f(T) = x2}.
For every function f € C (0, T) we denote its graph as
y(f):=4{f(@) |1 e[0.T]}.

We say that two functions f; € C(0,T;) and f» € C(0,7T>») traverse the same
curve and write

y(f1) =v(f2)

if there exists a (necessarily unique) curve ¢ € C (0, 1) with |¢/| = cst a.e. and
two absolutely continuous rescalings &y : [0, T1] — [0, 1] and a2 : [0, T2] — [0, 1]
with o], o5, > 0 a.e. such that

o(a1(t)) = f1(t) foreveryt € [0, T1],
p(aa(t)) = fa(t) foreveryt € [0, Tz].

We denote the space of all functions g traversing the curve of a given function
f € C(0, Tyr) within a fixed time T by

Cr(0,T):={g € C(0,T) | y(g) =y(/)}
To express the distance between two functions f; € C(0,T;) and f> € C(0, T»),

we either use the pointwise distance | f1 — f2ljo,7,] (if 71 = T2), or for more
geometrical statements we use the Fréchet distance defined as

1.20 , = inf ot1 — frot ,
(1.20) p(f1, f2) oo 7 |fiot1 = faotaly

t:[0,1]—[0,T%]
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where the infimum is taken over all weakly increasing, continuous, surjective re-
parametrizations #; and #, only. (One can quickly check that p( f1, f2) = 0 if
y(f1) =v(/2))

We use subscripts to denote differentiation, i.e., Hg(x,0) = %—Ig, etc., and
regard all vectors (including gradients) as column vectors.

We introduce the following notation for the Lagrangian:

(1.21) L(x,y) = osuug) ((y.0) — H(x,9))
(1.22) = (».0%(x.y)) — H(x,0"(x, y)),

where the maximizer 6*(x, y) is implicitly (and due to Assumption 3 uniquely)
defined by

(1.23) Hg(x,0%(x,y)) = y.
Finally, we call a point x € D a critical point if
(1.24) H(x,0) =0 and Hy(x,0)=0.

REMARK 1.2 Note that in the examples treated in this paper, i.e., for the Hamil-
tonians (1.4) and (1.6), we actually have equality in Assumption 1 so that the re-
quirement H(x,0) = 0in (1.24) is redundant. However, the weaker Assumption 1
allows for a broader class of applications, as we will show in the conclusions of
this paper (Section 5). In fact, in the example in Section 5, it is the first condition
in (1.24) that is the decisive one, whereas the second one is fulfilled by every point
x € D. Our motivation to define critical points in the general case via (1.24) will
become clear later in Lemmas 2.2 and 2.8 (see Remark 2.9).

2 Theoretical Background

2.1 A Large-Deviations Action on the Space of Curves

We collect our main theoretical results regarding the quasi-potential V(xy, x»)
defined in (1.9), with ST given by (1.1), in the following proposition, whose proof
will be carried out in Section 2.3.

PROPOSITION 2.1

(1) Under Assumptions 1-3 the following two representations of the quasi-
potential are equivalent:

2.1 V(x1,x2) = inf inf St(¥),
T>0 yeCit(0.7)
(2.2) V(x1.x2) = inf  S(¢).

9eCx2(0,1)
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where for every ¢ € C(0, 1) the action S (p) is given by any of the following four
equivalent expressions:

(2.3) S(p) = inf  inf  Sr(¥),
T>0 4eb,(0,T)
1
2.4) S(@)=  sup / (. 9)da.
¥:[0,1]>R" JO
H(p,%)=0
1
@.5) S(p) = / (0. (¢, ¢))da
0
R L (o, o'
2.6) Sg) = / PO o, 3= 2600,
0

Here L(x,y) is the Lagrangian associated with the Hamiltonian H(x, 0) through
(1.21), and the functions v (x, y) and A(x, y) are implicitly defined for all x € D
and y € R™ \ {0} as the unique solution (¥, 1) € R" x [0, 00) of the system

2.7 H(x,9) =0, Hp(x,®) =2y, A>0.

When ¢’ = 0 or AM(@,¢’) = 0, the integrands in (2.5) and (2.6) are interpreted
as 0.

(11) The ﬁmctwnal S () is invariant under reparametrization of ¢ in the sense
that S (p1) = S (p2) if y(¢p1) = y(¢2). Thus the infimum in (2.2) may be taken
subject to some additional constraint on the parametrization of ¢, e.g., that |¢’'| =
cst almost everywhere.

(iii) Assume that the sequence (T, ¥i))iken, Tk > 0, Y € C_';Clz(O, Ty) for
every k € N, is a minimizing sequence of (2.1) and that the lengths of the curves
of Y. are uniformly bounded, i.e.,

T
(2.8) lim S7, (Yx) = V(x1,x2) and sup/ |V |dt < oo.
k—o00 keNJO

Then the infimum in (2.2) has a minimizer ¢*, and for some subsequence (g, )1eN
we have that

2.9) lim p(wkl,go*) =0,
[—>o00

where p denotes the Fréchet distance. If ™ is unique up fo reparametrization (i.e.,

if y(@) = y(¢*) for every minimizer ¢ of S), then the full sequence (Vi )ren
converges to ¢* in the Fréchet distance.

At the end of this section we specialize the results in this proposition to the
case of diffusions and derive expression (1.18). The probabilistic interpretation of
Proposition 2.1 is discussed in Section 2.2.
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R"

FIGURE 2.1. Illustration of the system of equations (2.7) for fixed x
and y, with h(0) := H(x,0): ¥ is the extremal point of {# € R" |
h(0) < 0} in direction y; A is then the value such that hg(J) = Ay.

We comment on the meaning of the various quantities entering Proposition 2.1,
starting with the action S (¢). The function S (¢) can be viewed as the rate func-
tion on the space of curves (constructed in a way reminiscent of the contraction
principle of large deviations theory; see (2.3)). Indeed, S((p) is invariant under
reparametrization of ¢ (this is part (ii) of Proposition 2.1, which is a consequence
of (2.3)), and one should think of the integrals (2.4)—(2.6) as line integrals such as

2.100  S(p) = /(5(z,%z),dz): / L(Z’des, A=Az, 1),

4] v(®)
where 7 denotes the unit tangent vector along the curve. Note that this invariance
also means that in order to make the minimizer ¢* (as opposed to y(¢*)) unique,
one has to decide for a constraint on its parametrization, such as |¢’| = c¢st almost
everywhere.

Consider now the other two important quantities in Proposition 2.1, 5 (x,y)and
/\(x y). The meaning of the system of equations (2. .7) that defines the functions
19(x y) and A(x, y) can be understood as follows: 19(x y) is the extremal point
of the set {6 € R" | H(x,0) < 0} in the direction y (see the illustration in
Figure 2.1); therefore Hy(x, 5‘) is parallel to y, and A(x, y) is the factor such that
Hy(x, 1§‘) = Ay. One can quickly check the properties

(2.11) 1A9(x,cy) = za‘(x,y) and cA(x,cy) = A(x,y) forVce >0,

which are used to show that the representations (2.5) and (2.6) of S are invariant
under reparametrization of ¢ (Proposition 2.1(ii); see also Lemma A.1 in Appen-
dix A).

Two further interpretations of A are: (i) A(x, y)y is the optimal speed for mov-
ing in a given direction y starting from point x (this will become clear in the proof
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of Proposition 2.1), and (ii) A is the Lagrange multiplier used to enforce the con-
straint in (2.4). A can also be used as an indicator that tells us where the curve
passes a critical point, as part (i) of the following lemma shows.

LEMMA 2.2
(1) Let y # 0. Then x is a critical point if and only if A(x, y) = 0.
(ii) If x is a critical point and y # 0, then 19()6, y)=0.
(iii) If x is a critical point, then for Vy € R" : lim; _, o+ L(x,Ay)/A = 0.
@iv) Thus the local action of S , given by any of the integrands in (2.4)—(2.6) (in
(2.4) including the pointwise supremum over ¥), vanishes as ¢ passes a
critical point.

The proof of Lemma 2.2 is carried out in Appendix B. Note also that parts (i)
and (iii) explain why we have to interpret the integrand in (2.6) as 0 if A = 0.

The Case of Diffusion Processes

L(x, y) is available explicitly (see (1.4)) if we specialize to diffusion processes
whose dynamics is given by (1.3), and this allows us to give a closed-form formula
also for S(¢). A quick calculation shows that in this case

2.12) Bix,y) = a‘l(x)('b|(yx|)'“y —b(x)),
(2.13) Alx,y) = M.
|y]a

As aresult, S (p) as given by (2.5), and (2.6) reduces to

1
2.14) Sp) = /0 (1¢'lalb@la — (¢'.b(@))a)de  (SDE),

consistent with (1.18).

2.2 Probabilistic Interpretation

The minimizing curve y(¢*) in Proposition 2.1(iii) also has a probabilistic in-
terpretation: Let {(X;);>0. € > 0} be a family of processes that for every fixed
T > Oin the limit ¢ — 0 satisfy a large deviations principle with respect to the met-
ric induced by | - [[o,7], and let the associated rate function S7 be of the form (1.1),
where the Hamiltonian H fulfills Assumptions 1-3. Then the statement in Propo-
sition 2.3 holds.

Put simply, Proposition 2.3 says the following (under certain technical assump-
tions): Given that a transition from x1 to a small ball around x, occurs before some
finite time T close to some T* = T*(¢*), the probability that the process follows
y(¢*) throughout this transition goes to 1 as & — 0. (T* can be interpreted as the
“maximum likelihood transition time,” and we will show later that T* = oo if x1
or x3 is a critical point; see Section 2.4.)

The precise statement is as follows:
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PROPOSITION 2.3 Assume that the action S has a minimizer @* among all curves
leading from x1 € D to xo € D, and that this minimizer is unique up to repar-
ametrization. Define T* = fol 1/A(p*, o*")da € (0, 00], and for any § > 0 and
any path  : [0,T] — D, T > 0, let t5({) denote the first time the path  hits
the closed ball Bg(x>).

Further, assume that for all §, T > 0 sufficiently close to 0 and T*, respectively,
there exists a unique path Yg T € C x, (0, T') such that

Str(Ysr) =  inf  St(y),
Wecxl (OsT)
s(Y)<T
and such that the length and the endpoint of this path fulfill
T
(2.15) lim sup/ lYs rldt <oo and  lim Y5 7(T) = xa.
s§—ot JO §—>0t
T—>T* T—>T*

Then for every n > 0 we have

2.1 lim liminfP(p(X* T X <T)=1
(2.16) Jim, limin (o(X°®lro.c5xy) 9™) < | ws(X¥) < T) =1,
T—T*

where p is the Fréchet distance. Equation (2.16) remains true if X ®|[o ¢5(x#)] IS
replaced by X °*|[o,T]-

REMARK 2.4

(i) The form of equation (2.16) was chosen to resemble formula (1.10). We
actually prove a stronger statement, namely, that for § and T fixed and sufficiently
close to 0 and T*, respectively, the liminf in (2.16) as ¢ — 0 is equal to 1.

(i1) The second condition in (2.15) can be shown to hold whenever x1 is a
critical point, or under other technical assumptions (such as bounded lengths of the
paths Y5 7 in phase space if T* is finite). We decided not to go any further here in
order to keep the length of the proof within reasonable limits.

SKETCH OF PROOF: The proof of this proposition relies on three rather techni-
cal statements (Steps 1-3 below) whose proofs can be found in Appendix D. Note
that the proof of Step 2 requires techniques that we will only develop in the proof
of Proposition 2.1 in Section 2.3.

First we would like to estimate the probability in (2.16) below by the same ex-
pression with X ®|[o r,(x#)] replaced by X ®|[o 7] (and then show that the resulting
expression still converges to 1). Since replacing X ®|[o -5(x¢)] by X°|[0,7] can po-
tentially decrease the Fréchet distance and thus increase the probability, we have
to decrease 7 at the same time. This is done as follows:

Step 1. There exists an 7 > 0 such that for small enough §
Q17 p(Xflo,r1.¢™) <7 and (X°) =T = p(X®|[o,55xe) ™) = -
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We then want to replace ¢* by /s 1 since we expect X ® to be close to s 7 (even
pointwise). This can be achieved by showing

Step 2. lim(r 5y (1> 0+) P(W5,1,9*) = 0.

Putting both steps together, we find that if § is small enough so that (2.17) is
true, and if § and T are also close enough to 0 and 7* so that p(Y¥5 7, ¢*) < %f),
then we have

1> P(p(X®lfo,c5x), ™) <1 | 15(X*) < T)
> P(p(X®jo,r7.9™) < 71| 15(X®) < T)
> P(p(X®ljo,1). ¥s,7) < 371 | t6(X®) < T)
(2.18) > P(IX* = ¥s.rlor) < 37 | 5(X°) < T).

Now it suffices to show

Step 3. For all T,8 > 0 the set of paths { € Cy,(0,T) | ts(y) < T} is
regular with respect to St (i.e., the minimal action on the closure of that set is
the same as the one on its interior; see [6, p. 85]). Then, since Y5 7 is the unique
minimizer of the action Sz on the set of paths {/ € Cy,(0,T) | ts(¥) < T}, by
[6, p. 86, theorem 3.4] the lower bound in (2.18) converges to 1 as ¢ — 0, thus
terminating the proof. U

2.3 Lower Semicontinuity of S and Proof of Proposition 2.1

The proof of part (iii) of Proposition 2.1 relies on parts (ii) and (iii) of thei fol-
lowing lemma, which states some important technical properties of the action S(¢).
The proof of this lemma will be carried out in Appendix C.
LEMMA 2.5

(i) Forevery M > 0 and every compact set X C D, the set

(2.19) Cx.m =49 €C(0,1) | 90) € X, |¢/| <M ae}
is a compact subset of C(0, 1).

(ii) For every x1,x2 € D and every M > 0, the set
(2.20) Cit ™ ={peC20,1) | |¢| <M ae}
is a compact subset of C(0, 1).

(iii) For every M > 0 and every compact X C D, the functional S : Cx.m —
R defined by (2.3)—~(2.6) is lower-semicontinuous with respect to uniform conver-
gence.

