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A climbing image nudged elastic band method for finding saddle points
and minimum energy paths
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A modification of the nudged elastic band method for finding minimum energy paths is presented.
One of the images is made to climb up along the elastic band to converge rigorously on the highest
saddle point. Also, variable spring constants are used to increase the density of images near the top
of the energy barrier to get an improved estimate of the reaction coordinate near the saddle point.
Applications to CH dissociative adsorption on(lrll) and H, on Si100 using plane wave based
density functional theory are presented. 2000 American Institute of Physics.
[S0021-960600)71246-3

I. INTRODUCTION points can be obtained from the energy and frequency of

An important problem in theoretical chemistry and con-ormal modes at the saddle point and the initial stete,

densed matter physics is the calculation of transition rates, [13N,init
for example rates of chemical reactions or diffusion events. khTST:Wf e
Most often, it is sufficient to treat the motion of the atoms ! Vi
using classical mechanics, but the transitions of interest ardere, E* is the energy of the saddle poifE™ is the local
typically many orders of magnitude slower than vibrations ofpotential energy minimum corresponding to the initial state,
the atoms, so a direct simulation of the classical dynamics iand thev; are the corresponding normal mode frequencies.
not feasible. For a process with a typical, low activation en-The symbol 1 refers to the saddle point. All the quantities
ergy of 0.5 eV, the computer time required to simulate acan be evaluated from the potential energy surface, at zero
classical trajectory long enough that a single transition evertemperature, but entropic effects are included through the
can be expected to occur is on the order of y@ars on harmonic approximation. The most challenging part in this
present day computers. This “rare event” problem is devas<€alculation is the search for the relevant saddle point.
tating for direct dynamical simulations, but makes it possible A path connecting the initial and final states that typi-
to obtain accurate estimates of transition rates using a purelyally has the greatest statistical weight is the minimum en-
statistical approach, namely, transition state thé®§T).>™*  ergy path(MEP). At any point along the path, the force
Apart from the Born—Oppenheimer approximation, TST re-acting on the atoms is only pointing along the path. The
lies on two basic assumption&) the rate is slow enough energy is stationary for any perpendicular degree of freedom.
that a Boltzmann distribution is established and maintainedhe maxima on the MEP are saddle points on the potential
in the reactant state anftd) a dividing surface of dimension- energy surface. The relative distance along the MEP is a
ality D-1, where D is the number degrees of freedom in thenatural choice for a reaction coordinate, and at the saddle
system, can be identified such that a reacting trajectory goingoint the direction of the reaction coordinate is given by the
from the initial state to the final state only crosses the divid-normal mode eigenvector corresponding to negative curva-
ing surface once. The dividing surface must, therefore, repture.
resent a bottleneck for the transition. The MEP often has one or more minima in addition to
Since atoms in crystals are usually tightly packed andhe minima at the initial and final states. These correspond to
the typical temperature of interest is low compared with thestable intermediate configurations. The MEP will then have
melting temperature, the harmonic approximation to TSTtwo or more maxima, each one corresponding to a saddle
(hTST) can typically be used in studies of diffusion and re- point. Assuming a Boltzmann population is reached for the
actions in crystals or at crystal surface$his greatly sim- intermediate(metastable configurations, the overall rate is
plifies the problem of estimating the rates. The search for theletermined by thénighestsaddle point. It is, therefore, not
optimal transition state then becomes a search for the lowestufficient to find a saddle point. One needs to have a good
few saddle points at the edge of the potential energy basianough estimate of the shape of the MEP to be able to assign
corresponding to the initial state. The rate constant for tranthe highest saddle point as ¥ in E@) in order to get an
sition through the region around each one of the saddlaccurate estimate of the rate.

