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Abstract

This dissertation addresses two challenging problems arising in inference with censored
failure time data. The additive hazards model provides a unified framework for these prob-
lems to be discussed, not only because it is a useful alternative to the well-known Cox
model and has significant practical implications, but also because its simple yet elegant
structure allows one to explore some fundamental aspects of these problems.

In the first part of this dissertation, we consider the estimation problem in additive
hazards regression with missing covariates. We are interested in both the case where the
observation probabilities are known and the case where they are unknown but can be para-
metrically modeled and estimated. By modifying the pseudoscore function with full data,
we introduce some weighted estimators for the regression coefficients and the cumulative
baseline hazard function. The proposed estimators are then shown to be consistent and
asymptotically normal under mild conditions, with asymptotic variances that can be eas-
ily estimated. Our theoretical results and simulation studies indicate that using estimated
weights in the simple weighted estimators may yield important efficiency gain and that the
augmented weighted estimators are even more efficient. The proposed methods are further
illustrated by a mouse leukemia data example.

In the second part, we turn to the variable selection problem in the additive hazards

model. Motivated by linking high-throughput genomic data to survival outcomes, we are
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particularly interested in the high-dimensional setting where the dimension of covariates
may grow fast, possibly nonpolynomially, with the sample size. We propose to perform
variable selection and estimation simultaneously by using a class of regularized estimators
with a general family of concave penalties, including several popular choices such as the
lasso, SCAD, MCP, and SICA. In a nonasymptotic framework where the model dimensions
are allowed to vary freely, we rigorously investigate the weak oracle properties and oracle
properties of the proposed estimators. Our theoretical results are essentially different from
those in the existing literature, and provide new insight into the model selection proper-
ties of regularized estimators for survival models. We illustrate the proposed method by
simulation studies and application to a diffuse large B-cell lymphoma data set.

A common theme underlying the theoretical development in this dissertation is the use
of modern empirical process theory. Indeed, we rely on the language of empirical process
theory to establish our theoretical results for both problems considered here, and they serve
as excellent examples for demonstration of the power and elegance of this mathematical

tool, especially in the context of survival analysis.



CHAPTER 1

Introduction

1.1 Failure Time Regression Models

In the analysis of censored failure time data, the most convenient way of regression mod-

eling is through the hazard function, which is defined as

Prt <T <t At|T >t
A = lim DS ATz
At—0 At

where 7' is a failure time of interest. Many failure time regression models have appeared
since the seminar work of Cox (1972). Although these models differ in many major ways
and often require different inference procedures, the conditional hazard function in most of

these models can be described by the very general form
At1Z) = G(t.20.B"Z), (1.1)

where Z(-) is a p-vector of possibly time-dependent covariates, Ao(-) is an unspecified
baseline hazard function in the sense that G(¢,1¢,0) = A¢(¢), B is a ¢ x p matrix of
regression coefficients, and G(-, -, ) is a known functional. Such models are intrinsically

semiparametric in that A¢(-) is an unknown infinite-dimensional parameter. The rationale



behind such semiparametric models is that it is often believed that the hazard function de-
pends not only on the covariates, but also on many other factors that are often unknown and
not of main scientific interest. Introducing an unspecified baseline hazard function A¢(-),
which is viewed as a nuisance parameter, helps avoid too restrictive parametric assump-
tions and increases the flexibility of the regression models, while retaining the parsimony
and interpretability of parametric models.

Model (1.1) realizes dimension reduction by extracting ¢ (often ¢ = 1 or 2) linear
combinations of the covariates, and allows a very general coupling structure between A¢(+)
and BT Z(-). In the simplest form of this structure, the conditional hazard function depends

only on the values of A¢(-) and BT Z(-) at time 7, i.e.,
At |Z) = G(Ao(t), BTZ(2)). (1.2)

This includes the following examples.

Example 1.1 (The Cox model). Cox (1972) introduced the model, which postulates a

multiplicative effect of the covariates,
At | Z) = Ao(t)eP 2O,

where B is a p-vector of regression coefficients. Cox’s estimator for f is obtained by
maximizing a partial likelihood (Cox, 1975), which is a special case of a semiparametric
profile likelihood (Murphy and van der Vaart, 2000). Asymptotic properties of the partial
likelihood estimator were derived by Andersen and Gill (1982) using counting process
martingale theory, and it has been shown that it is fully efficient in the sense that it achieves

the semiparametric information bound (Begun et al., 1983).



Example 1.2 (Additive hazards model). In contrast to the multiplicative structure of the
Cox model, the additive hazards model (Cox and Oakes, 1984, p. 74; Breslow and Day,

1987, p. 182) assumes the additive structure
At |Z) = Ao(t) + BTZ(1). (1.3)

Semiparametric estimation in this model was studied by Lin and Ying (1994). The idea of
using an additive structure appeared earlier in Aalen (1980), where the regression coeffi-
cients are allowed to depend on time, resulting in a fully nonparametric model. An inter-
mediate form between Aalen’s model and (1.3) was considered by McKeague and Sasieni
(1994). Inference methods for these variants, however, are quite different. Model (1.3) has
the most parsimonious form among the three, and serves as the additive counterpart of the

Cox model.

Example 1.3 (Additive-multiplicative hazards model). In order to accommodate multi-
plicative and additive effects of the covariates simultaneously, Lin and Ying (1995) intro-
duced the model

A1 |Z) = Ao(0)ePT21® 4 BT7,(1),

which is in the form of (1.2) with

0 V/
B:(ﬂ1 ) and Z:(l)
0 B, %
The proposed estimators are based on a class of estimating functions, and adaptive proce-

dures are required in order to achieve the semiparametric information bounds.

Example 1.4 (Transformed hazards model). Another effort to bridge the Cox model and

the additive hazards model was made by Zeng, Yin and Ibrahim (2005), who introduced a
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class of transformed hazards models

A1 1Z) = G(u(t) + BTZ()), (1.4)

where G(-) is a known, increasing function and u(t) = G~ !(A¢(¢)), with the Cox model
and the additive hazards model corresponding to G(x) = e* and G(x) = x, respectively.
The proposed sieve maximum likelihood estimator is appealing in that it achieves the semi-
parametric information bound, and thus, in the special case of the additive hazards model,
provides a fully efficient, though computationally intensive, alternative to the pseudoscore

estimator of Lin and Ying (1994).

Some failure time regression models are not covered by the form of (1.2), especially
when the model is not initially derived based on the hazard function. A noteworthy example
is the accelerated failure time model, which is very useful but will not be the focus of this
dissertation.

In spite of the various forms of failure time regression models, the Cox model remains
the most popular one and is overwhelmingly used in practice, partly because (1) Cox’s
partial likelihood estimator is both easily computable and theoretically optimal, whereas
usually no such ideal solutions exist for other models; and (2) the Cox model has been
firmly established in the research and practice of survival analysis, with well-developed
theories and widely available implementations. There is no particular reason, however, to
believe that the proportional hazards assumption in the Cox model is valid for real data,
and the merits of some competitive models should not be overlooked. In particular, the
additive hazards model enjoys many remarkable features that may not be shared by other
failure time regression models. Here are some reasons why the additive hazards model is

so useful; more can be found in Aalen, Borgan and Gjessing (2008, pp. 155-157).



e The linear form of (1.3) results from using a first-order Taylor expansion in A¢(¢) and
Z(t) to approximate the hazard function, and thus should be able, in many cases, to
provide a nice approximation to the effects of covariates. As noted by Lin and Ying
(1994), the test statistics for individual covariate effects are often very comparable
between the additive hazards model and the Cox model, but the estimated survival
functions can be quite different; also, when interaction effects are of interest, there
can easily be a difference. Therefore, the additive hazards model can be used to
describe some covariate effects that are not reflected by the Cox model as well as

other models.

e In contrast to the Cox model which concerns the risk ratio, or relative risk, the addi-
tive hazards model pertains to the risk difference, or excess risk. This latter measure
is particularly relevant and informative in public health and clinical studies, because
it translates directly into the number of cases that would be avoided by eliminating an
exposure or introducing a treatment. The additive hazards model, thus, can provide
a more transparent measure in accessing the importance of covariates and is more

convenient for use in comparison between groups with different baseline hazards.

e The linearity of the additive hazards model sometimes simplifies theoretical analysis
and computations. For example, the pseudoscore estimator for model (1.3) processes
a closed-form representation; and Aalen’s additive hazards model, though fully non-
parametric, does not require use of smoothing techniques such as kernels and splines

as in nonparametric versions of the Cox model.



1.2 Overview of the Problems

As discussed in the previous section, the additive hazards model is appealing in many as-
pects and can be a very useful and practical alternative to the Cox model. In this dissertation
we will address two problems related to the additive hazards model, which have not been
fully explored in the literature. The first problem—missing covariates—have existed for
quite a while in survival analysis, and several promising approaches have been available;
most of the previous work, however, was confined to the Cox model. We will exhibit that
some of these approaches can be extended to the additive hazards model and address some
nontrivial issues that arise in these extensions. The second problem—high-dimensional
variable selection—only emerged in the past decade, and has seen an explosion of research
during the past few years. Due to the complexity of censored data and semiparametric re-
gression models, most of the previous work, however, is empirical or computational, and
lacks rigorous theoretical justification. We thus hope to provide a framework unifying and
extending some of the existing work and establish theories toward a better understanding

of the methodology. Below we give a brief overview of these two problems.

1.2.1 Missing Covariates

Missing data are commonly encountered in practice, and have attracted considerable in-
terest since the seminal work of Rubin (1976) and the introduction of the EM algorithm
(Dempster, Laird and Rubin, 1977). Broadly speaking, censored data can be viewed as a
special case of missing data. In survival analysis, however, missing data usually refer to
missingness in covariates or failure indicators. We will focus on the former, while the latter
was also considered by a number of authors (e.g., Gijbels, Lin and Ying, 2007). Here are

some reasons why missing covariates are prevalent in survival analysis.



e The study cohort typically involves hundreds to thousands of subjects, and it is often
very expensive and time-consuming to collect all covariates for all subjects in the
cohort. This situation is more severe if some of the covariates are difficult to obtain.
Thus, sampling designs are routinely used in practice, so that some of the covariates

are measured only on a random sample of subjects from the cohort.

e Many long-term studies last a few years to several decades, during which time the
study plan and the means of data collection may change dramatically. For instance,
if a new medical examination program is introduced midway through the study, it
is usually difficult to collect data retrospectively, and the entire data set is deemed

incomplete.

e In many studies the set of covariates is a mixture of complex types of data, some
of which are more subject to missingness. For example, if a covariate is collected
from questionnaires, it is quite possible that the answers provided by the subjects
are incomplete; and if a covariate measurement involves much manual processing,

missing data are more likely to occur due to human errors.

Covariates missing by design received the earliest attention, and methods were devel-
oped for widely used sampling designs such as the case-cohort design (Prentice, 1986;
Self and Prentice, 1988) and the nested case-control design (Thomas, 1977; Goldstein and
Langholz, 1992). The general problem of missing covariates in Cox regression has been
approached from several directions since Lin and Ying (1993). Among the most popular
methods are the nonparametric maximum likelihood (NPML) approach (Chen and Little,
1999; Chen, 2002) and the weighted estimating equations (WEE) approach (Pugh et al.,
1993; Wang and Chen, 2001; Qi, Wang and Prentice, 2005; Xu et al., 2009; Luo, Tsai and

Xu, 2009). The NPML approach is attractive in that it generally leads to a semiparametric



efficient estimator, although its implementation via an EM-type algorithm may be com-
putationally intensive. The WEE approach requires less computational effort and may be
more robust against misspecification of auxiliary distributions than the NPML approach,
but the resulting estimator is in general not fully efficient. Other approaches include the
imputation methods of Paik and Tsai (1997) and Paik (1997), the likelihood-based meth-
ods of Lipsitz and Ibrahim (1998) and Herring and Ibrahim (2001), and the efficient score
method of Nan (2004).

Much less is known about missing covariates beyond the Cox model. Under the additive
hazards model, Kulich and Lin (2000a) studied the case-cohort design, where covariates are
measured only on the failures and a random sample from the entire cohort, while Kulich and
Lin (2000b) and Jiang and Zhou (2007) considered the measurement error problem, where
some of the covariates are measured only on a random validation sample, with surrogate
covariates available for all subjects. All of the aforementioned work, however, concerns
special cases where covariates are missing by design, and thus requires the observation
probabilities to be exactly known. Also, it is unclear whether and how the efficiency of the
existing estimators can be further improved.

In Chapter 2 we will consider a general missing-data problem in the additive hazards
model and developed some estimation procedures based on the method of weighted esti-
mating equations. A more detailed introduction to our methods and results will be given in

Section 2.1.

1.2.2 High-Dimensional Variable Selection

Advances in experimental technologies in molecular biology during the past decade have
brought in a wealth of biomedical data. For example, DNA microarrays now can be used
to measure the expression of tens of thousands of genes in a sample of cells or to identify

hundreds of thousands of single nucleotide polymorphisms (SNPs) for an individual at the



same time. Data of this kind pose a tremendous challenge to effective statistical inference,
since while the number of features, p, is easily in the thousands or tens of thousands, the
number of observations, 7, is typically in the tens or hundreds. Many classical methods of
inference can easily fail in such high-dimensional settings. Variable selection, therefore, is
a fundamental task in high-dimensional regression problems, which aims to select only a
small set of important predictors from a large number of features, in the hope of alleviating
the overfitting problem in high dimensions and improving the interpretability of the result-
ing model. Fan and Lv (2010) gave an overview of statistical challenges and some recent
developments on the problem of high-dimensional variable selection.

Since gene expression and SNPs play key roles in many biological processes and are
potentially associated with human diseases such as cancer, it would be informative to link
high-dimensional genomic data to survival outcomes. A number of efforts have recently
been made in this direction. Regularization methods, which can yield sparse models and
thus perform variable selection and estimation simultaneously, are particularly useful and
have gained wide popularity. Several regularization methods originally developed for linear
regression have been adapted to survival models. For example, Tibshirani (1997), Fan and
Li (2002), and Zhang and Lu (2007) extended, respectively, the lasso (Tibshirani, 1996),
nonconcave penalized likelihood (Fan and Li, 2001), and the adaptive lasso (Zou, 2006)
to the Cox model, and the last two methods are shown to enjoy the oracle property (Fan
and Li, 2001). These authors, however, considered only the classical setting where the
dimension of covariates, p, is fixed. Cai et al. (2005) was the first to study the properties
of penalized likelihood methods for survival models in an asymptotic framework with p
growing with n; they demonstrated the oracle property of nonconcave penalized pseudo-
partial likelihood for multivariate failure time data and allowed p = o(n'/*). The Dantzig

selector (Candes and Tao, 2007), a method specifically developed for high-dimensional



estimation problems, was adapted to the Cox model by Antoniadis, Fryzlewicz and Letué
(2010); however, they did not address the question of model selection consistency.

Variable selection techniques have also been extended beyond the Cox model. For
example, Leng and Ma (2007) proposed a modified lasso approach, and Martinussen and
Scheike (2009) considered several regularization methods for the additive hazards model.
Extensions of variable selection methods to the accelerated failure time model were studied
by Huang, Ma and Xie (2006), Johnson (2008), Wang et al. (2008), and Cai, Huang and
Tian (2009), among others. A nonparametric approach based on random survival forests
was introduced by Ishwaran et al. (2010). Some other high-dimensional inference methods
for survival data, including those that do not lead to sparsity, were surveyed by Witten and
Tibshirani (2010).

