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ABSTRACT

We formulate the large deviations for a class of two scale chemical ki-
netic processes motivated from biological applications. The result is suc-
cessfully applied to treat a genetic switching model with positive feed-
backs. The corresponding Hamiltonian is convex with respect to the mo-
mentum variable as a by-product of the large deviation theory. This prop-
erty ensures its superiority in the rare event simulations compared with
the result obtained by formal WKB asymptotics. The result is of general
interest to understand the large deviations for multiscale problems.

1. INTRODUCTION

We will investigate the large deviations for a class of two scale chemical
kinetic processes with the slow variable z, € N¢/n satisfying

S t
Zn(t) =2,(0) + ) %Pi (nfo Ai(2n(8),En(8))ds | u; (1.1)
i=1
subject to some fixed initial state z,(0) = z°, where {P;(£)}i=1,.,s are in-
dependent uni-rate Poisson processes, 1; € R* is called the propensity
function which characterizes the reaction rate of the ith reaction and
u; € 7% is called the state change vector. The number 7 € N corresponds
to the system volume, thus z, has the meaning of concentration (num-
ber of molecules per volume) for the considered kinetic system. The fast
variable ¢, € Zp :={1,2,---, D} is a simple jump process with the time
dependent rate ng;;(z,(t)) from state i to j at time ¢. With this math-
ematical setup, the processes z,(f) and &,(t) are fully coupled to each
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other and the infinitesimal generator £, of this system has the form

S
Luh(z,i)=n)_Ai(z,i)[h(z+u;/n,i) - h(z, i)
=1

D
+n) 4ij(dh(z, j) - hiz,1), (1.2)
=1

where zeN?/n, i € Zp and h is any compactly supported smooth func-
tion of z for each i. For more about the notations and the backgrounds
on the chemical kinetic processes, the readers may be referred to [11, 13].
The above problem is motivated by our recent rare event study in the
biological applications [1, 19, 21]. In a cell, the reactions underlying gene
expression usually involve low copy number of molecules, such as DNA,
mRNAs and transcription factors, so the stochasticity in gene regulation
process is inevitable even under constant environmental conditions [10].
When the number of the molecules for all species goes to infinity and
the law of mass action holds for the propensity functions, one gets the
well-known large volume limit or Kurtz’s limit, which gives the determin-
istic reaction rate equations for the concentration of the species [17]. The
convergence result can be further refined to the large deviation type [26].
Recently, the following typical biological model with positive feedbacks
is utilized to investigate the robustness of the genetic switching system

(1,4, 19, 21].

DNAj, @ )
Gz |F(z) Ty 11

a 124
DNA,y ——> mRNA(Z) —> Protein (%)

This problem is a special case of our formulation shown at the beginning
of this paper for d = 2, D =2 and S = 4. Denote n the system size and
z = (z1,22) = (Z1, Z>)/ n the slow variables after taking large volume scal-
ing, where Z; and Z, are the number of mRNA and protein molecules, re-
spectively. Since there is only one molecule of DNA at active (DNAg4) or
inactive state (DNA;,), for better use of notation, we take the fast variable
¢ € {0,1} instead of {1,2} to represent that the DNA is at inactive (¢ = 0)
or active state ({ = 1), respectively. By taking into account the scaling of
parameters

a~nb™', F(Z),G(Z)~0n) if Zj,7Z~0(n),
we further assume

F(Z)=nf(z2), G(Z2)=ng(zy). (1.3)
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This assumption holds when we consider a Hill-function type jump rates
with Hill coefficient 2 and large volume scaling for equilibrium constants
[1]. Thus, we have the rescaled jump rates for DNA

qo1(2) = f(z2), qi0(z) = g(z2), (1.4)

and the following list of reactions associated with slow variables as shown
in Table 1.

TABLE 1. Reaction schemes and parameters

Reaction scheme \ Propensity function \ State change vector

DNA,t — mRNA | A1(z1,22,6) =b7 ¢ | up=(1,0)

mRNA — @ AZ(ZI)ZZJé-) =YZ1 Uy = (_]-)0)
mRNA — Protein | 13(z1,22,¢) =ybz; us =(0,1)
Protein — ¢ Ma(21,22,8) = 22 u,=(0,-1)

The infinitesimal generator of this process has the form

4
Luhiz,) =0y, Mz, 1)(h(z+ 0wy, i) - bz, i)
=1

+n(f2) A1) - h(z,0]+ g(2) h(z,0) - hiz 1)) (1.5)
for i =0, 1. One can obtain a mean field ODE system as

dz, b~ f(zy) dzp

- vz, 22 bz - 1.6
dr  fz)tgz) v Tar VTR (1.6)

when 7 goes to infinity through the perturbation analysis for the infini-
tesimal generator [18, 21, 23]. With suitable choice of the functions F(7,)
and G(Z), the final mean field ODEs have two stable stationary points
and there are noise induced transitions between these two states when
n is finite. To understand the robustness of the genetic switching, the
biophysicists employed the WKB ansatz to the stationary distribution [1]

P(4, 2o) ~ exp[—nS(zy, z2)] (1.7

and obtained a steady state Hamilton-Jacobi equation H(z;, z2,VS) = 0.
Mathematically the function S resembles the role of the quasi-potential
of the stochastic dynamical system [12, 22, 32] but it is not sure whether
it is the case in the current stage. Another related physics approach to
study a similar switching system is to utilize the spin-boson path inte-
gral formalism in quantum field theory and then take the semiclassical
approximation and adiabatic limit [19, 31]. Both approaches are difficult
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to be rationalized in mathematical sense. So how to formulate this prob-
lem in a mathematically rigorous way? To resolve this issue, we have to
answer the following two fundamental questions.

(1) Question 1. What is the large deviation principle (LDP) associ-
ated with the system (1.2)? Presumably, we can obtain the La-
grangian from the large deviation analysis, then get the Hamil-
tonian H through the Legendre-Fenchel transform.

(2) Question 2. What is the relation between the rigorously obtained
Hamiltonian H in the above question and the Hamiltonian ob-
tained via WKB asymptotics?

The aim of this paper is to make an exploration on these two questions.
To do this, we first note that the large volume limit no longer holds in the
current example. Although the mRNA and protein copy numbers scale
as V, we have only one DNA, which switches between the active and in-
active states. This fact excludes the direct applicability of the LDP results
in [26]. However, the fast switching between the two states of the DNA
ensures the averaging technique still valid as shown in (1.6) by taking the
quasi-equilibrium limit [8, 16, 21]. We will show that the LDP analysis
is also feasible by incorporating the Donsker-Varadhan type large devia-
tions. Indeed, similar situation has been nicely discussed by Liptser [20]
and Veretennikov [29, 30] for two-scale diffusions like

1
AdXn(t) = AXn(1),En(0)dt + —=B(X,(0),6n(0))dW;,  (1.8)
vn

dén(t) = nb(E,())dt+Vno(&,(1)dV;. (1.9)

The main idea of this paper is to generalize the result in [20] to our two-
scale chemical kinetic processes. As we will see, although the framework
is similar, we have to deal with the technicalities brought by the jump
processes and the full coupling between the fast and slow variables (¢, is
independent of X, in (1.9)).

To state the main results of this paper, let us introduce the occupation
measure v, on ([0, T] x Zp, %([0, T1) ® 28(Zp) corresponding to ¢,

T
vn(AxF):f 1(teAEeD)dt, Ae B(0,T), T € B(Zp), (1.10)
0

where T is any fixed positive real number. Denote D?[0, T the space of d-
dimensional vector functions on [0, T] whose components are right con-
tinuous with left-hand limits, M [0, T'] of finite measures v = v(dt, i) on
([0, T] x Zp, A(10, T1) ® #(Zp)) which are absolutely continuous with re-
spect to dt and have Lebesgue time marginals, i.e. we have v(dt,i) =
ny(t,i)dt, n,(t,i) =0 and ZiDzl ny(t,i) = 1. The v,, we considered always
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belongs to M [0, T]. Take the metric p® onM; [0, T] as the Lévy-Prohorov
metric and p'V on D?[0, T] as the Skorohod metric defined as

(1) =\ _ s o ~

(r,7) = inf {IAII° Vv sup [lr()—FA@)I¢, (1.11)
p 169{ tE[OB"] }

where ||-|| is the Euclidean norm in the corresponding space, % is the col-
lection of strictly increasing functions A(¢#) such that A(0) =0 and A(T) =
T, and

A() = A(s)

Al° =
Al sup P

O<s<t<T

log

D%[0, T] and M .10, T] are complete and separable spaces with p(l) and
p(z), respectively [2]. Our task is to establish the LDP for the pair (z,,v,)
in metric space (D?[0, T] x M [0, T1, oV x p®).

This paper is organized as follows. In Section 2, we present the main
large deviation theorem and give the rate functional of the whole sys-
tem. By using the contraction principle and the Legendre-Fenchel trans-
form we get the Hamiltonian related to the slow variable z,. As a con-
crete application, we then study the genetic switching model and com-
pare the difference between the rigorously obtained Hamiltonian and
that obtained by WKB ansatz. In Sections 3 and 4, we give the proof of
the main theorem. Due to the technicalities to handle the non-negativity
constraint for r, we decompose the proof procedure into two steps. In
Section 3, we prove the LDT theorem by relaxing the bounded domain
condition to the whole space case. The upper bound estimate is standard
in some sense. However, the proof of the lower bound is technical be-
cause of the full coupling between the fast and slow variables. The reso-
lution is based on the approximation and change-of-measure approach.
The central idea is to make a piecewise linear approximation to any given
path and occupation measure (r,v) by (y,n) at first, and then construct
suitable new processes (Z,,v,) such that P —lim,_.., 0" (z,,y) = 0 and
P—1lim,,_.oo p® (¥, ) = 0. This turns out to be technical and one key part
of the whole paper. In Section 4, we strengthen the result to the half space
case. Some details are left in the Appendix.

This paper should be considered as the companion of [19, 21] for study-
ing the rare events in genetic switching system, and it is of general inter-
est to understand the large deviations for multiscale problems [7, 8].

2. MAIN RESULT AND ITS APPLICATION

2.1. Main theorem. We need the following technical assumptions for our
main result.
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Assumption 2.1. Let W := R%. Assume the following regularity conditions
for the propensity functions and jump rates hold.

(1) (a) Foreach i€ {1,2,...,58},j € Zp and all z,x € W, the Lipschitz
condition holds
1Ai(z, j) = Ai(x, j)| = LIz — x| 2.1)
(b) Foreachi€{1,2,...,S},jeZp andallze W°, 1;(z, j) > 0.
(c) For each x € 0OW and y € €{u;|A(x) > 0}, we have x + sy € W

for some s € (0,00) , where €{u;} is the positive cone spanned by
the vectors {u} defined as

€{u;}:= {vlthere exist & = 0 such that v = Zjajuj}. (2.2)
(2) Foreachi,j€ Zp,logq;;j(z) are bounded and Lipschitz continuous
with respecttoz € W.

These assumptions hold in our application example in Section 2.2.

Theorem 2.2. Under the Assumption 2.1, the family (z,,v,) defined by
(1.1) and (1.10) obeys the LDP in (D0, T] x M[0, T1, o™ x p®) with a
good rate functional I(r,v) = I;(r,v) + I¢(r,v), Le.

