
Lecture 15 Simulated Annealing and Genetic Algorithm

Weinan E1,2 and Tiejun Li2

1Department of Mathematics,

Princeton University,

weinan@princeton.edu

2School of Mathematical Sciences,

Peking University,

tieli@pku.edu.cn

No.1 Science Building, 1575



Introduction Simulated Annealing Genetic Algorithm

Outline

Introduction

Simulated Annealing

Genetic Algorithm



Introduction Simulated Annealing Genetic Algorithm

Non-convex global optimization
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min H(x)
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nonconvex global minimization
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Traveling Salesman Problem

I ~~~ TSP¯K(Traveling Salesman Problem)

�kN�ØÓ¢½,üü�mk��´»ë�(lij = lji),
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min
x∈X

H(x) =

N−1∑
i=1

lxixi+1

X = {(x1, . . . , xN ), x1, . . . , xN �1, 2, . . . , N���ü�}
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I ~~~ ��Ìã��kJ���:,z���:þk256«ôÚ,§UL«�¤
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X = {(x1, . . . , xJ) : xi ∈ {0, 1, . . . , 255}}.

�Ìã��1wÝ½Â�

H(x) = α
∑

<s,t>

(xs − xt)
2, α > 0,

ùp< s, t >�éx = (x1, . . . , xJ)¥�����:¦Ú. é�Ì�½�ã
�y ∈ X,½Âã�x�y�'�¼ê

H(x|y) = α
∑

<s,t>

(xs − xt)
2 +

1

2σ2

∑
s

(xs − ys)
2.

3¢S¯K¥,yÏ~�L�Ì�DÑÀ/�!k"��ã�,�ly���

Ì�1w�ã�,�|^±e`z¯Kµ

min
x∈X

H(x|y).
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ÄÄÄ���µµµeee

I éu`z¯K
min
x∈X

H(x),

½ÂH(x)��Û4�:8M = {x0 : H(x0) = minx∈X H(x)},Ú\ë
êβ > 0,½Â

Πβ(x) =
1

Zβ
e−βH(x), Zβ =

∑
x∈X

exp(−βH(x)).

w,Πβ(x)´Xþ���VÇ©Ù�Ý.

I ò·��¯KÏLÚ\_§ÝβÄ�z�
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I ½½½nnn Πβ(x)k5�

lim
β→+∞

Πβ(x) =


1
|M| XJx ∈ M,

0 Ù§.

¿��β¿©��, é?¿�x ∈ M, Πβ(x)��β�¼êüNO, é
ux /∈ M , Πβ(x)��β�¼êüN~.
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I Πβ(x)��E�Ñ
l�Å5Ñu�`zH(x)�å». ½nL²,XJ·�
U�Eéu�½�β > 0�,�)�ÅêS�ÑlΠβ(x)©Ù,@o-βO

\,K/�ª0(β = +∞)�Åê¬3���:¥a�. ù�L§¡ò»,§

3Ônþ´k²(¿Â�.

I 3Ônþ,βéA1/T , T�ýé§Ý. ��Uþ4�z¿�X¬N3�{Ã

"���/e��gdU�4�,g,.¥w��éõ¬Nk"�´Ï�

¦��´3Uþ�ÛÜ4����Û4�.�)�¤���{�¬N,�

±��eãÔnL§µ3§Ý�p�,¬N¬±���3,d�ò§Ý��
eü, ¬Núú)¤,������"§Ý�,¬N���¤,·���
�

�n��Uþ4�zL§�

I �β�½�§'uΠβ(x)��E·��Ð^�IO�Metropolis�{"éu
äN¯K'�´ýÀüÑ�¦�yé¡5"
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I ½½½nnn (�[ò»Ä�½n) �X��k�8,H(x)Øð�~ê§XJò»
�YÀ�β(n) ≤ 1

τ∆
ln n,Ké?¿Ð©©Ùν, k

lim
n→+∞

‖νP β(1) · · ·P β(n) −Π∞‖ = 0.

ùpτ, ∆��'~ê"P β(n)´�β = β(n)�éA�ê¼ó�=£VÇÝ

"

I ½nL²é�[ò»�{�ò»�Ý7L÷vβ(n) ≤ 1
τ∆

ln n,5¿�ù´

���~ú��ÝÏ�n ≥ exp(τ∆β(n)),�¦β(n)ªuN0 � 1,

n ∼ exp(N0),=�O��ê���mâU3nØþ���½�°(Ý,3

¢SO��L§¥·�Ø�U±ù�ò»�Ý�O�,´æ����¯

�¢S�ÝXβ(n) ∼ p−n (p . 1)¦β(n) → +∞.g,,ù3nØþ¿Øî
�.
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I ½Â+N�ê�N = 4,=üz�z�k4��N,b�Ð©�N=10��

011, 001, 110, 010

ù
0, 1 ¡�¢D/ÚN. O�Ù�A��¸·A�£=8I¼ê�§
b�8I´4�z8I¼ê¤

3 1 6 2

ÙoÚ�12§�gÓ·A'~�

0.25 0.08 0.5 0.17

I E��f: =d�#E�N��N. E��Uìþ¡�gÓ�·A'~
3N�G�¥?1�ÅÀJ.X011éA�'~�0.25,K±25%�VÇÀJ

G�011,Ù§aq.�ÅÀJ�±æ�Ù�ÀJ��{,=Uìþã·A'
~ò��¿©,�Å=Ä��,�����G�=���E�G�. ëYÀ
�Ng,=��N�#�G�,d�·�¡ùN�G�����³.

I w,þãE�üÑ=éArö)�,fö=���K.
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I CÉ�f:CÉ�f´¢D�{¥�ég���f.§±é��VÇpm�Å
�]ÀeZ��N,éuÙ/ÚNþ�eZ� ?1CÉ,l��#��

N.CÉ�f�±3zg,��?1A^.

I CÉ�fäkO\+Nõ�5��J.

I k
E�,¢DÚCÉ�f,Ò�±?1¢D�{.éu���lÑ`z¯

K,XTSP¯K,��±ò¢½?Ò?1üS?1,�ÚCÉö�.
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