@iv) S attains its infimum on every nonempty closed subset of Cx p. Specifi-
cally, it attains its infimum on the sets C Ax4' 2,

We can now begin with the proof of Proposition 2.1, which generalizes the
heuristic argument given in Section 1.3 for the case of diffusions.
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PROOF OF PROPOSITION 2.1:

(i) and (ii): The main idea of the proof is to rewrite the quasi-potential as

V(x1,x2) = inf inf ST(Y)
T>0yeCi2(0.7)

= inf inf inf  St(¥)
T>0 4eC;7(0,1) ¥€Cy(0.T)

= inf inf inf  S7(¥)
9eC52(0,1) (T>0 ¥e€Cy(0,T) )

2.21) = inf  S(gp),
9eCr2(0,1)

where S (¢) is defined by (2.3). Note that it is clear from definition (2.3) that
S (¢) actually depends only on the curve that ¢ traverses and not on the specific
parametrization of ¢ (which already proves part (ii)). Therefore, to prove that
S (¢) as defined in (2.3) can also be written in the forms (2.4)—(2.6), it is enough to
restrict ourselves to all those functions ¢ € C +2(0,1) with the additional property
that |¢’| = cst almost everywhere, and then to show that the representations (2.4)—
(2.6) are invariant under reparametrization as well.

Todoso, letg € C_';? (0, 1) be given with |¢’| = c¢st almost everywhere. To get
a lower bound for S(¢), we estimate, for any 7 > 0 and any path i € C’(p 0,7),

T

T
Sr(y) = /0 Ly )dt = f sup ((47.6) — H(y. 0))d1

0 feRn

T

> / sup  ((4.0) — H(y. 0))dr
0 feR”
H(y,0)=0

1

T
:/ sup (v, 0)dt 2/ sup (¢, 0)da,
0 feR” 0 feR”
H(y,0)=0 H(p,0)=0

where in the last step we applied Lemma A.1 in Appendix A, with £(x,y) =
SUPgeRrn, H(x,0)=0{Y, 0). Since the last expression depends only on ¢, this shows

that the representations (2.4) and (2.5) are lower bounds for S (p):

S(¢) = inf  inf _ Sp(y)
T>0 yeCy(0,T)

1

1
(2.22) 2/ sup <<p’,9>da2/ (¢, 9 (9. ¢"))da,
0 f0eR” 0
H(p,0)=0
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where we used the first equation in (2.7). To obtain an upper bound on S (¢), define
a minimizing sequence ((Tk, V% ))xen as follows: For every k € N let

he(@) = max{xw(a),w/(a)),% L wel,

|
Gi(a) = /0 Eda, a € [0,1],
Ty := G (D),
(2.23) V(1) := (G ' (1)), t €[0, Ty.

Since for the rescaling () := G;l(t) we have o/(1) = Ag(a(z)) and thus 1/k <
a'(t) < |Akloo < oo forevery t € [0, Ty] (see Lemma A.3 in Appendix A), «(z)
is absolutely continuous. Therefore we see from (2.23) that y(¥r) = y(¢), i.e.,
Yk € Cpl0. Ty).

To compute S, (Y« ), we perform the change of variables 1 = 7 («) = Gy («)
so that dt = da /Ay, (o) = Y (Gr(a)), and

¢’ (@) = V()G (@) = Y (1) /A (@),
and we find that

T ; ' L(p,¢'x)
Q20 Sn = [ Lowdr = [ HEI g
0 0 k
Since the integrand on the right-hand side is uniformly bounded in k (see again
Lemma A.3), to compute the limit of (2.24) as k — 0o, we can exchange limit and
integral and obtain the upper bound

S(p) = inf  inf  Sp(y)
T>0 yeCy(0,T)

. U L(p, 9’2
lim St, (Vi) :/ Lig.¢'2)
k—o0 0 A

which is representation (2.6), where we interpret L(¢, ¢’A)/A = 0if A = 0, due
to Lemma 2.2(i) and (iii).

To show that the integrands of the lower bound in (2.22) and the upper bound
in (2.25) are the same, consider first the case A > 0. The maximizing 6 in the
expression

(2.25)

A

doa, A= A(p,¢),

L(p,¢'A) ' gy H@.9)
RS = sup ({0 6) - —
feRn
has to fulfill the first- and second-order conditions that
Hy(p,0 H .0) . . .
¢ — M =0 and -— M is negative definite.

A
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By Assumption 3 and the second equation in (2.7), both conditions are fulfilled by
0 = ¥(¢, ¢’), so that in fact
L(g.¢'3) s Hig.9) S A3
SRS = (¢ ) - = = (D). B =g,
by also using the first relation in (2.7). When A = 0, equation (2.26) holds as
well because then ¥ = 0 due to Lemma 2.2(i) and (ii) and since we agreed on
interpreting the left-hand side of (2.26) as 0 if A = 0.

Therefore the lower bound in (2.22) and the upper bound in (2.25) are the same,

and thus all four representations (2.3)—(2.6) of S (p) are equal if |¢’| = cst almost
everywhere.

(2.26)

To end the proof of part (i), it now remains only to show that the expressions
(2.4)—(2.6) are invariant under reparametrization; i.e., for S given by any of the
representations (2.4)—(2.6) and for any ¢ € C_'«7 (0,1), we have S () = S (p).
But this is a direct consequence of Lemma A.1, the observations (2.11), and our
agreement in the statement of Proposition 2.1 to interpret the integrands in (2.5)
and (2.6) as 0if ¢’ = 0.

(iii): The proof of part (iii) of Proposition 2.1 follows a standard argument
based on the lower-semicontinuity of the functional S and the compactness of an
appropriate set of functions, both of which were established in parts (ii) and (iii) of
Lemma 2.5.

Let a sequence ((Ty,V¥r)) be given with the properties stated in Proposi-
tion 2.1(iii), and define the functions ¢} € C_ka (0, 1) such that they traverse the
curves y (¥ ) at normalized unit speed, i.e., |g0,’€| = L a.e., where L is the length
of the curve v, as follows:

Let g : [0, Ti] — [0, 1] be defined as o (¢) := (1/Lg) fé |Vk (7)|d T, where
Ly = fOTk |V (7)|d 7. Define its “inverse” as o Na) == inf{t € [0,1] | ax(t) =
a}, and set @y := Y o a;l. Then we have ¢ (0 (¢)) = Y (¢) forall ¢ € [0, Ty],
and both e and ¢y are absolutely continuous, with o = |y |/Lg and |¢'| =

(|1/'/k|/oc,/€)oa,:1 = L. Therefore we have y(¢r) = y(¥y),i.e., Ui € C_’(pk 0, Ty).
Using (2.3), this gives us the estimate

inf  S(p) < S(gx) = inf  inf  Sp(y) < Sr, (Vi)
9eC;2(0,1) T>0 yeCy, (0.T)

for every k € N. In the limit as k — oo, the right-hand side converges to the
left-hand side, and it follows that

(2.27) lim S(px) = inf  S(p).
k—o00 9eCx2(0,1)

Since M := supy |¢’I,<| = supy Ly < oo, the sequence (¢ )xeN lies in the compact
set C ij **2 defined in Lemma 2.5(ii), and thus there exists a subsequence (¢k, ) that
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converges uniformly to some limiting function ¢* € C;/"*2. Now since C;; > C
Cix,1,m, by Lemma 2.5(iii) and equation (2.27), we have

S(p*) < liminfﬁ(cpkl) = inf  S(p).
[—00 o

9eCx2(0,1)

and thus S(¢*) = inf,, S(¢); i.e., ¢* is a minimizer of S.
Since the functions ¢y, are time-rescaled versions of the functions v, and
converge uniformly to ¢*, this implies that

PWie, 9™) = p(@r, - #™) < ok, — @™ ljo,11 > 0 asl — oo,
which proves the first statement of part (iii).
To prove the second statement, assume now that the minimizer of S is unique
up to reparametrization, let ¢* be the limit of some converging subsequence of

(V) from the first part of the proof, and suppose that p(Vg, ¢*) - 0 as k — oo.
Then we could construct a subsequence () such that

(2.28) inf p(Yg,, ™) > 0.
leN

But by the same arguments as above, this subsequence would have a subsubse-
quence (Y, ) that converges in the Fréchet metric to some limit ¢ that is a min-

imizer of . Now the uniqueness of the minimizer implies that y(¢) = y(¢*),
and thus we have p(wklm,(p*) = p(Yx,,.¢) — 0asm — oo, contradicting
(2.28). O

REMARK 2.6 The formulas for S, &, and A can also be derived as follows: Every
¥ € C32(0,T) can be written as ¥ = @ o G™1, where ¢ € C52(0, 1) follows the
path of i at constant speed, and G : [0,1] — [0, T] is an appropriately chosen
time rescaling. Minimizing over all ¥ and T is therefore equivalent to minimizing
over all functions ¢ and G. But after a change of variables we see that

T 1
Sr(y) = /0 L )di = /0 L(p.¢'/)g do.

where ¢ = G’ : [0,1] — (0,00). The second expression can now easily be
minimized over all g (and thus over all G) by setting the derivative of the integrand
equal to 0, which leads us directly to representations (2.5) and (2.6) and equations
2.7) for ¥ and A := 1/g.

This trick may also be useful for problems that do not directly fit into the frame-
work of this paper.

2.4 Recovering the Time Parametrization

Since $ () is parametrization free, its minimizer ¢* only gives us information
about the graph of the minimizer ¥* of the original action S7 () over both v
and T (assuming that ¢* exists), but not its parametrization by time. However, if
the minimizing 7 is finite, we can recover 7™ and the path ¥* parametrized by
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physical time afterwards by defining G(«) := f(f‘ 1/A(¢*, o*")da for o € [0, 1],
T* := G(1), and setting ¥ *(¢) := ¢*(G~1(¢)) fort € [0, T*], since then we have

T* , lL *, */A
ST*(w*)=/O Ly " )dr=/0 PO 4y

=S(p*)= inf S(p)= inf inf  Sp(y),
9eCy2(0,1) T>0ycC2(0,T)

where we performed the change of variables ¢ = G(«) and used (2.1) and (2.2).

If7* = fol 1/A(¢*,¢*)da = oo (i.e., if “the minimizing T* is infinite”),
then no minimizer (7*, ¥ *) of the original action St () exists, but we can still
extract information from A(¢*, ¢*’) by splitting the curve into pieces on which A
is nonzero (i.e., into pieces that do not contain any critical points): The following
proposition says that if we recover the parametrization on any such piece as above,
then the resulting path will give us the optimal way to move from the starting point
to the end point of that piece.

PROPOSITION 2.7 Let ¢* be a minimizer of the functional S (¢) defined by (2.3)—
(2.6), parametrized such that |p*'| = cst almost everywhere. Let a1, a3 € [0, 1]
be such that there is no critical point on y(¢*) between X1 := ¢* (1) and X, 1=
@™ (o2).

Define the rescaling G(a) := f;l 1/A(@*, 9*da, a € [o1, 2], and then set
U*(t) = *(G™L(1)) fort € [0,T*], T* := G(a»). Then we have

(2.29) V(%1,%2) = inf  inf  Sp(¥) = Sz.(¥*).
T=0 yeci20.m)

Proposition 2.7, which is proven at the end of this section, is relevant because
T = fol 1/A(¢*, 9*")da is infinite in most cases of interest, e.g., if at least one
end point of the path is a critical point or if the path has to pass a critical point to
connect the two given states: Part (ii) in the following lemma, which is a slightly
stronger statement than Lemma 2.2(i), tells us that the minimizing path needs infi-
nite time to leave, pass through, or reach any critical point of the system:

LEMMA 2.8 Suppose that ¢ is parametrized such that |¢'| = cst a.e., and let
ac € [0, 1] be such that p(a.) is a critical point. Then

(i) A = Ao, ¢') is Lipschitz-continuous at ¢ in the sense that there exists a
constant C > 0 such that for a.e. « € [0, 1], we have /\(gp(oc), (p’(a)) <
Cla —acl.

(i) 1/A is not locally integrable at oc. In particular, if the curve y (@) contains
a critical point, then T* = fol 1/Ada = oo.

The proof of this lemma is technical and is carried out in Appendix B.
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REMARK 2.9 Recall in this context that for SDEs and continuous-time Markov
chains, critical points are those points x with vanishing drift, Hy(x,0) = 0. For
other Hamiltonians (see, e.g., Section 5), this may not be enough: In general, the
point x also needs to fulfill H(x,0) = 0 to be a critical point, and then it takes
infinite time to pass x. If, however, the point x fulfills H(x,0) < 0, then by
Lemma 2.2 we have A(x, y) # 0 for any direction y # 0, and therefore the point
x is passed in finite time. This finally justifies our definition of critical points via
(1.24): A point fulfills the properties (1.24) if and only if it is passed in infinite
time.

PROOF OF PROPOSITION 2.7: First, note that since A(x, y) is continuous (even
differentiable; see Lemma E.1 in Appendix E), we have

essinf A(g*,¢*") >0,

AP Ao%)

and thus G is well-defined.

Now assume that (2.29) does not hold. Then there exist T > 0 and 1& €
C;lz(O, T) such that Sz(¥) < Sz.(¥*), ie., n == Sz.(V*) — Sz(¥) > 0.
Observe that

~ T* ~ ~
Sr. (%) = /0 L™ §*)dr

@ I (p* */)t
:/ ((p ’(p )da, A :A((p*,(p*,)
o

. A
L(z, Tz N
- / (ZTTZ)dS’ A=Mz, )
V(‘p*|[(x1,a2])
= inf _  inf St(W).
T>0 weCwﬂ[a]'az](O,T)

We will now use the path 1& to construct a contradiction to the minimizing prop-
erty of ¢*. To do so, define the sequence ((Y, Tx)) with ¥ € Cyx (0, Ty) for all
k € N and with limg_, oo ST, (¥%x) = S(¢*), as in the proof of Proposition 2.1(i).
Now let le and T2k be such that wk(le) = X1 and wk(le + Tzk) = Xp, set
T;‘ =T — le — Tzk, and define the pieces w{‘, 1//5, and wé‘ by

v = v (), t [0, TF],
YR () = v (TF + 1), t €[0,TX],
YA =y (TF + T +1), 1 €[0.Tf].



