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Motivations

> ERFEIRFAET ZFFEITELMRL W

/ f(z)dx

> KR O R A IROL K AR

A ha(u,v) = f(v), HEZv(x),v(0) =v(1) =0,
a(u,v) = /0 u(x)v(z)dz, f(v)= /0 f(z)v(x)dx.

Bu(z),v(z)#H A2 &l @ 5, FEITH RS

> KA AR
/k 2,9)f@)dy + 9(@) = f(®)

BUf(z) b e E & T E R A
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Ideas

> HoMREESL RS HRERSE AR

/a ! F)de ~ / " Ple)ds

P(z) % %K, A f () oy ZFp B 2%
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Basic techniques

Lagrange interpolation integral

To integrate

/ab f(z)dz

Midpoint rule: Approximate f(x) as f (“T*b) we have

LTNdezf(“;b)w—a>

Trapezoidal rule: Approximate f(z) as

where f(z) € Cla,b].

r—b T—a

Pie) = T (@) + T fO)

we have



Basic techniques

Lagrange interpolation integral

» Simpson'’s rule: Approximate f(z) as

(x —z1)(z — x2) u (z — zo)(z — x2) a+b
e e ey (55)
(z — zo)(z — 21)
Jr(332 — 20)(z2 — l’l)f(b)

pg(l‘) = (

we have

Lbf<x>dlebpz<w>dx= Pt @ ar (50) + ).




Basic techniques

Lagrange interpolation integral

» Cubic interpolation quadrature:

b b
/ f(m)dmz/ p3(z) dz
22t [r@+ar (a4 252) +ar (0 252 ) 4 o).
8 3 3
» Fourth order interpolation quadrature

[ 1@ = [ p i
b—a

— 22 [T (o) + 32 (@) + 12f (22) + 32/ (ws) + T (@a)].




Basic techniques

Lagrange interpolation integral

» Newton-Cotes quadrature: *f[a, b]f % f5 4>
flro=a<x1 <...<zpn=0b, zx =a+kh, (k=0,1,...,n),
h = (b — a)/nfELagrangetfi i & K P (z) € Pn, 3
itr =a+th te[0,n],#% 3
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Basic techniques

Lagrange interpolation integral

> ERL
b b
/ flx)dz =~ P,(x)dx
S WA | == TONEN
k=0 70 j=0
J#k
= > Af(ar)
k=0
Ho
™ o) _ (*1)" M= T B
J#k

C’,i") # 4 Newton-Cotessk 1 2 4% .

> Sn>8u, CIVHEA R, LRFEAFANARLHEATL, BT 4
ANREWFE, RESWENMRASRITHEY R EH. ZATRERESR
FEn > 8t i Newton-Cotes K A2 /A R 25 A 7 # % H o



Basic techniques

Piecewise interpolation integral

> SE4Ea, b] X I - & — e/ K A, 4 e, 5] 4 B

b_
zi=a+ih, h= na,i=O71,...n,

Hik
Tip1 = a+ (i+1/2)h,
HRAE AR 0 M, A

/a f(x)dx = iz:(:)/zii+1 f(z)dz.

TEHANNE B (@51, 2] BER T EAR HIPA R FHSimpson A K, 7
H/aEAHKBAR.



Basic techniques

Piecewise interpolation integral

> GaFEAR:

b n—1
[ #@de ) =n Y. fosy)
@ i=0
- S OBBAR:
b h -
[ s@dz~ 52 (@) + f(@is1))

> & 4 Simpson/\ &,

/bf(m) dx

*gi £ + 40y y) + FEir))
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Basic techniques

Error estimate

Midpoint rule

/a f(a)dz - Map = & ;4a) (&), &1 € (a,b)

TepeelE] i
[1@w-1a=-LT0 e, ae@)
St G
[t -su=-L 106, ey

Note: high order convergence for midpoint rule and Simpson's rule.



Basic techniques

Error estimate

» Composite midpoint rule

) M(h)’ < %Mg(bf a)

» Composite trapezoidal rule

B2
x)de —T )‘ <—2M2(b—a)
» Composite Simpson's rule
h4
x)dx — S(h)‘ < 2880M4(b

where My = max |f”|, My = max |f¥)|.



Basic techniques

Numerical estimate for the convergence order

» Numerical estimate for the convergence order.