Despite the aforementioned developments on high-dimensional variable selection for
survival data, we note that, however, there is still a gap in the literature between the theory
and practice of such methods; the properties of the existing methods in high-dimensional
settings and under what conditions model selection consistency can be guaranteed re-
main largely unknown. The need for the development of a general, rigorous theory for
regularization-based variable selection techniques in the survival setting is especially ur-
gent, in view of the recent breakthroughs in establishing such theories for linear regression
models (Zhao and Yu, 2006; Wainwright, 2009; Lv and Fan, 2009).

In Chapter 3 we will propose to perform variable selection and estimation simultane-
ously for survival data, by using a general class of regularized estimators which combine
the nonconcave penalized likelihood approach and the pseudoscore method for the additive
hazards model. The additive hazards model assumption here should not be considered too
restrictive, for at least two reasons. First, in principle, by incorporating time-dependent
covariates, many survival models can fit most real data reasonably well. Second, the test

statistics for individual covariate effects are often very comparable between the additive
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hazards model and the Cox model. We will develop a general high-dimensional theory for
the proposed estimators, which sheds light on the model selection properties of regulariza-

tion methods for survival data. We will continue our discussion in Section 3.1.

1.3 Empirical Process Techniques

Empirical process techniques play a crucial role in establishing the theoretical results that
will be needed in Chapters 2 and 3, and hence we now give a brief introduction. The laws
of large numbers and central limit theorems are essential tools for the asymptotic analysis
of many statistical procedures. The theory of empirical processes is a natural extension of
these ideas to a “uniform” or “functional” sense, giving rise to results that are uniform in
classes of functions. Such results are intrinsically needed in survival analysis as well as
many other fields where semiparametric inference plays an important role. For instance,
in the analysis of semiparametric hazards regression models, we typically need to obtain
results that are uniform in time ¢ and sometimes also in the regression parameter 8. The
seminal paper by Andersen and Gill (1982), which is often attributed to the power and
elegance of martingale techniques, provided in its Appendix III an extension of the laws
of large numbers to the Skorohod space D [0, 1], which can viewed as a classical empirical
process argument. The recent paper by Zeng and Lin (2007) strongly advocated the use of
modern empirical process theory in survival analysis, especially in applications related to

nonparametric maximum likelihood estimation.

1.3.1 Glivenko-Cantelli and Donsker Classes

We introduce some notation and definitions. Let X1, ..., X, be a random sample from a
distribution P on a measurable space (X, #4). Let P, denote the empirical measure, i.e.,

the discrete uniform measure on the observations X1, ..., X,,. Given a measurable function
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f:X — R, denote by P, f the expectation of f under P,, and by P f the expectation of

f under P, i.e.,
]P’f—li:f(X-) and Pf—/fdP
n _”ll.zl i — .

The empirical process G, is defined as G, = /n(P, — P). Let || - || # denote the uniform
norm over ¥ . A class ¥ of measurable functions f is called P-Glivenko—Cantelli if ||IP,, —
Plly = supreg [Py f—Pf| — 0almost surely, and is called P-Donsker if the sequence of
processes {G, f: f € F} converges weakly to a tight limiting process in £°°(¥"), where,
for any index set 7', £°°(T) is the space of bounded functions on 7" equipped with the
uniform norm.

Let || - ||p.» denote the usual L,(P)-norm, and we call F an envelope of the class F
if | f| < F forall f € ¥. The asymptotic behavior of the class ¥ depends on its “com-
plexity”, which can be characterized in either the bracketing number Nj(e, ¥, L,(P)) or
the uniform covering number supy N(¢||F|lg.r, ¥, Lr(Q)), where in the latter notation
the supremum is taken over all probability measures Q for which ¥ is not identically zero.
The logarithms of the bracketing number and the uniform covering number are called the
bracketing entropy and the uniform entropy, respectively. We do not give here the precise
definitions of these two complexity measures, for in most cases we will be able to draw
results from the empirical process literature on the entropy of special classes of functions
(notably, VC classes), rather than calculate the entropy from scratch.

To be used in the Donsker theorems, we define the bracketing integral

]
8, F, Ly(P)) = /0 JVlog Njj(e, F, Lo(P)) de

12



and the uniform entropy integral

§
16.7.L2) = | \/1ogsupN(s||F||Q,2,$,L2<Q>)ds.
0 o

We have the following Glivenko—Cantelli and Donsker theorems which provide simple
conditions for a class of functions to be Glivenko—Cantelli or Donsker. These results can
be found in several books on empirical processes; for example, they are Theorems 2.2, 2.3,

8.14, and 8.19 of Kosorok (2008), respectively.

Theorem 1.1. Let ¥ be a class of measurable functions such that Njj(e, ¥, L1(P)) < 00

for every e > 0. Then ¥ is P-Glivenko—Cantelli.

Theorem 1.2. Let ¥ be a class of measurable functions such that Jjj(1, ¥, L,(P)) < oo.

Then ¥ is P-Donsker.

The Glivenko—Cantelli and Donsker theorems with uniform entropy conditions require

some additional measurability assumptions.

Theorem 1.3. Let ¥ be a P-measurable class of measurable functions with envelope F
such that supgy N (e[| Fllg.1, ¥, L1(Q)) < oo for every e > 0. If PF < oo, then ¥ is

P-Glivenko—Cantelli.

Theorem 1.4. Let ¥ be a P-measurable class of measurable functions with envelope F
such that J(1, ¥, L,) < oo, and the classes s ={f —g: f,.g € F,|f —gllp2 <8}, for
all§ > 0, and 2 = {(f — g)* f.g € F} are P-measurable. If PF* < oo, then ¥ is

P -Donsker.

We do not give the definition of P-measurability here, but it suffices in all the cases
we will encounter to verify a stronger measurability: A class ¥ of measurable functions is
pointwise measurable if there exists a countable subset § C ¥ such that for every f € ¥,

there exists a sequence of functions g,, € 4 such that g,, — f pointwise.
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More complicated Cantelli-Glivenko and Donsker classes can be built from simpler
classes. For this purpose, a variety of Glivenko—Cantelli and Donsker preservation results
are available. Also, when applying the Glivenko—Cantelli and Donsker theorems with uni-
form entropy conditions, the assumptions can be verified by building bounded uniform
entropy integral (BUEI) classes and pointwise measurable (PM) classes. We will also use
BUEI preservation results separately in Chapter 3. For a summary of such preservation

results, we refer to Kosorok (2008, Chapter 9).

1.3.2 Random Functions

In Chapter 2 we will need to consider empirical processes indexed by a class of random
functions. We now introduce some concepts and a key lemma that will be useful in such
applications. Here a random function x +— f,,(x;a)), for every fixed x, is a function
defined on the same probability space as the observations X; (), ..., X, (w). This concept
is useful in cases where the empirical process is indexed by a set of functions that depend
on some quantities estimated from the entire sample. The notations P, f; and P f:, are
understood as the expectations of ﬁ, under P, and P, respectively, with o fixed.

The following lemma, which is Lemma 19.24 of van der Vaart (1998), will play a key

role in establishing the asymptotic results in Chapter 2.

Lemma 1.1. Suppose that ¥ is a P-Donsker class of measurable functions and f; is a
sequence of random functions taking values in ¥ such that | ( ﬁ, (x) — fo (x))2 dP(x) =

0, (1) for some fo € Lo(P). Then Gn(]?,\1 — fo) = 0,(1).

Using this lemma allows us to bypass construction of an almost sure representation, for
instance, by the Skorokhod—-Dudley—Wichura theorem (Shorack and Wellner, 1986, p. 47).
The latter approach has been taken by a few authors in dealing with problems similar to

what we will consider in Chapter 2; its application, however, is often quite involved.
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1.3.3 Maximal and Concentration Inequalities

In Chapter 3 we will need to bound tail probabilities for the supremum of an empirical
process. We now introduce two fundamental tools for such applications. The idea is to first
bound tail probabilities for the mean of the supremum by a maximal inequality, and then
control the deviation of the supremum from its mean by a concentration inequality.

The following maximal inequalities for empirical processes lead to bounds in terms of
the bracketing integral or the uniform entropy integral, and will be useful in Chapter 3.
These are Corollary 19.35 and Lemma 19.38 of van der Vaart (1998), respectively. Here <

stands for “smaller than up to a universal constant.”

Lemma 1.2. Let ¥ be a class of measurable functions with envelope F. Then
Ep|Gully < Il F P2, F, L2(P)).

Lemma 1.3. Let ¥ be a P-measurable class of measurable functions with envelope F.
Then
EplGnlly < J(1, ¥, L) Flp,2.

In Chapter 3 we will also need the following functional Hoeffding-type inequality,

which is Theorem 9 of Massart (2000) and generalizes an earlier result of Ledoux (1995).

Lemma 1.4. Let ¥ be a class of measurable functions f: X — R suchthata < f < b

forevery f € ¥. Denote W,, = ||P, — P||¢. Then, for every x > 0,

nx?
—a

We close this chapter with a notational remark. Since the random elements of our

interest, for example, the supremum of an empirical process, may not be Borel-measurable,
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we need to replace expectation and probability by outer expectation and outer probability,
respectively; the concepts of weak convergence, convergence in probability, and almost
sure convergence can be accordingly defined. However, to avoid redundancy in notation,
we do not add a star, as done by some authors, to stress that the concept in question is in the
more general “outer” sense. For such measurability issues, we refer to van der Vaart (1998,
Chapter 18) for a short introduction and van der Vaart and Wellner (1996) for a lengthy

exposition.
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CHAPTER 2

Additive Hazards Regression with Missing
Covariates

2.1 Introduction

In this chapter we consider a general missing data problem for the additive hazards model
where some of the covariates are missing at random (MAR) in the sense of Rubin (1976);
that is, the missingness depends on the observed data, which in our case include the cen-
sored failure time, failure indicator, and the always observed covariates, but not on the miss-
ing covariates. We consider both the case where the observation probabilities are known
and the case where they are unknown but can be parametrically modeled and estimated. As
discussed in Section 1.2.1, the nonparametric maximum likelihood (NPML) and weighted
estimating equations (WEE) approaches are among the most promising methods for deal-
ing with missing covariates in survival models. In the additive hazards model, however,
since the inference is typically based on a pseudoscore function which is not derived from
a likelihood, it is unclear how the NPML approach should be applied. Therefore, our de-
velopments will build on the WEE approach, which seems very natural in this context.

By modifying the pseudoscore function of Lin and Ying (1994) with full data, we in-

troduce in Sections 2.2 and 2.3 two different weighted estimators for the regression coef-
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ficients and a weighted estimator for the cumulative baseline hazard function. Both true
weights and estimated weights are considered. In establishing the asymptotic theory, since
the weights may depend on the outcome variables and hence are not predictable, count-
ing process martingale theory is not applicable. Therefore, we rely on modern empirical
process theory to show that the proposed estimators are consistent and asymptotically nor-
mal under mild conditions, and the asymptotic variances can be easily estimated. We then
conduct simulations in Section 2.4 to demonstrate the good performance of the proposed
estimators. Both asymptotical results and simulation studies indicate that using estimated
weights in the simple weighted estimators may yield important efficiency gain and that the
augmented weighted estimators can be even more efficient. In the special case of the case-
cohort design with Bernoulli sampling, the proposed estimators improve on the efficiency
of those in Kulich and Lin (2000a). The proposed methods are further illustrated by a real
data example in Section 2.5. We offer some discussion in Section 2.6, and the regularity

conditions and proofs are deferred to Section 2.7.

2.2 Simple Weighted Estimators

2.2.1 Estimation of the Regression Coefficients

We begin with the problem setup. Let 7 denote the failure time and C the censoring time.
We observe the censored failure time X = 7 A C and the failure indicator A = I(T <
C), where I(-) is the indicator function. Let Z(-) be a p-vector of predictable covariate
processes and assume that 7 and C are conditionally independent given Z(-). Let Z(-)
be partitioned as Z(-) = (ZI(-),ZI(-))T, where Z,(-) is always observed and Z,,(-) is

possibly missing. Let R = 1 if Z,,(-) is observed, and R = 0 otherwise. Assume that
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Z,,(-) is MAR so that the observation probability 7 satisfies
7=P{R=1|X,AZ(")} =Pr{R=1|X,A,Z,()}.

The full data (X;, A;,Z;(-), R;),i = 1,...,n, are independent copies of (X, A,Z(-), R),

and we denote ; = w(X;, A;, Zyi(-)). We consider the additive hazards model
At Z) = Ao(t) + B Z(t), (2.1)

where A () is an unspecified baseline hazard function and B, is a p-vector of regression
coefficients.

Adopting the usual counting process notation, we denote the counting process for the
observed failure by N;(t) = I(X; < t,A; = 1), and the at-risk indicator by Y;(¢) =
I(X; > t). For notational convenience, write v®° = 1, v®! = v, and v®? = vv’, for any
vector v. The definition of the simple weighted estimators involves a two-stage weighting

procedure. First, in the pseudoscore function of Lin and Ying (1994) with full data, replace

SO@) =n"" Y YV,(0Z;0)%. k=01,
j=1

by their inverse probability weighted counterparts

1 v R;
Sé@(f)=;Z#E(t)Zj(t)®k, k=0,1. (2.2)
j=1"7

Second, weight each term in the pseudoscore function by R;/7w;. We then obtain the simple

weighted pseudoscore function

Usw(B) = 5 Y- o [ 120~ Zsn M) = OB T ars. @23)
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where

Zsw(t) =SSy (1) /SR ()

and t is the maximum follow-up time.

We first consider the case where the observation probabilities 7r; are known and the
true weights are used in the above weighting procedure. In this case, we can directly
define the simple weighted estimator ,@ sw as the unique solution to the estimating equation

Usw(B) = 0, which has the closed form

n ) T _ -1 n ) T _
Bow = [; % /0 (Z:(0) — Zow ()}22Y, (1) dr] > % /0 {Z:(0) — Zow(D)} dN: ().

(2.4)

To present the asymptotic properties of 3 sw» we need more notation. Define

t
M;(t) = Ni(r) — / Yi(s){ho(s) + Bg Zi(s)} ds,
0
which is the counting process martingale. Moreover, define

sO@) = EY(Z()®}, k=01,
e(t) = s (1) /sO@),
My = [ 120 - e} aM0),
D= E[/t Y(O{Z(t) — e(t)}®? a’t:|,

0

and

T =EM??) = E[/T{Z(t) —e(1)}®? dN(t)],
0

where N(-), Y (), and M (-) are the generic processes of N;(-), Y; (), and M;(-), respectively.
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Note that in deriving the asymptotic properties of ﬁsw, the familiar martingale central
limit theorem does not apply, since the observation probabilities 7; may depend on the out-
come variables X; and A;, and hence are not predictable. Thus, we will rely on empirical
process theory to establish the needed asymptotic results. The asymptotic properties of

ﬁ sw are given by the following theorem.

Theorem 2.1. Under Conditions 2.1 and 2.2 in Section 2.7, /n (B sw — Bo) is asymptoti-

cally normal with mean zero and covariance matrix D™ X qwD™!, where
Tsw = E(x'M3?) = X + E{(1 — n)n'MZ?}.

Theorem 2.1 shows that the missing data add the extra amount of variability D™ E{(1—
m)r ' M$?}D! to the full-data covariance matrix D~!XD~!. In the special case where
data are missing by the case-cohort design with Bernoulli sampling, 3 sw reduces to the
estimator of Kulich and Lin (2000a), with 7; = A; +(1—A;) p;, where p; is the probability
that the i th subject is selected into the subcohort.