GEOMETRIC MINIMUM ACTION METHOD 1073

Finally, define the sequence (T, V) by replacing the piece of /4 between %1 and
X2 by ¥ in order to reduce its action; i.e., let
Ui, t €0, Tf],
V() := Yt = TF), te[Tf, Tf + 7],
Y —Tf=T), te[TF+T.TF +T +TF,
and Ty, := le + 7T+ T3k. For this path we have

Sz, k) = Spr (W) + Sp(9) + Spx (¥4
= Spr(Uf) + Sp.(F) =0+ Spx (V5)

= S« (Y¥) + inf inf Sr(¥) —n + Sox (YK
T (WI >0 Weéw*\[al.az](o’T) (w) 1 3 1//3)

< Spr(W) + Spx¥5) =+ S (h)
=S7(Wx) — 1

— S —n=inf S(p)—n

9eCy7(0,1)

= inf inf St(¥) —n
T>0 yeCi?(0.7)

as k — oo. But this means that for sufficiently large k we have

Sf (W) < inf  inf  Sp(y),
e T>0 yeCiZ2(0.7)

and since ¥ € C 32(0, Ty,) for every k € N, we have a contradiction. O

3 Numerical Algorithms

The main objective of this section is to design a numerical algorithm to compute
the quasi-potential V(x1, x») via minimization of S (¢) and identify the minimizer
@™ such that

3.1) Vixi,x) = inf  S(p) = S(e"),
9eC;7(0,1)

where S () is the action functional given by (2.3)—(2.6). We are primarily inter-
ested in cases where x1 and x; in (3.1) are stable equilibrium points of the deter-
ministic dynamics, X (f) = Hg(X(¢),0), although the algorithm presented below
can also be applied to situations where x; and/or x, are not critical points.
Several strategies can be used for the minimization problem in (3.1). Here, we
will proceed as follows: In Section 3.1, starting from the representation (2.5) we
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will derive the Euler-Lagrange equation associated with the minimization of S (p),
assuming that 5‘((,0 ¢') is known. In Section 3.2 we will then design a (precondi-
tioned) steepest-descent algorlthm for the solution of the Euler-Lagrange equatlon
If no explicit formula for ﬁ(x y) is available, this algorithm will compute ﬁ(x y)
in an inner loop, using an efficient quadratically convergent routine that is derived
in Section 3.4. The steepest-descent algorithm is based on a proper discretization
of the Euler-Lagrange equation and uses an interpolation-reparametrization step,
similar to the one used in the string method [3], to enforce exactly a constraint on
the parametrization of ¢, such as |¢’| = cst. (As we mentioned in Section 2.1,
such a constraint is necessary to make the minimizer ¢* of S unique.)

We note that the strategy above may not be the most efficient one: for instance,
the nonlinear minimization problem in (2.2) could be tackled by discretizing the
action S (p) first, then using techniques other than steepest descent (like, e.g., a
quasi-Newton method such as BFGS or conjugate gradient, or a multigrid method;
cf. [14]). However, the approach that we take here has the advantage that it gives
some insight into the nature of the action S (¢). It was also sufficient for our pur-
pose: even the problem considered in Section 4.2, which involves a stochastic par-
tial differential equation (in which case the path ¢ is not defined in R” but rather
in some Hilbert space), can be handled by our algorithm in a few minutes using
Matlab on a standard workstation.

3.1 The Euler-Lagrange Equation and the Steepest-Descent Flow
We have the following result, whose proof is carried out in Appendix E:

PROPOSITION 3.1 The Euler-Lagrange equation associated with the minimization
problem in (2.2) can be written in the following two ways:

0 = Py (—A*¢" + AHgy¢' — HggHx)
(3.2) = —22¢" + AHpy¢' — HpgHx — AN ¢’
(P(O) = X1, (/)(1) = X2,

(Hg, ") ¢’ ®H99‘P

where A = > and Py =1 — -
l¢’| (o', H@g‘p)

and where Hy, Hy,, and Hgg are evaluated at (¢, l§‘((p, o).

The right-hand side in (3.2) is in fact A Hgg DS (¢), where DS () is the gradi-
entof S (¢) with respect to the L? inner product. Note that by taking the Euclidean
inner product of (3.2) with A~ lH lgo one can see that (DS'(go), @'y = 0 for all
a; i.e., the variation DS (p) is everywhere perpendicular to the path with respect
to the Euclidean metric. This is a simple consequence of the fact that S (@) is
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parametrization free: if id denotes the identity mapping on [0, 1], then for any test
function n € C£°(0, 1) and sufficiently small 2 > 0 we have

0=nr""[S(po(d+ hn) — S(p)]
= [S(p + hng' + o(h)) — S(¢)]
— (DS@). 19"V L2013 km) = ((DS(@). @), ’7)L2([0,1];IR) ash — 0.

The algorithm presented in Section 3.2 finds the solution of (3.2) using a relaxation
method based on a discretized version of the equation:

¢ = P(p/(kz(p” —AHg, @' + H@ng) + o’
(3.3) = A2¢" — AHgr¢' + HggHx + AN ¢’ + ¢/,

e(r.0) =x1, @@ 1)=x2, ¢0.0) =¢°@),

fora € [0,1] and © > 0. Here ¢ = ¢(t, ) where 7 is the artificial relaxation time,
¢ = 0¢/dt, ¢’ = dp/da, ¢ = 0%¢/da?, and ¢’ is a Lagrange multiplier term
added to enforce some constraint on the parametrization of ¢, e.g., by normalized
arc length (in which case |¢’(z, -)| = ¢st(7) and the initial condition ¢(0, ) =
¢° () must be consistent with this constraint). Adding the term 11’ has no effect
on the graph () of the solution since S (¢) is parametrization free.

The simple form of (3.3) is a result of us building the flow on )LH%DS’ (¢)
rather than D S () alone, which is legitimate since Hyy is a positive definite matrix
by Assumption 1 and A > 0. As we shall show in Section 4 where we analyze
examples, this choice allows us to design an algorithm that achieves a good balance
among speed, stability, and accuracy.

To further understand the properties of this flow, let us note that (3.3) can also
be derived independently of the theory developed in Section 2:

REMARK 3.2 Another interpretation of the right-hand side of (3.3) is the follow-
ing. Suppose that v is a minimizer of the original action S7 () for fixed T'; i.e., it
satisfies the Hamiltonian system of ODEs, v = Hg(, 6), 6 = —Hy (¢, 6), sub-
ject to some boundary conditions. Let ¢(«) = ¥ (G(w)) and differentiate it twice
in o to get
ro' =19 oG and A%¢" +AN¢ =y oG,

where A := 1/G’. Now use the Hamilton equations for ¥ to obtain the following
second-order ODE for ¢:

v = HoyVr + Hgg0
(34) = HgxV — Hpg Hx
& A29" + AV ¢’ = Hgh¢' — Hyg Hy
(3.5) & A" —AHg@' + HggHy + AX¢' = 0.
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The derivatives of H have to be evaluated at (¢, 6), which has to fulfill H(g, ) =
cst and Hy(p,0) = ¢ = A¢'.

This shows the following property of the steady state solutions of (3.3):

LEMMA 3.3 The flow in (3.3) has reached steady state if and only if
(i) u=0and
(ii) the functions W corresponding to (@, A) in the sense of Proposition 2.7
(i.e., defined by pieces of (¢, L) on which A # 0) solve the second-order
Hamiltonian ODE given by H on the energy level H = 0; i.e., they ful-
fill (3.4) and H = 0, where H and all its derivatives are evaluated at

(V. 0* (. ).

PROOF: Looking at the first representation of the flow in (3.3), we multiply
the equation by P, and by I — Py to conclude that at steady state we must have
ue’ = 0 (and thus u = 0) and

P(p/(AZ‘P” - AH@x(‘), + HpgHy) = 0.
But as shown in Proposition 3.1, this equation is the same as (3.5), which by Re-

mark 3.2 is equivalent to the second-order Hamiltonian ODE (3.4) for ¢ (¢) =
¢(G~1(1)), where G’ = 1/A with

= (@', Ho(o, 9 (0, 9))) _ (¢' . Mp.¢))¢') oo
- P =T er e

as in the construction of Proposition 2.7. The energy level is 0 because we have

H(y, 0*(y,4) o G = H(p, 0% (¢, ¢'A) = H(p, ¥ (g, ¢")) = 0.

O

The fact that at steady state we have u = 0 also eliminates possible inaccuracies
in the result of an algorithm based on discretizing (3.3), and it opens the door to
methods for achieving second-order accuracy in « or higher even if the curve passes
through critical points; see Section 3.3.

Also note that one could have designed the algorithm without the discussion
in Section 2, solely on the basis of the observation in Remark 3.2. Within that
approach, however, to show that (3.3) converges we would then have to look for a
corresponding Lyapunov function for this equation, which is in fact given by S (p).

3.2 The Outer Loop

To solve (3.3) in practice, we discretize first ¢(7, o) both in 7 and «; i.e., we
define <,0{c =gpkAt,iAa), k € No,i =0,...,N, where At is the time step and
Aa = 1/N if we discretize the curve into N 4 1 points. Then we discretize the
initial condition ¢(0, ) to obtain {(p? }i=o....n and, for k > 0, use the following
two-step method to update these points:

.....
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(1) Given of, compute ¢* = (¢f, | — ¢f_))/Q2/N). b = D (¢f.¢/F). and
A = (Hp(pk, 95), 0%)/|@|? fori = 1,...,N — 1, and set Ak =
3)\]1€ - 3)&’5 + k’; and A’;V = 3)&’;,_1 — 3)L’1‘\,_2 + )\]1‘\,_3. Finally, compute
Mk =@k =2k )/@/N)fori=1,....N —1.

(2) Let {@; }i=o,....n be the solution of the linear system

~ k ~ ~ ~
@i — ¢; k2 Pitl =200 + Qi1 g k
Arl = (AF) N7 L
(3.6) + HgoHyx + A0k i =1,... N -1,
Po = x1,
PN = X2,

where Hg,, Hgg, and H, are evaluated at (golk , 1§lk ).

(3) Interpolate a curve across {@; }i—o...n and discretize this curve to find
{(pf“}izo,m, N~ so that the prescribed constraint on the parametrization
of ¢ is satisfied.

(4) Repeat until some stopping criterion is fulfilled.

.....

Step 1 requires the computation of 1§(<p, ¢’). In the case of a diffusion, 1§‘((p, @)
is given by (2.12). If z§(<p, ¢') is not available explicitly, it is computed using the
algorithm given in Section 3.4 in an inner loop. Note that if x; or x, are criti-
cal points, then the calculations can be simplified by using that the corresponding
values of z%"N and AIS,N are 0.

Step 2 uses semi-implicit updating for stability: as will be shown via the ex-
amples in Section 4, proceeding this way makes the time step At required for
stability independent of Aa = 1/N (in contrast, an explicit step would require
At = O(Aa?)). As aresult, it accelerates the convergence rate (see the discus-
sion in Section 3.3) and, in effect, amounts to preconditioning appropriately the
steepest-descent scheme [13, 14]. In practice, it turns out that it is not necessary
to treat the term AA’¢’ (which, when written out, contains the term ¢” as well)
implicitly, since changes of the curve ¢ in the direction of ¢’ do not carry any in-
formation. Notice also that Step 2 is computationally straightforward since )Lf.‘ is
scalar: hence the linear system can be solved component by component using, e.g.,
Thomas algorithm [13]. Finally, notice that a simple modification of (3.6) in Step 2
can be used to have the two end points of the curve fall into the nearest stable state
by setting

@i — oF

3.7 P~ Hy(pF.0). i=0.N.
AT

Step 3 is the interpolation-reparametrization step used to enforce the constraint
on the parametrization of the curve y(¢). For instance, if we parametrize the curve
by normalized arc length so that |¢’| = c¢st, this step amounts to redistributing the
images along the interpolated curve in such a way that the points (pgC ,i=0,....,N,
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be equidistant. Consistent with the order of accuracy at which we discretize the
derivatives ¢, ¢”, etc., Step 3 can be done using linear interpolation that is second-
order accurate if ¢ € C1(0, 1) (see the discussion about accuracy in Section 3.3).

Finally, the stopping criterion in Step 4 can be based on a slowdown in the
movement of ¢ or in the decay of the action S‘(go). Plotting the function o +—
Ap(a), ¢'(a)) at each iteration can further help to determine whether the algo-
rithm has already converged: if one knows that the curve that one is looking for
has to pass a saddle point, then A must have a root in (0, 1) by Lemma 2.2(i) (see
also Figure 4.3 in Section 4.1).

All in all, this algorithm is a blend between the original MAM [4] and the string
method [3].

3.3 Recovering the Parametrization and Evaluating the Action

Other quantities of interest include the actual value of the action, the optimal
transition time 7, and the path {* parametrized by physical time. To compute
those, one can then add the following steps:

(5) Given {gof‘},-=o,m,1v, compute (p’f, 3[‘ and Af.‘ as in Step 1 for every i =

0,...,N.
(6) Return the action
1 3 N-2
S = N( )+ > (e ) + (<p;$_1,19,"v_1>).
i=2

(7) Settg = 0and

t = : + ! + -t : + :

Tk Tk Ak Tk
fori =1,...,N.

(8) Return the transition time 7* = tp.

(9) To add D + 1 points at equidistant times to the graph of ¢ (if 7* < 00), in-
terpolate the function G~1(¢) given by the points (t, G~1(¢)) = (;,i/N),
i =0,...,N, at the values 7; = (d/D)T*,d = 0,...,D, to obtain
values &y = G~ 1(7;), and then discretize the curve interpolated from
{golk}i=o,,,.,N at those values o .

If T* is infinite or very large (i.e., if )tf.‘ ~ 0 for some index i), Step 9 can be
performed on trimmed values ;\{‘ = max{)&f.‘ , 1} (for some small n > 0): Proposi-
tion 2.7 shows that this will still lead to representative dots away from the critical
points (where A > n); only close to the critical points (where A < n) will this
simply lead to dots that are equidistant in space.



GEOMETRIC MINIMUM ACTION METHOD 1079

Accuracy and Efficiency of the Outer Loop

A rigorous discussion of the accuracy and efficiency of the gMAM is beyond
the scope of the present paper. However, we find it useful to make a few heuristic
comments.

The discussion is complicated by the fact that the minimum action path (i.e.,
the steady state solution ¢* of (3.3) that is also the minimizer of S (¢)) will, in
general, go through critical points, and the path may not be smooth at these points.
We first discuss the case when this does not happen, i.e., when ¢* is smooth, and
then explain what to do if that is not the case.

If o* is smooth, we expect the algorithm to identify ¢* and S(¢*) with second-
order accuracy in Aa = 1/N. This is because the derivatives of ¢ and A are
computed with second-order accuracy, and the linear interpolation in Step 3 and
the formula for S in Step 6 are second-order accurate as well. This was confirmed
in the example below. As long as we achieve stability (which requires taking a
small enough value for Az, but one that is independent of N), we observe that the
error on the curve can be made O(A«?) = O(1/N?), in the sense that

(3.3) p(winterp, QD*) = CN_2

for some constant C > 0, where @jnerp is the curve linearly interpolated from
{(p;C }i=o,...,n after convergence. Assuming linear convergence in time, the number
of steps until convergence is then O(log N), which gives a total cost, measured in
the number of operations until convergence, scaling as

3.9 cost = O(N log N).