(0) I(r,v) valuesin[0,+o00] and its level sets are compact in (D410, T] x
M0, T], oV x p@),
(1) for every closed set F € D?[0, T] x M [0, T1,

1
limsupﬁloglp((zn,vn) eF)<- ianI(r,v), (2.3)

n—oo (r,v)e

(2) for every open set G € D?[0, T] x M.[0, T1,
1
liminf—logP((z,,v,) € G) = — inf I(r,v), (2.4)
n—oo n (r,v)eG

where the rate functional for the slow variables

fOTLs(T(l‘),f(t), ny(t,))dt, dr(n)=r(0dt,

Is(r,v) = { 00, otherwise, 2.5
Ls(zyﬁ; W) = sup (<p)ﬁ>_HS(z)p) W)), (26)

peRd

S D
Hy(z,p,w)=)_ Y Ai(z, jlw; (e<”’""> - 1), 2.7)

i=1j=1

and the rate functional for the fast variables

T

If(ryv):f S(r(t))nv(ty))dt) (28)
0

S(z, w) = sup S(z,w, o), (2.9)

ocRP



D
Sz, w,0)=— Y. wiqi;(2 (e<a,e,-j>_1)_ (2.10)
ij=1
Here we take the notation v(dt,-) = ny(t,-)dt, thus n,(t,-) is a probabilis-
tic vector (n,(t,1),n,(t,2),...,n,(t,D)). w = (wy,ws, ..., wp), and {-,-)
is the inner product in the Euclidean space. e;j = e; — e; and {ei}?: | are
canonical basis in Euclidean space RP. We take the convention that r(t)
is absolutely continuous with respect to time when we use the notation
dr(t) = i(t)dt, and S is a function of (z,w) (or (z,w,0)) when we use
S(z,w) (or S(z,w,0)) by default.

The proof of Theorem 2.2 relies on first establishing a weaker state-
ment based on the following stronger assumption on the whole space.

Assumption 2.3. Regularity for the propensity functions and jump rates.

(1) Foreachi € {1,2,...,58},j € Zp, logA;(z, j) is bounded and Lips-
chitz continuous with respect to z € R%,

(2) Foreachi,j € Zp,logq;;(z) are bounded and Lipschitz continuous
with respect to z € R4,

This covers Assumption 2.1. Mathematically we express (1) as
1
Ks)[,-(z,j)sA, A>1 (2.11)

forany z € R% i€{1,2,...,S and J € Zp. And in this stronger set-up we
simply denote the positive cone generated by {u} as

% := {v|there exist a = 0 such that v = Zja:juj}. (2.12)

Theorem 2.4. The large deviation result in Theorem 2.2 holds for (z,,,v,) €
D90, T] x M [0, T] under the Assumption 2.3.

As a straightforward application of the contraction principle, we have

Corollary 2.5. The slow variables z,, obeys the LDP in (D?[0, T1, p'V) with
the rate functional
I(r)=inf (Is(r,v)+I¢(r,v)). (2.13)
veML[0,T]
Define the set of probabilistic transition kernels on Zp as Ap = {w :
wy, Wo, +, Wp = 0,2?21 w; = 1} where w = (wy, ws,- -+, wp). We also de-
fine the reduced Lagrangian as

L(z,p) = {Ls(z, B, w) + S(z, w)}. (2.14)

inf
welAp
For convenience, we will abuse the notation 7, € M [0, T] and v € M [0, T
in later texts.
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Lemma 2.6. For any r(-) which is absolutely continuous, we have

T
inf fLs(r(t),i‘(t),nv(t,-))+S(r(t),nv(t,-))dt
ny,eML[0,T] Jo

T
=f L(r(n),7(1)dt. (2.15)
0

Proof. First let us show the measurability of the integrand on the right
hand side of Eq. (2.15). By LemmaA.2, L¢(z, B, w)+S(z, w) is convex in w.
So Ls(z, B, w) + S(z, w) is continuous with respect to w in the set A7, RP
and the interior of the low dimensional boundaries of Ap. Choosing a
countable dense subset {wk }7;1 in Ap, we have

L(r(0), #(0)) = inf {Ls(r (), F(0, ") + Sr(n, wh} - 216

for every r by the continuity condition. The measurability is a standard
result with this formulation.
It is straightforward to have that

T
inf fLs(r(t),f(t),nv(t,-))+S(r(t),nv(t,-))dt
nveML[0,T] Jo

= fOTL(r(t),i‘(t))dt.
Now let us show the converse part. For any given € > 0, define the sets
Ag={rel0,11: L), #(0)-
(Lstr(o), i), w") + S(r(0), wh)) = -e/ T}

for k = 1. We have that A, are measurable sets since Lg(r(t), 7 (1), wk) +
S(r(t), w*) and L(r (), #(t)) are both measurable functions of ¢. Define
the measurable functions

Fk(t):{ k, re Ag,

+00, otherwise

forevery k=1 and
J(t) = Iicn{Fk(t). (2.17)

It is not difficult to find that J(¢#) < +oo for any ¢, /() is measurable and
takes values in positive integers. With these definitions we have

L(r(0),#(0) = Ly(r(0), ¥ (), wP) + S(r (1), wP) —¢/T. (2.18)
With w/® = {w!®, w]®, ..., wl"}, define the occupation measure ¥

vdt,i)=w/Pdt, ie{l,2,--,D}.



Thenv e M[0, T1, ny(t,i) = wl[(r) and

T
fL(T(l‘),i‘(t))dl‘
0
T
Ef Ls(r(0), 7 (1), ny(¢,)) + S(r(0), ny(t,-))dt —¢
0

T
= inf fLs(r(t),r‘(t),nv(t,-))+S(r(t),nv(t,~))dt—e
nveM 10,71 Jo

The proof is completed. U

By Lemma 2.6, we have

I(r)= inf (Is(r,v)+I¢(r,v))
VEML[0,T]

T
inf fLs(l‘(l‘),i‘(l‘),ﬂv(l‘,-))+S(r(l‘),nv(l‘,-))dl‘
n,eM7[0,71 Jo

T
f L(r(p),r(0)dt. (2.19)
0

Lemma 2.7. L(r, ) is convexin f .

Proof. By Lemma A.3,

L(z,p) = inf {Ls(z, B, w)+ S(z, w)}
welAp

= inf sup ((p, ) — Hs(z, p, w) + S(z, w))

we DpERd

= sup inf ((p, B)— Hs(z, p, w) + S(z, w)).

pEIRd weAp

It is easy to see that infyca, (p, B) — Hs(2, p, w) + S(z, w)) is linear in B,
thus L(r, B) is convex in f according to Lemma A.2. U

It is well-known that the Lagrangian L; does not have a closed form for
the standard chemical reaction kinetic system, instead it is more conve-
nient to investigate its dual Hamiltonian H; by Legendre-Fenchel trans-
form. The explicit form of the Hamiltonian is important for the numerics
to study the rare events in systems biology [15]. With similar idea, we
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have

H(z, p) = sup (p, B) — L(z, p))
BeRd

= sup <p»ﬁ>_ lnf {Ls(zrﬁ) W)+S(Z, W)}
ﬁeRd welAp

= sup sup ((p, B) - Ly(z, B, w) - S(z, w))

BeRrd welp
= sup sup ((p, B) — Ls(z, B, w) - S(z, w))
WeAD BeRd
= sup (Hs(z,p,w) — S(z, w)). (2.20)
welAp
A consequence about H from its definition is that H is convex with re-
spect to p from the convexity of L and the Legendre-Fenchel transform
[9]. Furthermore if the matrix Q = (g;;) pxp is symmetrizable, S(z, w) has
an explicit expression [3]

S(z,w):%zz[\/w,-q,-j(z)—\/quj,-(z)Jz_ (2.21)
T

2.2. Application to the genetic switching model. The formula (2.20) has
a nice application in the genetic switching model introduced before. In
this model, we have d =2, D =2 and S = 4. By parameters shown in (1.4)
and Table 1, we have

H,(z,p,w) = b w;(eP' — 1) + A(z1, 22, p1, P2), (2.22)

where z = (z1,22), p = (p1, p2), w = (wy, wy) (here we utilize the notation
w = (wy, w;) instead of w = (w;, w,) as mentioned in the introduction
since there is only one molecule of DNA) and A(z1, 22, p1, p2) = yz1(e Pl —
1) +ybzi(eP? — 1) + zp(e”P2 —1). We also have

S(z,w) = (\/ wo f(z2) —+/ wlg(ZZ))

Applying (2.20) with the constraints wy+w; = 1 and wy, w; = 0, we obtain
the final Hamiltonian

2
H(z,p)=b's(eP - 1) - (\/(1 —8)f(z2) - \/sg(zZ)) + A(z1, 22, 1, P2),

(2.23)

2

where

1 “lep1 _1 _
S:—-l—L, Sl:b (e )+f(Z2) g(ZZ)'

2 5 s2+4 V [(22)g(22)
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It is instructive to compare this Hamiltonian with that obtained via
WKB asymptotics. In [1], another form of the Hamiltonian for this sys-
tem is given via WKB asymptotics:

H(z,p) = A+g(z) ' [A+ Db 1 (e” - DI[f () - A], (2.24)

where A = A(z1, 22, p1, p2). The relation between the Hamiltonian H and
H is not clear so far. But one crucial difference is that H is convex with
respect to the momentum variable p from the form (2.20), while H is
not. It turns out this property is crucial for the numerical computations,
especially for computing the transition path in geometric minimum ac-
tion method (gMAM) [15]. It is also interesting to observe that the quasi-
potential S(z, z2) obtained from

H(z,VS)=0 or H(z,VS)=0

is the same even H and H are so different [21]. It can be also verified
that H is not the convex hull of A with respect to p. From the Hamilton-
Jacobin theory, one may speculate that these two Hamiltonians are con-
nected through some canonical transformation. But it is only a plausible
answer which is difficult to be verified even for this concrete example.