It is clear that ﬁsw, though very simple to implement if r; are known, only uses data of
the complete cases and hence can be very inefficient. We will see below that efficiency can
be substantially improved by using estimated weights in the weighting procedure, which is
an effective way of incorporating incomplete covariate data in the estimation procedure.

We now describe how to achieve this efficiency improvement. We consider the case
where the observation probabilities ; can be estimated from a parametric model 7 =
w(W;ap), where W = (X, A,Z,(-)) is the observed data and & is the true parameter.
Let W;, i = 1,...,n, be independent copies of W and let & be an estimator of eg. Re-
placing m; by the estimates 7;(€) = 7(W;;a) in (2.3) and (2.4), we obtain the simple

weighted pseudoscore function Ugw (B, &) with estimated weights, and the resulting esti-
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mator ﬁ sw(@). Denote n'(a) = 97 (W; ) /dec. The asymptotic properties of ﬁ qw(@) are

given by the following result.

Theorem 2.2. Under Conditions 2.1-2.3 in Section 2.7, ﬁ{ﬁsw(&) — By} is asymptoti-
cally normal with mean zero and covariance matrix D™ (X gw — AZ,,AT)D_I, where X,

is the asymptotic variance of /n(o — o) and A = E{m(og) "Mz’ (o) T}

Compared with Theorem 2.1, Theorem 2.2 shows that using estimated weights in the
simple weighted estimators yields an efficiency improvement quantified by the term
D 'AX,ATD™!. Hence, it is preferable to use estimated weights even if the observation
probabilities 7r; are known. This phenomenon, though somewhat counterintuitive, has of-
ten been noted in the missing data literature; see, e.g., Robins, Rotnitzky and Zhao (1994),
Lawless, Kalbfleisch and Wild (1999), and Henmi and Eguchi (2004). Note, however, that
A = 0 if & is predictable; thus, in order to increase efficiency, the model for 7= should
include the outcome variables. In this case, a richly parameterized model not only helps

avoid model misspecification, but can also lead to greater efficiency improvement.

Remark 2.1. The weighting methods discussed here are closely related to those developed
for the Cox model under the case-cohort design (Borgan et al., 2000; Kulich and Lin,
2004). However, as noted by Kulich and Lin (2000a), the pseudoscore function differs in
fundamental ways from the partial likelihood score function, so that the development of
asymptotic theory under model (2.1) requires a new approach. The empirical process argu-
ments used by Kulich and Lin (2000a) rely on the Skorokhod strong embedding theorem
and the second Helly’s theorem. Here we take a somewhat simpler and more transpar-
ent approach that uses the language of Glivenko—Cantelli and Donsker classes and a key
lemma of van der Vaart (1998, Lemma 19.24). This approach is in a similar spirit to that
of Nan, Kalbfleisch and Yu (2009), who considered the accelerated failure time model with

time-independent and bounded covariates.
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2.2.2 Estimation of the Cumulative Baseline Hazard Function

We now turn to estimation of the cumulative baseline hazard function Ay (?) = fot Ao(s) ds.
A similar two-stage weighting procedure can be applied. Specifically, in the estimator of
Ao(+) in Lin and Ying (1994), replace S@(¢) by 55(83 (1) defined in (2.2), and then weight

each term by R; /m;. This gives the simple weighted estimator with true weights,

d [
Ao(t) = — Z / Sﬁ)(”) Bew [O Zow (1) du.

If r; are replaced by the estimates 7; (&), we obtain the simple weighted estimator with

estimated weights,

d ~ .
Ro(t.8) = m(a)/ R R

Let £°°[0, t] denote the space of bounded functions on [0, 7] equipped with the uniform

norm, and define

My (t) = [ot sO @) dMu).

The asymptotic properties of /A\o(-) and KO(-, a) are given by Theorems 2.3 and 2.4, re-

spectively.

Theorem 2.3. Under Conditions 2.1 and 2.2 in Section 2.7, \/n {/KO(') — Ao(})} converges

weakly in £2°[0, t] to a zero-mean Gaussian process with covariance function
Csw(s.t) = B(s,t) + h(s)TD ' ZswD'h(z) — h(s)TD'k(r) — h(t)T D k(s),

where B(s,t) = E{m ="My (s)My (1)}, h(t) = [ e(u) du, andk(t) = E{x~' My (1)My}.
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Recall the decomposition of X gy in Theorem 2.1, and note that B(s, ¢) and k(¢) defined
above can be decomposed in a similar way. Then Theorem 2.3 shows that the missing data

add to the full-data covariance function the extra terms

E{(1 —m)n "My (s)My (t)} + h(s)"D'E{(1 — m)7'ME*}D"'h(z)

—h(s)'D'E{(1 — m)7n My )Mz} —h(t)T D E{(1 — 7))~ ' My (s)M}.

Theorem 2.4. Under Conditions 2.1-2.3 in Section 2.7, \/ﬁ{ﬂo(-, o) — Ao(+)} converges

weakly in £2°[0, t] to a zero-mean Gaussian process with covariance function
Csw(s.1,&) = Csw(s.1) — {m(s)" —h(s)"D7'A} X {m(r) — A"D""h(1)},

where m(t) = E{m(ao) ' My (t)7' (o)}

Similar to Theorem 2.2, Theorem 2.4 shows that an efficiency gain in estimating A(-),
quantified by the second term in the expression of Csw(s,?, &), can be obtained by using

estimated weights in the simple weighted estimators.

2.2.3 Variance Estimation

The covariance matrices for the estimators in Theorems 2.1-2.4 can be consistently es-
timated by replacing the unknown quantities by the inverse probability weighted sample

estimates. For example, when estimated weights are used, define

My(1) = Ni(o) - [0 Yi(u) d Aou.8) — Bow(@" /0 Y; () Z: () d.
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The matrices D, ¥, Xgw, and A in Theorems 2.1 and 2.2 can be consistently estimated,

respectively, by

o)
I

1< R i 7 &
;ZW/O Yi(O{Zi(t) — Zow(1,8)}* d1,
i=1""

M
I

l «— R T _ ~
pp s fo {Zi(1) = Zsw(1,8)}% AN (1),
=1 1

n ) (A T _ R ®R2
Bov=E 40 Y AN 2,0 - Zwian o]

. 2
=1 i (e)

and
n

~ 1 R;
A=-Y
n = m (a)?

Similarly, the quantities B(s,t), k(¢), h(¢), and m(¢) in Theorems 2.3 and 2.4 can be con-

— Zsw(t.@)} d M; (1) 7] (@)" .

sistently estimated, respectively, by

. dN;(u)
B(s,t) = m(tx)f SO, a)y
_ZR{I—JT,(&)} S dAM; ) ' dM;(u)
i (a@)? 0 S(O)(u o) Jo Ss(w(u oc)

h() = / Zsw(u, &) du,
. "R [ d
k(r)=%2 o [ -z a)}((f)v—u“‘i)

i (a)
Ri{l —m; L dM;
_Z {n (aﬂ)z(a)} 0 S(o) (u) /{Z () — Zsw(u, &)} d M; (),

i=1

and

R I R " dMiuw) , .
a0 =Y s [ S @.
nim e Joo Sey (u, o)
The consistency of these estimators can be established following the same lines of argu-

ments as in the proofs of Theorems 2.1-2.4.
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2.2.4 Modeling Observation Probabilities

To model the observation probabilities, recall that under the MAR assumption, = depends
only on the observed data W. One important scenario is when the cohort can be divided
into a finite number of strata by matching on the values of W, and within stratum j, each
subject is independently selected with probability «; so that their covariates are completely
observed. Let N; denote the number of subjects in stratum ;, and n; the number of subjects
that are selected; then the maximum likelihood estimator for «; is nj/N;. More generally,
let W* be a time-independent random vector which may include an intercept, the com-
ponents of W, their transforms, and interactions. One then can estimate the observation

probabilities 7; by fitting the logistic regression model

B exp(och*)
1+ explad W)

In general, it is preferable to include as many terms as possible in this model, with twofold
benefits—both to prevent model misspecification and to improve efficiency. One should be
cautious, however, with small sample sizes, in which case fitting a high-dimensional model

for 7 could result in an unstable estimator with inferior performance.

2.3 Augmented Weighted Estimators

2.3.1 The Estimators

Within a general framework of semiparametric models with missing data, Robins, Rot-
nitzky and Zhao (1994) introduced a class of estimators by adding an augmentation term
to the inverse probability weighted estimating function, where the augmentation term is a

function of the observed data with conditional mean zero given the full data. More specifi-
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cally, the estimators B(f, g) they proposed solve the estimating equation
> H;(B.f.g) =0,
i=1

where H; are independent terms of the form

R. R-
H= "¢ "7
T T

g.

Here f is a mean-zero estimating function based on the full data, and g is a square inte-
grable function of the observed data. These authors showed that a semiparametric efficient
estimator can be obtained by first minimizing the variance of H with respect to g for a fixed
f and then optimize over f. The second step of this optimization procedure is often diffi-
cult, but the first step is easily carried out by taking g to be the conditional expectation of
f given the observed data, thus resulting in a so-called locally efficient estimator; see also
the discussion in van der Vaart (1998, p. 383). The estimators thus derived are in general
more efficient than those based on the original estimating function, and more importantly,
they enjoy the double robustness property; that is, they are consistent if either the model
for the observation probabilities or the model for the joint distribution of the covariates is
correctly specified (Robins and Rotnitzky, 2001).

To adapt the general methodology to model (2.1), we need a two-stage augmentation

procedure. First, we add an augmentation term to s§’§,3 (¢) defined in (2.2) and obtain

n n

1 R; 1 R; — m;
Sw() =~ V(02,0 — =5 =LY EZ; (0% Wi}, k=0.1.

j=1 "7 j=1 J
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Second, we add an augmentation term to Ugw () defined in (2.3) and obtain the augmented

weighted pseudoscore function
1R (7 - -
U8 = 3~ [ 120 = ZawOHdNi(0) ~ V0B Zi(0) d1)
i=1 7170

1 < R;
“al

T

/ LE{Z () ANy (1) — Yi(0Z: ()28 di | Wi}
0

— Zaw(t)E{dN; (t) = Yi(t)BTZ; (t) dt | W,}],

where

Zaw(t) = S\ (1) /Sin ().

We first consider the case where the observation probabilities 7r; are known. Define
the augmented weighted estimator ﬁ Aw as the unique solution to the estimating equation

Uaw(B) = 0, which has the closed form
~ "R [° _ -1
= — | YiO){Z;(t)-Z ®2dt —F
B [g [ vz - Zawin an -]
x [; 2 [ -Zaerano - G],

where

n

F = Z Rin_ - /Ot Yi(O[E{Zi(1)®% |W;} — Zaw(t) E{Z; (t)" | W;}] dt

i=1 !

and
n

Ri—m (7 >
G =3 S B0 | Wi - Za O] aN).

T

i=1
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Although the estimator ﬁ Aw 1nvolves some unknown conditional expectations, it will be
clear below that its implementation is quite convenient and flexible; see the discussion in
Section 2.3.4.

Now consider the case where the observation probabilities 7; and the unknown con-
ditional expectations E{Z,,(-)®* | W} are estimated from the parametric models 7 =
7(W;ao) and E{Z,,()® |W} = u,(W:y,), k = 1,2, respectively, where a and
Yo = (¥,.¥,) are the true parameters. Let & be an estimator of &g, and y an estima-
tor of y,. When 7; and E{Z,,; (-)®* | W;} involved in ﬁ Aw are substituted by the estimates

7;(e) and p, (W;; y;), respectively, the resulting estimator is denoted by B aw(@, P).

2.3.2 Asymptotic Properties

We now develop the asymptotic theory for the augmented weighted estimators. For ease of
presentation, we first state an asymptotic result assuming that the observation probabilities

and the conditional expectations involved in these estimators are known.

Theorem 2.5. Under Conditions 2.1 and 2.2 in Section 2.7, \/n (ﬁ aw — Bo) is asymptoti-

cally normal with mean zero and covariance matrix D™'X \wD ™!, where

Yaw = Zsw — E[(1 —m)n " HEMz | W)}®?] (2.5)

=X + E{(1 — m)n "' Var(Mz | W)}. (2.6)

Compared with Theorem 2.1, Theorem 2.5 shows that ﬁ Aw 18 1n general more efficient
than the simple weighted estimator B sw- The second term in (2.5) characterizes the effi-
ciency gain compared to B sw» While the second term in (2.6) characterizes the efficiency
loss compared to the full-data estimator.

In general, however, the observation probabilities and the conditional expectations are

unknown and need to be estimated. Especially, these conditional expectations depend on
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the joint distribution of the covariates as well as the main model (2.1), and thus a correct
form of them may not be readily seen. Nevertheless, we now present a theorem which
makes the implementation of the augmented weighted estimators practical and flexible by
showing that substituting the nuisance parameters e and y, by the sample estimates does
not increase the asymptotic variance, even if these estimates are consistent at rates slower
than /n. Moreover, it is shown that the augmented weighted estimators are in general no

less efficient than the simple weighted estimators with estimated weights.

Theorem 2.6. Under Conditions 2.1, 2.2, 2.3(i), and 2.4 in Section 2.7, ﬁ{,@AW (a,y) —
Bo} is asymptotically normal with mean zero. In addition, the asymptotic variance is the

same as that of ﬁ Aw and is no greater than that of B sw(@).

Remark 2.2. Since the augmentation procedure is first applied to S(k)( ), k = 0,1, to form
Zaw(-), and then is applied to Usw(B) without altering Zaw(-), the resulting estimating
function Uaw(B) is not a sum of independent terms. Therefore, our asymptotic results are
not a direct consequence of the general theory of Robins, Rotnitzky and Zhao (1994). Sim-
ilar augmented weighting procedures for the Cox model were studied by Wang and Chen
(2001) and Qi, Wang and Prentice (2005). The proofs of Theorems 2.5 and 2.6 involve
empirical process techniques similar to those used in the proofs of Theorems 2.1 and 2.2,

and a key step is to derive an asymptotic independent-sum representation for Uaw ().

2.3.3 Variance Estimation

Variance estimation for the augmented weighted estimators can be similarly carried out as
for the simple weighted estimators. We present only the formulas with estimated nuisance

parameters. Define

~ dN;
Ao(t.a,y) = — < (a)/ S(o) (”) —Baw(@. )" / Zyw(u,@,y)du,

30



Mi(t) = Ni(t) — /0 Yi(u) dAo(u.8.9) — Brw(@ 7)" /0 i (u)Z: () d,
and further,
My — / (Z:(0) — Zaw (.8 )} WL (1),
0

Then the matrices D, X, and X ow appearing in Theorems 2.5 and 2.6 can be consistently

estimated, respectively, by

’ ; i (@) /0 Yi(DRAZi(1) = Zaw (1., y)3=dt,
- l n R, T | . o |
= n ; JT,(&)/(; {Zl(t) ZAW(t,a,y)} le([)’

and

~ ~ I Rl —m(@) ~ -~ ~
Yaw =2 + - Z W{MZi — E(Mz; | W;; )12
i=1 !