EF—EM)/kgT (1)
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Many different methods have been presented for findingvith the length of the MEP, few images land in the neigh-
MEPs and saddle poinfs° Since a first order saddle point borhood of the saddle point and the interpolation can be
is @ maximum in one direction and a minimum in all otherinaccurate.
directions, methods for finding saddle points invariably in-  This communication describes a modification of the
volve some kind of maximization of one degree of freedomNEB method which gives a precise estimate of the saddle
and minimization in other degrees of freedom. The criticalpoint at no extra cost as compared with the regular NEB.
issue is to find a good and inexpensive way to decide which
degree of freedom should be maximized. IIl. DFT CALCULATIONS OF DISSOCIATIVE

The nudged elastic bandNEB) method is an efficient ADSORPTION
method for finding the MEP between a given initial and final
state of a transitiof}1"*?1t has become widely used for es-

timating transition rates within the hTST approximation. The

method has been used both in conjunction with electroni@nd f'_b on thel ?10(»52?&%6_'_‘;5'?\/\%?”]? wave ét%%%ed den-
structure calculations, in particular plane wave based DF1§Ity unctional theory( )- € unction was

calculations(see, for example, Refs. 13-17nd in combi- used in combination With_ultrasoft pseudopotent_?’ﬁlé’.he
nation with empirical potentiaf®~2! Studies of very large energy ‘_:UtOff was .350 eVin the _Qlflr(lll) calcula_tlon and
systems, including over a million atoms in the calculation,zoo_ev n the_ H/Si(100 caICLélémon. The calculations were
have been conduct@d The MEP is found by constructing a carried out with the VASP codewhich we have extended to
. NN . implement the new method presented here. The calculations
f I f th Il h . i )
set of imagegreplicag of the system, typically on the order were carried out in parallel on a cluster of workstations. The

of 4-20, between the initial and final state. A spring interac- ! . .
tion between adjacent images is added to ensure continuitNEB method lends itself so well to parallel processing that it

of the path, thus mimicking an elastic band. An optimizationlg sufficient to use a regular ethernet connection to transfer
. . L .~ data between the nodes.
of the band, involving the minimization of the force acting
on the images, brings the band to the MEP.
An essential feature of the NEB method, which distin-!ll. REGULAR NEB METHOD
guishes it from other elastic band methdds?” is a force An elastic band withN+1 images can be denoted by
projection which ensures that the spring forces do not interrg ' R, | R,, ... Ry], where the end point®, andRy, are

fere with the convergence of the elastic band to the MEP, agyaq and given by the energy minima corresponding to the
well as ensuring that the true force does not affect the distripjtia| and final states. Th&l—1 intermediate images are

bution of images along the MEP. It is necessary to estimatggjysted by the optimization algorithm.
the tangent to the path at each image and every iteration |y the NEB method;?® the total force acting on an im-
during the minimization, in order to decompose the trueage is the sum of the spring force along the local tangent and

force and the spring force into components parallel and pefihe true force perpendicular to the local tangent
pendicular to the path. Only the perpendicular component of

the true force is included, and only the parallel component of Fi=Fl—VER)L., 2
the spring force. This force projection is referred to aswhere the true force is given by
“nudging.” The spring forces then only control the spacing R
of the images along the band. When this projection scheme is VE(R))|.=VE(R)~VE(R)7. &)
not used, the spring forces tend to prevent the band frorkere, E is the energy of the system, a function of all the
following a curved MERbecause of “corner-cutting); and  atomic coordinates, angl is the normalized local tangent at
the true force along the path causes the images to slide awayagei. The spring force is
from the high energy regions towards the minima, thereby A
reducing the density of images where they are most needed Fli=k(Ri+1 =R~ [Ri=Ri-1)7, (4)
(the “sliding-down” problemn). In the NEB method, there is wherek is the spring constant. An optimization algorithm is
no such competition between the true forces and the sprinthen used to move the images according to the force in Eq.
forces; the strength of the spring forces can be varied by2). We have used a projected velocity Verlet algorithm.
several orders of magnitude without effecting the equilib-The images converge on the MEP with equal spacing if the
rium position of the band. spring constant is the same for all the springs. Typically none
Recently, an improved way of estimating the tangent toof the images lands at or even near the saddle point and the
the elastic band at each image has been preséhfEdis  saddle point energy needs to be estimated by interpolation.
eliminates a problem which occurred in systems where the An example of a NEB calculation is shown in Fig. 1.
force parallel to the MEP was very large compared with theThe MEP for dissociative adsorption of Glén an 1111)
restoring force perpendicular to the MEB such situations  surface has a narrow barrier compared with the length of the
kinks could form on the elastic band and prevent rigorousMEP. The molecule is 4 A above the surface when the reac-
convergence to the MEP. We use this new way of estimatingion coordinate is 1.0. At the other end, at 0.0, the molecule
the tangent in the calculations presented here. has broken up it a H and a CH fragment sitting on adja-
While the NEB method gives a discrete representation otent on-top sites on the(lrll) surface. The resolution of the
the MEP, the energy of saddle points needs to be obtained BMEP near the saddle point is poor and the estimate of the
interpolation. When the energy barrier is narrow comparedictivation energy obtained from the interpolation is subject