As the large deviation results give the sharpest characterization of the
considered two-scale chemical kinetic system, we can obtain the deter-
ministic mean field ODEs and the chemical Langevin approximation for
the system based on the large deviations [5], which corresponds to the
law of large numbers (LLN) and the central limit theorem (CLT) for the
process. Taking advantage of (2.23), we get

0H -1 0H
- — M_f}/zl, _ :’}/bZI—ZZ. (2-25)
op1p=0  f(z2) + g(2z2) =

The mean field ODEs defined by

dZ1 0H ng 0H
= and — = — (2.26)
dt  0p;lp=0 dt 0pylp=0
are exactly (1.6).
Furthermore, we have

0°H|  b'f(z) 2b*f(22)8(22)
F o = + 3 + Yz,
p1'p f(z2)+8(22)  (f(z2) + g(22))
0°H
=vbz + zp.

op3 Ip=0
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This naturally leads to the following chemical Langevin approximation

dz [b\f 'f  2bfg

d_tlz Frg —-Yz1 dH—[\/f (f+g)3dBl ,/YzldB? )

d

Zz bzl — 2 dt+— bz1dBS - VZdB?], (2.27)
=y y -~z

where f,g are abbreviations of functions f(z,) and g(z,), and B! (i =
1,...,4) are independent standard Brownian motions. It is instructive to
compare (2.27) with a granted formulation by naively transplanting the
Langevin approximation from the simple large volume limit [14], where

the equation for z, reads
b1f
dt+ Nl dBl VYz1dB?

blf

f+g
and the equation for z; is the same. It is remarkable that the Eq. (2.27) has
an additional term related to the noise dB]. This additional fluctuation
is induced by the fast switching of DNA states. Similar situation will also
occur when we derive the chemical Langevin equations for enzymatic re-
actions, whereas we should take the fluctuation effect of the fast switch-
ing into consideration if the considered scaling is in our regime. However,
this point does not seem to be paid much attention in previous research.
Similar situation is further discussed in [19].

da _
dr

—Ya ) (2.28)

2.3. A useful property of the Hamiltonian H. The Hamiltonian H(z, p)
has some nice properties which can be utilized to simplify the computa-
tions in many cases. Assuming that Q = (g;j) pxp is symmetrizable, ac-
cording to (2.20), we have

H(z,p) = sup h(z,p, w),

welAp

where

h(z,p,w) =H(z, p, w) — S(z, w)

d D
=Y Y Az pw;ePd -1

i=1j=1

ST (e @ - fwsana)]

i j#i

We will show that the supremum of % in Ap can be only taken in the
interior A7, of Ap. To do this, we first note that h is continuous in Ap
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and differentiable in Af,. For any wy, € d(Ap), define v = ¢p — w), where
co=(1,1,...,1)/ D is the center of Ap. It is easy to check that

1
lim ;(h(z, p,wy+ V)~ h(z, p, wy)) = +0o. (2.29)
(—0+

This means that the supremum of / can not be taken in 0(Ap). Further-
more, since h is strictly concave in w, there exists only one point w* in
A‘[’), such that

w” = argsup h(z, p, w).
welAp

An important consequence of this fact is that we can get the derivative
0H(z,p) dh(z,p,w"(p))

op dp
_Oh(z,p,w") N oh ow*(p)
op Oowlw=w* Op
_ 0H(z, p, w™)
= —Op )

This is very useful to simplify the derivations when utilizing the gMAM
algorithm [15] to explore the transition paths.

3. PROOF OF THEOREM 2.4

We will mainly follow the framework in [20, 26] to make the proof. First
we prove the upper bound and then the lower bound.

3.1. Upper Bound. The proof of upper bound (2.3) is standard in some
sense. It is difficult to estimate the probability of (z,,v,) € F directly. We
proceed with the following steps. Firstly, we approximate z, by z,, where
Z, is an absolutely continuous path. Secondly, for a given compact set,
we can get an upper bound for (z,,v,). Thirdly, we prove that after ex-
cluding a set of exponentially small probability, z,, and v,, stay in com-
pact sets, which means that z,, and v,, are exponentially tight sequence.
And finally, we get the desired result by combing the previous steps with
further estimates.

Before proceeding to the proof, let us denote C410, T) the collection of
all continuous functions of ¢ € [0, T] with values in R%. Define the sup-
norm for any r, ¥ € C¢[0, T

pM(r,7) = sup lr@)-FO)l.
0=t=T
We have that (C%[0, T, p(cl)) is a Polish space. The metric p(cl) is stronger
than p(l) on [Dd[O, T]. As a consequence, every open set in ([Dd[O, T], p(l))



14

is also open in D410, T],p(cl)). And if £ is compact in €40, T, p(cl)), itis
also compact in (D4[0, T1, p") and in (D?[0, T, p ™).

To construct the approximation of z,, we subdivide the time interval
[0, T] into n pieces with nodes t]’.’ =Tj/n, j=0,1,---,n. Define the piece-
wise linear interpolation z,(t) of z,(t) as

zp(10) = A =-y;(Nzan(t)) +y;(Dza(t], ), telef, ], G

where y;(f) = (t—t;)n/T € [0,1].
We have the important characterization that z,, is exponentially equiv-
alent to z;,.

Lemma 3.1. Foreacho >0,
1
limsup —log[P’(p(l)(zn,Zn) >0) = —o0. (3.2)
n—oo N

The proof of Lemma 3.1 is left in the Appendix.
For given compact sets in C%[0, T, the following quasi-LDP upper bound
for (z,,v,) holds.

Lemma 3.2. Fix step functions0(t) € R and a(t) e RP. For any >0 and
compact sets & € C%[0, T] and ¥ e M. [0, T], we have

1
limsup ;logﬂj’((zn,vn) eEX xSF)<— inf (If(r,v,@) + I}s(r,v, a)),

n—oo (rV)eEX xF
(3.3
where
Prv.0 :{ fOTL‘Z(r(t),i‘, ny(t,-),0(0)dt, dr(t)=¥(0)dt, (3.4)
s 0, otherwise, ’
Lz, B, w,p)=(B,p)— H(z,p, w), (3.5)
Hf(z,p,w): sup Hs(x,p,w), (3.6)
|x—z|<d
and
T
I]‘Z(r,v,a):f SO (r (0, ny(1,-), (1)) dt, 3.7
0
D
S w,e)=- sup Y wiqij2) (e -1). (3.8)

|x—z|<d i,j=1

Before the proof we remark that Hf (z,p, w) and Lf (z, B, w, p) are mono-
tonically increasing and decreasing functions of §, respectively. SO (z, w, o)
is a monotonically decreasing function of §. Correspondingly, If(r, v,0)
and I?(r, v, &) are decreasing functionals of 4.
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Proof. We only need to consider absolutely continuous functions r on
the right hand side of Eq. (3.3) since If(r, v,0)+ I?(r, v, &) = oo otherwise.
For any r and v, define the sum

n-1

IO v = Y (<r(t]’7+1)—r(t]’7),0(t]’-‘)>

7, t
—f’ 1Hf(r(t}l),e(t;’),nv(t,-))dt+f] 'S, ny (), ae?)dt .
t? tj’?

J

(3.9
By Corollary A.8 in Appendix, we have
1
limsup —logEexp (n/),(Z,,0,v,, @)) <0. (3.10)
n—oo N
For (z2,,v;) € X x ., itis obvious that
Jn(Z1,0,v,, &) — (r,v)trgxy]n(r,ﬂ,v, a) =0. (3.11)
So we have
exp (]n(zn,ﬂ,vn,a) - (r,v)gl]gxy]n(r,ﬂ,v, a)) =1
and
P((Zy,vp) € £ x &)
< [Eexp{n Jn(Z,,0, vy, )— inf  J,(r,0,v, a)] }
(r,v)ex x&

Combining this with (3.10), we get

1
limsup —logP((Z,,,vy) € £ x F) < —liminf( inf  J,(r,0,v, a)).
n—oo 1 n—oo \(r,v)ex x<
(3.12)

We now represent the sum on the right hand side of (3.12) as an inte-
gral. Since £ is compact, the absolutely continuous functions r € £ are
thus uniformly bounded. Let V be a compact set in R? such that

{z:z=r(t) forsomere # and r€[0,T]} c V.

For step function 0, let us investigate an interval in which 0 takes con-
stant value 0y, say, the interval [0, 7] without loss of generality. Then

n-1 T
Y iy en (P = r,80) = [ GO0 e,
j=0 0

where the error €, takes into account the fact that 7 may not match any
of t]’?. It goes to zero uniformly for r € £ when 7n goes to infinity from the
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bound
2T
lenl = —10¢lsup|z|.
zeV
Now Hf (z, p, w) is continuous in z, p and w from the continuity of H;
on x,p and w and the boundedness of 1;, @ and n,(t,-) in the current
setting. So we have

|1 (r(e), 001, mu(1,)) = Y (r(0,000), ny(1,9)|, tf < e <t

goes to zero uniformly in j for r € £ and v € % by equi-continuity.
Therefore,

n

n-1 tj+1 5
2 X, <m) f HE (r(e]), 01, n(1,)) dt
j=0 i

=f HE (10,001, ny(1,)) di +ep,
0

with €, converging to zero uniformly in (r,v) € £ x &.

Similarly we can estimate for the part S‘s(r(t]’.’), ny(t,-), a(t]’.’)) and re-
peat the argument on the finite number of intervals on which 8 and «
are constants. Thanks to the uniformity in (r,v) € £ x %, we obtain

inf (I0(r,v,0)+ 10(r,v, @),
&

n—oo \(r,v)eX x B (r,v)EX x

liminf( inf y]n(r,a,v, a))

Together with (3.12), the proof is completed. U

Next we show the exponential tightness of the sequence (z,,v,). De-
fine the modulus of continuity of a continuous function z as

Vs(z) =sup{llz(t) —z(s):0<s<t<T,|t—s| <6} (3.13)
and the set
H M= {zeCd[O, T1:2(0) = 2° Vo-m(2) < } (3.14)
m=M logm
for any fixed M € N.

Lemma 3.3 (Exponential tightness for z,,). Foreach B >0, there is a com-
pact set & < C4[0, T such that

1
limsup —logP(z, ¢ £) < -B.
n—-oo N

Proof. For any fixed M € N, it is not difficult to see that the set £ (M) is
closed and the functions in £ (M) are equicontinuous. Thus £ (M) is
compact by the Arzela-Ascoli theorem. If 27" < T'/n, we have

~ 1 ~
Vo-m-1(Zy) = 5 Vo-m(Z )
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since z, is piecewise linear. Therefore, to check whether z,, is in £ (M),
we only need to consider a finite intersection, for values of m up to

log(n/T)" }

M = M
() max{ w log2

Using Corollary A.6 in Appendix, we have for any n with M(n) > M,

M(n) 1
PZz,¢ (M) < Y, P(Vz—m(zn)> )
By ¥ logm
M(n) n-1
< IF’( sup |z, (t"+1) —z,(th)] > )
m;M;) Ostsg—m " " logM
<

C1 2M02
nM(n)-2dexp|—n log
logM logM

for positive constants c¢; and c,. Thus

1
limsup —logP(z, ¢ £ (M)) < —c
n

n—oo

log M
for some positive constant c when M > 1. U

Lemma 3.4. The measure space M [0, T] is compact.

Proof. Since [0, T1x{1,2,..., D} is compact, M [0, T] is tight. By Prohorov’s
theorem, M [0, T] is relatively compact. Let v be the limit of any con-
verging sequence {v,,} in M[0, T]. Since Zle v (dt,i) = dt for all m,
we have Z,'D=1 v(dt,i) = dt and thus v(dt,i) < dt. So v also belongs to
M [0, T']. This proves that My [0, T] is compact. O

The straightforward consequence of Lemma 3.4 is that v, is also expo-
nentially tight.

Define the quasi-rate functionals for slow and fast variables correspond-
ing to Is and Iy in Theorem 2.2

T .6 . ) .
If(m):{ Jo Lo(r(0), i), ny(t,)dt, dr(z) = F(n)dt, (3.15)
00, otherwise,

L2(z, B, w) = sup L (z, B, w,p), (3.16)

peRd

and .
I5(r,v) = f 8 (r (1), ny(t,))dt, (3.17)
0

Sé(z, w) = sup 55(z, w,o). (3.18)

oeRP

The definitions of Lf(z, p, w,p) and S%(z, w, o) are referred to (3.5) and
(3.8). We have the following approximation lemmas.
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Lemma 3.5. For anye > 0, the absolutely continuous function r € C[0, T|

and v € Mr[0, T], there exists neighborhood N, € c4[0, T] x M0, T of
(r,V), step functions 0., c R* and ., c RP, such that for any q € N, and
1 € N, which are both absolutely continuous, we have

12(q, 1,05) + 12(q, @) 2 I (r,v) + 15(r,v) €.