2.3.4 Modeling Auxiliary Distributions

In the implementation of the augmented weighted estimators, we need to estimate the ob-
servation probabilities 77; and the conditional expectations E{Z,,; ()% |W;}, k = 1,2;
the former has been discussed in Section 2.2.4, and we now discuss the latter. Since these
conditional expectations depend on the joint distribution of the covariates as well as the
regression parameters 8, and Ao(-) in model (2.1), our first proposal is to model the condi-
tional distribution of Z,, () given Z,(-), and then estimate the desired quantities with some
initial estimates of B, and A¢(-). Under the Cox model, Wang and Chen (2001) proposed
an iterative EM-type algorithm to estimate the conditional expectations. Our asymptotic
results, however, suggest that one-step estimation should be sufficient in our case, provided

that the initial estimates are consistent. To carry out this proposal for model (2.1), unlike
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the Cox model, an estimate of the baseline hazard function A¢(-) is required. This can be

obtained by, for example, the kernel estimator

Ro(t) = / Kl — ) d Ro(s).

where Ky (-) = K(-/h)/h is a kernel function with bandwidth /4, and Ko(-) is an estimator
of Ag(-) (Ramlau-Hansen, 1983). Some of our experience indicates that such estimates
should be appropriate for moderate to large sample sizes and the quality of 3 Aw Seems
fairly robust to the choice of smoothing parameters.

A more convenient method is to directly specify a working model for the conditional
expectations. The quality of the resulting estimator is protected by the double robustness
property against misspecification of this working model, provided that the model for the
observation probabilities is correctly specified. In practice, one could first build a rich
family of parametric models and then use model selection techniques to guide the choice
of the best model. We find that this direct modeling strategy often works surprisingly well,

and thus recommend it for practical use because of its simplicity.

2.4 Simulation Studies

In this section we present some simulation results to study the finite-sample performance
of the proposed estimators and compare them to the full-data estimators and complete-case

analysis. We generated data from the model
At Z1,Z5) = 0.5+ 1Zy + BaZs,

where Z1,Z, ~ Ber(0.5) withPr(Z, = 0|Z, =0) =Pr(Z, =1|Z;, = 1) = ¢; we

took B; = 0.4, B, = 0.5, and ¢ = 0.5 or ¢ = 0.8. The covariate Z; is always observed
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and Z, is possibly missing with observation probability
7=n(A,Z)=0101-A)(1-2Z;)+03(1-A)Z; +05A(1 - Z;) +0.7AZ,.

The censoring time is C = U A 1, where U ~ Unif(0, ¢) with constant ¢ chosen so that
the censoring rate is approximately 50%. The above setting resulted in a missingness rate
of about 60% for the covariate Z,.

In implementing the estimators with estimated observation probabilities and/or condi-
tional expectations, we fitted in each case a logistic regression model with X, A, Z; and
their pairwise interactions as predictors. In addition, to force the estimators of Ay(-) to be
increasing, we follow the method of Lin and Ying (1994) and define the monotonic version
f\;(z) = maXge[o,/] IA\O(S). As shown in that paper, this modified version has the same
asymptotic distribution as the original estimator. We took the sample size to be n = 500
or n = 1000, and for each pair of values of ¢ and n, replicated the simulation 1000 times.
Simulation results for estimating the regression coefficients and the cumulative baseline
hazard function are summarized in Tables 2.1 and 2.2, respectively. For each method,
we report the biases and standard errors of the estimates from the 1000 replications, the
theoretically estimated standard errors averaged over the replications, and the coverage
percentages of the theoretically constructed 95% confidence intervals. For the estimation
of Ao(-), these were evaluated at three selected points ¢t = 0.25, 0.5, and 0.75 to facilitate
comparison.

Since the missingness depends on the failure indicator A, we expect the estimates from
a complete-case analysis to be biased; this is confirmed by the results in Table 2.1. The
biases of all the other methods are minimal. We note, however, that the simple weighted es-
timator with estimated weights and all of the augmented weighted estimators have slightly

smaller biases for estimating 8; than the simple weighted estimator with true weights. It
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is also clear from Table 2.1 that, by using estimated weights, the efficiency of the simple
weighted estimator for 8 is dramatically improved. Substituting estimated nuisance pa-
rameters in the augmented weighted estimators seems to have little effect on the efficiency,
and all of these estimators have slightly smaller variance for estimating 8, than the simple
weighted estimator with estimated weights. Comparing the results for different values of ¢,
we see that the efficiency gain of the proposed estimators is most substantial when Z; and
Z, are uncorrelated, i.e., ¢ = 0.5, and decreases as the correlation between Z; and Z, in-
creases. In all cases except the complete-case analysis, the theoretically estimated standard
errors are close to the sample standard errors and give reasonable coverage percentages,
indicating that asymptotic approximations should be appropriate for practical sample sizes.
The results in Table 2.2 demonstrate similar trends in estimating A(-), except that the per-
formance of the proposed estimators for Ag(-) actually improves as Z; and Z, become

more correlated.

2.5 Example: Mouse Leukemia Data

As an illustrative example, we applied the proposed methods to analyzing a mouse leukemia
data set given in Kalbfleisch and Prentice (2002, Appendix A, Data Set VI), which has been
studied by a number of authors, e.g., Chen and Little (1999), Wang and Chen (2001), Qi,
Wang and Prentice (2005), and Tsai (2009), using the Cox model. The data set was col-
lected in Dr. Robert Nowinski’s laboratories at the Fred Hutchinson Cancer Research Cen-
ter to investigate the effects of genetic and viral factors on the development of spontaneous
mouse leukemia. A total of 204 mice were followed over a 2-year period, among which 67
died of thymic leukemia and 12 died of nonthymic leukemia. The median follow-up time
is 678 days. Data on sex, coat color, virus level, and a few other covariates were recorded

for most of the mice. However, one of the most important covariates, Gpd-1 phenotype,
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Table 2.1: Simulation results for estimating the regression coefficients in the model
A(l | Z, Zz) =05+ ,3121 + ,3222.

B1 B2
Method Bias SE Est. SE CP Bias SE Est. SE CP
¢ =0.5 Full data 0.003 0.120 0.118 95.1 0.001 0.119 0.119 952
n = 500 CC —0.362 0.305 0289 752 0.099 0262 0277 950
SW —0.028 0.259 0.235 93.1 0.012 0246 0246 95.1
SW(a) —0.009 0.145 0.140 94.0 0.015 0252 0245 943
AW —0.006 0.135 0.137 95.6 0.016 0.242 0.250 97.6
AW () —0.008 0.139 0.1490 959 0.017 0254 0.261 979
AW () —0.007 0.137 0.134 935 0.017 0249 0.240 93.6
AW(a,y) —0.007 0.138 0.135 94.2 0.017 0253 0248 949
0 =0.5 Full data 0.004 0.082 0.083 94.8 —0.002 0.086 0.084 95.0
n =1000 CC —0.366 0.199 0.203 558 0.108 0.195 0.194 91.7
SwW —0.013 0.164 0.162 95.1 0.011 0.179 0.172 94.7
SW(a) —0.002 0.100 0.097 942 0.012 0.176 0.170 95.0
AW —0.001 0.096 0.094 952 0.012 0.175 0.171 958
AW (@) —0.002 0.096 0.094 954 0.012 0.177 0.174 959
AW(Y) —0.001 0.096 0.093 94.6 0.011 0.176  0.168 94.6
AW(a,y) —0.001 0.096 0.094 95.1 0.012 0.177 0.171 95.0
¢ =0.8 Full data 0.008 0.153 0.149 946 —0.008 0.145 0.150 954
n = 500 CC —0.349 0.359 0.350 82.0 0.099 0331 0340 944
SW —0.041 0.328 0.294 904 0.040 0.325 0.301 90.5
SW(a) —0.035 0.256 0.229 89.8 0.046 0.330 0.299 88.6
AW —0.029 0.251 0.238 93.1 0.041 0.327 0313 945
AW () —0.035 0.254 0243 934 0.047 0331 0320 94.7
AW(Y) —0.032  0.250 0.227 90.8 0.045 0.326 0.297 88.5
AW(a,y) —0.034 0.252 0.228 90.5 0.047 0328 0.301 89.0
¢ =0.8 Full data 0.003 0.105 0.104 94.7 0.001 0.106 0.105 93.8
n =1000 CC —0.360 0.233 0244 684 0.110 0.237 0237 92.1
SW —0.023 0.213 0210 94.8 0.025 0227 0217 92.0
SW(a) —0.016 0.172 0.165 92.6 0.026 0229 0.216 91.7
AW —0.016 0.167 0.166 94.3 0.026 0.224 0.218 93.9
AW (@) —0.017 0.170 0.167 93.8 0.027 0228 0.221 93.6
AW(p) —0.015 0.170 0.163 92.0 0.025 0.228 0.214 90.6
AW(a,y) —0.016 0.171 0.164 92.9 0.026 0.229 0.216 91.8

Note: CC, complete-case analysis; SW, simple weighted estimator; AW, augmented weighted esti-
mator; & and y in parentheses indicate that estimated nuisance parameters are used; SE, standard

error; CP, coverage percentage (%).
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Figure 2.1: Fitted curves for observation probabilities from the mouse leukemia data. The
left panel shows plots for censored subjects (A = 0) and the right panel for failures (A =
1), with types of endpoints being mortality due to thymic leukemia (solid) and mortality
due to thymic and nonthymic leukemia (dashes).

was subject to substantial missingness because the Gpd-1 typing started midway through
the study. As aresult, only 100 mice were typed for Gpd-1, which were selected from those
that survived at least 400 days. The selection probabilities, however, may vary among in-
dividuals and were not recorded. The MAR assumption seems reasonable here, since the
missingness was decided by the experimenter without knowing the results.

Two covariates of primary interest are the Gpd-1 phenotype and the virus level, where
the former takes value O for b/b and 1 for b/a and the latter was discretized into a binary
variable. As in Wang and Chen (2001), only the 175 mice with the virus level data are
included in the analysis. We built a family of models for the observation probabilities and
the conditional expectations by considering logistic regression models with the survival
time, failure indicator, virus level, and their pairwise interactions as potential predictors,
among which the best model was chosen by AIC. For the observation probabilities, the
chosen model includes the survival time, failure indicator, and their interaction; the fitted
curves are shown in Figure 2.1. The clear dependence of the observation probabilities on

the outcome variables suggests that the complete-case estimators would be biased.
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We fitted model (2.1) to this data set for two types of endpoints, mortality due to thymic
leukemia and mortality due to thymic and nonthymic leukemia. The results from the re-
gression analysis are reported in Table 2.3. All of the estimates indicate a negative associ-
ation of the Gpd-1 phenotype and a positive association of the virus level with the survival
time. By utilizing data from the incomplete cases, both the simple weighted estimator and
the augmented weighted estimator yield stronger evidence for the effect of the virus level,
while the latter indicates the most significant effect among the three methods and has a
slightly smaller standard error than the former. For both types of endpoints, the large dif-
ference between the complete-case estimate and the two weighted estimates for the virus
effect suggests that the former might be biased downward. Comparing with the coefficient
estimates under the Cox model in the aforementioned references, the estimates presented
here have much smaller absolute values because they have distinct but often more direct
interpretations. For example, an estimate of —0.000512 for the Gpd-1 effect means that
the mice with Gpd-1 phenotype b/a would have on average 5.12 fewer failures than those
with phenotype b/b per 10, 000 subject-days of follow-up. Despite these differences, the
test statistics for individual covariate effects are quite comparable between the two models,

as often noted in the literature.

2.6 Discussion

We have developed two different procedures for inference in the additive hazards model
with missing covariates. The simple weighted estimators are a convenient method of cor-
recting the biases of complete-case analysis and producing consistent estimates. When
the weights are estimated from a richly parameterized model, the efficiency of the simple
weighted estimators can be very close to that of the augmented weighted estimators. The

augmented method, however, enjoys the double robustness property, which allows more
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Table 2.3: Results for different methods applied to the mouse leukemia data. Values shown
are estimates of the regression coefficients, with standard errors in parentheses. All values
are multiplied by 1000.

Thymic leukemia Thymic and nonthymic leukemia
Method Gpd-1 Virus Gpd-1 Virus
CC —0.531 0.307 —0.583 0.303
(0.226) (0.151) (0.232) (0.153)
SW —0.512 0.397 —0.645 0.401
(0.218) (0.177) (0.244) (0.188)
AW —0.363 0.814 —0.574 0.724
(0.222) (0.158) (0.242) (0.172)

Note: CC, complete-case analysis; SW, simple weighted estimator; AW, augmented
weighted estimator.
freedom in modeling the observation probabilities. In addition, since an inverse proba-
bility weighted term is subtracted in the augmentation procedure, the augmented method
partially alleviates the instability problem arising from dividing by too small observation
probabilities in the simple weighted estimators.

As noted by Qi, Wang and Prentice (2005) in the context of Cox regression, by esti-
mating weights nonparametrically, for instance, by the Nadaraya—Watson kernel estimator,
the simple weighted estimators can reach the efficiency of the augmented weighted es-
timators. We have not considered the kernel-assisted method in this dissertation for at
least two reasons. First, the kernel estimator may require a relatively large sample size
to yield a satisfactory performance, whereas in practice one can always make some para-
metric assumptions and the resulting estimator usually works sufficiently well. Second,
using nonparametrically estimated weights with the augmented method cannot further im-
prove efficiency. Nevertheless, it would be worthwhile to explore the use of kernel-assisted

methods in avoiding model misspecification.
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The proposed estimators would not, in general, achieve the semiparametric information
bound, because the full-data pseudoscore estimator is not fully efficient (Lin and Ying,
1994). An adaptive procedure was suggested by Lin and Ying (1994) and a sieve maximum
likelihood approach was taken by Zeng, Yin and Ibrahim (2005) to yield a fully efficient
estimator in the full-data case. The adaptation of these methods to the missing-data case,
however, may not be straightforward, and the resulting estimators would not enjoy the same
robustness advantages as the augmented weighted estimators. This leaves open directions

for future research.

2.7 Regularity Conditions and Proofs

2.7.1 Regularity Conditions

The following regularity conditions are needed in our asymptotic results.

Condition 2.1. (i) Ag(t) < oo. (ii) Pr{Y(r) = 1} > 0. (iii) E{sup,e[o,r] Y(O|Z(@)|?*} <
0o. (iv) D and X are positive definite. (v) The sample paths of Z(-) are left continuous with

right limits and are of uniformly bounded variation.
Condition 2.2. 7; are bounded away from zero.

Condition 2.3. (i) 7(W; ) is twice continuously differentiable in o, and there exists a
compact neighborhood A of &g such that E[sup,c4{l|l7'(e)||*> + |7 (a)||}] < oo, where
'(a) = dn(W; )/ and 7" () = 3> (W; o) /0 . (ii) ﬁ(BSW —Bo) and /n(a —

o) are asymptotically jointly normal, and & is asymptotically efficient.

Condition 2.4. (i) £,{Z,,(-) | W} is continuously differentiable in y, and there exists a

compact neighborhood I' of y, such that

E[ sup Y<z>{|f<r,y;W)|+||af(r,y;W)/ay||}]<oo,

t€l0,z],yel
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where f(t,y; W) = Ey{||Zxn(¢)||* | W}. (ii) There exist constants k1, k2 € (0, 1/2] with

K1 + ka > 1/2 such that ||& — o] = Op(n™") and ||y — poll = Op(n™"2).