The method presented here has been applied to calcula-
tions of CH, dissociative adsorption on the(1l1) surface
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0.4 T The results of a CI-NEB calculation of the GHisso-
03 L ciation on 16111 is shown in Fig. 1. A significantly higher
Climbing Image NEB estimate of the activation energy is obtained than with the
i - . .
0.2 R regular NEB, using the same number of images. The com-
egular NEB . . -
S o1l putational effort is the same to within 10%€I1-NEB not
2 necessarily being slowgrAlternatively, one could have run
? 0.0 - a second elastic band between the two images adjacent to the
S o1l barrier to get a better estimate of the saddle point energy
' from the regular NEB, but this would have required more
0.2 - force evaluations and, therefore, more computational effort.
0s L . L . The activation energy predicted by the DFT/PW91 calcula-

0.0

Reaction Co-ordinate

. I . .
0.2 0.4 0.6 0.8 1.0

tions is approximately 0.4 eV. This calculation still needs to
be correctetf for quantum zero point energy, dispersion, and

FIG. 1. Density functional theory calculations of the minimum energy pathsystem size effects before it can be compared to the experi-
for CH, dissociative adsorption on a(1r11) surface. The dissociated H and mental valué? of 0.28 eV. The MEP is nontrivial because it
CHj; fragments sitting on adjacent on-top sites correspond to reaction coor- : _
dinate of 0.0. The Climolecuk 4 A awayfrom the surface corresponds to Involves a Iarge relaxathn of the Sub.Strate' Th.e I atom clos
1.0. A regular NEB calculation and a climbing image NEB calculation are €St t0 the Ci molecule in the tran5|_t|on state is pulled out
compared, both involving 8 movable images. The regular NEB results in &rom the surface plane by 0.5 A. This means that the saddle
low resolution of the barrier, and the interpolation gives an underestimate ohoint does not lie close to the straight line interpolation be-
the activation energy. The climbing image NEB brings one of the images.[\m:}en the two end points A more detailed presentation of
right to the saddle point and gives the activation energy precisely with . ’ . . .
insignificant additional computational effort. the DFT caIcu_Iauons and comparison with experimental re-
sults will be given elsewher¥&.

The climbing image is not affected by the spring forces.
to large uncertainty. A force and energy based cubic polynoTherefore, the spacing of the images will be different on
mial interpolation was used between each pair of adjacemach side of the climbing image. As it moves up to the saddle
images. This is an example of a system where an intermedpoint, images on one side will get compressed, and on the
ate minimum is located along the MEP. In fact, it turns outother side spread out. Two or more climbing images can be
that this minimum is deeper than the chemisorbed state at thepecified if the MEP appears to have two or more high
0.0 end point. The configuration corresponding to the intermaxima that are close in energy. The only issue is to have
mediate minimum has the adsorbed H atom at a bridge sitenough images close to the climbing imé&jeo get a good

estimate of the reaction coordinate, since this determines the

IV. CLIMBING IMAGE NEB METHOD climbing direction.

The climbing image NEBCI-NEB) method constitutes
a small modification tq the NEB method: Information abouty, \/AR|ABLE SPRING CONSTANTS
the shape of the MEP is retained, but a rigorous convergence
to a saddle point is also obtained. This additional feature  Since the saddle point is the most important point along
does not add any significant computational effort. After athe MEP, one would typically prefer to have more resolution
few iterations with the regular NEB, the image with the high-in the MEP close to the saddle point than near the end points.
est energyi .« is identified. The force on this one image is The important issue is to get a good enough estimate of the
not given by Eq.(2) but rather by tangent to the path near the saddle point, especially when a
climbing image is included. As the images are brought closer
Fina ~ VE(Ri ) T2VER I to the saddle point, the approximation of the tangent will
(5) become more accurate. Dissociative adsorption of a mol-
ecule on a surface is an example of a process where the MEP
This is the full force due to the potential with the componentis often highly asymmetric and the barrier region is only a
along the elastic band inverted. The maximum energy imagemall fraction of the MERsee Figs. 1 and)2In such cases,
is not affected by the spring forces at all. it is more efficient to distribute the images unevenly along
Qualitatively, the climbing image moves up the potentialthe MEP.
energy surface along the elastic band and down the potential This can be accomplished by using stronger springs near
surface perpendicular to the band. The other images in thiéne saddle point. Because of the nudging, there is no inter-
band serve the purpose of defining the one degree of freedofarence between the spring forces that distribute the images
for which a maximization of the energy is carried out. Sincealong the MEP and the true force that brings the elastic band
the images in the band eventually converge to the MEP, theto the MEP. One is, therefore, free to choose different spring
give a good approximation to the reaction coordinate aroundonstants between different pairs of images without affecting
the saddle point. As long as the CI-NEB method convergeghe convergence of the band to the MEP, as long as the
the climbing image will converge to the saddle point. Sincenumber of images is high enough. We have used a scheme
all the images are being relaxed simultaneously, there is nawhere the spring constant depends linearly on the energy of
additional cost of turning one of the images into a climbingthe images, in such a way that images with low energy get
image. connected by a weaker spring constant