Suppose
[1(f) = In(f)] < CH”
we take L
1() ~ Iy ()] < C(ay
then
() = D]
1(H) — 15 (D)
So



Basic techniques

Basic observation

> We have the following relations

» We have

» Information:

(%) = 2T () + M(h))
S(h) = 3T(h) + 2 M(R)
sy = AT =T

We combine T'(h) and T'(%) to obtain higher accuracy!
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Extrapolation algorithm

Richardson’s extrapolation

> BERMNERA-—NMEFKAEXNEQL(h) (ttn, —MNEAERRARX) |
FHEM—MEREXNEQ (Hdm, —ANERL) T EH T oA 1R 2= oy i i
IFR A
Q — Q1(h) = c1h®* + coah?? 4+ e3h™ + - - + cxhP* + - -+ | (1)
FH o, pe i H K EO < p1 <pa < -l HEQUIEBITQH AW R Z R
ZO(h").
> WREANES KGN BB = h/2,0%
Q@ — Q1(h/2) = c1(h/2)"* + c2(h/2)7* + c3(h/2)" + -
— 2—1010th1 +2—p202h102 +2—P303hp3 + . (2)
(R L2 HRE(2),E L £ &

 Qu(/2) - 277 Qu(h)
@ 1—2-m
SR A

=cohP? + czh? + - 4 cph* + -+ (3)

o Ck(2—pk _ 2—101) .
Ck—w, k}—2,37



Extrapolation algorithm

Richardson’s extrapolation

> I EIE

Qu( = R @

N Q2 5 QHy AT % 4 st ® A O(hP?), Bl

Q — Q2(h) = c3hP? + c3h?? + - -+ cphP* + - - (5)

» ZNZETUAG) YA S LW £ O 7 % BElE— Qs (h). 1€
5Q WA IR 28 Z A O(hP?). T X AR 7 DL BT 4T T & XA
MR B B S BT IR 22 B A R T R BT B M T AR 2
5 W 3B U0 K # J7 7% Fr A Richardson 51 fim e s K



Extrapolation algorithm

Euler-Maclaurin formula

» £33.3.4 (Euler-Maclaurin A=) % f € C™[a,b] (m > 2),
Tu(f) = & Silolf(@w) + fl@rta)], W

3
S

Loy h%
< (25)!

M)

[tz = T - (150 - £ ()]

b
H" ™ [ B (U (@)

XE[ZRANTRET LR RAEH.

> W Euler-Maclaurin A=, FT¥ XM R f(x) 2 EAEE %, Kol
R g FH LV (b) - PV (a) =0, RERETA™! EEAHHL
ﬁﬂfﬂﬁﬂ@%{’? PEAREHRE, BaEd, fHEZLE, HERES
B, E—IEHABEAEEE



Extrapolation algorithm

Romberg quadrature

> Y4 Richardson b3t Ak W S8 Al T2 68 KAR AR (12) 58 7 UA&
Z|Romberg K7 77 i%.

» From Euler-Maclaurin formula

/ﬂ " @) de = Ti(h) + kfjl D2, (6)
> AU ANE I BN RATE 7 4
/a b f(z)dz = Ta(h) + icﬁ’h%, )
3t
Ty(h) = Ti(h/2) — 4_1T1(h).

1—4-1



Extrapolation algorithm

Romberg quadrature

> FRORAE AR A BOR, AT U 4R
[ 5@ =T+ 3 0, ®)
a k=3

H
To(h/2) — 42T (h)
1—4-2 '

> — R, FATE LA B 3 SO RART B

Ts5(h) =

Ty (h/2) — 47 * T}, (h)

Tieta(h) = e )

k=1,2,3,.... (9)
5 B3k ,
J/ f(z) dz — Teq1(h) = O(R**). (10)

R A Romberg K 7 ik C R FEHE —NME M RRAXGEF IF
T ey Kh U RME LN AU A S EREH K EROE.



Extrapolation algorithm

Romberg quadrature

» Define 5
@) _ —a _
T —T( 5 ), 1=0,1,2,...

and

pie—n _ AT — T
i 4m — 1

» Romberg quadrature table
T1(O) TZ(O) Ta(o)

Tl(l) Tl(l)



Extrapolation algorithm

Homework assignment

> —ANREn BHREKER po=nsin(r/n) 1TH, STHH%
B g, =ntan(n/n) HHE, KBELHRET m EHH TR ER,
(a) I sin o tan & HIAT Taylor ZHEFF, LW pr 0 gn T LERT K
W R
pn = ao + arh? +ash* + - ..
Fu
qn = bo + b1h? 4 boh* + ... |
HA h=1/n. ao 1 bo W EMKERE S D2
(b) X f# F Richardsonfh A R4 H — A xt 8 ST E 4% R

» Compute the integral by Trapezoidal rule

27
/ esin zdl‘
0

and compute the numerical convergence order.
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