Notice that this estimate takes into account that the interpolation step requires
O(N) operations if there are N + 1 discretization points along the curve. The
estimate (3.9) was confirmed in our numerical examples; see Section 4.

Consider now what happens if the steady state solution of (3.3) (i.e., the solution
of (3.2)) goes through one or more critical points and is not smooth at these points.
Notice first that this leads to no problem with (3.2). Indeed, by Lemma 2.2(i), if
the point ¢(a) is a critical point for some o € [0, 1], then A — 0 as @ — ..
All the terms in (3.2) involving ¢/, ¢”, and A’ are multiplied by A or A2, and
so these products tend to 0 as « — «,.. Furthermore, because of the Lipschitz
continuity of A, their discretizations still approximate the correct value O at the
critical point. However, they will do so only up to first-order accuracy, O(A«w) =
O(1/N), unless one makes sure that one discretization point of the curve falls onto
the critical point (in which case we obtain the exact value 0).

In the algorithm, this problem is also aggravated by the interpolation-reparam-
etrization Step 3. The nondifferentiability of the curve will reduce the order of
accuracy of the linear interpolation procedure to first-order as well unless we take
some extra care of how we handle the critical points on the curve.

One possible way to solve these problems and restore the second-order accuracy
is to identify the location(s) of the critical point(s) along the curve and treat the
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pieces on each side separately by the same basic algorithm as above. This can be
done on the fly using the following procedure: Specify a small threshold value for
A, say Ao > 0, such that if A < A¢ there is likely to be a critical point in the
vicinity. Then let the curve evolve as above, but as soon as A < A at some point,
say (pl[i, split the curve into the two pieces at the left and right of go{i. Continue
the algorithm with modified Steps 2 and 3: in Step 2 replace the equation for <plk*
in (3.6) by

Gir — ¢ 1 2 2
T =—HygHy — HHy ( = _fvx(|H6| +H ))’

with all functions on the right evaluated at ((plk* ,0), so that <plk, is attracted by the
critical point where Hg(x,0) and H (x, 0) vanish; in Step 3 redistribute the points
on both parts of the curve separately, without changing ¢;« (i.e., <p{i+1 = @j*).
Observe that in the cases of an SDE or an SPDE with unit noise, the modification
(3.10) can be achieved by setting )Lf.‘* = 0 after completion of Step 1 (to see this,
set A = 0in (4.3) and (4.10) below).

This procedure, which we found to work well on all examples treated in Sec-
tion 4 and which is further discussed in Section 4.1, restores the second-order ac-
curacy in Ao = 1/N even if there are critical points along the curve. Note that
there is no a priori difficulty in designing more accurate schemes by using a higher-
order stencil for the derivatives, choosing a higher-order interpolation method, and
taking care of the critical points along the curve as explained above.

(3.10)

3.4 The Inner Loop (Computing ? (0, 9"))

In order to compute z§(go, ¢') from (2.7) we must solve the following problem:
Given the strictly convex and twice-differentiable function i2(-) = H(p, -) with
h(0) < 0, and given a direction ¢’, we want to find the unique point ¥ with

(3.11) WD) =0 and hg(d) = A’ for some A > 0.

This problem has a simple geometric interpretation, as was illustrated before in
Figure 2.1 (with y = ¢’): it amounts to finding the point of the convex zero-level
set of 1 where the outer normal to that level set is parallel to and points in the same
direction as ¢’.

Since the region {# € R" | h(6) < 0} can potentially be very thin and long,
one must make use of the underlying geometry of the problem. One very efficient
strategy for finding a smart update for an initial guess 90 is a procedure simi-
lar in spirit to a higher-order version of the standard Newton-Raphson algorithm.
However, while the Newton-Raphson method typically computes in each iteration
the exact solution of the first-order approximation of the problem, we must use a
second-order approximation since the solution of our problem is only well-defined
for strictly convex functions /.

The procedure is thus as follows. For p > 0:
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(1) Compute h(@p), hg(f}p), and h@g(@p).
(2) Find the unique quadratic function f(6) such that
FOP) = h@P).  fodP) =he(DP). and  fpo(D) = hgp(D7).

(3) If the region {# € R" | f(8) < 0} is nonempty, let $P+1 be the solution
of
(@) =0 and fy(¥) =A¢’ forsome A > 0,
i.e., of (3.11) with & replaced by its approximation f. Otherwise, let
OPT1 .= argming f(0).
(4) Repeat until convergence.
Steps 1-3 in this procedure can be done analytically, and so it provides us with
a closed-form update formula. The computation is carried out in Appendix F and
gives

(3.12) BPF = H7 4 g (ADBP)g — hy)

1/2
with 1(97) = (<h9 Figyho) )2h) ,

(¢’ h99§0 +
where w}r/z = J/wif w > 0 and w}r/z = 0 otherwise, and where h, hy, and hgy

are evaluated at 92, Note also that by definition of the algorithm, if / is quadratic
to begin with, then the algorithm converges after only one iteration (since then
f = h). This will happen if the underlying process is a diffusion process.

Once & has been determined, the value of A in (3.11) can then be computed as
a simple function of 9 via

(he(@).¢") _ (Hy(p,?).¢')
lo'|? lo'|?
Next we show that the sequence generated by (3.12) has 9 as its unique fixed point

and is quadratically convergent if / is smooth enough. The latter is not surprising
since the standard Newton-Raphson algorithm has the same rate of convergence.

(3.13) A=

LEMMA 3.4 (Umqueness of Fixed Point 19) We have 9P+l = §P if and only if
9P =9, ie., lfﬂp is the solution of system (3.11). In that case, the value of A in
(3.11) is given by /\(191’).

PROOF:
“&" I h(9P) = 0 and hg(9P) = Ag’ for some A > 0, then

((hg  hgihg) —2h)1/2¢/
(¢, hgg@)

ADP)g =
_l’_
_ ((he hgahg)

1/2 X
"= 20" = he(DP),
(¢’ hgg(p ) )
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so that 371 = H7.
“=": Now let #?*+1 = $2. Then ho(él’) = )1(5‘1’)(,0/ and clearly i(ﬁp) >0,
S0 it remains to show that #(37) = 0. If 8 := (hy, hgelhg) — 2h > 0 (where here

and in the next line 4, hg, and hyy are evaluated at 1@*1’), then we can compute that
(ho.hgghe) = ADP)* (¢ hgg¢') = (he.hgghe) =2h = h(®dP)=0.

If B < 0, then i([?l’) = 0 and thus hg(zAW’) = 0; ie., ?? is the minimum of
h. Since we know that £(0) < 0, this implies #(#?) < 0. On the other hand,
0> =—-2h(07?), so h(9?) must be 0. a

LEMMA 3.5 (Quadratic Convergence) If h € C*(R™), then there exists a neigh-

borhood Ug (19) of the solution & and a constant ¢ > 0 such that for VP € Ue (19)
we have

9P —B| < c|9? — B2

PROOF: Starting from (3.12), we write
(314 |hgeDP)DPF! = D)| = |hge(DP)D? = D) + A(DP)¢’ — he(D?)).

We approximate the expression ;\(191’ Yo' — hg (1§P ) by its first-order Taylor expan-
sion around & and estimate the remainder involving its second derivative (and thus
the fourth derivative of /) by 0(|z§p — z§|2). Since the zeroth-order term van-
ishes, i.e., i(z@‘)cp’ — h9(1§) = 0 (this was shown in the first part of the proof of
Lemma 3.4), the right-hand side of (3.14) is equal to

|hag (FP)(BP — ) + (¢ ® VAD) — hgg())(DP — 9)| + O(|9? — B[?).
We show below that VA (z§) = 0, so that

|hgg (FP)(BPTY — )| = |(hag (FP) — hgg () (H? — D) + O — F?)
= O(|9? — B1?).

Since [#7F1 — 3| < |hp) (3P)| |hge(DP)(HPT! — )|, we are done.
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To show that Vi([?) = 0, consider first the case A > 0. Pickanyi € {1,...,n}
and use that at 6 = & we have h = 0 and hy = A¢":
] ((he,hg;he) —2h)1/2
"\ (@ hgge') =5
_ ( 1 9 (hg.hgphg) — Zh)
2.2 (@ hgg )

=0

1 _ _ _ _ _
= (0" g3 ¢") 72| ({he. Ba hgghe) + 203 haghae, —2h, )¢ h3de)

=0

— (tho.hgghe) — 2n_)&'. Gahizhe)]|,_s
=0

1 1 e - —
= (0" g 9) 2| (ha. (G0, ha) e hgg)

21
(ho.hggho){@', (96, hyq )¢ >:||0=z§
=0.

The case A = 0 can be treated by checking that the function (/g, ho_elhg) —2h as

well as its first two derivatives vanish at 8 = 9, so that its square root is of order
o(|9? —1B)). g

4 Examples
4.1 SDE: The Maier-Stein Model

As a first test for our method, we use the following example of a diffusion
process (SDE) first proposed by Maier and Stein [12]:

du = (u —u® — Buv?)dt + JedWy,(t)

“.D dv = —(1 +u)vdt + JedWy(t)

where W, and W, are independent Wiener processes and 8 > 0 is a parameter.
(In [12], Maier and Stein use two parameters: w, which we set to 1 in this treat-
ment, and o, which we call § in order to avoid confusion with the variable used to
parametrize the path p(«).)

For all values of 8 > 0, the SDE (4.1) has two stable equilibrium points at
(u,v) = (%£1,0) and an unstable equilibrium point at (1, v) = (0,0) (see Fig-
ure 4.1). The drift vector field

~(u—ud - Bur?
4.2) b(u,v)—( —( + 1) )

is the gradient of a potential if and only if 8 = 1.
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FIGURE 4.1. The minimum action paths from (u,v) = (—1,0) to

(u,v) = (1,0) for the Maier-Stein model (4.1) shown on the top of
the flow lines of the deterministic velocity field (gray lines). The param-
eters are § = 1 (left panel) and § = 10 (right panel). When = 1, the
minimum action path is simply the heteroclinic orbit joining (%1, 0) via
(0,0); when B = 10, nongradient effects take over, and the minimum
action path is different from the heteroclinic orbit.

When the noise amplitude ¢ is small, (4.1) displays bistability. Any initial con-
dition with u < 0 is rapidly attracted toward a small neighborhood of (u,v) =
(—1,0), whereas any initial condition with u > 0 is rapidly attracted toward a
small neighborhood of (u,v) = (1,0). As a result, the equilibrium distribution
of the process defined by (4.1) is concentrated in small neighborhoods around
(£1,0) and the process switches between these two regions only rarely. When
it does so, large deviations theory tells us that, with probability 1 in the limit as
¢ — 0, the trajectory remains in an arbitrarily small tube around the miminizer ¢*
of § (¢) connecting (u,v) = (—1,0) to (u,v) = (1, 0) or the other way around—
in other words, the minimum action curve ¢* is the maximum-likelihood pathway
of switching (see Section 2.2). In addition, large deviations theory tells us that the
frequency of these hopping events is roughly exp(—e ™! S (™).

Maier and Stein studied (4.1) for various values of 8. They noted that the
minimum action path from (u,v) = (—1,0) to (4, v) = (1, 0) is the heteroclinic
orbit joining these two points via (4,v) = (0,0) when B < Bit = 4 (this is
consistent with the system not being too far from the gradient regime in these
cases). However, when 8 > Bt = 4, the piece of the minimum action path in the
region u < 0 (i.e., in the basin of attraction of (1, v) = (—1, 0) by the deterministic
dynamics) stops being the heteroclinic orbit. Some intuition for why this change
of behavior occurs can be gained by looking at the deterministic flow lines shown
in Figure 4.1. Here we confirm these results using our method to find the minimum
action path, as shown in Figure 4.1.
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Before discussing the accuracy, stability, and efficiency of our method in the
context of the Maier-Stein model in detail, let us note that when applying our tech-
nique to a diffusion process such as (4.1) where the diffusion tensor is the identity,
we can use the following explicit formulas for 9 and A:

2

Since H(x,0) = (b(x),0) + %|9|2, at (x,0) = (x, 5‘) we also have

Hpy =Vb, Hpg=1, Hy=(VH)"d=(Vh)T (¢’ —b),
and so equation (3.3) can be written explicitly as
(4.3) ¢ = 220" —A(Vb — (VH)D)o' — (VBY)Th + AN + ny'.

Equation (4.3) can be integrated using a straightforward modification of the algo-
rithm presented in Section 3.2. If b is a gradient field, b = —VU, then Vb —
(VH)T = 0 and the right-hand side simplifies further:

(4.4) ¢ =A@ —VVUVU + A9 + ug'.

The steady state of this equation is the minimum energy path, i.e., the path such
that VUL = 0 along it. Using gMAM to integrate (4.4) may represent a useful
alternative to the string method [3].

Stability, Accuracy, and Efficiency

We discuss the case § = 10 when the minimum action path is nontrivial. To
obtain a benchmark solution, we first ran the algorithm with N = 10° discretiza-
tion points at decreased step size to obtain a curve that we regarded as the true
solution connecting (—1, 0) and (1, 0) (to get this benchmark, we actually ran the
code between (—1,0) and (0,0) and then extended the path by the straight line
between (0, 0) and (1, 0) since we know that piece exactly).

Next we ran the code for 300 iterations for N = 100, 200, .. ., 900, 1000, 2000,
..., 10000 at a fixed time step At = 0.1, to find both the minimum action path
connecting (—1, 0) to (0, 0) and the one connecting (—1, 0) to (1, 0) via the critical
point (0, 0). For the initial condition, we used a semicircle in the upper half-plane
connecting the critical points (—1,0) and (0, 0) in the first case or (—1,0) and
(1,0) in the second case. The error was estimated by computing the maximum
distance of each of the curves interpolated between the points to the benchmark
curve obtained before. (Note that we took as many as 300 iterations because we
are interested in measuring the accuracy of the algorithm here, but convergence is
already achieved up to an error of 107 in the action after less than 20 iterations;
see Figure 4.4.)