=—VE(R, )+2VE(R, )% 7

max" ' max’



9904 J. Chem. Phys., Vol. 113, No. 22, 8 December 2000 Henkelman, Uberuaga, and Jonsson

4.0 — . . regular NEB methodfirst 13 iterations with a small time
35 L ] step until the magnitude of the force had dropped below 1
- Variable Springs | eV/A and then 166 iterations with a larger time step in the
< 3.0 i ] projected velocity Verlet algorithi The number of force
2 o5t 4 evaluations needed for the CI-NEB calculation with equal
) 2ol Fixed Springs | spring constants was 190, and the number of force evalua-
Ij!:j l | tions needed for the CI-NEB calculation with variable spring
g 15- a constants was 178. The difference between these numbers is
kS 1oL ] not significant but simply reflects slight variations in the way
& L 1 the system moves on the energy surface towards the MEP.
0.5 - -
00 ] ACKNOWLEDGMENTS
| | | | | |
0.0 0.2 0.4 0.6 0.8 1.0 This work was funded by the National Science Founda-
Reaction Co-ordinate tion Grant No. CHE-9710995 and by the Petroleum Research

FIG. 2. Density functional theory calculations of the minimum energy pathFund Grant No. PRF#32626-AC5/REF#104788.
for H, dissociative adsorption on a($00 surface. The H adatoms sitting

on adjacent Si atoms in a surface dimer correspond to reaction coordinate of
0.0. The B molecule 3.8 A away from the surface corresponds to 1.0. A ,
regular climbing image NEB calculation with equal spring constérusve
labeled “Fixed Springs) is compared with a calculation where the spring
constants are scaled with the energyrve labeled “Variable Springs,”
arbitrarily shifted by 1.0 eY. Both calculations involve 8 movable images.
The variable spring calculation results in a higher resolution of the barrier
with insignificant additional computational effort.

H. Eyring, J. Chem. Phys3, 107 (1935.

E. Wigner, Trans. Faraday Sdg4, 29 (1938.

3J. C. Keck, Adv. Chem13, 85 (1967).

4P. Pechukas, iDynamics of Molecular Collisionsdited by W. H. Miller
(Plenum, New York, 1976 Part B.

SA. F. Voter and J. D. Doll, J. Chem. Phy&0, 5832(1984; 82, 80(1985.

6C. Wert and C. Zener, Phys. Rex6, 1169(1949.

’G. H. Vineyard, J. Phys. Chem. Soli8s121 (1957.

8M. L. McKee and M. PageReviews in Computational Chemistedited

by K. B. Lipkowitz and D. B. Boyd(VCH, New York, 1993, Vol. IV.

Emax—Ei | . °H. Jmsson, G. Mills, and K. W. Jacobsen, “Nudged elastic band method
, kmax— Ak ﬁ if Ei>E for finding minimum energy paths of transitions,” @lassical and Quan-
ki = max ref (6) tum Dynamics in Condensed Phase Simulatiedsted by B. J. Berne, G.
Kmax— AK if Ej<E,e. Ciccotti, and D. F. Coke(fWorld Scientific, Singapore, 1998p. 385.