Lemma 3.6. For any pair (r,v) € C%[0, T] x M [0, T] and My > 0, if r is not
absolutely continuous, there exists neighborhood Ny, € Ce0, T)xM 110, T]
of (r,v) and step functions 0, € R? and a,, € RP, such that for any (q, ) €
N, , we have

12(q, 1,07 + 17(q, 1, @ry) = Mo,
The Lemmas 3.5 and 3.6 are direct consequences of Lemmas A.10 and
A.11 in the appendix.

Simply denote the product metric p x p® on D?[0, T] x M [0, T] as
d(-,-) and define the sets

(K) = {(r,v) € D0, T x ML[0, T1 : I(r,v) + I (r,v) < K} (3.19)
and

% (K) = {(r,v) e D10, T x MLIO, T): I (r,v) + 191, v) < K}. (3.20)
We have the following characterization for ®(K) and 9 (K).

Lemma 3.7. Forany K > 0, the level sets ®(K) and ®° (K) defined in (3.19)
and (3.20) are compact sets.

Proof. By Lemma 3.4, M [0, T'] is a compact set. By Lemma A.9, the func-
tions r € ®(K) are equicontinuous. Combining with the fact that r(0) =
zo, we have that ®(K) is pre-compact. By Lemma A.10, I(r,v)+ If(r, V) is
lower semicontinuous. Consequently, ®(K) is closed and thus compact.
The proof for ®° (K) is similar. U

Proposition 3.8. Foreach K> 0,6 >0 ande >0,
1
limsup ~ logP (d ((zn,vn),<1>5(1<)) > e) < —(K—-e¢).
n—oo N
Proof. From the exponential tightness, we can find a compact set %V €
C?[0, T] for each N > 0 such that

1
limsup Zlogp(zn ¢ V)< -N.

n—oo

Define the set
FNE = {(r,v) e C4[0, T1 x M [0, T] : d((r,v),CI>5(I<)) >€}r‘|(J,’NxM|L[O, 1.
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For any (r,v) € & N we can find the neighborhood N; , either satisfy-
ing Lemma 3.5 if r is absolutely continuous, or satisfying Lemma 3.6 if
r is not absolutely continuous. This forms a covering of .# V¢, By com-
pactness, we can choose a finite subcover {N;, ,};,j for £ Ne Define

:zij = er-’vj m%N’E.

Applying Lemma 3.2, Lemma 3.5, Lemma 3.6 and letting M, in Lemma
3.6 larger than K, we have for any i, j,

1
limsupﬁlogIP((Zn,vn) ELij)<—(K—¢).
n—oo
Then we have
1
limsup —logP (d ((Zn,vn),q)‘s(K)) > e)

n—oo N

1
<limsup —log
n—oo N

Pz ¢ Z™)+Y P(Zn,vn) € J{,-]-)l
i,j
<-min{N, K —¢€}.

Choosing N large enough, we complete the proof. U
We are now ready to establish the upper bound.
Lemma 3.9. Given K >0 and e > 0, there exist 6 > 0 such that
OO (K —€) c{(r,v) : d((r,V), D(K)) <€}
Proof. Prove by contradiction. If the claim is false, we can choose
5;10, (rjv)ed®i(K-¢), i=1,2--

such that
d((r;,v;),®(K)) =€, Vi. (3.21)
By definition of I (r,v) and I;f (r,v), we have the monotonicity I (r,v) <
If,(r,v) and I?(r,v) < I}sl(r,v) when & = 6’ = 0. Thus the sets ®% (K —¢)
are monotonically decreasing as §; | 0, and (r;,v;) are contained in the
set ®°1 (K — €) which is compact by Lemma 3.7. So there exists a subse-

quence converging to (rg, vo). With Lemma A.10 in the Appendix we have
for each j

1 (rovo) + 1) (ro,vo) < liminf (1 (i, vi) + 1) (ri,v)))

1—00

IA

liminf(]f" (ri,vi)+ r (Ti,Vi))
i—00 f

K —e.

IA
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The monotone convergence theorem gives

) O 6
lim 15" (ro,vo) + 1’ (ro, vo)
J—00

< K-e.

Is(ro,vo) + I (ro,vo)

So (rg,vo) € ®(K). For sufficiently large i, d((ro,vo),(r;,v;)) < e. This
contradicts with (3.21). O

Theorem 3.10. For each closed set F = D40, T] x M [0, T,
. 1 .
limsup ;loglP((zn,vn) eF)<- (r,lggp (Is(r,v) + I (r,v)).

n—oo

Proof. Suppose inf(;ver (Is(r,v) + I¢(r,v)) = K < co. Since F and ®(K—¢)
are both closed sets, we assume the distance between them is 79 > 0. For

any 1) < 1o,
P((Zn, V) € F)
P (G va) F) < 3)+ P (A0 vi), V) 2 5

IA

IA

P(d(Enva) 0K -e) 2 2)+P (0 (Enzn) 2 1) (3.22)
By Lemma 3.9, we can choose 6 and 1 small enough such that
- n . . ~ 5 n
d((Zn, Vi), (K ~€)) 2 7 implies d (@ Vi), @ (K —e=n/4)) = i
From Proposition 3.8 we have

1
limsup ~ logP (d (Z V), DK —€)) = g)

n—oo

. 1 - 5 n
< 1uis,£pﬁlogum(d((zn,vn),q> (K—e—n/4))zz)
< —(K-e-7/2). (3.23)

Combining (3.22), (3.23) and Lemma 3.1 for 6 = n/4, we obtain
1
limsup —logP((z,,v,) € F) < —(K—€—-1/2).
n—oco N
The case for

(r}%EF(IS(r’V) +1¢(r,v)) =00

can be established similarly by choosing K arbitrarily large. U
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3.2. Lower bound. The proof of the lower bound is based on the change
of measure formula. From [5], it suffices to prove that for any (r,v) €
D90, T] x M 10, T and arbitrarily small € > 0 we have

li’ggf%logp (zn € Ne(r), vy € Ne(V)) = — (Ls(r,v) + Ip(r,v)),  (3.24)
where N,(r) is the e-neighborhood of r in D40, T] with metric p", and
N¢(v) is the e-neighborhood of v in M [0, T] with metric p®. For given
r € D40, T] and v € My [0, T, if r is not absolutely continuous, I(r,v) +
If(r,v) = oo, thus nothing needs to be proved. Below we will exclude this
case. For convenience, we further assume that n, (¢, i) is continuous in ¢,
and the case that n, (¢, i) is not continuous will be discussed in Theorem
3.17 in this section. To prove the lower bound, we perform the following
steps. Firstly, we approximate r by a piecewise linear path y, and the
occupation measure v by n € M [0, T] with n,(t,-) piecewise constant
in t. Secondly, we construct new processes z, and &, with occupation
measure Vv, such that

P- lim pP(z,,y)=0, P- lim p®(¥,,m) =0, (3.25)
n—oo n—oo

where the notation P — lim means the convergence in probability. More-
over, we ask z,, and the jump rates of ,, satisfy the conditions required
by Lemmas 3.11 and 3.12. Finally, based on the change of measure for-
mula related to (z,,,5,) and (2, &p), we get the limit and the proof is then
finished.

As promised in the above procedure, we approximate r by a path y
first. For a given J, define A = T/]J and let ¢,, = mA. On each interval
[tm, tm+1], define Arp, = r(tpm+1) — 1 (t). Take p™ ={u}",i=1,...,S} so as
to satisfy

s
Y pl'ui=—= and pu!"=0. (3.26)
i=1

If Ar,, are in the positive cone generated by the {u;} for all m, such a
choice of p™ is possible. If at least one of Ar,, is not in the positive
cone generated by the {u;} , it is easy to check that for all v € MI0, T],
Is(r,v) = 400 (see the Remark of Lemma 5.21 in [26]) and nothing needs
to be proved.

Now we construct the piecewise linear interpolation y of r such that
y(tp) = r (%) and in each time interval [£,, £,,+1]

d S
i=1
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Thus y(t,,) = r(t;,) for each m. For any € > 0, we can choose ] large
enough such that
m(y, r)<el4.
Define the sets
D D
={@mwln=mippxn, nij >0 weAn; Y vi Y nijei; =0} (3.28)
i=1  j=1

and
S
Zﬁ:{peﬂ%s:uizo,z#iui:ﬁ}. (3.29)
i=1

We remark that the sets ¥ and £ here have nothing to do with the def-
initions in the proof of upper bound.

Lemma 3.11. For any € > 0 and large enough ], there exists a further
subdivision of time interval [ty,, tym+1] for each m € {0,1,---,] -1} (i.e.,
tm = tmo < tm1 <+ < tmk,, = tm+1) and related ("™, y"™*) € & (m =
o1,---,J-1;k=0,1,---,K,, — 1), such that

—1 Km—1 I, k+1 mk

n;
Z Z ZW'CZ(??,] m+ql](.)’(t))_77ijk)d[

m=0 k=0 Jtmk  i=
s Ip(r,v)+e.
and
ly™ —n,(t,)1l <e/4DT) (3.30)
forallte [ty tyke1), k=0,1,--- , Ky—1and m=0,1,---,J - 1.
The proof of Lemma 3.11 can be found in the Appendix.

We then define the measure 7 € My [0, T] such that n(d¢t,i) = n,(¢t,i)dt
and

Ny (t,1):= 1/11 LE [tk b k+1)
form=0,1,---,J—1and k=0,1,---,K;;; — 1. With this choice n;(t,-) is
piecewise constant and

p(z) (m,v) <el4.

We take the frequently used notation A7 in later text as the expectation
of 1; with respect to the distribution 7,

D
AT(s) = Y Ai(9), Nnals, ). 3.31)
j=1
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Lemma 3.12. For anye >0 and large enough ], define B, = Ar,, /A, then
there exists ™ € Kg  such that

]_1 Im+1 S m

AT(y(0) — "+ u"1 ! dt
3 ), L Og/l’;(y(t)))

< Ii(r,v) +e.

The proof of Lemma 3.12 can be found in the Appendix.

With the constructed matrices {”**} in Lemma 3.11, we define the pro-
cess &, with jump rate nn;;(t) where n;;(t) = n?}.k, L€ [tk tm k1) Simi-
larly, we take p™ constructed from Lemma 3.12 and define z,, with jump
rate
Ai(Za(0),€0 (1))

ATy (D)

for its ith component, where p;(#) is piecewise constant and p;(f) =
for t € [t,, ts1).

We have the following convergence result for the constructed approxi-
mations for 7 and y.

nu;(t)

Lemma 3.13. Convergence of the approximation v,
P— lim p® @, m) =0
n—oo
Lemma 3.14. Convergence of the approximation z,

hm p(l)(z ) =

The proof of Lemmas 3.13, 3.14 will be given in the Appendix.