Since the left part of the path is smooth (there is no critical point along the path),
we expect that the unmodified algorithm of Section 3.2 to be second-order accurate
in N if we seek for the minimum action path connecting (—1, 0) to (0, 0): this is
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o accuracy (curve from (-1,0) to (0,0)) 10 accuracy (curve from (-1,0) to (1,0))
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FIGURE 4.2. The accuracy measurements for the Maier-Stein model
on a double-logarithmic scale, for the left path (a) and the whole path
(b), which uses the modified and the unmodified algorithm. The fit-
ted straight lines have slope —1 (upper curve in (b)) and —2, indicating
accuracies of order O(1/N) and O(1/N?), respectively. The noise in
the measurements of the unmodified algorithm on the whole path (upper
curve in (b)) is due to the fact that the error strongly depends on whether
a grid point happens to lie close to the unstable equilibrium point; how-
ever, modifying the algorithm as explained in Section 3.3 restores the
second-order accuracy.

confirmed by results shown in Figure 4.2(a). On the other hand, since the path
connecting (—1, 0) to (1, 0) has to pass the critical point (0, 0) and is not differen-
tiable at that point, we expect the unmodified algorithm of Section 3.2 to be only
first-order accurate for these runs, and this is confirmed by the upper curve in Fig-
ure 4.2(b). However, when we modified the algorithm as proposed in Section 3.3
and ran it for an additional 300 steps with the reparametrization step treating the
right and the left side separately, second-order accuracy was restored, as shown by
the lower curve in Figure 4.2(b).

To check convergence of the curve between (—1,0) and (1, 0), we also plotted
Alp(a), ¢’ (a)); see Figure 4.3. As expected, after convergence it has one root in
the interval (0, 1), corresponding to the critical point on the curve ¢. The plot also
confirms Lemma 2.8(i), which says that A is Lipschitz-continuous at that point.
Furthermore, we observed that with the unmodified algorithm the value of A at
that point only reaches O(N ~!) (since the points of the discretized curve ¢ only
approximate the critical point to that order), whereas our method to achieve second-
order accuracy brings it all the way down to 0 (up to machine precision).

The time step to achieve stability in all the runs was found to be largely inde-
pendent of the choice of N. For the grid sizes N as above, the maximum value for
At before visible oscillations occurred stayed constant at about 0.3.
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0.2 0.4 0.6 0.8 1
o

FIGURE 4.3. The function A(¢(«), ¢’()). The root in the middle cor-
responds to the value o where ¢(«) is a critical point.

convergence of action

FIGURE 4.4. The error in the action plotted in function of the number
of iterations on semilogarithmic scale, for various values of N between
100 and 10000. The black curve corresponds to N = 10000. These
graphs indicate linear convergence, with a rate that is independent of N
since the time step At is independent of N.

The required number of iterations at At = 0.2 until the change of the action
per iteration became less than 10~ varied insignificantly between 31 and 33 for
the grid sizes N as above. For fixed N, the action decreases exponentially to its
limiting value, as can be seen in Figure 4.4, which shows the decay for the various
values of N in a semilogarithmic plot. The runtime for 100 iterations for various
grid sizes is plotted in Figure 4.5. It shows linear dependency on N, which is due to
the fact that all of our operations have a cost of order O (), including solving the
linear system in Step 2 and the linear interpolation in Step 3. These observations
are consistent with estimate (3.9) for the cost.
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runtime for 100 iterations

2000 4000 6000 8000 10000
N

FIGURE 4.5. The runtime for 100 iterations at various grid sizes (using
MATLAB 6.5 running under Windows XP on a 1.5-GHz Pentium 4),
showing linear dependency in N.

4.2 SPDE: An Infinite-Dimensional Generalization of the Maier-Stein
Model

As a natural generalization of the SDE (4.1), we consider the following infinite-
dimensional analogue of this equation (here written as a standard PDE for the sake
of clarity):

Ur = Kixx + U —u> — Buv? + Jenu(x, 1),
v = Kuxx — (1 +u?)v + Venu(x,t).

Here x € [0, 1] and we assume periodic boundary conditions. ¥ > 0 is an addi-
tional parameter, and 7, (x,?) and 71, (x,t) are spatiotemporal white noises (i.e.,
the space-time derivatives of Brownian sheets, W, (x,t) and W, (x,t), defined on
(x,t) € [0,1] x [0,00)). System (4.5) is formal, but it can be shown (see [5])
by rewriting it in integral form that its solutions are well-defined and Holder-
continuous and define a Markov process adapted to the filtrations of W, (¢, x) and
Wy (¢, x). In addition, it was shown in [5] that (4.5) satisfies a large deviations
principle with action functional

(4.5)

1 T 1
St(u,v) = 5[0 /0 ((u, — Ky —u + u> + puv?)?

+ (vr —kvex + (1 + uz)v)z)dx dt.

(4.6)

Thus, like its finite-dimensional analogue (4.1), (4.5) will display bistability in
the limit as ¢ — 0 in the sense that the invariant measure of the process defined
by (4.5) is concentrated in a small neighborhood around the two stable equilibrium
solutions of the deterministic equation obtained by setting € = 0 in (4.5): these are
(u+(x),v+(x)) = (£1,0). Here we are interested in analyzing the pathways of
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transition between these points which, with probability 1 as ¢ — 0, are located in
a small tube around the minimizer of the action (4.6) over both (u(¢, x), v(¢, x))
and T.

By analogy with what happens in the finite-dimensional system, we expect that
when the system is not too far from gradient, i.e., when § is small enough, the min-
imum action path will follow the graph of a heteroclinic orbit connecting (¥—, v_)
and (u4,v4). The only difference with the finite-dimensional situation is then
that, if the coefficient « in (4.5) is small enough, ¥ < kit = 1/ (47?) ~ 0.0253,
there are many such orbits because (4.5) has many unstable equilibrium points. As
a result there will be several minimum action paths (one global minimizer and sev-
eral local minimizers). How to identify these unstable critical points as a way to
benchmark the results from the minimum action method is explained below.

On the other hand, if the system is far from gradient, i.e., if § is large enough,
then we expect that the piece of the minimum action path connecting the stable
equilibrium point (¥_, v_) to an unstable equilibrium point will be different from
the heteroclinic orbit connecting these points. Our results below confirm this intu-
ition.

It is worth pointing out that traditional shooting methods to solve the Hamil-
ton equations associated with the minimization of (4.6) are inapplicable here. The
reason is that, unlike their finite-dimensional analogue, these equations are only
well-posed as a boundary value problem in time, which prohibits the use of the
shooting method. Hence, the technique used by Maier and Stein in [12] in the
context of the finite-dimensional diffusion (4.1) cannot be used to obtain the min-
imizers of (4.6). Next we show that the gMAM is the right alternative to do this
minimization.

The gMAM in Infinite Dimensions

We want to apply our algorithm to find the minimum action path connecting
the stable states (¥—, v—) and (¥4, v+). In order to do so, we first recast our theo-
retical results to the present infinite-dimensional setting. Basically, this amounts to
changing the finite-dimensional inner product (-, - ), by its analogue in function
space, and the only result we actually need is the equivalent of (2.2) and (2.14),
which we state without proof:

(4.7) V((u=,v-), (g, v4)) = igf3(¢>

where the infimum is taken over all spatially periodic functions ¢(x,«) : [0, 1] x
[0, 1] — R? subject to ¢(-,0) = (—1,0) and ¢(-, 1) = (1,0), and where

1
48) Sp) = [O (16122 1 B@) 122 — (¢ B@))12)der.
Here

4.9 B(¢) := b(¢) + k¢xx,
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where b is given by (4.2).
The steepest-descent flow associated with (4.7) is the analogue of (4.3). It can
be written in compact form as

(4.10) ¢ = A2 — LB — (0B)*)¢’ — (3B)*B + AN ¢ + ¢,
where A = || B(¢)|Iz2/ ¢’ 1.2, OB is the operator
@.11) 0B = Vb(p) + 133,

and (dB)* is its adjoint. Explicitly, (4.10) is
¢ =22¢" = A(Vb = (VD)')¢' — (V)T b —k (Vb + (Vb)) )pxx

2 _ (@x, VVb1 @x) ot ’
K~ @xxxx K((QDX,VVbzgox) + AN Q"+ pne.

(4.12) can be solved by discretizing ¢(x, «, ) in x, «, and t and using a general-
ization of the algorithm in Section 3.2. There is, however, an additional difficulty
caused by the presence of the spatial derivatives such as ¢yxxx. To stabilize the
code with respect to those, we may use an FFT-based pseudospectral code in x and
Duhamel’s principle to solve ¢ + k2@yxxx = (remaining terms) explicitly. How-
ever, having tried this approach, we found that a slightly more efficient alternative
was to not go pseudospectral but rather split each iteration step into two, the first
one being the equivalent of the semi-implicit Step 2 (evaluating ¢” at the new time
step) in which the term Kz(pxxxx at the right-hand side of (4.12) was excluded,
and the second one being an implicit step with that term only. In this approach all
spatial derivatives of ¢ were estimated by finite differences.

To apply the gMAM, we initialized the transition path as the linear interpolation
between (u—,v_) and (¥4, v4+) and added a bump to break the degeneracy due to
the periodicity in x; i.e., we set

ot =0,x,0) := (—1 + 200 + 2sin® (o) sinz(nx),O).

We chose the grid sizes Ax = 1/128 and Aa = 1/100, and set the step size to
At = 0.1. We then started the algorithm with the model parameters § = 1 and
k = 0.01, and after 40 seconds and about 120 iterations we obtained an approxi-
mate solution. Using a continuation method, we decreased k to x = 0.003 and then
to k = 0.001, each time running the algorithm starting from the previous solution.
The whole sequence of operations took about two minutes using MATLAB 6.5
running under Windows XP on a 1.5-GHz Pentium 4. Then we started the process
over again, this time increasing « until it reached k = 0.026 > K yj.

4.12)

Results

Figure 4.6 shows plots for f = 1 and various values of k. Each of them shows
the first components of the functions ¢( -, «) for equidistant values of o as blue
lines. To check our results, we added in each figure the lowest-energy saddle point
of the system as a red line, determined independently using the method explained
below. One can see that the transition paths found by our algorithm indeed pass
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X X

FIGURE 4.6. Snapshots along the minimum action path from (u_, v_)
to (44, v4) for the SPDE generalization of the Maier-Stein model. The
parameters are § = 1 and k = 0.001,0.01,0.024,0.026. The high-
lighted lines are the unstable equilibrium points.

through these saddle points to very satisfying accuracy. Figure 4.7 shows a three-
dimensional representation of the solution for k = 0.01.

We then added a little bump to the v-field (the second component of ¢), set
B = 10, and restarted the algorithm. For this value of §, by analogy with what
happens in the finite-dimensional Maier-Stein model, we expected that the field v
would assist in the transition during the uphill path. The gMAM confirmed this
intuition, as shown in Figure 4.8. Now as u makes a transition similar to the pre-
vious one, v also increases around x = % but vanishes again as the saddle point is
reached.

Figure 4.9 shows the plot for « = 0.001. As we can see, smaller values for
k lead to steeper domain walls. Finally, Figure 4.10 shows an example for a two-
periodic local minimizer, obtained by starting from a two-periodic initial curve.

Notice that the minimum action paths in this example are degenerate due to the
spatial periodicity (i.e., if ¢(z, x, &) is a minimizer of the action, so is ¢(z, x +c¢, &)
for any ¢ € R). This degeneracy, however, was broken by our choice of initial
condition and does not appear to affect the convergence of the algorithm.
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FIGURE 4.7. The minimum action path from (u_, v_) to (¥4, v4) for
k = 0.01 and 8 = 1. The two surfaces represent the two components u
and v of the minimizer ¢*, the pink line shows the saddle point, and the
red dots at the side mark points at equidistant times.
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FIGURE 4.8. Same as in Figure 4.7, for « = 0.01 and 8 = 10. For
those parameters the field v assists in the transition.

Finding Saddle Points

Since we know that the minimum action paths must go through critical points
(such as saddle points), to check our results we computed these critical points using
the following strategy. Any critical point of the form (u(x),0) must fulfill the
equation

(4.13) 0= Bi((u,0)) = by ((u,0)) + Ktxx = 1 —u> + Kilxy.
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FIGURE 4.9. Same as in Figure 4.7, for § = 10 and ¥ = 0.001. Com-
pared with Figure 4.8 we observe that smaller values for « lead to steeper

domain walls.
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FIGURE 4.10. A local minimizer with period % for B = 10 and ¥ = 0.001.
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This equation has three constant solutions uy (x) = (k,0) fork = —1,0, +1. The
functions (141, 0) can be shown to be stable states, whereas (1, 0) is an unstable
critical point. To find nonconstant solutions of (4.13), multiply this equation by u
and integrate to obtain
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E € [0, 1], or equivalently

L1 [1 1
ux(u)| = « 1/2\/5(1 —u?)? - E2

Additional solutions can thus be obtained by inverting the function

u
1
(4.14) x(u) = / —/du', u_ <u<uy,
u_ Ux (')
where u4 are the locations at which u,, = 0, ie., ugx = ++/1— E, and then
setting u(x) := u(2x(u+) — x) for x(uy) < x < 2x(u4). For every choice of

E this leads to a solution with period p(E) = 2x(u+ ), but we are only interested
in those values for which 1/ p(E) € N since u(x) must be periodic on the original
domain x € [0, 1]. These values of E can be found from (4.14):

u 1
p(E) =2 [ Tl =y [0 w2 f (u)du.

ux(u)

=11 LY 11 E 2F o
reo = (1-50) (30w 2e)

1 —-1/2
+ ((l—E)(l—Eu)—i-ZE) )

We can compute the integral for p(E) numerically for several values of E € [0, 1]
and then determine for which E¢ we have p(FEy) = 1. Finally, we can invert the
solution x (1) for E = E to find the corresponding u g, (x).

As a final remark, note that p(E) can be shown to take its minimum at £ = 1,
and its value there is

1 u —-1/2
p(l) = 2@/ u_l/z(l — 5) du
0

where

1/2
= 4\/E/ u_1/2(1 — u)_l/2 du
0

1
= Zﬁ/ u_l/z(l — u)_l/2 du =2 k.
0

Therefore, if k > K¢ := 1/(472), then for every E € [0, 1] we have p(E) >
p(1) = 2x/k > 1,ie., 1/p(E) ¢ N, and there is no nonconstant critical point
(with v = 0).