Parts (1)—(iv) of Condition 2.1 are similar to those typically assumed for the Cox model,
e.g., in Theorem 4.1 of Andersen and Gill (1982). Condition 2.1(v) is convenient for estab-
lishing Glivenko—Cantelli and Donsker properties, and is also mild enough to be satisfied
in most practical situations; it will be clear from the proofs below, however, that it can be
replaced by weaker and more abstract conditions. Condition 2.2 is commonly assumed in
the missing data literature to ensure the boundedness of the inverse probability weights.
Conditions 2.3 and 2.4 are regularity conditions on estimators of the nuisance parameters;
note in particular that Condition 2.4(ii) allows the rates of convergence of these estimators

to be slower than /n.

2.7.2 Proofs for Section 2.2.1

Proof of Theorem 2.1. We first show that {R7 ™'Y (1)Z(t)®*:t € [0, 7]}, k = 0,1,2, are
Glivenko—Cantelli. It suffices to establish the property for each component, for example,
{R'Y()Z;(t)Z(1):t € [0, 7]}

First, note that a function of bounded variation can be expressed as the difference of two
increasing functions. By Condition 2.2(v) and Lemma 9.10 of Kosorok (2008), we see that
Z; ={Z;(t):t € [0, t]} is a VC-hull class associated with a VC class of index 2. Then, by

Corollary 2.6.12 of van der Vaart and Wellner (1996), for any probability measure Q,

1
log N(e||Fllg.2. Z;. L2(0)) < K(;),
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where F is an envelope of the class Z; and K is a constant. Thus, the uniform entropy

integral of Z; is

1
J(1. % Ly) = / \/mgsupzv(sanQ,z,z,-,L2<Q>)de
0 0

< /1 vVK(/e)de < o0,
0

i.e., the class Z; has bounded uniform entropy integral (BUEI). Also, from Example 19.16
of van der Vaart (1998) we know that the collection of all cells (—oo, ¢] in the real line is
a VC class. Thus, by the definition of Y (¢), the class ¥ = {Y(¢):t € [0, t]} is VC, and
hence is BUEL Since Z;(-) and Y (-) are left continuous, it is easily seen that Z; and Y
are pointwise measurable (PM) (Kosorok, 2008, p. 142). Using the preservation results for
BUEI and PM classes (e.g., Lemma 9.17 of Kosorok, 2008), we see that the class YZ;Z;
is both BUEI and PM, with integrable envelope sup, (o . Y (¢)|Z;(2)||Z;(2)| by Condi-
tion 2.1(iii). Thus, by Theorem 1.3, the class ¥Z;Z; is Glivenko—Cantelli. Finally, since
Rn~! is bounded by Condition 2.2, the preservation results for Glivenko—Cantelli classes
(e.g., Corollary 9.27 of Kosorok, 2008) imply that {Rx~'Y(¢)Z;(t)Z;(¢):t € [0, ]} is
Glivenko—Cantelli.

The Glivenko—Cantelli properties imply that

sup [SE(@) —s® )| = 0,(1), k=012

t€l0,t]

Consequently, since S é&; (+) is bounded away from zero by Condition 2.1(ii), we have

sup [|Zsw(r) —e(t)|| = 0,(1).

t€lo,7]
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Next, since Usw () is linear in 8, we have

0 = Usw(Bsw) = Usw(Bo) — Vsw(Bsw — Bo).
or
\/ﬁ(ﬁsw —By) = Vs_v%/\/ﬁUsw(ﬂo), 2.7)

where

Vow = - > 2 [ vz - Zaopra

We now derive an asymptotic representation for /nUsw(B,). Adding and subtracting

terms gives

JiUsw(By) = % ; ; fo {Z:(0) — Zsw (1)} dM; (1)

_ G{E / "z - e(z)}dM(r)]
T Jo
G, [5 [ {e(t) — Zow (D)} dM(z)]
T Jo
R I 2.8)
+ ﬁp[; /O {Z(t)—e(t)}dM(t)]

R [* —
P [; [ e - Zowo dM(z)]
0
First, note that the third term is zero because

P{B/t{z(t)_e(’)}dM(”] = E[l /r{Z(t)_e(f)}dM(f)E(RlX,A,Z)]
7w Jo z /s

= E[ / r{Z(t) —e(1)} a’M(t)] = E(Mg) = 0.
0

As discussed in Section 1.3.2, the second term in (2.8) is an empirical process indexed by

a class of random functions with the quantity Zsw (+) estimated from the entire sample, and
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in the fourth term P is shorthand for the expectation with Zgw(-) fixed. Since for any fixed

function f: [0, 7] — R?,

P[g /Or{e(t) —f(t)}a’M(t)] = P[/Ot{e(z) —f(t)}dM(t)] — 0.

the fourth term in (2.8) is zero.

The key step is to show that the second term in (2.8) is 0,(1). To this end, let ¢;(-)
and st, ;j(+) denote the jth component of e(-) and Zsw(-), respectively. Let Fj denote
the class of functions f:[0, 7] — R that are of uniformly bounded variation and satisfy

SUp,epo,.1 1./ () —€;(¢)| < & for a constant §. Further, define the class of functions

G = {/0 f@)dM@): f € ff?}}

By constructing || - ||o-balls centered at piecewise constant functions on a regular grid, one

_ K K'/e
N(e,fj,u-noo)s(?) |

Also, note that, for any f1, f> € ¥;,

can show that

/ F6) dM(0) / Fo(6) dM(0)
0 0

T

< swp /i) = L) [ MO
s€[0,7] 0

Applying Theorem 2.7.11 of van der Vaart and Wellner (1996) yields that

N Qel|Flipa. &) L2(P)) = N(&, Fj. [l - lloo),

where F = for |d M (t)|. Then the bracketing integral of §; is

1
Jn(1,4;, La(P)) = /0 Vl0og Npj(e, §j, Lo(P))de
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< /1 \/(K’/e) log(K/g)de < o0.

Thus, by Theorem 1.2, the class ¢; is Donsker. Consequently, the class

{B/rf(t)dM(t):f : 37}
T Jo

1s also Donsker. The condition in Lemma 1.1 can be verified as follows:
R (F _ 2
P[5 [t~ Zos0amo]
0

_ R [° 2
< sup |e.,-<s)—zsw,.,-(s)|2P{— | |dM(r)|} — 0,(1)0,(1) = 0, (1).
T Jo

s€[0,7]

It follows from Lemma 1.1 that the second term in (2.8) is 0,(1). Then we obtain the

asymptotic representation

JiUsw(By) = Gn[ﬁ [ 20 (1)} dM(r)] +0p(1)
T Jo

T

Thus, by the central limit theorem, +/nUsw(B,) is asymptotically normal with mean zero

and covariance matrix

R2 2 1 2

Finally, using the proven facts that sup, (o ||Sg;),(t) —s®@)| = 0,(1),k =0,1,2,

we have
T @ ngl(t)@n T ® S(l)(t)®2
\Y —D=/{S (t)——}dt—f%s (t) — ———— dt
o o I3V SO ) 0 sO(1)
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T T (Q 1\®2 (1) (1)®2
_ @\ _ @ _ Ssw(®)® (1)
_/0 {Sqw () —s7 (1)} dt /O{ Sé?&(z) RO dt

= 0p(1).

An application of Slutsky’s lemma completes the proof. [

Proof of Theorem 2.2. We first show that

k ~ k
sup [[Siw(r. @) — St (t. @o)|| = 0,(1).  k =0.1.2.
t€l0,7]

Consider, for example, the (j, /)th entry SS(Q jl(t, a) — sz%a jl(t, o). Note that
@) R :
ASgy ;1 (1, 00)/ Dot = —PPy WY(I)ZJ(I)ZI(ZW (o). (2.9)

By Condition 2.3(i) and Example 19.8 of van der Vaart (1998), the class {7'(a): ¢ € A}
is Glivenko—Cantelli. Using arguments similar to those in the proof of Theorem 2.1, we
can show that the class {Rm(e)2Y (t)Z;(t)Z;(¢)7'(e):¢ € [0, 7], ¢ € o} is Glivenko—

Cantelli. Hence, from (2.9) we have

sup [0S (1 e) /e = Op(1).

t€f0,7], €A

An application of the mean value theorem yields that

(t,a0)| < [l& —aol sup [0S (1, a*)/de]

2 ~ 2
sup IS() (t.&)—S2 SW, ji

SW,jl SW,jl
t€l0,7] te[0,7],a*€A

= 0,(1)0,(1) = 0,(1).
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Therefore,

sup |SX 1. @) —SE (1. o) = 0,(1),  k=0,1,2.
t€l0,7]

Since from the proof of Theorem 2.1, sup,¢[o 4 ||Sg§,3(t, o) —s© (1) | =o0p(1),k =0,1,2,

it follows that

k A~
sup Sz, &) —s® (1) = 0,(1), k=012,

t€fo,7]

and consequently,

sup | Zsw(z.&) —e(1)|| = o,(1).
t€l0,7]

As in the proof of Theorem 2.1, write

Vi {Bew(@) — By} = Vsw(@) " v/nUsw (B, &). (2.10)

We now derive an asymptotic representation for Usw(f,, &). Differentiation and adding

and subtracting terms give

IUsw(Bo. @0)/de”

0
=7 n[n( ) / (Z() - Zowt, a)}dM(t)Lao

_ <Pn—P)[n(a0) [ {—a—Tzswa,ao)}dM(z)]
+ (Pn — P)|: T )2/ {Z(t) — Zsw(t, 0t0)} dM(t) 7' (o) :|

R _
P[n(ao) [ serzantanf ao)]
bl (20 - Zaani ano 7w |

(2.11)
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where

0Zsw(t, o)/’

_ S%s)/(h“o)
SO (1, 0)? NETCHE

1 R
P,
S(O)(t o) {ﬂ((’lo)2

Y(z)n’axo)T} Y(OZ(0)7 (@)

As in the proof of Theorem 2.1, P, and P are shorthand for the expectations with the
estimated quantity Zgw (-, &) fixed. By verifying that the involved classes of functions are
Glivenko—Cantelli, we can show that the first two terms in (2.11) are 0,(1). Also, the third

term is zero with fixed Zgw (-, @). It remains to consider the fourth term:

P[ RN / (1) — Zw(t. o)} dM(1) 7' (@) ]

= P[ n(ao)/ {Z(t) — Zsw(t, 00)} dM(t) 7' (o) ]

P[ o / (1) — ()} AM (1) 7' (ex0) ]

(2.12)

+P[— ! | {e(r)—sta,ao)}dM(r)n’(ao>T].
Tf(ao) 0

By definition, the first term in (2.12) is —A. The second term is 0, (1) because

HP[— : / t{e(l)—st(l,ao)}dM(f)ﬂ,(ao)T]
ﬂ(ao) 0

< sup ||e(s)—zsw(5,‘¥0)||P{; | |dM<t>||n'(«xo)T|}
”(“0) 0

s€[0,7]

= 0,(1)0,(1) = 0,(1).

Thus, we obtain

IUsw(Bo. @0)/da” = —A + 0,(1).
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It can be further verified that

sup [|8°Usw(Bo. @)/ daca” | = Op(1).
acA

A Taylor expansion then gives

VnUsw(Bo. @) = V/nUsw(By, at9) — Av/n(@ — atg) + 0p(1). (2.13)

Finally, using the proven facts that sup,¢(o ||S(k) (t, o) — S(k) w20l = 0,(1), k =

0, 1,2, we have

Vsw (@) — Vsw(eto)

(1) ®2 m ®2
@ _m§d _ {Sm M}d
/ { Wit &) ) Z /0 (1.00) = Sew(t. o) [

QD) ~\®2 (1) ®2
:/ 1821, 8) — SOt o)} di — / {Ssvzo()l’a) B SSV(VO()Z ,00) }dt
o U Sqw(t, @) Sqw (7, o)

= 0,(1).

Since from the proof of Theorem 2.1, Vsw (o) — D = 0,(1), it follows that

Vsw(@) —D = 0,(1). (2.14)

Substituting (2.13) and (2.14) back into (2.10), we have

Vi{Bsw(@) — Bo} = Vn(Bsw — Bo) — DAV (@ — atg) + 0,(1).

By Condition 2.3(ii), an application of the result of Pierce (1982) completes the proof. [
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2.7.3 Proofs for Section 2.2.2

Proof of Theorem 2.3. By substituting
dN;(u) = dM; () + Yi(u) dAo(u) + Yi(u)B§ Zi(u) du
into the expression of KO(Z), we have

V{Ro(t) — Ao(t)}

1SR [ dNi(u) 7 [t
v 3% [ ST~ B | Bt du = )

1l R dM,-(u) Y(u)
_72_-/ SO () fznz[ S (u

Y; _
IZ “r S(Oﬁ”) BT, () du — iy [ Zow(0) dt — /A o1)

dM; t
\/—Z 7 / SO (u) + V/nho(t) + ﬁﬂg/o Zsw(u) du
- ‘/Eﬂsw/ Zsw(u) du — /no(t)

dM; “ r_
fznl[ S(o)(u) ﬁ(ﬂsw—ﬂo)T/O Zsw(u) du.

Adding and subtracting terms gives

V{Ao(t) — Ao(t)}
_[R ["(dM@) dM(u) R ["dM®)
‘G”[E/ {s<°><u)_s<°><u)}]+6”{5/o s<°><u)§

+\/_P[ /{dM(u) dM(u)}]+[ {E/O a’M(u)} 2.15)

S(O)(u) S(O)(u) S(O)( )

— Vi Bsy — Bo) /0 Zowu) — e(u)} du — vi(Boy — Bo)" /0 e(u) du.
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Using arguments similar to those in the proof of Theorem 2.1, we can show that the first
and fifth terms in (2.15) are 0, (1) uniformly in ¢ € [0, 7], and the third and fourth terms are

zero. Also, from the proof of Theorem 2.1, we have
N » R
Substituting into (2.15), we obtain the asymptotic representation
2 R -1 R
Vi{Ao(t) = Ao(1)} = G, —My @) —h(®)" DTGy | —Mgz ) + 0p(1),

where 0,,(1) isuniformin € [0, t]. Thus, \/ﬁ{/’i(t)—l\o(t)} converges weakly in £°°[0, 7]

to a zero-mean Gaussian process with covariance function

Csw(s, 1) = E{%My (s)My (z)% +h(s)'D'E (%M?Z)D_lh(t)
— h(s)TD_lE{%MY(t)MZ} — h(z)TD—lE&MY(s)Mzé

= B(s,1) + h(s)T D' ZswD h(t) — h(s)"D k() —h(r)T D 'k(s). O
Proof of Theorem 2.4. As in the proof of Theorem 2.3, we can write

ﬁ{ﬁo(r,&) — Ao(1)}

dM; (u) PO r R
N nl(a)/ S(O) ‘/ﬁ{ﬁsw(“)—ﬁo}TfO Zsw(u,a) du

— R; dM;(u)  dM;(u) 1 & R (' dM;(u)
- ﬁ ; mi(a) /o gss(?g(u,&) 5O (y) } + ﬁ ; 7@ Jo sO@)

B @ — Bo)T /0 Zow(u. @) — e(u)} du (2.16)

 VniBey(@) — Bl /0 e(u) du.
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Using the facts that sup,¢[o |SS(33(I,&) —5sO()| = 0,(1) and SUP; ¢f0.7] |Zsw(t, &) —
e(?)|| = 0,(1) from the proof of Theorem 2.2, we can show that the first and third terms in

(2.16) are 0,(1) uniformly in ¢ € [0, r]. A Taylor expansion of the second term gives
1 2”: R; ff dM;(u)
Vi =@ Jo sOw)
1 <« R; T dM;(u)
= — 2.17
7 2= e | 5o &1

n

B % Z R; /0 dM;(u) JT{(OCO)T (@ — o) + 0,(1).