As we have finished the construction of z,, and ¢,,, we now perform the
change of measure. Denote Q,, and Q,, the distributions of (z,,(1),&,, () ;<7
and (2, (1), &, (1) <7, respectively. We have

dQ, _ -
d@n(zn’gn)
r o4 _ . Ai(Zn(8),En(D)
= eXp{—fO n;(/ll(zn(t);gn(n)—ﬂz(t) /Vl.’(y(t)) dat

z( _) vi r D )

j=1
771]( ) ij
| Trog T gy
fo ;jogq,](zn(t n

- eB(zn,én), (3.32)
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where Y/ is the counting process induced by z,(#) that will increase by

one each time when a jump occurs in the u; direction and M ;] is the
counting process induced by &, (1) that will increase by one each time
when a jump occurs from state i to state j. The next lemma shows that
the expectation of B(z,, &,) in the exponent becomes simple in the limit
n — oo.

Lemma 3.15.

Ai(Zn (), &R (D)

T -
lim [E@f Ai(Zn(0),En(0) = s (1)

n—co AT (y (1)
]_ tm+1

=) A (y(0)—uldr. (3.33)
m=01m

()
o [E@f 283y @Y

n—oo n
J-1 Im+1 m 'ulm

= ], dt. (3.34)
mzzofrm ,-:ZI” 8T ()

lim —[E@f Z nij () dM;j

h—ocon ql](zn(t )
J-1 I, k+1 ?}k

= t, g————dt. 3.35
mZ: L Z Ny (t,0) Z i qij 0 (3.35)

The proof of Lemma 3.15 is based on the ideas in proving Lemma 5.52
and Lemma 8.70 in [26].

Proof. Since p;(t) is a step function and constant in [f,,, {;;+1), to prove
(3.33), we just need to prove for each m

i D) En(D))
A (y(D)

Im+1
lim Eq, [ Au(2 (0,000 -

n—oo
Im+1
/4 m
:ft AT(y(0) —udt. (3.36)

Define
Ne(y):=1zeD0,T]: oV (z,y) =€}
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We have

s
[Ean py 1(Zn(8),En(D) — /1 (Z, (D), fn(t))dt
tm

AT (y(1)
/1 (Z2n(2),&n (1))
AT (y(1)

tm+1 /1 t t
+Eg, X fzneNe(y) f i Bn(0),En(0)) (j’;(( ) (f)’;( Dar. 337
1

Im+1
—E@nl{zneNe(y)}f iz (1), En (D) —

By Lemma 3.14, the second term on the right hand side of (3.37) tends to
zero as n — oo. Next let us estimate the first term.
By Assumption 2.3, we have

i, ) Az, ) -
T M@ |

M) AL D@ D) =iz, )
/lf (x) /l’l.’ (2) )L’iT (2)
<AL|x-z|+AL|x - z| (3.38)

forany z,x,x' €R%,ie{l,...,S}and je€{1,2...,D}.

Now take an integer N and divide [#,, t,,+1] into L pieces. Define 7; =
tm+1(tyme1—tym)/ Nforl=0,...,N. Since y is continuous in [0, T'], we can
choose N large enough such that

sup lly(t)—ya)ll<e foranyle{0,---,N—1}.

IE[TI,TI+1]
By (2.1) and (3.38), we have
A (z,, (1), fn(t))
}L”(y(t))

fi mAi (Y@, En(D))
SX{z,eN:()} Zf iY@, En(0) M; e + Cedt,

Im+1
X{anNg(y)}f /1 (zn(D), fn(t))—

where C = 2+ 2A + A3) L. So we have
/1 (Zn(D),En (D))

Im+1
lim E@f NiEn(0),E0(0) ~ p

n=00 N (y(D)
N-1 p1;4q D
=) > Ay, Prg(t, j)— u + Cedt
1=0 j=1
7141 D
Z S i), Yng(t, j) - u + Credt
~ =

Im+1
=f AT(y(@) —pul*dt+ Cy (L1 — tm)e
tm
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by ergodicity of the process ¢, where C; = (3 +2A + A%)L. Similarly, we
can also obtain

/1 (Zn (1), fn(t))
AT (y(1)

n—oo

Im+
hmﬂE@f Niza(0,En(0) — p
Im+1 "
> f AT (y(0) = " dt = C (s — tme.
Im

So we finish the proof for (3.33).

To prove (3.34), we first assume that A;(x) are constant functions. In
[tm, tm+1), the number of jumps z,, makes in each direction u;/n are in-
dependent Poisson random variables with mean n,u;." (tmae1— ). SO

Im+1
,ul(t )
li —[E lo
oo n Z g Y
:ftrm ip?logidt. (3.39)
O A7 (y(1)

For general 1;, we can use the technique for proving (3.33) by dividing
the interval [#,,, f,,+1] into small pieces and approximating (3.34) by Rie-
mann sumes.

For (3.35), again we first assume that ¢g;;(x) are constant functions. In
[Zmk> Em,k+1], the number of jumps &,, makes in each direction e; j are in-
dependent Poisson random variables with mean n-n, (¢, i )17’17}.’C (b k1~
ti). So

Im,k+1 (T ..
lim —[E@ f Zlognl{—()dM;]
n—oop ~"J; 7 qij(Zp(t7))

mk i,]
ftm,k+1 Z ( ) Z nn}lk d (3 40)
= ny;(t,1 ——at. .
Uk i= g 77 Clz] (y(1)

For general g, j, we consider separate cases {z, € N.(y)} and {z,, ¢ N¢(y)}
as in (3.37). Similar as proving (3.33), we can get the limit (3.35). U

Lemma 3.16. For given r € D0, T] and v € M [0, T, assume that r is

absolutely continuous and n,(t,-) is continuous in t. Then for arbitrarily
smalle > 0 we have

1
liminf—1ogP (z,, € Ne(r), v, € Ne(V)) = — (Ls(r,v) + I (r,v)).
n—oo n
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Proof. By Eq. (3.32) and Jensen'’s inequality, for any € > 0
P (zn € Ne(r), vy € Ne(v))
=P (Zn € Nes2(y),vn € Nelz(ﬂ))

[@n

:[EQ)VL (Zn(l') é‘n(t))X{Zne]Velz(}’) VneNelz(ﬂ)}}

—F. B(ZnySn)
_[E@n [e X{ZneNe/Z(y)ﬂ_’neNelz(ﬂ)}

IEQn [X{ZHENEIZ(J’):‘_’neNe/Z(ﬂ)}B(Zn’ gn)] }

Z[E@n [X{ZneNg/z(y).T/neNe/z(ﬂ)}]eXp{ [E@ [)({- €N,/2(1),¥n€Nuya( )}]
n Zn€Ne/2\Y),Vn€Ne/2TT

(3.41)
By Lemmas 3.13 and 3.14, we know that
nh_l:Ic}o [EQ’ [X{Zn‘ENe/z(J’) VneNelz(T[)}] (342)

Thus, according to Lemma 3.15, (3.41) and (3.42), we have

hmmf— logP (z,, € Ne(r), vy, € Ne(v))

n—oo n

>11m1nf Eg, [X{zn€Ne/z(y) VneNe2m} B(Zn, 'fn)]

n—.oo n
J=1 Im+1
:‘( Z(A’,-’(y(t))—u;”)dt
m=0Y1Im i=1
J=1 tmr1 S m 'u;?’l
* "log ————dt
mzzoftm l;“’ 8y
—1 K=l rlppi mk )
+ Ny (t,1) +q;i(y(t) - m dt)
’”ZO kZb ik zz " Z (n” ij(J’(t)) 9ty Ly )

(3.43)
Combining Lemma 3.11, Lemma 3.12 and (3.43), we finish the proof. []

In the final theorem, we remove the continuity assumption on n,,(t,-)
to get the desired lower bound estimation.

Theorem 3.17. For givenr € D0, T and v € M; [0, T1, assume that r is
absolutely continuous, we have

hmmf logP (2, € Ne(r), vy € Ne(V)) = — (Is(r,v) + I (r,v)).

n—-oo n

Proof. We can construct a sequence of measures v(¥ (k = 1) such for
any k, n,w is continuous in ¢ and p(z) (v,v®) = 0. From Lemma A.10,
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Is(r,v) + I¢(r,v) is lower semi-continuous in v. Thus, we can choose ko
large enough such that for any § >0 and € > 0,

L v + I (r, v*) > [, v) + 15 (r,v) = 6

and
p(z) (v,v(kO)) <el2.

Thanks to Lemma 3.16, we have
1
liminf —logP (z,, € Ne(r), v, € N:(v))
n—-oo n

1
= liminleog[lj’(zn € N.(r),v, € Ne/z(V(kO)))

n—oo
> - (Is(r,v(k(’)) +I(r, v(kO)))
> —(L(r,v)+If(r,v))-6.
The proof is completed. U
3.3. Goodness of the rate functional. The rate functional Is(r,v)+I¢(r,v)

is lower semicontinuous by Lemma A.10. The goodness of the rate func-
tional is a direct consequence of Lemma 3.7.

4. PROOF OF THEOREM 2.2

Now we prove Theorem 2.2 under the consideration r € W = (R*)4 in-
stead of the whole space. The main clue of the proof is the same as the
proof of Theorem 2.4 except some technicalities to understand the be-
havior of jumps near the boundary of W. We will only focus on the key
parts which is different from the proof of Theorem 2.4.

The difficulty in the proof of lower bound is that we can not use the
change of measure formula directly, since some of the jump rates may
diminish on the boundary. Mainly following [27], We overcome this issue
by carefully analyzing the boundary behavior of the dynamics .

Let a d-dimensional unit vector v := (1,1,---,1)/vd and define the
shifting r5(f) = r(t) + v with § > 0 a sufficiently small number. With
similar approach in proving Lemma 5.1 in [27], we can show that

limsup (Is(rs,v) + 1p(rs,v)) < Is(r,v) + I (r,v). (4.1)
0—0"

Next we will prove

1
li%ninf—logP(zn € N5(r),vy € Ns(v)) = — (L(r,v) + Is(r,v)).

—00 n
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Denote by V,(r) the modulus of continuity of r with size a, and set n(a) =
max{V,(r), a} so that n1(a) < a. Now, fix § and set t5 = n~1(5/3). Then,
ts <6/3 andfor t < t5,

sup [[r(@)+t-v—rl<ts-lvl+n(ts) <26/3.
0<t<ts

Therefore, for0 < a < 1/6,
P(z, € Ns(r),v, € Ns(v)) = P(Ilzn(t) —r0)—t-vl<adontel0,ts],
20 € N3(r; [£5, T1); v € No(v),

where Ns(r;[ts5, T]) is the 6-neighborhood of r restricted on ¢ € [tg5, T].
Now, on this time interval

sup |[r(f)—ry4 () <6/3

ts<t<T

and, moreover, d(r(1),0G) = t5/ vd. Therefore, for any functionuon €
(15, T, lu—rgll < t5/2\/3 implies that |u—r| <56/6 and d(r(1),0G) =
t5/2v/d. Now define As the a6—neighborhood of ro+tsv,i.e. As:= Bys(ro+
tsv) and let r%’é be the shift of r;; such that rt (ts) =y. Then,

P(z, € N5(r),v, € Ns(v)) =
PHZAU—rw%—rvnSaéontEwJMHMEA%WJQ%D)

X lnf H:Dy(zl’lENté (rt y[t5’ ]),VnEN(S(V;[[(?, T]))
y€A5 2vd

The first term satisfies a large deviation lower bound

1
liﬂ%gfglogﬂﬂ’(llzn(t) —r0)—t-vl<sadontel0,ts];v, € Ns(v;[O0, tg]))
>-Cts 4.2)

by estimating the probability of a specific path z, lying in the a6-neighbor-
hood of the curve r(0) + tv. Because the paths in N t§ (r ;[ts, T1) are

bounded away from the boundary uniformly for y € A5, by Theorem 3.17,
we have

llIIllIlf log inf P, (zneN s (rt ilts, T1; vy € Ne(v; (85, T1)

n—oo n yEAs Va
= _(Iitﬁ,T](rtgyV) + Ij[t‘té,T](rl’g’V))
= _(IS(TI(S)V) + If(rté,'\/)), (4.3)
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where I Et‘;'ﬂ (r,v) and Ij[f‘s’T] (r,v) are rate functionals defined on the
integration interval [#5, T]. According to (4.1), (4.2) and (4.3), we proved
the lower bound.