10G. Henkelman, G. Jmnnesson, and H. dsson, “Methods for finding
Here, E;=maxE; ,E_4} is the higher energy of the two im-  saddle points and minimum energy paths,” Rmogress on Theoretical
ages connected by SprilthmaxiS the maximum value dfi Chemistry and Physi¢cedited by S. D. Schwart®luwer Academic, New

. . York, 2000 (in press.
for the whole elastic band, arffl¢ is a reference value for 115 s and H. Jmsson, Phys. Rev. Leff2, 1124(1994.

the energy, defining a minimum value of the spring constanti?G. wills, H. Jmsson, and G. K. Schenter, Surf. S&24, 305 (1995.

We have (;hoseEref to be the energy of the higher energy 13B. P. Uberuaga, M. Levskovar, A. P. Smiéh al, Phys. Rev. Lett84,
. . . ; 2441(2000.

.endpomt- of the MEP. This choice ensures that .the densny Olf“J. Song, L. R. Corrales, G. Kresse, and Fhskon, Phys. Rev. Bsubmit-

images is roughly equal near the two end points, even for ted).

highly asymmetric MEPs. The spring constant is, thereforel®>w. windl, M. M. Bunea, R. Stumpgt al, Phys. Rev. Lett83, 4345

linearly scaled from a maximum valug,, for highest en-  (1999. . ] A (1999

; . _ ; ; R. Stumpf, C. L. Liu, and C. Tracy, Phys. Rev.33, 16047(1999.
ergy images to a minimum valueg,,,— Ak for images with 17T, C. Shen, J. A. Steckel, and K. D. Jordan, Surf. 846 211 (2000.
energy ofE ¢ or lower. 18\1, Villarba and H. Jasson, Surf. Sci317, 15 (1994.

By choosingE; to be the higher energy of the two im- °M. Villarba and H. Jasson, Surf. Sci324, 35 (1995.
ages connected by the spring, the two images adjacent to t@i . Batista and H. Jtsson,Computational Materials Sciend@ press.

climbing image will tend to be symmetrically arranged g"dg'(l‘zgg‘se”' K. W. Jacobsen, and Hndson, Phys. Rev. Lett7,

around the saddle poin_t. This is (_mly approximately true be-.zz-l-. Rasmussen, K. W. Jacobsen, T. Leffetsl, Phys. Rev. Lett79, 3676
cause of the compression/stretching of the band on each sidg1997.
of the climbing image. 23R, Elber and M. Karplus, Chem. Phys. LetB9, 375(1987).

. . . ._?*R. Czerminski and R. Elber, Int. J. Quantum Che, 167 (1990; J.
Figure 2 shows results of a calculation of the dissocia- ., Phys92, 5580(1990.

tion of a H, molecule on the $100 surface. This is an 2R g Gilllan and K. R. Wilson, J. Chem. Phya7, 1757 (1992.
interesting system because of a long standing discrepancy?°G. Henkelman and H. #sson, J. Chem. Phy413 9978 (2000, this
between experimental and theoretical measurements of agSSue

. . - . . P. Hohenberg and W. Kohn, Phys. R&®6, B864(1964); W. Kohn and
sorption and _d|ssomat|on b_arrlers. A CI-NEB calculation | " gham, Phys. Red4q A1133 (1965,
with equal spring constants is compared with a CI-NEB cal28w. Kohn, A. D. Becke, and R. G. Parr, J. Phys. Chag0, 12974(1996.
culation with variable spring constants. The part of the MEP?*J. P. Perdew, iElectronic Structure of Solidedited by P. Ziesche and H.

; Eschrig(Akademie, Berlin, 1991
where the H molecule approaches the(800 surface is flat D, Vanderbilt, Phys. Rev. @1, 7892(1990.

and rather uninteresting. The energy scaling of the Spring.g_ kresse and J. Hafner, Phys. Rev4B 558 (1993; 49, 14251(1994);
constants results in images being pulled up towards the bar-G. Kresse and J. Furthitier, Comput. Mater. Sci6, 16 (1996; Phys.
rier region, thus increasing the resolution of the MEP near, Rev. B54, 11169(1996.

the saddle point at the expense of the less important region .?(')zczé(sl%%t% C. T. Reeves, B. A. Fergusamal, J. Chem. Phys107,
The number of force evaluations required to reach conssg_ Henkelman and H. dsson(in preparation

vergence to within a tolerance of 0.03 eV/A was 179 for the®*F. M. Zimmermann and X. Pan, Phys. Rev. L&, 618 (2000.