P 7 (eeo)? 5O (u)

Also, note that

le~ R; " dM;(u)
" 2 e [, S i

_ Pn% R /t dMi(u)n{(ao)} _ P{ R /‘t dMi(u)n,{(Oto)} + 0,(1)
. 0

m(0tp)? sO@) m(0eg)? 5O (u)

= P{ﬁMy(t)n{(ao)} + 0,(1) =m(t) + 0,(1).

Substituting back into (2.17), we then have

1 & R ['dM;(u)
ﬁ;:m(&) o sO)
= (2.18)

“ i ! d i ~
B % 2 n-fao) /0 s%((:)) /@ —a0) + o, (D)

From the proof of Theorem 2.2, we have

Vi{Bsw(@) — Bo} = Vn(Bsw — Bo) — D' AV(@ — o) + 0,(1). (2.19)
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Substituting (2.18) and (2.19) back into the second and fourth terms in (2.16), respectively,

and comparing with the representation of /1 {/A\(t) — Ay(t)}, we obtain

ViR o(t, &) — Ao(t)}
= Vn{Ro(t) — Ao(1)} — im(t)T —h(t) DA}/ (@ — o) + 0p(1).

The proof is complete by applying the result of Pierce (1982). [

2.7.4 Proofs for Section 2.3.2

Proof of Theorem 2.5. First, using arguments similar to those in the proof of Theorem 2.1,

we can show that sup, (g ] ||Sg§,\),(t) —s® @) = 0,(1), k =0,1,2, and

sup || Zsw(t) —e(t)|| = o0,(1).
t€lo,7]

Similarly, write

\/E(BAW - ﬂo) = VXVlV\/EUAW(ﬂO)’
where
Viw =y 3o [ HOE0 - T

1 < R;
“a i

i

. /0 Yi(O[E{Z:(1)®* | W;} — Zaw(t) E{Z; ()T | W,}] dt.

We then follow the same lines of arguments to show that

ViU (By) = Gn{gMz -2z

EMz | W) +0,(1)
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and Vaw — D = 0,(1). The asymptotic normality follows from the central limit theorem

and Slutsky’s lemma. The proof is complete by noting that

R R —
Var%— il }
T

T

= E(%M?Z) — ZE[I ;” z| W)}®2] + E[I_T’T{E(MZ | W)}®2:|

T E[I_Tn{E(MZ | W)}®Z] — T 0

Proof of Theorem 2.6. First, using arguments similar to those in the proof of Theorem 2.2,

we can show that sup, <[ .1 ||s§’;3(z, a,y)—s®@)| =o0,(1),k =0,1,2,and

Sup ||ZSW(Z’&7 j’\) - e(l)“ = 017(1)'

t€l0,7]

Similarly, write

{Baw(@. 7) — Bo} = Vaw(@. 7) " nUaw(Bo. &, 7).

We now derive an asymptotic representation for /nUaw(B,, &, 7). By differentiation and

adding and subtracting terms, we have

aS®) (t, 0, 7))/ 00T

= vwnosewr) v n] Loy zos wewr]

= —(Py — P){ (R)z Y(O)Z(1t)®* ' (@) }
+(1P’n—P)[ (R)ZY(I)E {Z(0)®* | W' (o) ] (2.20)
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By verifying that the involved classes of functions are Donsker, we can show that the first
two terms in (2.20) are O,(n~'/2). Also, it follows from the mean value theorem that the

third term is O, (n~*?). Therefore, we have

sup 18& (1.0, ) /00T || = 0,(n™2), k=01,

tel0,t],acA, yel

and hence

sup 10Zaw(t, e, )/’ || = O,(n*2). (2.21)

t€f0,r],xeM, yel

Next, write

aUAW(ﬂ()9 o, }’)/a“T

=4m—m[

()a/{ﬂﬂ—ZthayndMﬁﬁrw)}

—um—Pﬁ [uzmmdenw

(@)?
— Zaw(t, 0, y)Ey{dM(t) | W}]n’(a)T}

R o =
—(Pn—P){m/O M—TZAw(f’“,J’)dM(t)§

_ 9 _
+ -2 2O [ g By tamn W]
P2 [yt a0 | Wi - Bz dM o | Wil @)
m(a)? Jo
_ p{M Zoaw (. @, ) E £ {dM () | W} — E{dM(t)IW}]n’(a)T}
m(a)? Jo
R [ 8 -
—P{%/O M—TZAw(t,a,y)dM(Z)}
+P[R_”(“) ) Zw(t.e.y)E {dM(t)|W}}
(@) \ dal awll, a, Y )Ly :

The first four terms are easily shown to be O, (n~'/2) by verifying that the involved classes

of functions are Donsker. By the mean value theorem, the fifth and sixth terms are O, (n™?).
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The last two terms are O,(n*?) by (2.21). Then we have

sup  [[0Uaw(Bo. . ¥)/0a” | = Op(n ™).
ach,yel

We can similarly show that

sup [ 0Uaw(Bo. 0, ¥)/3yT || = O,(n™ ).
acA, yel

An application of the mean value theorem yields that

VnUsw(Bo. &, 7) = /nUaw(By. @0, 7,) + «/EOIJ(”_(KI—HCZ))

= \/ZUAW(,BO’ o, 70) + Op(l)-

Finally, as before, we can show that Vaw(a, ¥) — D = 0,(1). It follows that B aw(@, P) is
asymptotically normal with the same asymptotic variance as ﬁ AW
To see the optimality of ﬁ Aw (@, ¥), consider a class of estimators with the asymptotic

representation
R R —n(a)

@™ 7@

c(W)

for any function c¢. One can proceed as in Example 25.43 of van der Vaart (1998) to show
that the asymptotic variance is minimized by taking ¢(W) = E(Mgz | W). Since ﬁsw (a)is

also in this class with ¢ = 0, its asymptotic variance is no less than that of B awl(@,y). O
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CHAPTER 3

High-Dimensional Variable Selection in Additive
Hazards Regression

3.1 Introduction

Continuing our discussion in Section 1.2.2, in this chapter we study the problem of high-
dimensional variable selection in additive hazards regression. We propose a general class
of regularized estimators which combine the nonconcave penalized likelihood approach
(Fan and Li, 2001) and the pseudoscore method for the additive hazards model (Lin and
Ying, 1994). To justify the superior performance of the proposed method, we consider a
very general high-dimensional setting, where the dimension of covariates may grow fast,
possibly nonpolynomially, with the sample size. Under very mild and easily interpretable
conditions, we show that the proposed estimators enjoy the weak oracle property (Lv and
Fan, 2009) and the oracle property (Fan and Li, 2001). Our high-dimensional analysis is
innovative in that it involves empirical process techniques that have not been previously
used in the survival analysis literature, and sheds light on the model selection properties of
regularization methods for survival models.

Recently, Bradic, Fan and Jiang (2011) and Huang and Ma (2010) studied regularized

estimation for variable selection in the Cox model and the accelerated failure time model,
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respectively, and obtained some theoretical results in which the dimension of covariates
may grow nonpolynomially with the sample size. Besides model assumptions, an important
difference from our results, however, is that these authors imposed some random conditions
on an empirical covariance matrix; specifically, these are Condition 8 in Bradic, Fan and
Jiang (2011) and Condition (A4) in Huang and Ma (2010). Although such results are
useful, it would be very natural to ask the question whether the regularized estimators still
enjoy the desired properties if similar conditions are imposed on the population version
of the matrix. Since the empirical covariance matrix involves the outcome variables, as is
generally the case for survival models, nonrandom conditions on the population covariance
matrix seem to be more natural and will provide more confirmative performance guarantees
for the regularized estimators. Such conditions also have the benefit that they can be viewed
as high-dimensional extensions of the classical asymptotic regularity conditions in the low-
dimensional setting, which are imposed on the population covariance matrix.

The extension from the empirical covariance matrix to its population counterpart turns
out to be very nontrivial. Due to high dimensionality and dependency among matrix entries,
this is not a direct consequence of classical random matrix theory. A similar difficulty was
noted by Ravikumar, Wainwright and Lafferty (2010) in the context of graphical model
selection. Our case, however, is more intricate in that the usual Hoeffding’s inequality
is not applicable, since each entry of the covariance matrix in question, to be defined in
Section 3.3, is not an independent sum. Thus, we resort to a functional Hoeffding-type
inequality (Lemma 1.4) and some empirical process techniques, and first establish some
concentration results that will be useful in our proofs. Although we focus on the additive
hazards model in this dissertation, the ideas could be extended, for instance, to the Cox
model and the accelerated failure time model.

In Section 3.2 we propose a class of regularized estimators and discuss choices of the

penalty function. The theoretical properties of these estimators are studied in Section 3.3.
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In Section 3.4 we describe an implementation of the proposed estimators by an iterative
coordinate descent algorithm. Simulation studies and a real data example are presented in
Sections 3.5 and 3.6, respectively. Some discussion is offered in Section 3.7, and all proofs

are deferred to Section 3.8.

3.2 Method

3.2.1 Regularized Estimators

We begin with the problem setup. Let 7" denote the failure time and C the censoring time.
We observe the censored failure time X = T A C and the failure indicator A = I(T <
C), where I(-) is the indicator function. Let Z(:) be a p-vector of predictable covariate
processes and assume that 7 and C are conditionally independent given Z(-). The data
consist of (X;, A;,Z;(-)),i = 1,...,n, which are independent copies of (X, A, Z(-)). We

consider the additive hazards model
At |Z) = Ao(t) + BIZ(2), (3.1)

where A¢(:) is an unspecified baseline hazard function and B, is a p-vector of regression
coefficients.

We adopt the usual counting process notation. Define the observed-failure counting
process N;(t) = I(X; < t,A; = 1), the at-risk indicator Y;(¢) = I(X; > t), and the

counting process martingale

Mi(t) = Ni(t) — /0 Yi(){ho(s) + BIZi(5)} ds.

We will also use N(¢), Y(¢), and M (¢) to denote the generic versions of these processes.
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The pseudoscore function of Lin and Ying (1994) is defined as

1< [° _
UB) = " Z/O {Z;(t) — Z()HdN; (1) — Y: ()BT Zi (¢) dt},
i=1

where
i Yi(OZ;()
Z;’l:l Yi(t)

and t is the maximum follow-up time. This estimating function is linear in §; through

Z(t) =

some algebraic manipulation, we can write U() = b — Vf, where

1< [° _
b= g / (Za(0) — Z()} AN (1)

and

Ve > /0 YA OIZ () - 24} dr. 3.2)

Since V is positive semidefinite, integrating —U(B) with respect to f leads to the least-

squares-type loss function

L(B) = 3B7VE ~b7B.

Using this loss function as the basis of regularized estimators in model (3.1) has been
suggested by a number of authors, e.g., Leng and Ma (2007) and Martinussen and Scheike
(2009). The latter authors also noted that L(f) has an appealing interpretation that it is
the empirical prediction error, up to a constant, for the part of the model orthogonal to the
at-risk indicator.

We now define the regularized estimator ﬁ as the solution to the problem

A~

B = argmin{L(ﬂ) ¥ Zm(mﬂ)}, (33)

BeR?P j=1
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where B = (B1,...,B,)T, and p;(-) is a penalty function that depends on the regulariza-
tion parameter A > 0, which controls the strength of regularization. When the minimization
problem (3.3) is not convex, we will consider a local minimizer. It is often convenient to
rewrite the penalty function as p,(-) = Ap,(-). Without the penalty term, ﬁ reduces to
the pseudoscore estimator of Lin and Ying (1994). When dimensionality is high, however,
some form of regularization is required, and the performance of the regularized estimator
depends critically on the choice of the penalty function. Thus, in the following we will first
define a general class of penalty functions and discuss several popular choices among the

class, and then present some theory to gain further insight into these choices.

3.2.2 Penalty Functions

To answer the question on what kind of penalty functions are ideal for model selection,
Fan and Li (2001) advocated penalty functions giving rise to estimators with three desired
properties: sparsity, unbiasedness, and continuity. These properties have motivated consid-

eration of the class of penalty functions that satisfy the following condition.

Condition 3.1. The function py () is increasing and concave in 8 € [0, c0), and has a
continuous derivative p, (6) on (0, 0o). In addition, p} (@) is increasing in A and p'(0+) >

0 is independent of A.

Some intuition for Condition 3.1 is as follows: The singularity at the origin encourages
sparsity; the concavity assumption aims to reduce the estimation bias; the requirement that
05 (0) is increasing in A allows A to effectively control the overall strength of the penalty.
It should be noted that we do not require strict concavity or monotonicity, so that a wide
range of penalty functions, including those that do not lead to all of the aforementioned
three properties, are included in this class, which will facilitate our comparisons between

different penalty functions. In the contexts of (generalized) linear models, this class of
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penalty functions have been studied by Lv and Fan (2009) and Fan and Lv (2011). Of

particular interest are the following examples.

e The lasso (Tibshirani, 1996) uses the L penalty, i.e., p(f) = 6,6 > 0.

e The smoothly clipped absolute deviation (SCAD) penalty (Fan, 1997; Fan and Li,

2001) is given by the derivative

'y (ad —0)+
,0,1(9)—1(95/\)+W1(9>/\), 0 >0,

where a > 2 is a shape parameter. The penalty function takes off at the origin as the

Ly penalty and then gradually levels off until its derivative reaches zero.

e The minimax concave penalty (MCP) proposed by Zhang (2010) has the derivative

(ad —0)

6 >0,
ai -

p3(0) =

where a > 1 is a shape parameter. In a similar spirit to SCAD, the penalty function

gradually decreases its derivative to zero, except that it drops the L, part of SCAD.

e The smooth integration of counting and absolute deviation (SICA) penalty (Lv and

Fan, 2009) takes the form

_(a+1)f

) 9>09
a+6

p(0)

where a > 0 is a shape parameter. With a varying from 0 to oo, the family can be
viewed as a smooth homotopy between the Ly and L; penalties, with each penalty

function pinned at the point (1, 1) and having p'(0+) = 1 +a™!.
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The L; penalty is a convex relaxation of the L, penalty and falls at the boundary of
the class of penalty functions that satisfy Condition 3.1. Although widely believed to be
computationally simple, it suffers from several drawbacks which have motivated a number
of improvements. The SCAD penalty was originally proposed to alleviate the bias caused
by the L approach, and has been shown to enjoy the oracle property, i.e., the resulting
estimator performs asymptotically as well as the oracle who knows the true submodel in
advance. Such procedures are appealing in that they allow simultaneous estimation and
variable selection. Still, one can question whether this two-in-one feature is indeed a great
advantage, since one would expect that the large estimation bias resulted from a proce-
dure without the oracle property could be remedied by refitting the model with only the
selected variables. This is not always possible, however, if some important variables have
been incorrectly excluded in the selection step. In fact, the estimation bias can interfere
with variable selection; as a result, more stringent conditions such as the irrepresentable
condition (Zhao and Yu, 2006) are typically required for consistent variable selection. The
advantages of concave penalties regarding model selection consistency have recently been
revealed and justified by a number of authors. Zhang (2010) showed that the MCP penalty
enjoys certain minimax optimality which enables it to find a balance between the supe-
rior theoretical properties of concave penalties and the computational costs of nonconvex
optimization problems. By investigating a nonasymptotic weak oracle property, Lv and
Fan (2009) showed that the regularity conditions needed for the L; approach can be sub-
stantially relaxed by using concave penalties. The SICA family they proposed has the
remarkable feature that it can be used to define a sequence of regularization problems with

varying theoretical performance and computational complexity.
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3.3 Theory

Besides the choice of the penalty function, the performance of the regularized estimators
depends on a variety of factors, such as dimensionality of the model, dependency among
the covariates, and the choice of the regularization parameter. In order to determine how
these factors interact with each other and together affect the performance of the proposed
estimators, in this section we rigourously develop a high-dimensional theory and discuss
some of its implications.