Next let us consider the upper bound. At first we note that since the
rates 1;(z, j) satisfies the linear growth condition

Ai(z, j) = C(1+ | zl),

it is easy to show that

1
lim limsup —logP( sup llz,(#)|l > K) = —oc0

K=00 p—oo N 0<t<T
by simple moment estimates and Doob’s martingale inequality. Conse-
quently, it suffices to prove the large deviation estimates for bounded sets
and we can assume A;(z, j) are bounded.

We only need to recheck Lemma 3.9 and Lemma A.11, since the other
lemmas in upper bound estimates can be verified easily under the as-
sumption that 1;(z, j) are bounded. Thanks to Corollary 4.2 and Lemma
4.6 in [27], we can obtain that Lemma 3.9 and Lemma A.11 are also cor-
rect under Assumption 2.1. Thus the upper bound is also established.

The goodness of the rate functional trivially holds under Assumption
2.1. So we complete the proof of Theorem 2.2.

APPENDIX

Lemma A.1. Let {f,} be a collection of lower semi-continuous functions
on a metric space. Then the function f define by f (x) = sup,, fu(x) is lower
semicontinuous.

LemmaA.2. Let{f,} be a collection of convex functions on a metric space.
Then the function f define by f (x) = sup, fuo(x) is convex.

LemmaA.3. Let K(x, y) be a real-valued function, continuous in (x, y) on
R x RP, convex in x for each y, and concave in y for each x. Let two
non-empty closed convex sets U and V be given, at least one of which is
bounded. Then

inf sup K(x, y) = sup inf K(x, y).

xeU yev yev xeU

The proof of Lemma A.3 may be referred to Corollary 37.3.2 of [24].

A.1. Part1. Proof of lemmas related to the upper bound estimate.

Lemma A.4. Let z(t) € RY be any measurable process for t € [0, T]. Sup-
pose there exist numbers a and 6 such that for each p € R with || pl=1,

P| sup (z(1),p) = al|<?o.
0=<r<T
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Then

IP( sup |z(8)] = a\/g) <2dd.

0=<t=<T

Proof. 1t is not difficult to find that

2d
{ sup |lz(0)] = a\/ﬁ} c U{ sup (z(1),p;) = a}.
0<t<T i=1 "0<t<T
where p; :=e;, p;,,:=—e;fori=1,...,d, and e; are chosen as the canon-
ical orthonormal basis in Euclidean space R?. 0

In later texts, we will take an abused notation &,(t) = e; € R” when
¢n(t) =i € Zp. This will not bring confusion since ¢ ,(¢) is considered as
a multidimensional vector only when we take inner product with other
vectors.

Lemma A.5. There exists a function K : Rt — R* with

lim K(a)!/a = +o0o,
a—o0

such that

P sup ||z,,(t)—zn(0)||za)szdexp(—nTK(f)). (4.4)
0st<T T

Proof. The inequality (4.4) holds trivially whenever K(a/T) = 0. It suffice
to prove the lemma when a is large. For p € R%, o € RP and any p > 0,
with the form of infinitesimal generator £, (1.2), we define a mean one
exponential martingale

t S
M7 :exp(<zn(t) —2,(0),pp) —n f 3 Xi(zn(s), En(s)) (PP _1)ds
0 j=1

t D

D
()= En0),0) =1 | Xien)=it 2 4ij(Zn($) (7% —1)ds)|.
i-1 =

Define U = maxj<;<s |lu;ll. Fix || pll = 1, we have

t S
nf 3 Ai(2n(9), En() (PP _1)ds < ntSAeVP'" =: R(1, p)
0 i=1
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by Assumption 2.3. Hence we obtain

P| sup (z, (1) —z,(0),p) = a)
0st<T

=P | sup exp(p{zn () —2,(0),p)) = exp(pa))

0=<t=<T

<P| sup M;’Zozexp(pa—R(T,p)))
0=<t=<T

Sexp(nT [SAeUp/”—%%]),

where the inequality follows from Doob’s martingale inequality. Take

> 0.

—nlo
=T Tsau

Then it is not difficult to show that if we set

~ a
K@= (1og

a
_ 1)

SAU

for a large and K (a) = 0 otherwise, then

P oilrlgzr<zn (1) = 2,(0), p) = a) < exp(—nTI?(%)).

Define K (a) = K(a/+v/d), we get the desired estimate by applying Lemma
AA4. O

Corollary A.6. There exist positive constants ¢y and ¢, independent of t
and t, such that forany t,7€ [0, T] with0O<t+1<T,

IP( tSSslSlIt)+r |z, (s)—z, ()| = a) <2dexp (—nacl log (%)) .

Proof of Lemma 3.1. Consider a typical interval [t]’?, t}’H] . Since z,,(#) and
z, (1) agree at the endpoints of this interval, it is obvious that

6 . .. 6
120(17) = Zn(t7, )1 > 5 implies  llz(27, ) =22 ()1 > 3.

On the other hand, we have
”Zn(t) _Zn(t]’?)” = ”zn(t) - Zn(t)” - ||Zn(t]"1+1) - Zn(t]n)”

since z, is piecewise linear and Zn(t]’.’) = zn(t]’?). Therefore if ||z, (1) —
Z,(0) |l > 6 for some t in the jth interval, we must have

sup |z, (1) —zn(t;?)ll >6/2.

n n
tj StSl’]-+1
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Applying Corollary A.6 with a = 6/2 and 7 = T'/n we obtain

Pl sup llz,(1) —zn(t]’?)ll >6/2) <2dexp (—n%log(nﬁw))’

n n 2
tist<tl,)

where c3 = ¢/ T. Thus,

n—-1

PV (202 >8) <Y P| sup IIZn(t)—Zn(f)”>5)

— n n
j=0 \tfst=t?

n—1
SZIP sup ||zn(t)zn(t]’7)|>6/2)
=0

n n
tj S[Stj+1

oc ndcs
sn-zdexp(—nTIOg( 5 ))

The result follows since c¢; and c3 are positive constants. 0

Lemma A.7. For any given bounded sets A; € R% and A, € RP, we have
that

n—oo

T T/n
+<€n(;)_€n(0),0>+nf S‘S(x,nvn(t,-),a)dt}sl.
0

T Tin
limsup[Ex,mexp{n <2n (Z) - Zn(O),p> - n[ Hf (x, p,ny, (L, -)) dat
0

holds uniformly in x € R4 me{1,2,---,D}, pe A ando € Ay, whereEy 1,
means the expectation with respect to the paths of (z,,¢,) starting from
(x,m) att=0.

Proof. For any p € A; and o € A, define the mean one exponential mar-
tingale

M; :exp(n

r S
(20 (0 =220, ) = | Y Ai(zn(9),En() (P - 1)ds]

0 j=1

t D D
+ €D =En0,0) —n | Y Kieww=i Y dij@n($) (7€) — 1)d5)-
j=i

i=1



34

Since Zn(t;?) = zn(t]’?), for any p € A; we have

(23] -2n00p)

T/In S D
- f 3 Y Aizn(s), D(EPH 1)y, (ds, j)]
0 i=1j=1

1 :[Ex,mexp{n

T T/n D
+ <én (;) —«sn(O),a> -n Y Gij(2n(s) (€ ¢ — v, (ds, i)}.
0 4j=1

By definition, the term

S D
3 Y Aizals), NP —1)v,(ds, j)
i=1j=1

can be written as H;(z,(s), p, ny, (s,-))ds and

D D
Y i (@) (870 — DY, (ds, i)
i=1j=1

can be written as S(z,(s), ny,(s,"),o)ds.
Let

0
S5 = {w: sup llzu(H)—x| < —},
0<t<T/n 2
we have

T Tin
1 = [Ex,m)(Séexp{(n<2n(;)—Zn(O),p>—n Hf(x,p,nvn(t,-))dt)
0

T Tin
+ <€n (;) —cfn(O),a> +nf S0 (x, nvn(t,-),a)dt}
0
T T/n
= [Ex,mexp{(n<zn (Z) —Zn(O),p>—nf Hf (x, p, ny, (1, .))dt)
0
T Tin
+ <€n (Z) —fn(O),0> +nf S0 (x, ny, (t, -),a)dt}
0
T T/n
—[Ex,m)(sg exp{(n<2n (;) —Zn(O),p> — nf Hf (x,p, ny, (t, .))dt)
0

T TIn
+ <€n(;)_6n(0)ya>+nf S‘S(x,mn(t,-),a)dt} (4.5)
0

Since A; and A; are bounded sets, there exist By and By such that | p|| <
B; and |lo|| < B,. From the Assumption 2.3 and the boundedness of p
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and o, we have

Tin
[Ex,mXSg exp{(n <2n (%) - Zn(o)»p> - nﬁ H? (x’ P, I’lvn(t, )) dt)

T T/n 5
+ <€n(;)—€n(0),a>+nf0 S (zn(t),nvn(t,-),a)dt}

<Ex,m (ng exp (n <2n (%) —Zn(O),p> +3K))

e 0 ko (k+1)o
<) exp|nk+1)=|pl+3K|xP|—=< sup |z,(t)—x|<
k=1 2 2 0<t<T/n 2
x 0 ko ko
sZZdexp(n (k+1)2B) — —1 log( 62”)))xe31<_>0 (4.6)
= 2 2 2T

as n goes to infinity for all x € R with Ipll < By and |lo| < B, where K
is a uniform bound depending on the bounds of $°(-,-,-) and Hf(-, 5,+) in
the whole space, By, B, and T. Combining (4.6) and (4.5), we complete
the proof. U

Corollary A.8. For any fixed step functions 0(t) € R and a(t) € RP, there
exist constants C > 0 and ny such that

EexpinJ,(z,,0,v, @)} <C

foralln > ny, where J, is defined in (3.9).