4.3 Continuous-Time Markov Chain: The Genetic Switch

As a last example, we apply our technique to a birth-death process with a posi-
tive feedback loop that results in two stable states. The model was first defined by
Roma et al. [16] (see also [7, 20]) and describes a mechanism in molecular biology
called the genetic switch, illustrated in Figure 4.11.
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FIGURE 4.11. The mechanism of the genetic switch.

A bacterial cell contains plasmids with two gene sites a and b that can be tran-
scribed and translated into proteins A and B. Those in turn can form polymers that
bind to the operator site of the respective other gene, preventing further production
of the corresponding protein. Other reactions are to reverse polymer formation or
protein binding, and the degradation of proteins.

This setup leads to bistable behavior: If the cell is in a state with many pro-
teins A and only few proteins B, then there are likely also many polymers A,,, the
operator site of gene b will be blocked most of the time, and thus only few new
proteins B will be produced. Since there are only few proteins B, it is unlikely that
a polymer B,, will bind to the operator site of gene a, and the production rate of
new proteins A will stay high. Therefore there will be a stable state with many
proteins A and few proteins B, and by symmetry of the mechanism there is another
stable state with few proteins A and many proteins B. Bistability arises because the
fluctuations leading to a switch from one stable state to the other are rare events.

A simplifying description of this process keeps track only of the numbers of the
proteins of the two types, (X4, Xp), and models polymer formation and binding
to the DNA only by defining the production rate as a function of the number of
proteins of the respective other type, the precise form of which is motivated by the
Hill equation [21]. It thus consists of only four reactions, as listed in Table 4.1.

Here, £2 is the system size parameter (such as the total number of proteins in
the cell), (x4, xp) = (Xqo/$2, Xp/$2) is the protein density, a; and a, are rate

Reaction Type Rate State Change of (X4, X})
protein production | 2a;(1 + xZ)_1 (1,0)
Rar(1 + x™)~1 0, 1)
protein degradation u1xq (—1,0)
QI’LZXIJ (07 — 1)

TABLE 4.1. The reactions of the genetic switch model by Roma et al. [16].
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parameters that combine the rates for transcription into RNA and their translation
into proteins, and m and n are the cooperativity parameters that represent the num-
bers of proteins per polymer. In the simulations below, we use the same model
parameters as Roma et al. [16], namely, a; = 156, a, = 30, u; = ux = 1,
m=1,n=3.

Under this kind of scaling the stochastic system for x := (x4, xp) satisfies a
large deviations principle as ¢ = 1/£2 — 0, with Hamiltonian

ai _
H(x,0) = —(e% — 1) + prxa (e — 1)
(4.15) X%
' az 9 -9
+ W(é’ b —1) + paxp(e™” — 1)

(see [17]), which we used in the gMAM algorithm presented in Section 3.

Figure 4.12 shows the transition path obtained with gMAM, for the full path and
only for the uphill path. They match those found in [16] using a shooting method
based on the Hamilton equations associated with the Hamiltonian (4.15). While
in general for continuous-time Markov chains no explicit expression for 1A9(x, y)
exists, for the simple Hamiltonian (4.15) we could indeed find one. Comparing the
curve obtained from gMAM using the explicit formula for 2?/‘(x, y) with the one
using the algorithm from Section 3.4 in an inner loop, we found that both curves
matched exactly. When we applied the technique to obtain second-order accuracy
as described in Section 3.3, the corner of the path at the saddle point was sharp,
and A at that point vanished up to machine precision.

Table 4.2 shows the results of our performance tests on this model. For various
grid sizes N it lists the optimal step size At, the number of steps necessary until the
change in the action S (¢) per iteration drops below 10~7, and the corresponding
runtime. We observe again that the maximum step size At is roughly independent
of the grid size N, and that the runtime is close to linear in V.

Grid Size n | Step Size At | # Iterations | Runtime
100 0.22 20 0.5 sec

300 0.27 15 0.6 sec

1,000 0.26 18 1.3 sec
3,000 0.26 18 3.1 sec
10,000 0.27 19 11.6 sec

TABLE 4.2. Algorithm performance for the Roma model.
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FIGURE 4.12. The minimum action path for the Roma model. The x-
and y-axes denote the densities of the proteins of type A and B, respec-
tively. The left panel shows the full path from the right stable state to the
left stable state; the right panel shows the piece of the path from the right
stable state to the saddle point.

5 Conclusions

Summarizing, we have proposed a variant of the MAM, the geometric mini-
mum action method (gMAM), which is tailored to the double minimization prob-
lem required to compute the quasi-potential V(x1, x2) in the Freidlin-Wentzell the-
ory of large deviations. The key idea behind the gMAM is to reformulate the
Freidlin-Wentzell action functional on the space of curves. With this reformula-
tion, we guarantee that the new action will have minimizers (that is, curves) in a
broader class of situations, in particular when the points x; and x, in V(x1, x2)
are stable equilibrium points of the deterministic dynamics (in contrast, the orig-
inal action minimized over both the paths and their length in time fails to have a
minimizer in this case). The corresponding minimizer of the action is the curve
of maximum likelihood by which the transitions between these stable equilibrium
points occur due to the presence of the small noise.

The gMAM is an algorithm to evolve curves with arbitrary parametrization in
order to find the minimizer of the reformulated Freidlin-Wentzell action functional.
Here the algorithm was tested on several examples: a finite-dimensional diffusion
(SDE) with a nongradient drift, an infinite-dimensional generalization of this SDE
(i.e., an SPDE for which traditional methods based on a shooting algorithm are
inapplicable) and a Markov jump process. However, the potential range of appli-
cability of the gMAM is broader than these illustrative examples.

In particular, Proposition 2.1 relies only on Assumptions 1-3 for the Hamil-
tonian H(x, 0). This makes the results in this paper applicable to a wider class
of problems than those arising in the context of large deviations theory. One such
problem is the determination of the instanton by which quantum tunneling arises
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(for background on this problem, see, e.g., [11, 18]). The relevant action in this
case is

T
(5.1) V(x1,x2) = inf  inf / (1|1p(z)|2 + U(w(z)))dz.
T>0yecCy2(0,1)Jo \2

Here x; and x5 are minima of the potential U > 0, and it is assumed that U(x;) =

U(x3) = 0. Hence x; and x are critical points according to our definition (1.24).
It is well-known [18] that this minimization problem can be recast into a ge-

odesic problem in terms of the Agmon distance; i.e., V' (x1, x2) can be expressed

as

1
(5.2) V(x1,x2) =  inf / V2U(p()) |¢ (o) |der.
peCy2(0,1) Jo

The instanton is the minimizer of this action. The new MAM can be straightfor-
wardly applied to (5.2) since the corresponding Hamiltonian H(x, 6) = %|9|2 —
U(x) fulfills Assumptions 1-3 of our paper. The gMAM can also be applied to
similar problems involving finding geodesics in high-dimensional space with the
Riemannian metric.

Appendix A: Three Technical Lemmas

The goal in this appendix is to prove Lemmas A.1 and A.3, which are needed
in the proof of Proposition 2.1(i).

LEMMA A.1 Let Yy € C(0,Ty) and Y, € C(0,Tz) with y(¥1) = y(¥2), and
let the local action £ : D x R" — [0, 00) have the property that for all x € D,
y € R, and ¢ > 0, we have £(x,cy) = cl(x,y). Then

T1 T2
; (1, yyde = | (Y2, Y3)dt.

PROOF: Let 1 (1) = @(a(t)) forall ¢ € [0, T;], some ¢ € C (0, 1) with |¢/| =
c¢st a.e., and for some absolutely continuous rescaling « : [0, 1] — [0, T7] with
o’ > 0 almost everywhere. Then forall ¢ € [0, T}] we have V1 (1) = ¢’ (a())e! (¢),
and we can compute

T] . Tl
(WY1, Yr)de =/O L(a(1)), ¢ (a () (t))dt

0

T,
- fo (o). ¢ (@) ()d1

1
= /0 o), ¢’ (a))da.

Since the same calculation can be made for v/,, we are done. O
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To prepare for the proof of Lemma A.3, we need to show some technical prop-
erties of H and 6* first.

LEMMA A.2
(1) The following equalities hold:

(A.T) Ly(x,y) = 0%(x,),
(A2) 9;()57)’):He_el(x79*(x’J’)):Lyy(x’y)-
(i) Assumption 3 implies the limits
(A.3) lim H(x,0) = oo,
6—o00
(A4) lim 6*(x,y) = oo,
y—00

uniformly in x on compact sets.

PROOF:
(i) By differentiating (1.22) with respect to y and using (1.23), we obtain

Ly(x,y) = 6% (x,9) + (65 (x, y)T (v — Hp(x,6%(x,))) = 6*(x, ).
Differentiating (1.23) with respect to y leads us to

Hgg(x, 0% (x, y)05 (x,y) =1
and thus
Hyg (x,6%(x, ) = 67 (x., ) = Lyy(x, y).
(ii) Denoting éy := 0/|0|, for any compact set K C D Assumption 3 implies
that

0]
(Ho(x,6), éq) = /0 (9. Hog(x. 769)29)dT + (Hy(x.0). )

m(x)|0| — sup |Hg(x,0)| = mg|0| — Ck.
xeK

Performing one more integration, we find

(AS)

v

10
H(x,0) = fo (Hg(x,tég),e9)dt + H(x,0)

101 1
= [ mxe — Crode - i = 5 meloP? - Clol -
0

proving (A.3).

To prove (A.4), assume that it is not true. Then there exists a sequence (yg)
with yr — oo and a bounded sequence (xy) such that the sequence (6* (xi, yx)) is
bounded. But continuity of Hy(-, -) then implies that y, = Hg(x, 0*(xk., Vi)
stays bounded, and we have a contradiction. U

Now we are ready to prove Lemma A.3.
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LEMMA A.3 For the functions Ay defined in the proof of Proposition 2.1, we have
[Akloo < 0O and

L(p,¢'A
(A.6) sup M < 00,
keN Ak 00
where | - |00 denotes the L* norm on [0, 1].
PROOF: First let us show that M = |A(¢,¢')|ec < 00. To do so, sup-

pose M = oo. Then for every [ € N the set {& € [0,1] | A(p,¢") > [}
would have nonzero measure, and we could construct a sequence («;) such that
lim; o0 A(@(@1), ¢’ (7)) = oo and |¢'(a7)| = L, forevery I € N, where L, > 0
is the constant such that |¢’| = L, almost everywhere. Now comparing (1.23) with

(2.7), we see that 3 (¢, ¢') = 0*(¢, ¢’ ), so that
0= H(w,&(w,w'))!a:al = H((p,@*((p,(p’/\))}a:al —o00 asl — oo

by Lemma A.2(ii), and we would have a contradiction. This shows that M < oo,
and thus also that |Ag |eoc < max{M,1/k} < oco.
Now we can begin our estimate by showing that

Ak
|H(p, 0% (0, 9" Ak))| < [H(p, 0% (¢, ¢'1))| Jr/)L |0 H(p, 0" (¢, t¢))|dT

Ak
=0+/A |(Ho (9. 0% (9. 7¢"). 07 (p. 1¢")¢)|d

Ak
= [ elie' i 0.6% v

L2 Ak L2 212
<@ rdt = ‘/’()Li_)ﬂ)f‘/’_k,
mg Ja 2mg 2mg

where in the third and fourth step we have used (1.23), (A.2), and Assumption 3
with K := y(¢) and § = H0_01/2<p’. Thus

H * / L2\ L2 max{l, M

(0.6 ¢4 | _ Lore _ LymaxiL My -
Ak 2mg 2mg

and we obtain the bound

H(p,0% (¢, ¢ Ax))
Ak

L(p, ¢ Ak)
Ak

< 6% (0. 0'A0). @) + ‘
< Lymax {|6*(x, )| | x € y(¢), |y| < Lymax{l,M}} + C

< 0Q.
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Appendix B: Proofs of Lemmas 2.2 and 2.8

PROOF OF LEMMA 2.2:

(i) and (ii) If A(x, y) = 0, then the second equation in (2.7) tells us that z§(x, y)
is a minimizer of H(x, -) (which by Assumption 3 is unique). Because of the first
equation in (2.7), we thus have infgegn H(x, ) = 0, and together with Assump-
tion 1 this implies that H(x,0) = 0. But this means that 0 minimizes H(x, ),
so we must have 3(x, y) = 0. Now the second equation in (2.7) finally says that
Hyg(x,0) = 0, and x must be a critical point.

To show the reverse direction, observe that if x is a critical point, then (A, 13‘) =
(0, 0) solves (2.7).

(iii) Let x € D be a critical point. By Definition (1.23) of 8*, Hy(x,0) =
0 tells us that 8*(x,0) = 0. Therefore x fulfills L(x,0) = (6*(x,0),0) —
H(x,0*(x,0)) = 0— H(x,0) = 0, and we can apply I’"Hospital’s rule and use
(A.1) to find the limit

. L(x,4y)
Iim ——=

A—0+ k = <y,Ly()C,0)) = (y,e*(X,O)) =

(iv) For the representation (2.5) this follows from part (ii); for the representa-
tion (2.6), it follows from parts (i) and (iii) combined. For the representation (2.4),
observe that if ¢ is a critical point, then % = 0 is the minimum of H (¢, -), and
thus we have H (¢, ) = 0 only for ¢ = 0. O

PROOF OF LEMMA 2.8:

(i) Let L, be the constant such that |¢’| =
that |¢’(a)| = L. Denote ¢ := ¢(a), ¢' := ¢'(«
and finally ¢, := ¢(a;).