We begin by introducing some notation to be used in our theoretical results. For any

vector v, write v®° = 1, v®! = v, and v®? = vv’. Define

SO0 = 3070,
j=1

s® ) = E{Y(1)Z(1)®*}, k=0,1,2,
e(t) =sW)/sO),
D= E[/T Y(){Z(t) —e(t)}®? dt],

0

and

Y = E[/T{Z(t) —e(1))®? dN(t)].
0

It is worthwhile to note that D is the population counterpart of the matrix V defined in (3.2),

while X is the population counterpart of the matrix

_l s ‘ . 7 ®2 .
W—n; /0 (Z:(0) — Z(0)}® AN (1),

These matrices characterize the covariance structure of the model and will play a key role

in our high-dimensional analysis.
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Furthermore, define the active set A = {j: Bo; # 0}, where By; is the jth component
of B,. Lets = |A|, i.e., the number of nonzero coefficients in B, and we allow the
dimension triple (n, p,s) to vary freely. Similarly, define the estimated active set A=
{j: ,g i 7 0}. Denote the complement of a set B by B¢. We will use sets to index vectors
and matrices; for example, B, is the vector formed by the components By; of B, with
J € A, and Dyec 4 is the matrix formed by the entries D;; of D withi € A° and j € A.

Define the (half) minimum signal

1

d = > jelfll |Boj |-

For any @ € R? with 8; # 0 for all j, define the local concavity of the function p,(-) as

/ ’
i ) — 1
k(py;0) = lim max sup _pA( ) — P, (1) .
e—=>0+1<j=<q 10, |—e<t)<t2<|6;|+e th — 1

Finally, define
Ko = sup{k(p2: 0): 18 — Boall < d},
¢ = Do,

and

= Amin(Dg4) — Ako,

where Api,(+) is the minimum eigenvalue. It is important to note that all the quantities
defined above can depend on the sample size n, and we have suppressed this dependency
for notational simplicity.

3.3.1 Weak Oracle Property

Lv and Fan (2009) introduced the weak oracle property. An estimator is said to have the

weak oracle property if it is both consistent in model selection and uniformly consistent in
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estimation. This notion is weaker than the oracle property considered by Fan and Li (2001)
and hence can be satisfied by a broader class of estimators. In high-dimensional statistical
problems, nonasymptotic results, in which the dimension parameters appear as they are,
are often desirable, since they characterize the influence of the parameters explicitly and
allow a high-dimensional setting as general as possible. To derive a nonasymptotic result

regarding the weak oracle property, we need to impose the following conditions.

Condition 3.2. (i) for Ao(t)dt < oo. (ii) Pr{Y(r) = 1} > 0. (iii) There exist constants

D, K, r > 0 such that

Pr( sup |Z;(t)| > x) < Dexp(—Kx")
t€lo,7]

forallx > 0and j = 1,..., p. (iv) The sample paths of Z(-) are of uniformly bounded

variation.

Remark 3.1. In Condition 3.2, parts (i) and (i1) are standard for survival models. Forr > 1,
part (iii) is equivalent to saying that maxj.’ —1 SUP;e(o,71 |Z; (1) | has a finite Orlicz norm ||-{|y,
with ¥, (x) = e —1 (Kosorok, 2008, Lemma 8.1); this condition controls the tail behavior
of the covariates and is trivially satisfied for bounded covariates. Part (iv) is a very mild

technical assumption that will facilitate entropy calculations.

Condition 3.3. There exist constants « € (0, 1], y € [0, 1/2], and ¢ > 0 such that

IDge D} oo < ((1 - a)%) A (cn?).
A

Remark 3.2. Condition 3.3 is an analog of Condition (35) in Lv and Fan (2009) for regular-
ized least squares, which is in turn a generalization of condition (15) in Wainwright (2009)
for the lasso. Very often for linear regression, such conditions are first imposed on the

deterministic Gram matrix, and then a variety of random design matrices such as Gaussian
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ensembles can be further considered. For survival models such as model (3.1), however,
there is no exact analog of the deterministic Gram matrix; here the matrix V, which plays
the same role as the Gram matrix in linear regression, involves the at-risk indicators which
are not deterministic. Thus, we impose conditions directly on the matrix D, which is the
population counterpart of the matrix V. Also, we are not restricted to the cases where the

covariates are bounded or Gaussian.

Remark 3.3. The right-hand side of Condition 3.3 consists of two parts: The first part is
an upper bound that reflects the intrinsic capability of the penalty function for variable
selection; the second part is at most O(/n), where the parameter y needs to be determined
by other conditions to be presented later. For the L, penalty, the first part is bounded by
constant 1, which is quite stringent; for concave penalties, the upper bound is generally
relaxed, since strict concavity implies that o'(0+) > o, (d). When signals are fairly strong
so that d > A, the first part imposes no constraint for the SCAD and MCP penalties, since
p5(d) = 0 in that case. Also, the upper bound for the SICA penalty can be substantially

relaxed by choosing a small value of a.

Since Condition 3.3 and definitions of ¢ and u involve the matrices D 4e AD;A, DZ}I,
and D44, a key step to establishing the weak oracle property is to show that these ma-
trices are close to their empirical counterparts in some sense. This intermediate result is
provided by the following lemma, which gives explicit probability bounds for similar con-
ditions to hold for the empirical matrices. In what follows, let €27 denote the event that

max?_ sup |Z;(t)| < L.

Lemma 3.1. Under Conditions 3.1-3.3, if u > 0 and ¢ v u=' = O(/n/s), then there

exist constants D, K > 0 such that

_ n 1
Pr(||VAjl||Oo >2¢| Q) < 2D eXp{_Kﬁ(q)zsz A 1)} (3.4
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Pr%”VAcAVZleOO > ((1 _ %) 2’((2;))) A (2en?) | QL}
A
’ -1 2
< (p—s)sD exp{—K%((px(a’;zS;\ ") A 1)} (3.5)

1
—|—S2D6Xp —Kl Al)s,
L4\ 252

and

2
Pr(Apin(Vaa) < Ao | Q1) < 52D exp{—K% (“—2 A 1)} (3.6)
N

Remark 3.4. Inequalities (3.4) and (3.5) show that there would not be much difference if
we had defined the quantity ¢ or imposed Condition 3.3 on the empirical matrices. The
eigenvalue condition A ,;n(V44) > Akg is needed for identification of a strict local mini-
mizer of problem (3.3); inequality (3.6) says that this condition holds with high probability

if Amin(D44) and Ak have a positive gap u that does not shrink to zero too fast.
We now state our main theoretical result regarding the weak oracle property of the

proposed estimators.

Theorem 3.1 (Weak oracle property). In addition to Conditions 3.1-3.3, assume that the

following conditions hold:

2
n(p,(d)~t An? n(e=! A p)?

( i ) (;P W o 3.7)

@2s%(log p)" s*(logs)™

ni? nl=2v )2
< A , 3.8
Mogp % (ogon G:8)
and

d > crpAp’ (0+), (3.9)
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where u > 0, ry = (r +4)/r, and c; = 2 + 1/(4c). Then, for some constants D, K > 0,

with probability at least

-1 A 2 1/r AZ 1/r1
l—DeXp{—Knl/” (u/\l) }—Dexp{—Knl/” (T/\l) % — 1,
S n<v

there exists a regularized estimator B that satisfies the following properties:
(a) (Sparsity) ﬁAc = 0.
(b) (Loo l055) | Ba — Boalleo < 1920/ (0+).

Remark 3.5. To develop intuition for the two conditions in (3.7), we consider some sim-
plified cases. First, concavity implies that p’, (d) < p'(0+); thus, a sufficient condition for

the first condition in (3.7) to hold is

n

. 3.10
@2s%(log p)n - ©G-10)

Consider the second condition in (3.7) and recall that u = A in(Dg4) — Akp. For the L,
penalty, ko = 0; for SCAD and MCP, Axy = (a — D~ 'anda™!, respectively. Thus, for
this condition to hold for these penalties, it suffices to assume that A ,;,(D44) is bounded

away from zero and that
n

p2s2(logs)
where the latter is implied by (3.10). Therefore, conditions in (3.7) are primarily constraints
on the growth rates of the model dimensions p and s and certain matrix norms of D7 }. On
the other hand, if we assume, for simplicity, that ¢ is constant, then (3.10) gives a lower
bound for the number of observations that are needed for guaranteed sparse recovery, n >
s2(log p)™'. This is an interesting setting, since it shows that the proposed estimators can

handle a nonpolynomially growing dimension of covariates as high as log p = o(n'/™),
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while the dimension of the submodel grows as s = o(4/n). In particular, for bounded

covariates, we can take r; = 1 and thus allow log p = o(n).

Remark 3.6. For simplicity, consider the case of bounded covariates, i.e., r; = 1. The two

conditions in (3.8) give a lower bound for the regularization parameter A,

1 1
STV
n ni—=<v

Thus, in view of (3.9), we see that A should be chosen to satisfy

1 1 d
\/ng v \/—Ogs KA ——.
n nl=2v c19p'(0+)

For such choices of A to exist, the minimum signal d must satisfy

log p log s
d>><p(\/ " v\/nl—zy)' (3.11)

Recall that y € [0, 1/2] has appeared in Condition 3.3. More insight can be gained by

comparing the two parts on the right-hand side of (3.11): The first part will dominate if

n? <« +/(log p)/(logs), and in this case, Theorem 3.1 guarantees recovery of signals that
satisfy d > w\/m , independent of y; otherwise, the second part will dominate,
and the weakest recoverable signal will depend on the correlation between the two set of
variables as reflected by the value of y. Of course, for the L, penalty, since the first part in
Condition 3.3 always dominates the second, we can simply take y = 0, and thus the value

of y plays no role in determining the lower bound for d.

3.3.2 Oracle Property

In addition to model selection consistency, the oracle property requires the regularized

estimator to be asymptotically as efficient as the oracle estimator with the active set known
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a priori. For this purpose, clearly, some extra eigenvalue conditions are needed. Define
A1 = Amin(Daa), Aoy = Apin(Z 44), and Az = Apin(D 4 X 44D }). The oracle property

of the proposed estimators is stated in the following result.

Theorem 3.2 (Oracle Property). Assume that all the conditions for Theorem 3.1 hold. In

addition, assume that

ni? ni3 nAAs
W—)OO, s—2—>oo, 3 — 00, (3.12)
and
nsA2p,(d)?
A (3.13)
AZA,

where ry = (r + 4)/r. Then, for some constants D, K > 0, with probability at least

AZ 1/r
l—DeXp{—Knl/”(—zl/\l) } — 1,
S

there exists a regularized estimator B that satisfies the following properties:

(a) (Sparsity) B4c = 0.

(b) (Asymptotic normality) For every u € R® with ||u|, = 1,
uT 2D s (B — Bos) —a N(O,1).

Remark 3.7. The three conditions in (3.12) relate the sparsity dimension s to eigenvalue
bounds for the matrices Dg4, X 44, and D;jl): A AD{&. If we consider the special case
where the eigenvalues of these matrices are all bounded away from zero, then these condi-

tions are trivially satisfied for s = o(n'/?). The form of (3.12), however, deals with much
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more general situations and is very meaningful in that the eigenvalue bounds are closely

related to the difficulty of the estimation problem.

Remark 3.8. In the context of linear regression, it is well known that the L; penalty does
not have the oracle property (Zou, 2006; Wainwright, 2009). It is clear from (3.13) that this
is also the case for the problem considered here. To see this, consider the case where A
and A3 are fixed, and note that p’(d) = 1 for the L, penalty. Conditions in (3.8) imply
that nA? — oo, and hence (3.13) cannot hold. For the SCAD and MCP penalties, (3.13)
is trivially satisfied for d > A, since p}(d) = 0 in that case. For the SICA penalty, we
have p'(d) = a(a + 1)/(a + d)?; thus, in order to obtain an oracle property, we should
take @ — O+ at a rate such that d > a and \/nsAa/d? — 0. This is reasonable since the

SICA penalty approaches the L penalty as a — 0+.

3.4 Implementation: Iterative Coordinate Descent

In this section we describe an efficient implementation of the proposed estimators by itera-
tive coordinate descent. The idea of using coordinate optimization for solving regularized
least-squares problems was proposed by Fu (1998) and Daubechies, Defrise and De Mol
(2004), but its potential for producing surprisingly fast algorithms in large sparse problems
was not widely noticed until convincingly demonstrated by Friedman et al. (2007) and Wu
and Lange (2008), among others. Recently, Fan and Lv (2011) and Breheny and Huang
(2011) generalized the idea to regularized problems with concave penalties and showed
that it works equally well.

We propose an iterative coordinate descent algorithm for solving problem (3.3), which
is a slight modification of the iterative coordinate ascent algorithm given in Fan and Lv
(2011). The idea is to optimize over one coordinate at a time, with the other coordinates

fixed at their current values. In order to speed up convergence, in stead of cycling through
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all the coordinates, the algorithm maintains an active index set and adds indices that violate
the optimality conditions, as given in Lemma 3.2, to this set at the end of each iteration; the
next iteration will then cycle through only the active set. To produce a solution path, the
above procedure can be performed with a decreasing sequence of regularization parameters,
and for each parameter value, the solution from the previous step can be used as a warm

start. The algorithm is stated as follows.
Algorithm 3.1 (Iterative Coordinate Descent).
~2
1. Set A9 = ||blles/p'(04) and B~ = 0. Sample a decreasing sequence (A1, ..., Ax).
Ak SAk—n ~ . Akt
2. Foreachk =1,...,K,setp = and A = {j: B;*"" # 0},

3. Successively for each j € A, compute the minimizer ,B]).L" of the objective function

in (3.3) with all ,g?,k, Jj' # Jj, fixed at their current values.

4. Set A = {j:ﬁA}" # 0} U{j: |Uj(ﬁlk)| > Ap'(04)}. Repeat Steps 3 and 4 until

convergence.
A
5. Continue Steps 2—4 with the next k until all B * are obtained.

Several computational considerations are in order. The success of Algorithm 3.1 relies
largely on efficiently solving the one-dimensional minimization problem in Step 3. Fortu-
nately, since L () is linear, closed-form solutions to this one-dimensional problem exist for
many commonly used penalty functions, including all the examples considered in Section
3.2.2; we provide detailed formulas for these penalties in the Appendix.

The tuning parameter A can be chosen by, for example, M -fold cross-validation. The
function L(B) can be used to define a cross-validation score, since it has a prediction error
interpretation. It should be noted that L(f) is negative if the model fits the data better than

the trivial model with no variables selected. An alternative loss function is the (integrated)

73



Brier score for survival data introduced by Graf et al. (1999), which can be viewed as the
average quadratic loss of the predicted survival function. The Brier score is a more intuitive
measure of prediction accuracy in that it ranges from O to 1, and the trivial prediction 0.5
at all time yields a Brier score of 0.25. Our experience, however, does not indicate much
difference between using these two loss functions with cross-validation. We therefore use
L(p) in the cross-validation procedure because of its computational simplicity.