Proof. By definition

expin/,(z,,0,v, a)}

n-1
= exp{ Y (n<2n(t]’?+1)—2n(t]’?),0(t]’-’)>
j=0
A
—n | 1 HE (240,000, my, (1)) di
"
]tr_H-l
"

J
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n-1
- exp{ Y (n{zaltl ) - 2a (D, 00D)
=0

tn+l
—n | (220,000, ny, (1)) di

i

t?+1
n n n 03 n n
+ <6n(tj+1)_En(tj);a(tj)>+nj;7 S (zn(tj );nvn(t;'),a(t]‘ ))dt
n-1

—];)<én(t7+1)—6n(t]’?),a(t]’?)>}. (4.7)

Now « is a step function, let us first consider a(t) = @ on the interval
t€[0,7]. We have

n-1
Z X{t}’fﬂsr} <€n(t]’?+1) - fn(t]n), a0>
j=0

- {en[) 0,00
n

where |a] is the largest integer smaller than a. Since ¢, and & are bounded
in [0,T], ‘<€n (%) —én(O),a0>) is uniformly bounded. Repeating this
argument on the finite number of intervals on which a are constants,

we have that |23 (£,(¢%, ) = &,(11), a(t) )| is bounded. Thus by 4.7),

Lemma A.7 and the Markov property of (z,,¢,),

limsupEexp{nJ,(z2,,0,v,, a)} <C
n—oo

where C is a positive constant. U

Lemma A.9. (Uniformly absolute continuity) Given r € D*[0,T] and v €
MO, T]. Let Is(r,v)+1¢(r,v) < K and fix somee > 0. Then thereisad >0,
independent of r, such that for any collection of non-overlapping intervals
in [0, T with total length 6

J
{[tj,sj],j =1, ,]} with Y (sj—1;) =6,
j=1

we have

J

dollr(sp)—rg)l<e.

j=1
We can also find a constant B depending only on e and K so that

T
fo Xl n)=Brdt <E€.
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Proof. For any collection of non-overlapping intervals {[¢;, s;1} j» define
the function k() to be equal to one if # is in some interval [£}, s;] and zero
otherwise. Since Is(r,v) + I¢(r,v) < K, r is absolutely continuous and
Is(r,v) =K. Forany a >0,

J T
Ir(s) —r(e)] < f COIGET
j=1 0
T
< fo a-xuimisak@)dt
T Lg(r(p), (1), ny(t,")
+ P k(t)dt
fo Lo (0, (0, 1y (1, ) 117y L0 KD
a~6+L
B f(a)
where Lu(e, o w)
=  ipf JLEPW > }
Jta z,ﬁ?EeAD{ g IPl=a

Recalling the definition of L(z, B, w) in (2.6), we define U := max; || u;|.
For any w € Ap if we take p = Blogl| BII/ (U] BI) in (2.6), we obtain

Ls(z, p,w) = || Blllog I pll/U — | BII SA.

This means that f(a) — oo as a — oco. The choice a = 1/V/§ and taking §
sufficiently small establishes the uniformly absolute continuity.
Now we turn to the second statement. Since

T 1 T
f XuFw=Brdt —f IOl xurwizpdt
0 B Jo

<
1T L@, 7 (1), nv(1,)
< ey J > dt
Bfo Ly(r (), (D), ny (6, D/ T L1712
1 Ii(r,v)
B f(B)’
we complete the proof by choosing a sufficiently large B. U

LemmaA.10. The rate functionals are lower semicontinuous, i.e., if (r,,vy,) —
(r,v) as n — oo, then

lirllnians(rn,vn) > Ii(r,v), lirllninflf(rn,vn) = I¢(r,v), (4.8)
.. S5 ") P ) 0

liminf I (r,,vy,) = I{ (r,v), hmmfIf(rn,vn) > If(r,v) (4.9)
n—oo n—oo

and

Hminf1%(rp, vy, 0) = I2(r,v,0), Hminflf(ry,v,, @) = 12(r,v, &) (4.10)
n—oo $ $ n—oo f

for any fix step functions 0(t) € R* and a(t) € RP.
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Proof. We only need to consider the sequences of r, which are abso-
lutely continuous since it will be trivial otherwise. Let (r,,v,) — (r,v) as
n — oo. We may assume that Is(r,,v,) + I¢(ry,v,) is bounded, say by a
constant K. By Lemma A.9, we know that r is also absolutely continuous.

Since r(?) is absolutely continuous in [0, T, given §, we can partition
the interval [0, T'] into J intervals 0 =#; < f, <--- < f74; = T each of length
A such that

max sup |1, (1) — ()l <6.
J o tjSt<tjn

Denote F,(t,1) = v,([0, t],i) and F(¢,1) = v([0, ], 7). Recalling the defini-
tion of L‘g (z, B, w) in (3.5), we have that L‘Ss (z, B, w)) is lower semicontinu-
ousin g, z, f and w and convex in f# and w by Lemmas A.1 and A.2. Thus
for any € > 0 and small enough A, we have

T
f Ls(rn(t)»rn(t),nvn(t»'))dt
0
J Lit1
= Lo(rn(t)), (0, 0y, (£,))dt

J JI Eaodre [0 ny, (104t
Z rn(t]), ! A ) A dt

IV

—ru(t;) Fp(tjs1,) = Flt),-
r (])’ (]+l )A (] ) ' (411)

J ru(tjs1)
ZA.Lf(rn(tJ-), Lk X
j=1

Define the functions ry, Fj as
ri(O=r(t), Ft,)=F(,) fortj<t<tjs,j=1,-,]
and let
rl(t):=r;j(t+A), F/(t,):=Fj(t+A,-) forO<st<T-A.

By (4.11), we have

T
liminf | - Ls(r,(2), (1), ny,(t,-))dt
0

n—oo

Lj+1

Z hmlnfL (rn(tj),

v

rp(tj) —rp(tj) Fu(tj,-) —Fn(tjy'))d
A ’ A

v

tiv _ Tt o — .
[, 00, P03

T-A J _ J D) — .
f L‘E(nm,r (”Ar’m,F (t, )AFJ(’” ))dt.
0



39

Now we use the nested partitions Ji = 2k so that Ay = T/2* and a corre-
sponding sequence 0 that converges to zero. By Fatou’s Lemma,

T-Ak rl () —rjy (t,-) F*(t,) - Fj (¢,
i Lgk(r]km, (0= 1y (1) F) = Fy ))dt
k—oo Jo A A
T r/ () —rjy (t,) F*(t,) - Fj(t,
= fliminf)({tsT_Ak}Lf"(r]k(t), () ]k( ), ( ) ]k( )dt
0 k—oo A A

v

T
f Ls(r(t)yr(t);nv(t,))dt
0

So we established the lower semicontinuity of I(r, V).

The lower semicontinuity of I¢(r,v) can be done similarly. Recall the
definition of S% (z, w) in (3.18), we have that S° (z, w) is lower semicontin-
uous in 6, z and w and convex in w by Lemmas A.1 and A.2. With exactly
similar procedure as proving the lower semicontinuity of I(r,v), we can
establish

T
liminff S(ra(t),ny,(t,))dt = f
0 0

T-A

n—oo

Tt ) — .
F(t,-) - Fy(t, ))dt
A

for a fine enough partition. Again we consider the sequence of nested
partition J = 2k and Ay = T/2F. By Fatou’s Lemma and the lower semi-
continuity of S,

T—Ag Flk t,)—Fy (t,-
liminf S5k(r]k(t), SRk y/3 ))dt
k—oo Jo A

85(r;(t),

v

F]k(”')_ka“"))dt

T
f liminf)({tsT_Ak}S‘sk (r]k(t)’
0 k—oo A

v

T
f S(r(t),n,(t,-))dt.
0

Thus we obtain the lower semicontinuity of I¢(r,v). The proof of (4.9)
and (4.10) are simlar. U

Lemma A.11. Given r € D4[0,T], v € M_I[0, T] and € > 0, there exist step
functions @(t) € R? and a(t) € RP such that

I(r,v,0) = I;(r,v) —e¢, (4.12)

Lav,0)=10,v) -, (4.13)
and

If(r,v, a) = If(r,v) —-€, (4.14)

I?(r,v, Q) > I?(r,v) —e. (4.15)
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The proof of (4.12) and (4.13) can be referred to Lemma 5.43 in [26] and
the proof of (4.14) and (4.15) is similar. We will outline the main proce-
dure here.

Proof. If r is not absolutely continuous, I¢(r,v, a) = oo by definition, so
nothing needs to be proved. Now let us consider the case that r is abso-
lutely continuous. For convenience, let Ls(z, B, w, p) := (p, B)— H;(z, p, w).
Since by definition Li(z, B, w, p) < Ls(z, B, w) for any p, we have for B
large enough

T
foX{nf(r)nzB}Ls(r(t),f(t),nv(t,-),O(t))dt

IA

T
foX{nf(t)nzB}Ls(r(t),f‘(t),nv(t,-))dt
< ¢/4

by Lemma A.9. Choose 0 (t) = 0 whenever ||#(f)|| = B or #(f) is notin €
as defined in (2.12). Let R := supy<,<7 I7(?)|l. Since r is continuous, R is
finite. Simply replacing A; by ¥, A:(2, j)w; in Lemma 5.23 of [26], we
have for B large enough,

€
sup Ls(z,B,w,p) = Li(z, , w) — —
|p|=B; 8T

forall |z|| <R, ||Bll < Bin ¥ and w in Ap. So for any (z, 8, w) in bounded
set
A={lzl <R, B, |l <Bwe Ap},
there exist a Pzpw with ||pzﬁw|| < B; such that
€
LS(z)ﬁ) w, pzﬁw) = Ls(z,ﬁ; w) - E-

On the bounded set

{||Z|| <R, PeE,Ipl<BwelAp,lpl < 31},

the function L(z, B, w, p) is uniformly continuous. What’s more, by Lem-
mas 5.22 and 5.33 in [26], Li(z, B, w) is continuous in A. So given any
(z, B, w) € A, there exist a g,y > 0 such that

o= o= €
LS(Z)ﬁ)w)pzﬁw)ELS(z)ﬁ)w)_ﬁ

holds for any (2, B,) € O, N A, where Og,, is the &g, -neighborhood
of (z, B, w). By Heine-Borel theorem, we can choose finite number of
0, piwk tO cover A. It means that

€
Ls(z)ﬁy w, pziﬁjwk) = Ls(z; ﬁ) W) - ﬁ
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whenever |z —z'[| + 18— /Il + llw— wX <6 i g7 .

Define the function 0, () = Pigiwk whenever || r(f)—z' ||+ |7 (£) - ﬁj |+
7, (t,) — wk| < (5Z,‘ﬁj wk With some tie-breaking rule. The function 6, (¢)
takes finite number of values. It may not be constant on intervals of time.

So we approximate 0, (¢) by a step function. Choose 1 small enough such
that

T
fox{teA}Ls(r(t),f(t),nv(t,-))dtsf:/zl

whenever the set A has measure less than 7). Since 0, () is a simple func-
tion, we can approximate it by a step function 8 and it agrees with 6,
outside of a set of measure 7 (c.f. [25]).We finish the proof for (4.12) by
collecting all approximations above.