Since ¢, is a critical point, we have Hg(¢.,0) = 0 and H(¢.,0) = 0, and the
latter equality together with Assumption 1 tells us that also Hy (¢.,0) = 0. Thus
if we expand H (¢, 1§‘), which is 0 by definition of 9, around the point (x,0) =
(¢c, 0), the zeroth- and first-order terms vanish, and we obtain

and let o € [0, 1] such

L(ﬂ
), ¥ = (w,w’), A= Ap,¢"),

0= H(p. D)
1 N . N
= 5(<p —@c, Hyx(X,0)(@ — @c)) + (0, Hox (X, 0) (¢ — ¢c))

1 - .
+ 53 Hoo(%.5))

for some point (X, é) on the straight line between (¢, 0) and (¢, 1§) Note that
@ is in the compact set )/(go) and so equation (A.3) of Lemma A.2 and the first
equation in (2.7) tell us that % must also lie within some compact set independent
of a. Since |X — ¢c| < |¢ — ¢c| and |9| |19| this means that (%, §) is also within
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some compact set K x K’ C D x R" independent of «. Applying Assumptions 2
and 3 we find
1 A 1 A oaa

5mK|19|2 5 (0 Hyg(X.0)7)

IA

1 ~ A ~
= =590~ ¢e. Hex(X.0)(¢ — ¢c)) — (9. Hox(X.0) (¢ — ¢c))

C(lg — @el? + 1o — 9| 19])

A

IA

C mg  ~
Clle =@l + —lp— o> + —10
mg 4C

by Cauchy’s inequality. Therefore we have |1§| < C’'|¢ — .| for some constant
C’ > 0, and expanding around (¢., 0) again we conclude that

1 1 n
A= —| o' | = —|H,
L(,,| @' L(,,| 0(p, )]

1 o .
= —| Hy(@c.0) +Hox (X', 0') (9 — ¢c) + Hyo (X', 61|
L(p ——
=0
< C"(lp — el + 18])

<C"A+C)lp—¢c| <C"(1+ C')Lyla —acl.

(i) This is now a direct consequence of (i) since A < C|a — .| implies for
arbitrarily small € > 0 that

/ da>1 / da ~ o
AT C lo —ae|

Appendix C: Proof of Lemma 2.5
PROOF OF LEMMA 2.5:

(1) In order to apply the Arzela-Ascoli theorem, we quickly check that the set
Cx,m is uniformly bounded and uniformly equicontinuous: For all ¢ € Cx, ps and
all @ € [0, 1] we have

o

()] = ‘40(0) 4 /0 o' (@)da

o

< o(0)] + / ¢/ (@)lda < sup x| + M
0

xeX

and

a+h a+h
(e + 1) — ()] = [ ¢/(a)da| < f ¢/ (@)lda < Mh.
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This proves precompactness of the set Cx pr. To prove that Cx ps is also closed,
take any sequence (¢,) in Cx, ps that converges uniformly to some ¢ € C(0, 1).
We have to show that ¢ € Cx . Clearly, ¢(0) € X. Furthermore, for every
a,b €[0,1],a < b, we have

N
sup Y le(er) — p(ei-1)]

a<ap<-<any=<b i=1
N
= suplim Y en(er) — en(eic)|

a<ag<-<apy<b i=1

N
< liminf sup Z lon (o) — @n(i—1)]

>
n—00 a5a0<~~~<aN5b i=1

b
= liminf/ lgn (@) |da < M(b —a) < oco.
n—>0o0 a

This shows that ¢ is absolutely continuous and that |¢’| < M almost everywhere.
Therefore Cx,pr is closed, and since it is also precompact, it must be compact.

(i) This now follows directly from (i) by observing that C A)f[’y is a closed subset
of Cx, m, for X := {x}.

(iii) We want to show that for any sequence (¢, ) in Cx, ps converging to some
¢ € Cx,m we have S (¢) < liminf,_ o S (¢n). We can follow exactly the lines
of the proof of [17, lemma 5.42], applied to convergence in | - |[9,1] (Which in [17]
is denoted by d.), except for two modifications: First, since we do not have the
equivalent of [17, lemmas 5.17 and 5.18] (the integrand of S increases only linearly
in |¢’]), we have to restrict S to Cx,m , which guarantees uniform equicontinuity of
the sequence (¢, ), as shown in part (i). Second, we have to adjust the definition of
the lower bound £% (x, y) for the local action £(x, y) to our case and show that our
function €% still fulfills the required properties, i.e., weak convexity in y and lower
semicontinuity in the limit (x, y,8) — (xo, yo, 0™"), although the technique in [17,
lemma 5.40] to prove the latter fails in our case (since our equivalent of g5 (x,0)is
not continuous).

Forevery x € D, y € R", and § > 0 we define

O x,y) = sup{(y.0) |0 e R"st.VzeD: |z—x| <8 = H(z,0) <0}

Then for every X € D with |x — x| < § we have

(C.1) Bx,y)< sup (3.0)= sup (y,0) = L&, y),
feR” OeR”
H(x,0)<0 H(x,0)=0

where £ is our local action from representation (2.4).
Clearly, €8 (x, y) is convex in y as the supremum of linear functions. To show
lower semicontinuity of 08 (x, ), consider first the cases when either x is a critical
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point or when yg = 0. If xg is a critical point, then the local action £ vanishes at
(x0, yo0) by Lemma 2.2; if yo = 0 then the local action £ vanishes by its definition
in (C.1). Thus by Assumption 1 we have

P(x.y) = (7.0) = 0= L(xo. yo) V. 7.8,
so that

(C.2) liminf 28 (x, y) > £(x0, y0).
(X,J’ss)*(xosyoaOJr)

In all other cases (i.e., X0 is not a critical point and yg # 0) we have Hg(xo, 19)

A(x0, y0)yo # 0O (for B = 19(x0 ¥0)) by Lemma 2. 2(i). Since by definition of 9

we have H (xop, 19) = 0, for every ¢ > 0 there exists a 6 € R" with |9 19| <e

such that H(xg, 9) < 0. By continuity of H (- 9) there exists an n > 0 such that

forall z € D with |z — x| < n we have H(z, ) < 0. Let§ + |x —xo| < n. Since
lz—x| <8 = |z—x0|l <8+ |x—x0| <1,

we then have

E‘S(x,y) sup{(y,0) |0 e R"st. Vz € D : |z—xo| <n= H(z,0) <0}
(y.6)
= (y0. ) + (y —y0.0) + (v, 0 — ¥)

> £(x0,y0) — |y — yoll?| —|yle,

=
=

where in the last step we used representation (2.5) of the local action £(x¢, yo).
Taking the liminf as (x, y,§) — (xo, Yo, 07) and then letting ¢ — 0, we see that
(C.2) holds also in this case, terminating the proof of part (iii).

(iv) Let K be a nonempty closed subset of Cx, s, and let (¢, ) be a sequence in
K such that limy,— o S'((pn) = infyeg SA'(<p). Since Cyx,p is compact, K is com-
pact as well, and thus there exists a subsequence (¢, ) that converges uniformly to
some ¢* € K as k — o0o. Because of the lower semicontinuity of S, we have

S(¢*) <liminf$ = inf S
(™) =< imin (@n) Jnt (9)
and thus 5‘((,0*) = infyeg §(<p). O

Appendix D: Proof of Proposition 2.3

In this appendix we will prove the technical details of Steps 1-3 that we omitted
in the proof of Proposition 2.3 in Section 2.2. Let us begin with

Step 1. There exists an 7 > 0 such that for small enough &

MD.1)  p(X®lo,77.¢*) <7 and 15(X®) < T = p(X°®|j0,c5(x5)]- ©”) < 1.
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PROOF: Without loss of generality we may assume that |¢*'| = cst a.e. on
[0, 1]. Let o € (0, 1) be large enough so that falo lo* |da < %n, and let

1
0<f:=- inf |p*(a)—x2|
0

4 0<a<o
1t o,
(D.2) / o' da
[070)

A

1
Z|§0*(<¥0) — X2 = —

1 1
= _/ o*|da < 1.
4 4 Jo 8

Let § < 7. From the definition of the Fréchet distance, there are two weakly in-
creasing, surjective, continuous functions z(s) : [0, 1] — [0, T] and «(s) : [0, 1] —
[0, 1] such that

(D.3) |XE(t(s)) — @™ (@(s))[o,17 = 27.

Let 5o € [0, 1] be such that #(sg) = 15 := 15(X?), and define 7(s) := £(s) A t5.
(We write a Vb and a Ab to denote the maximum and the minimum of two numbers
a and b, respectively.) Then

P(X 0,551 ™) = |XP(E(9)) — @™ (@(s)o,1]
= |X°((s)) — @™ (@(s)[0,50] V IX*(F(s)) — @™ (@(5))[s0,1]
= |X(t(s)) — @™ (@(s))]o.50] V 1 X (T8) — @™ (@(5))][s0.1]
(D.4) < 27V (1X®(t5) — x2| + l@™ (@e(s)) — X2|[50,1])-

To estimate the second norm in the last expression, observe that (using ¢ (sg) =
75 and (D.3)) we have

9" (@(s0)) = x| = |X*(2(s0)) = x2| + | X*(2(50)) — ¢* (@(s0))
<5+27 <3 <4ij= inf |p*(@) —xal

so that «(sg) > «¢ necessarily. Therefore by monotonicity of «(-), for all s €
[s0, 1] we have a(s) > a(s9) > «¢ and thus

1
/ o~ da
a(s)

We can now continue our estimate (D.4) and conclude that

. . n - (- M n non
P(X8|[0,r5],<ﬂ)52’7\/(54'5)Ezflv(ﬂ+§)§zv(§+—)<n

1
0" (@(s)) — x2| = < / 0*ldo < 7.
(07

0

2
by (D.2), proving Step 1. U
Step 2. lim(T’(g)_,(T*,()-i-) P(WS,Ta QD*) =0.

PROOF: It suffices to show that any sequence (Vx)ken = (¥5, ) )keN, in
which 8 — 0™ and T} — T*, has a subsequence (Vk,)1en such that

lim p(Y,, ¢*) = 0.
[—o00
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To show this, let (1) be such a sequence, and let us denote by ¢, the repa-
rametrization of ¥ (i.e., Y(¢r) = y(¥x)) such that |<p,/c ()| = csty for almost
every « € [0, 1]. The curve y (¢ ) starts from x1, and by the assumption of Propo-
sition 2.3 it has bounded length in the limit,

T

= hmsup/ lgplde < limsup / |¢5,T|dt < 00,
k—oo (T,8)—~>(T*,0%) /0

so ¢ is in the compact set Cyx,1 2p defined in Lemma 2.5(i) if k is sufficiently

large. Thus there exists a subsequence (¢, );eN that converges uniformly to some

limit §* € Cyx,},2p- In particular, we have

P(l//kpé*) = p(@k,,é*) = |§0k/ - ¢*|[0,1] —0 asl/ — oo.
In the remaining part of the proof we will show that y(¢*) = y(¢*) so that
p(Wk, ¢*) = p(Y,.¢*) — 0asl — oo. By lower semicontinuity of S we have

D.5) S‘( ) < hmlnfS((pk,) = liminf inf inf ST(¥)
l—o00 T>0 wecwk 0,7)

< hmlnfSTk (Vk,) = liminf inf St,., (V).
I>00 yeCy (0,Tk) '
rSk' (W)<Tkl

We want to show that the right-hand side is less than or equal to S (¢*). Con-
sider first the case when T, < T™* forall /. Let (Tr, 1},) re€(0,00) be the approximat-
ing sequence defined in the proof of Proposition 2.1(i) (only here with r € (0, 00)),
ie., such that Vr > 0 : y(¥,) = y(¢*), limy e S7 (wr) = S(¢*), and
lim; oo 7y = T*. Using the notation A = A(¢*, ¢*’) and lettmg Ar=AV1/r,
we find that for Vrq,ry > 0:

T T |</1 1 1 e < 1 1
J— [ — a —_——
" S 0 )Lrl Arz B Arl Arz [0,1]
Girn)=(imm) |, =0
= - ri)—\ — rp = |r1 —rpf.

As aresult, the function r Ty is continuous, and we can choose a sequence (r;)
such that T;, = Ty, for VI € N. Now since ¥, (Ty,) = ¢*(1) = x3 € Bg, (x2),
we can complete estimate (D.5) as follows:
(D.6) S((p ) < hmlnf inf St (¥) < liminf S7, (lﬁr,)
I>o0 yely (0.Tx,) ' I-oo M
TSk (W)<Tk1
= liminf S5 Wr,) = S(p*) = 1nf S(¢).
=00 771 9eC2(0,1)

If Ty, > T* for some [, then we can define the path 1},1 by first following the

path ¥* = ¥/,—c in time 7* (which in this case is well-defined since 7* < 00)
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and then staying at x; for the remaining time A; := Ty, — T*. As] — oo, we
have A; — 0, and thus the additional action on the second part of the path goes
to 0 as well, so that STr, (Yr,) = S(¢™) still, and (D.6) also remains valid in this
case.

Since by assumption of Proposition 2.3 we have

¢*(1) = lim ¢, (1) = lim ¥, 1, (Tg,) = X2,
[—00 l—>o00 e
¢*isin C +2(0,1), and so from (D.6) we can conclude that

S@) = inf  S(p) =S8
9eCy7(0,1)

The uniqueness of the minimizing curve ¢* now implies that y(¢*) = y(¢™),
terminating the proof. |

Step 3. For all T,§ > 0 the set of paths {{y € Cx,(0,T) | ts(y) < T} is
regular with respect to St.

PROOF: First, note that the set {ts < T} := {{y € Cx,(0,T) | t5(¥) < T} is
closed since its complement {tg < T} = {t5 > T} = {¥ | y(¥) N Bs(x2) = T}
is open. Since closing the latter set amounts to replacing the closed ball Bg(x2)
by the corresponding open ball, we find that the interior of the set {t5 < T} is
{5 < T = {rg < T}, where fg denotes the infimum of all times at which the
path is inside the open ball with radius § around x,. Thus we must show

inf  Syp(y) > inf St (¥)
Wecxl(O,T) WGCXI(O,T)

ws(Y)<T i (Y)<T

since the relation < is clear. We will show that for every ¥ € {rg < T} we can
construct functions ¥, € {ré) < T}, r > 0, such that | ST () — S7(¥)| becomes
arbitrarily small as r — 0. The function v/, will be constructed in such a way
that it traverses y () at a slightly higher speed than v, and we will use the time
we saved to make a small excursion from the point where 1 touches the outside of
the ball Bg(x7) into its interior and back, so that in fact ‘L'g) (1}) <T.

In order to show that the action St (V) differs only slightly from S7(v), it
turns out that one can speed up the path ¥ only at places where || is bounded
away from oco. To do so, we pick some M > essinfo<;<7 |/ (¢)|, define for every
r € (0, %) the time rescaling G, via its inverse by

t
G (1) ;:/0 (A =rlcpdt, G7H[0,T] = [0, T3],

T, =G, \(T) <T,
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where 1, _,, denotes the indicator function on the set {t €[0,T]: v (1) < M},
and set ¥, (s) := ¥ (G, (s)). Using
1

Gl(s)= — =
) = GG, 6))

[1 =71 (Gr(N]

we find that

T, .
St (Yr) = [0 L(Yr(s). v (s))ds

Ir 1/.’(Gr(s)) )
- (5)). d
f, H{wenon T Gron )

! ¥ o) )
= ’— —_— . d .
/0 L(W(Z) - [1 ’“lwsM(I)] "

Asr — 07, the integrand in the last integral converges pointwise to L (v (1), ¥/ (1)).
To show that one can exchange limit and integral, observe that on {t € [0,T] :
[V (t)] > M} the integrand equals L (i, yr) before taking the limit, and that on
{t € [0,T] : |¥(t)] < M} we can use the bounded convergence theorem since
@) % <1- rHMSM < 1, (ii) ¥ (¢) traverses the compact set y(y), and (iii)
L(x, y) is continuous. Thus lim, _, o+ ST, (¥r) = ST (V).

Now let v, := %(T -1 = %fOT 1]|1/}|<M dt > 0, and pick a point x5 €
y(¥) N 3Bs(x2) at which v touches the boundary of Bg(x,). Consider

X (t) :=xs+t(x2—x5) and x; (1) := x5 + (vr — 1)(x2 — X5)

(for0 <t < vp): )(jr starts at xg and enters the ball Bg(x3) in the direction of its
center x2; x,, then goes back the opposite way. The corresponding actions

Vr
S0, (15) = [0 L(xs + 1 (ra — x5). X2 — x3)d1,
Vr
S, (15) = fo L(xs + (vr — 1) (x2 — x5), X5 — x2)dt

Vr
= / L(xs + s(x3 — x5), x5 — x2)ds
0

converge to 0 as r — 07 (and thus v, — O+).~We can now define v, by piecing
Yr, X:r,, and y,, together in such a way that ¥, moves from x; to x5 along ¥,

briefly enters and exits the interior of Bs(x5) via )(j'r and x,, , and continues along
the remaining part of ¥,. The total time for this path is T +2v, = T, +(T—T;) =
T, and the total action is

St(Wr) = S1.(¥r) + Su, () + Su, ((5,) = ST(¥) +0+0

as r — 0. Since r(g (W) < T forevery r € (0, %), this completes the proof. g
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Appendix E: Proof of Proposition 3.1

In the following lemma we will compute the derivatives of 5 (x,y)and A(x, y),
which we will need later in the proof of Proposition 3.1 to compute the Euler-
Lagrange equation for S.

LEMMA E.1 (Derivatives of & and A) Forall x € D and y € R" \ {0} we have

N — _1 Y ® Hy
(E.1) De(x,y) = —H l(P Hgy + A 1—_),
* 69 Yo (v, H001y>
(E2) Oy (x,y) = AHgy Py,
(E.3) By (x, )Ty =0,
AH gHly — H
(E4) Ax,y) = 2207000 7~ B
My, Hgg'y)
AH !
(E.5) Ayl y) = ——08 L
(v, Hgg y)
where we abbreviate
—1
(E.6) Pyi=1- w,
(¥, Hy, )

and where Hy, Hy,, H,g, and Hyy are evaluated at the point (x, 1§(x, ).

PROOF: All formulae can be obtained by implicit differentiation of equations
(2.7), where A = A(x, y) and ¥ = ¥ (x, y).

First we differentiate H (x, 1A9(x, y)) = 0 both with respect to x and y to obtain
(E.7) HI + AT, = HT +2yTd =0, HID, =1TH, =o0.

From the second equation we see that (E.3) holds since A = 0 only if x is a critical
point and since v, is continuous.

Differentiating the second equation in (2.7), Hy(x, 5 (x,y)) = Ay, with respect
to x and y, we obtain

(E.8) Hox + Hoglx = yAL.  Hogdy = A1 + yAT.

Left-multiplying both equations by /\yTHe_e1 and using equations (E.7), we con-
clude

AyT Hgy Hox — HY = My, Hyg' y) A%,
0=2%yT Hyg + My Hyg )AL,
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which we can solve for AT and )t}; :
T -1 T T -1
_ Ay" Hyy Hoyx — Hy AT Ay" Hpy

(E9) AT = : = 60
* Ay, Hyg'y) g (y.Hzg'y)

proving (E.4) and (E.5). We can now solve equations (E.8) for @x and z§y and plug
in equations (E.9) to obtain

z?’x = Ho_ol(yk; — Hyy)

(T Hy) Hox — yHT
= Hyg Ty -1 — Hyx
(y’ 060 y)

T
_ _ yH
=—-H 1(P Hp, + A 1—f),
T (i Hygy)

dy = Hgg (AL + yAT)
T

= Hg_ol)t(l — yy—f_lff’l) = AH,, Py,
(¥, Hy, )
where
Py 2V Mo y®Hyy
(y.Hgg'y) (y.Hyg'y)
This proves (E.1) and (E.2) and we are done. O

PROOF OF PROPOSITION 3.1: Starting from the representation (2.5) of the ac-
tion S, we obtain

DS(p) =9T¢' — 8o + 99"
=01 — g’ — Dye" — 8. (B]¢)
(E.10) = (@I — Do)’ — ye" — 3. (DI ¢").

(E.3) in Lemma E.1 says that the last term in (E.10) vanishes. We can then apply
formulae (E.1) and (E.2) for the derivatives of ¢} to obtain

AHpoDS(¢) = AHag((D] — Bx)¢' — Dy
¢'Hl
(@' Hpp'¢')
H00Hx§0/TH9_91
(/. Hpp¢')

= (Pq,/lH@x —+

— AHggHJ P} Hyy — )go/ —22Pyg”
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¢'Hl
—1

(o', H 00 @)

= P(p’(_kzﬁoﬂ + AH@x‘Pl — Hypg Hy).

= (qu’AHG’x + )(p/—O—Hgng—lzP(p/(p”

The relation A = (Hy, ¢’)/|¢’|? follows directly from (2.7).

To show the second representation of this term, we use (E.4) and (E.5) to com-
pute

AN @' = XA (9, ¢"))¢’
= ((Ax, @) + (A4, 0"))¢’

(AHy oHpp¢' — Hy.¢') — (A*H o' @)
(/. Hyy' ¢')
(AHgyx¢' — Hog Hx — A%¢" Hy/'¢') o
(/. Hppl¢')
/ -1,/
¢ @ Hgyo
= ((p,H—fle(p,) (—A%¢" + AHgx¢' — Hog Hx)
> 71060

= (I — Py)(—=A%¢" + AHpr¢' — HggHy).

/

Appendix F: Update Formula for the Inner Loop
COMPUTING STEP 2: Given a vector 92 and
h=h®P), hg=heP). hgg = hge(}P),

we must find 6y, A, and ¢ such that the quadratic function
1
£(8) = 5(6 — 60, A(6 = 60)) + ¢
fulfills

(E.1) fOP)Y=h, fo(0P) =he,  fog(DP) = hgg.

Clearly, the last equation in (F.1) implies A = hgg. From the second equation in
(F.1) we obtain

AP —0p) =hg & P —0g= A" hg = hylhy.
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Finally, the first equation in (F.1) tells us that

1 - ~

h = 5(191’ — 0o, A(WP — 6p)) + ¢
L -1
= —(A" " hg,hg) +c
2
1 1 1 1
& c=h-— §<h6’A hg) = h — E(hﬂ’heehG)-

Summarizing, f is given by

<he,hg;he>],

F6) = 10— 6. hag (6 — 0)) + [h -

where 0y = 97 —hg_glhg. Thus, if f(6g) = h— %(hg, hgghg) > 0, then we return
IPEL = 6.
COMPUTING STEP 3: Suppose now that f(6p) < O (i.e., the region { f < 0} is

nonempty), and let some direction ¢’ be given. We must find the point 3771 such
that

(F.2) F@OPTYy =0 and f,(3?t") =A¢’ for some A > 0.
The second equation in (F.2) is equivalent to

hog(PH1 —6p) = A¢' & 9P =6y 4+ Ahgly'.
To obtain A, we then use the first equation in (F.2):

0= /@
1 n 1 —
= 3071 =60 oo~ 0)) + [ = 3 ha. )|

1 _ _ 1 _
= W00 hoahizd)) + [h - E(he,hgéhe)}
((hg,hgghg) — 2h)1/2

(' hygge')

= A=

since we are interested in the nonnegative solution A. The point we are looking for
is thus

1§p+1 _ 90 + (<h9’h591h9>_2h)1/2h_1 )

- 00 ¥
(¢ hgae') )4

(he. hyghe) — 2h)1/2

=92 + WL ADP)p —hg) with A(DP):= ( !
o (¢ hgae')

+



GEOMETRIC MINIMUM ACTION METHOD 1113

Note Added in Proof

In the proof stage, the authors noted that the following improvements could be
made.

Relaxed Smoothness Assumptions

Assumption 2 requires that H(x, 6) be twice differentiable in both variables,
but in fact it is enough to require that it be only once differentiable in x and twice
in 6. This is significant since the smoothness of H in x is given by the smoothness
of the drift vector field b(x) and the diffusion matrix a(x) (in the SDE case), or
of the reaction rate functions v; (x) (in the Markov chain case). Thus, we modify
Assumption 2 as follows:

ASSUMPTION 2 (MODIFIED) The derivatives Hy, Hy, Hg, = (Hyg)T, and Hyg
exist and are continuous.

To achieve this improvement, all that has to be changed is the proof of Lem-
ma 2.8, which is the only place that required the existence of Hyx. This is done
below.

Passing Critical Points in Infinite Time

Interestingly, relaxing the smoothness assumptions sheds more light onto the
question of what is necessary for a point to be passed in infinite time: If Hyx(x., 0)
does not exist at some critical point x., then this point may be passed in finite time.
An example where this happens is given in Section 5, when U(x) ~ ¢st -|x — xc|#
close to x. for some 1 < B < 2. We therefore introduce the following property
that is sufficient to guarantee that a critical point is passed in infinite time, even
under the reduced smoothness assumptions:

DEFINITION A critical point x, € D is said to fulfill property (P) if H(x,0) =
O(]x — x¢|?) as x — xe.

Property (P) is a rather weak requirement: Looking at Assumption 1 and re-
calling that H(x.,0) = 0, we see that this property is automatically fulfilled if
Hy 5 (x¢, 0) exists (which explains why we did not need to require it previously). In
particular, it is fulfilled if H(x,0) = 0 forall x € D, as it is the case for the Hamil-
tonians of large deviations theory treated in this paper. Now while Lemma 2.2
remains unchanged (i.e., critical points are always passed at zero speed, even un-
der the reduced smoothness assumptions), Lemma 2.8 is modified: To show that a
critical point is passed in infinite time, we need to require property (P).

LEMMA 2.8 (MODIFIED)

(1) Let x¢ be a critical point with property (P). Then there exists a C > 0 such
that for all x close enough to x. and all y # 0, we have A(x,y) < C|x —x.|/|y|.
In particular, for any y # 0 the function A is Lipschitz-continuous at the point

(xC’ y)
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(ii) Suppose that ¢ is parametrized such that |¢'| = cst a.e., and let a, €
[0, 1] be such that (o) is a critical point with property (P). Then the function
a — 1/A(p,¢") is not locally integrable at a.. In particular, if the curve y(¢)
contains a critical point with property (P), then T* = fol 1/A(p,¢")da = oo.

Let us summarize: For SDEs and continuous-time Markov chains, critical
points are those points x with vanishing drift, Hy(x,0) = 0, and property (P)
is always fulfilled; therefore points with vanishing drift are always passed at zero
speed (Lemma 2.2(i)) and in infinite time (Lemma 2.8(ii)). This is case 3 below.
For other Hamiltonians (see, e.g., Section 5), points with Hg(x,0) = 0 fall into
one of the following three categories:

Case 1. The point fulfills H(x,0) < 0, and so x is not a critical point. By
Lemma 2.2 we thus have A(x, y) > 0 for any direction y # 0, and therefore the
point x is passed at positive speed (and consequently in finite time).

Case 2. We have H(x,0) = 0, but property (P) is not fulfilled. In this case x
is a critical point, so again by Lemma 2.2(i) we have A(x, y) = 0 for any y # 0,
and the point is passed at zero speed. But since property (P) is not fulfilled, it may
or may not take infinite time to pass the point.

The latter may also depend on the direction from which the point is approached.
To decide, one would have to check whether 1/A(¢, ¢’) is locally integrable at
that point; in the example in Section 3, this can be done by computing an explicit
formula for A(x, y).

Case 3. We have H(x,0) = 0, and property (P) is fulfilled. Then the point is
critical, A(x, y) = 0 for all y # 0, and the point is passed at zero speed and (by
Lemma 2.8(i1)) in infinite time.

PROOF OF LEMMA 2.8 (MODIFIED):

(i) Let K C D be a compact ball around x., and C; > 0 such that for all
x € K we have H(x,0) > —Cy|x — x.|?>. We abbreviate § = f’(x,y), do two
Taylor expansions in x and 6, and use the defining property of f?, Assumptions
1 and 3, and Cauchy’s inequality to find that for some constants C», C3 > 0 and
some vector (X, é) between (x., 0) and (x, z§) we have

0= H(x,d)

= H(x,0) + (Hp(x,0),d) + %(f?, Hpa(x,0)d)

« _ 1 «
> —Cilx = xe|? + (Hg(xc,0),9) + (Hox (%, 0)(x — xc), &) + 5 m(x) |9
[ — 2

=0
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R 1 .
> —Co(|x — xc|? + |x — x| [9]) + Emmﬁlz
C mr ~ 1 N
> Gl (14 =2 ) x —xc)? + “XK1812) + = mg|d)?
mpg 4C2 2

C 1 .
=—Q(H~£)u—%ﬁ+-mmm2
mg 4

= PP=Glx—x = |9 =VCilx—xl|

In particular, this shows that |z§| stays bounded, so that the terms Hy, and Hyg
below are bounded as well. We conclude that (for some new vector (X, ) between
(x¢,0) and (x, ) we have

A, )yl = |Hg(x, D))

= | Hy(xc,0) +Hygy (%, 6)(x — x¢) + Hgg (%, 6)D|
N——
=0
< Callx — xc| + 19

< C4(1 + VC3)|x — x¢| =: Clx — x¢|-

(ii) This is now a direct consequence of (i): Using that

/: ¢'(s)ds

we conclude that for almost every « close to o, we have

lp(a) — plac)| = =g/ lor — e,

() — g(ee)
¢’ ()]
Thus we have for arbitrarily small & > 0 that

/ do >l / da ~ o
AMep, ') — C loo — |

le—ac|<e le—ac|<e

AMo(a),¢'(@)) < C < Clo — acl.

g
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