For the proof for (4.14), we take advantage of Lemma 5.23 in [26] again
by replacing A; with Z]DZI w;q;j. We have for C large enough

€
sup S(z,w,o0) = S(z,w) — —.
lell<C 4T
On the bounded set
{lltTlI =Clzl=Rwe AD},

the function S(z, w, o) is uniformly continuous. With the similar strategy
for L we can find the desired step function «. So we finish the proof for

(4.14). The proof for I and I? are similar. U

A.2. Part 2. Proof of lemmas related to the lower bound estimate.
Proof of Lemma 3.11. Since S(z, w) is bounded by Q := ZiDJ.ZI sup q;j(z),
! z

there exists (n(s), w(s)) € & for any s € [t,, t+1] such that
ij(s)
1 1 l
;wm;mnm gm(»
=S(y(s), ny(s,)) +e

41 (y(s) =i ()

and
lpi(s) —ny(s, i)l <e/(8DT)

by Lemma 8.61 in [26]. For each fixed s € [t;;, t;n+1], there exists 65 > 0
such that

Z%MZ@M@

sS(y(t),nV(t, ) +2€

i(s)
lﬂu)%mmwmﬂ

and
lwi(s)—ny(t,i)| <e/(4DT)
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hold for any t € Oy = (s — 05,5+ 05) N [tm, tm+1]. By Heine-Borel theorem,
we can choose finite number of Oy, in {Os}seyy,, 1,,,,] 1O COVET (L1, Erpr1].
It means that there exists a further subdivision of interval [t,,,, t,5+1] (.e.,
tm = tmo < tm1 <--- < tmk,, = tm+1) and related (¢ (sx),n" (sx)) € & such
that for all £ € (£, L, k+1]

m(S)

ey i () -1

Z w1 (sk) Z (n7(si01 8 o)

= Sy, nv(t, ) +2€.

Since log g j(z) are bounded and Lipschitz continuous in z, we can es-
tablish that S(z, w) is absolutely continuous in z, and this absolute con-
tinuity is uniform in w € Ap. To see this, we only need to show that the
function

D
f(x, w) = sup (— Z wixij (e<areij> _ 1)

oeRP\ ij=1

is absolutely continuous in x = (x;1, X12,..., Xpp) € [1/A, A]D2 (as defined
in (2.11)), uniformly in w € Ap. For any x,x+Ax € [1/A, A]D2 with ||Ax| <
1/4A, let h = 1/4A, r = |Ax||/(h + ||[Ax]|]) and define g = x + Ax/r. With

this construction, we have q € [1/2A, M + 1/2A]D2, fx,w), f(x+Ax,w),
flq,w)e[0,(A+ 1/2AM)D?and x+Ax=(1-r)x+ rq. From the convexity
of f(x, w) in x, we have

fx+Ax,w)<(1-1rf(x,w)+rf(q,w)
and thus

Fx+Ax,w) - fx, w) < r(f(q,w) — f(x, w)) < 4A(A+ %)DZIIAxII.

The absolute continuity in z and uniformity in w of S(z, w) ensures that
the estimate
S(y(),ny(¢,)) = S(r(t), ny(t,-)) +e
holds when J is large enough.
To simplify the notation, we will rewrite 7" (sx) as n™* and y"(sy) as
w™*. So for each m, we have

Km=1 ety ra mk

) Zwi”’“ Z (n12¥1og

—+q; 1) — dat
=0 Ytk = Clz]( (t)) 4 y(0) 77”)

Im+1
Sf S(r(0),ny(t,))dt +3(tm+1 — tme.
Im

The proof is completed. 0
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Proof of Lemma 3.12. Define

S D
F . Hi
f(”)ﬂ'(zy'))w):: A(Z,])w—/vti-,ulog -
;(;l e leﬂli(z,j)wj)

and
I‘S(z) ﬁ) w) = inf f(l-l’ A’(z) ')y w)-
pEJfﬁ
Taking advantage of Theorem 5.26 of [26], we have
Ly(z, B, w) = Ls(z, B, w). (4.16)

We will show that for any By, Ls(z, B, w) is continuous in z and w, uni-
formlyin fin
V:={BeE, Bl =B},

where % is the cone defined in (2.12).

By Lemma 5.20 of [26], we can find a constant B, such that for any
B €7 there exists a u € Ap with |||l < B. Therefore, for all § € 7 and any
i€ &g with |||l < By,

Ly, B, w") - Ly(z, B, w)
<f(u,AZ,"),w") - Ls(z, B, w)
<f(uAz,"),w") - Li(z, B, w) + C1 |z - z||
<f(m, Az, ), w) - Ly(z, B, w) + C1 |z’ — 2] + Co | w' — w|

for some positive constants C; and C,. Now choose g to minimize Lg(z, §, w)
to establish that

Lz, p,w") - Ly(z, B, w) < C1 ||z’ — z|| + Co||lw' — w]||. (4.17)

By Lemma 5.17 and Lemma 5.32 of [26] (replacing A;(x) with Z?zl Ai(x, wj),
we know that there exist positive constants M;, M, and B so that for all
pe€with |Bl=B,allze R? and all w e Ap,

M | Bllloglill < Ly(z, B, w) < M|l Blllog | BIl.
So for any g € D?[0, T] and any v € M[0, T1,

T
fX{nf(t)nzB}Ls(q(t),i‘(t),nv(t,-))dl‘
0
T
S.[o Xuioi= MallF (D) loglli ()l dt

T M, - :
Sfo X{||f(t)||zB}MLs(r(t),r(t),nv(t, )dt
:=¢(B) (4.18)
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By Lemma A.9, we have €(B) — 0 as B — co. Combining (4.17) and (4.18),
we have for any € > 0, there exist a 6 > 0 such that

sup llg(f)—r(0)l<bé and sup [ny(t,-)—ny (L)l <6
0<t<T 0<t<T

implies

T T
f is(r(t),i(t),nv(t,-))dt—f Li(q(1),i(0), ny(1,-))dt| €. (4.19)
0 0

With this continuity property, we have

T
fois(r(t),r(t),nv(t,-))dt

Im+1

J-1
-y Ls(r (), (D, ny (£, ) dt
m=0YIm

Im+1

J-1
=3 Ls(r (tm), F(), Ny (tm,))dt —€
m=0v1

r(tms1) —r(tm)
A

IR

2 Z A'Ls(r(tm), )nn(tl’lb.))_e'
m=0

By definition of L, for each m, we have p™ € Kg such that

r(tms1) —r(ty)
A

is(r(tm), ,nn(tm,-))

m

S
>y (a7 4+ uM log— ) —e/T
i;(ﬂz (W) = pi" + 1y og/lf(y(tm))) ¢/

and finally we have

T
fois(r(t),r(t),nv(t,-))dt
J-1 S ;”

> Y AN (AT (b)) = ™+ M og —— |2
T8 L (Mt —p ¢ M og ) —2¢
K

TS
> AT (y() =" +ulo dt—3e. (4.20)
A ;( ) - + ga;?(y(t)))
Lemma 3.12 is proved by combing (4.16) and (4.20). U

Proof of Lemma 3.13. We need to prove that for any bounded continuous
function h(t, z),

T D

T
limf h(t,én()de=| Y h(t,D)ng(t,D)dr
nmeodo 0 j=1
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in probability. It suffices to prove that for each time interval [#,,,x, £, k+1],

tm,k+1 _ tm,k+1 D
lim h(t,&,(1)dt = Y h(t,))ng (¢, i)dt.

=0 Stk Imk i=1

Since 5 » lives on only finite states, then for any € > 0, there exists § > 0
such that for |, — t| <6

|h(t,En (D) = h(ty, En(D)| <,

forall ¢ € [tk, ti,k+1]-
Take an integer L large enough and define 6 = (¢, x+1 — tmi)/L <. Let
T;=tme+10forl=0,1,...,L. We have

tm,k+1 _
limsupf h(t,&,(0D)dt

n—oo Uk
N-1 r1i49

=limsup )_ h(t,én(t)dt

n—oo -0 Y7

N-1 r1i4 _
<limsup )_ h(t;,&,(0)dt + Te

n—oo =0 Y7

N-1 Ti+1 D
=) Y h(ry, D)ng(t,i)dt+ Te (4.21)
k=0Y71 i=1

N-1 Ti+1 D
< f Y h(t,i)ng(t,i)dt+2Te
T i=1

Im,k+1 D
:f Y. ht, i) nq(t, D)dt +2Te.
Imk ]

In (4.21) we utilized the ergodicity of the process &, on each interval [7}, T741).
The convergence can be obtained in the almost sure and Lulm-sense rather
than in probability [6]. Similarly, we can prove

T _ tm,k+1 D
liminf h(t,cfn(t))dtzf Y h(t,i))ng(t,i)dt —2Te.
0

n—oo tmk  i=1

The proof is completed. U

Proof of Lemma 3.14. The goal is to prove that for any € > 0,

r}im IP( sup z,(5)—y@)l 26) =0.

—0 \o<t<T
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For any p € R? and p > 0, we have the martingale

M, = exp { (zn (0 -y(®),0p)

tS Al(zn(s);én(s)) {pp,u;/n)
_ ; yuiln) _ 1
, Xm0 =@ )

— i) {pp, ui))dS}

=eXp{ (za (D -y(@®),0p)

rS Ai(Zn(5),En(8)) = AT(y(5))

s ;(” i ()

AiZn(9),6n(9)  (opuiiny 1y . }
Ty e D= (pp.ui)))dsf.

Recall the Assumption 2.3 and p;(¢) is piecewise constant and bounded,
we can perform similar estimate as in Lemma A.5 to obtain

(op,ui)

+ i (s)

u»( Zn (1)~ y(1) ti (s)ﬂ"(z”(s)’é"(m_w” ©) su (>e)
su Zn - - i ill =
pzoeT A T ((s)

<exp ( — necy log(ecz)), (4.22)

where ¢ and c; are positive constants. By Lemma 3.13, we have

t _ t
fo/li(zn(S),stn(S))ds—fo AT (y(s)ds

t _ t _
= (fo Ai(zn(S),fn(S))ds—fO Ai(y(S),fn(S))ds)

t D t
+( Z/li(y(S),j)nv,,(s,j)ds—fo M—’(y(S))dS)

0 j=1
t
< Kfo 1Z,(s) —y(s)lds+ By, (4.23)
where
D t
Bp= sup |} ﬂti(y(s),j)(npn(s,j)—nn(s,j))ds ~0 (4.24)
tel0,T] j=1 0

as n goes to infinity for r < T.
Define C = dAUTA, where

A= max max pu;(t) and U= max |u;|.
t€[0,T] i=1,...,S =18
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Combining (4.22), (4.23) and (2.11), we have

t
IP( sup (||zn(t)—y(t)||—CKf ||2n(5)—y(S)||ds—CBn)2€)
0<t<T 0

| sup [z.(0- v ti (t)Ai(zn(s),En(s))—A’;(y(s)) e
= u Znll) — - i il =
vzrer Y=, g ()

<exp ( — necy log(ecz)). (4.25)

From (4.25) and Gronwall’s inequality, we obtain

[P’( sup [1z,(0) -y = (e + CBn)eCKT)

O<t<T

t
< P( sup (Ilin(t)—y(t)ll—CKfO ||2n(5)—y(5)lld8)>€)

0<t<T
< exp ( —nec; log(ecz)).

Combing the condition (4.24) and the inequality

IP( sup |z,(t) =y = 2¢ee

CKT)
0<t<T

< IP( sup [1z,(8) = y(O = (e + CBn)eCKT) +P (Bn > 3),
ost<T C

we finish the proof. U
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