The advantages of coordinate descent algorithms are most obvious when most of the
estimated coefficients are zero. Too small values of A may result in too dense models and
hence incur a heavy computational burden. For computational efficiency, we recommend
the following two-stage sampling strategy: First, start with the maximum value Ay and
successively take bracketing triples (Ax_1, Ak, Ax4+1) With Ay = Aop* for some p € (0, 1),
until an increase in the cross-validation curve is observed; then sample a grid of points in
the last bracketing interval (Ax—1, Ax+1). A similar two-stage sampling strategy was also

suggested by Wu and Lange (2008).

3.5 Simulation Studies

In this section we report on some simulation studies to evaluate the performance of the
proposed estimators with the several penalties considered in Section 3.2.2. In the first sim-
ulation, we set (n, p,s) = (200, 50, 6). The data were generated from model (3.1), where
we took Ag(#) = 1 and the first eight components of B to be (1,—1,0,1,—1,0, 1, —-DT.
The time-independent covariate vector Z was generated from N (0, (p~/ |)£ j=1)> Where we
took p = 0.2 or p = 0.5. Since the unbounded covariates may cause the conditional hazard
function to be negative, we dropped such data and continued generating new ones until the
desired sample size was reached. The censoring time was generated from Unif(0, c¢) with

constant co chosen so that the censoring rate is about 25%. We implemented the proposed
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estimators with the lasso, SCAD, MCP, and SICA penalties using Algorithm 3.1, and chose
the regularization parameter A by fivefold cross-validation. To avoid a two-dimensional
cross-validation, we took a = 3.7 for both SCAD and MCP, which was suggested by Fan
and Li (2001). For the SICA penalty, a two-stage approach was used, in which we first
set a = 1 and then adjusted it to @ = 10~*. The rationale behind this approach is that
by setting a to a larger value, we allow the SICA method to approximate a solution more
stably, and then by adjusting a to a smaller value, force it to select a sparser model. We
replicated the simulation 100 times for each setting.

The results for the first simulation are summarized in Table 3.1, where, for each method,
medians and median absolute deviations of five measures are reported. The prediction error
is defined as L(ﬁ) calculated from an independent testing sample of size 10,000. The L,
loss and L loss refer to ||ﬁ — Boll2 and ||,§ — Boll1, respectively, which are performance
measures on estimation accuracy. The last two measures, the number of variables in the
selected model and the number of missed true variables, pertain to sparsity and model
selection consistency. To better illustrate the distribution of these measures, boxplots for
three of the five measures are also shown in Figure 3.1.

From Table 3.1 and Figure 3.1, we see that all the concave penalties greatly improve on
the performance of the lasso, in all of the five measures. The SCAD and MCP have very
comparable performance, as expected from their similarity. The SICA method achieves a
surprisingly good performance in terms of sparsity; in most of the time, it identified exactly
the six true variables. This substantial improvement over the other methods is primarily due
to the advantages of the two-stage approach discussed above.

In the second simulation, we examined the performance of the proposed estimators
in a high-dimensional setting, where (n, p,s) = (500, 1000, 6). The other settings were
unchanged, except that, to reduce computational burden, we generated a testing sample of

size 500. The simulation results are summarized in Table 3.2 and boxplots are shown in
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Table 3.1: Simulation results for different methods with (n, p,s) = (200, 50, 6). Values
shown are medians of each measure, with median absolute deviations in parentheses.

Measure Lasso SCAD MCP SICA Oracle
p=02 PE -0.215 —0.283 —-0.279 —0.294 —0.299
(0.030) (0.020) (0.019) (0.017) (0.013)
L» loss 1.129 0.496 0.520 0.449 0.408
(0.201) (0.149) (0.142) (0.137) (0.112)
L1 loss 3.469 1.215 1.293 0.908 0.834
(0.594) (0.378) (0.395) (0.310) (0.276)
#Selected 19 11 10 6 6
(3) (2) (2) (0) 0)
#Missed 0 0 0 0 0
0) 0) (0) (0) 0)
p=0.5 PE —0.144 —0.226 —0.225 —0.240 —0.244
(0.036) (0.016) (0.017) (0.015) (0.011)
L loss 1.211 0.472 0.483 0.427 0.387
(0.218) (0.148) (0.144) (0.146) (0.140)
L1 loss 3.931 1.233 1.211 0.875 0.814
(0.710) (0.384) (0.398) (0.351) (0.281)
#Selected 20 12 10 6 6
(3) (2) (1) (0) 0)
#Missed 0 0 0 0 0
0) 0) (0) (0) 0)

Note: PE, prediction error; #Selected, number of variables in the selected model; #Missed, number

of missed true variables.
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Boxplots of three measures for the simulation results with (7, p,s)
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Table 3.2: Simulation results for different methods with (n, p,s) = (500, 1000, 6). Values
shown are medians of each measure, with median absolute deviations in parentheses.

Measure Lasso SCAD MCP SICA Oracle
p =02 PE —0.211 —0.343 —0.334 —0.352 —0.352
(0.027) (0.009) (0.012) (0.005) (0.005)
L loss 1.468 0.328 0.388 0.221 0.219
(0.142) (0.087) (0.119) (0.067) (0.064)
L loss 4.692 1.153 1.439 0.466 0.460
(0.415) (0.392) (0.528) (0.149) (0.143)
#Selected 44 28 26 6 6
(8.5) ) (10) (0) (0)
#Missed 0 0 0 0 0
0) (0) (0) (0) (0)
p=20.5 PE —0.095 —0.273 —0.274 —0.286 —0.286
(0.040) (0.010) (0.011) (0.004) (0.004)
L» loss 1.856 0.325 0.309 0.215 0.215
(0.236) (0.088) (0.076) (0.071) (0.071)
L1 loss 5.883 1.318 1.090 0.453 0.453
(0.297) (0.407) (0.363) (0.178) (0.177)
#Selected 51 35 23 6 6
(13.5) (8.5) (6) (0) 0)
#Missed 0 0 0 0 0
0) (0) (0) (0) (0)

Note: PE, prediction error; #Selected, number of variables in the selected model; #Missed, number
of missed true variables.

Figure 3.2, from which we see similar trends as in the first simulation. In particular, we
also observe a superior performance of the SICA method, which is quite close to that of the
oracle estimator, whereas the other methods selected much larger models due to the high

dimensionality.

3.6 Example: DLBCL Data

We now illustrate the proposed method by an application to the diffuse large-B-cell lym-

phoma (DLBCL) data reported by Rosenwald et al. (2002). The data set consists of gene
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Figure 3.2: Boxplots of three measures for the simulation results with (n, p,s) =
(500, 1000, 6). The left panel is for p = 0.2 and the right panel is for p = 0.5.
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Table 3.3: Results for different methods applied to the DLBCL data. Prediction errors are
multiplied by 1000.

Lasso SCAD MCP SICA
Selected model size 31 12 3 3
Prediction error 4.88 —4.11 —2.95 —3.00

expression measurements on 7,399 genes and survival outcomes after chemotherapy for
240 patients. The goal of the study is to formulate a molecular predictor of survival after
chemotherapy for DLBCL. The whole data set was randomly divided into a training sam-
ple of size 160 and a testing sample of size 80. Our simulation studies suggest that the
regularized estimators may not work well with such a high dimensionality. Therefore, to
reduce the dimensionality to a reasonable scale, we first performed a univariate screening
by picking out 160 genes with the largest regression coefficients in marginal regression.
We then applied the proposed method with the lasso, SCAD, MCP, and SICA penalties to
the data with the selected 160 genes.

For each method, the selected model size and the prediction error calculated from the
testing sample are reported in Table 3.3. From these results, we see that all the con-
cave penalties showed advantages in both sparsity and prediction accuracy over the lasso
method. In this instance, SCAD performed best among the four methods, whereas MCP
and SICA seem to have selected too sparse models. These observations, however, are not
conclusive, since a more careful parameter tuning may be needed to improve the perfor-

mance and enhance numerical stability of these methods.

3.7 Discussion

Although we have focused on the additive hazards model in this chapter, the techniques

used in establishing our high-dimensional theory are not difficult to be generalized to other
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survival models. In particular, one could modify the empirical process arguments used
here to develop a similar theory for the Cox model; a key step is to control the convergence
rate of the empirical information matrix for the regression coefficients to its population
counterpart. Since the partial likelihood score function is nonlinear, however, some extra
effort in dealing with the technical details may be required.

Our theory indicates that the proposed method can potentially handle a very high di-
mensionality for survival data, even if the dimension of covariates grows nonpolynomially
with the sample size. However, since we do not have accurate control of the constants that
appear in our nonasymptotic results, as is common in the statistics literature, the curse of
dimensionality might be more severe than the theory suggests. In particular, we note that
survival data may require a relatively large sample size for the task of variable selection. In
view of the fact that many clinical studies that involve high-throughput data have a limited
sample size, it would be worthwhile to explore more effective strategies to combine the

proposed method with other inference methods for high-dimensional survival data.

3.8 Proofs

In this section we provide the proofs of our theoretical results. The first lemma, presented
in Section 3.8.1, gives conditions that characterize the solution to problem (3.3). In Section
3.8.2 we establish several concentration results that are essential to the main proofs. The
proofs of Lemma 3.1 and Theorem 3.1 are given in Section 3.8.3, and the proof of Theorem

3.2 is given in Section 3.8.4.

3.8.1 Optimality Conditions

The following lemma provides sufficient optimality conditions that will be needed in the

proof of Theorem 3.1.
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Lemma 3.2. Under Condition 3.1, 3 € R? is a strict local minimizer of problem (3.3) if

the following conditions hold:

U;(B) — A0} (1B 51) o sgn(B 7) = 0, (3.14)
1U 2 (B)lloo < A0'(04), (3.15)

and
Amin(V 17) > Akc(pa: B 7, (3.16)

where o is the Hadamard (entrywise) product.

Proof. First, consider the |ff |-dimensional subspace 8 = {f € R”: B ;. = 0}. Condition

(3.16) implies that the objective function

n
Q(B) = L(B) + Y _ pa(B;D)
j=1

is strictly convex in a neighborhood of ,IAJ in 8. Then (3.14) implies that ﬁ is a stationary
point and hence a strict local minimizer of Q(f) in the subspace B.

It remains to show that, for any g, € R” \ B that lies in a small neighborhood of
ﬁ , we still have Q(B,) > Q(/Ai). To this end, let B, be the projection of 8, onto the
subspace B. Since Q(fB,) > Q(ﬁ) from the preceding paragraph, it suffices to show that

0O(B,) > O(B,). By the mean value theorem, we have

a *
0By -0 = Y L
jeAe:B;#0 /
— Y (U BY) + A0, (1B:]) sen(BD) B, (3.17)
JEAe:By;#0
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where B* is a point on the line segment between B, and B,. It follows from condition

(3.15) and continuity that

U; (BN < Ap3(1B; D) sen(B)),  j € A°,

provided that 8, and hence 8%, is sufficiently close to ,@ . Using this fact and that sgn(87) =

sgn(fB;;), we see that each term in (3.17) is positive, and thus Q(8,) > O(B,). ]

3.8.2 Concentration Results

We now establish a series of concentration results. Our primary mathematical tools are
the maximal and concentration inequalities introduced in Section 1.3.3. We begin with the

following lemma, on which the other results will be based.

Lemma 3.3. Under Condition 3.2, there exist constants C, K > 0 such that, for every

x>0,

Pr( sup |SO@) =sOQ@)| > Cn V201 + x)) < exp(—Kx?), (3.18)

t€lo,7]

Pr( sup |Sj(1)(t) —sj(l)(l)| >Cn 21 4+ x)| QL) <exp(—Kx?/L?), (3.19)

t€fo,7]

and

Pr( sup |Sl.(j2)(t) —s,.(f’(z)l >Cn 21 4+ x)| QL) <exp(—Kx?/L*%, (3.20)

t€l0,1]

fori,j=1,...,p.

Proof. We only show (3.19), and the other two inequalities follow similarly. Denote R; =
SUP;efo, ] |S]§1)(t) — s](.l)(t)|. The main idea is to apply Lemma 1.4; to this end, we need to

control the term ER;.
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We first show that the class of functions {Y(¢)Z;(¢):¢ € [0, ]} has bounded uniform
entropy integral (BUEI). Since a function of bounded variation can be expressed as the
difference of two increasing functions, it follows from Condition 3.2(iv) and Lemma 9.10
of Kosorok (2008) that Z; = {Z;(¢):t € [0, t]} is a VC-hull class associated with a VC
class of index 2. Then, by Corollary 2.6.12 of van der Vaart and Wellner (1996), for any

probability measure Q,

1
log Nel| Fllg.2. Z;, L>(0)) < K(g),

where F is an envelope of the class Z;. Thus, the uniform entropy integral of Z; is

1
J(,Z), L) = / \/1ogs3pN<s||F||Q,z,z,-,L2<Q>)ds
0

=< /1 VK(/e)de < oo.
0

Also, from the definition of Y (¢) and Example 19.16 of van der Vaart (1998), we see that
the class Y = {Y(¢):t € [0, t]} is VC and hence is BUEI Thus, by the preservation results
for BUEI classes (e.g., Theorem 9.15 of Kosorok, 2008), the class ¥Z; is also BUEL

Now an application of Lemma 1.3 gives
ER; <n”'?J(1,%Z;, Ly)||Fllp, < Cn™'/2,

where the envelope F is taken as sup,¢jo . Y (¢)|Z;(¢)|. We apply Lemma 1.4 to conclude

that

Pr(R; > Cn™Y2(1 4+ x)| QL) <Pr(R; > ER; + Cn™V2x | Q)

< exp(—Kx?*/L?). ]
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The next lemma characterizes the tail behavior of the pseudoscore function at the true

parameter value, and will be key to the proofs of Theorems 3.1 and 3.2.

Lemma 3.4. Under Conditions 3.2, there exist constants C, D, K > 0 such that

~1/2 x2An
Pr(JUBy)llcc = Cn™ /(1 +x)| QL) < Dexp| —K )

Proof. First, write

U;(Bo) = P / (Z;(0) = Zy(0)} dM (1)
= ]P’,,/O Z;(t) dM(z)—P,,/O Z;(t)ydM(t)

= Tl—Tz.

Since 77 is an i.i.d. sum of mean-zero random variables, an application of Hoeffding’s

inequality yields that
Pr(|Ty| = n~Y2x| Q1) < 2exp(—Kx2/L*%).

We will apply Lemma 1.4 to bound 75. First, from (3.18) and (3.19) in Lemma 3.3, we

have

Pr( sup |SO@1) —sO@)] > 8) < exp(—Kn)

t€l0,1]
and

Pr( sup |SJ.(1)(Z) — sj(l)(t)| > 6| QL) <exp(—Kn/L?),

t€fo,7]
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for a constant § > O and j = 1,..., p. Since these two tail probabilities are bounded by

exp(—Kn/L%), it suffices to consider the case where

sup |SO) —s@@1) <8  and sup [S0() — st (1)) < 6.
te[O,r] IE[O,‘E]

forasmall6 >0and j = 1,..., p. Write

1
S(O)([)

s (1)
SO (1)sO (1)

Zi(1) —e;(1) = (W) —sP(0)} — {(SO®) — s} 3.21)

Note that s(o)(-) is bounded away from zero by Condition 3.2(i1). Then (3.21) implies that

sup |Z;(t) — e;(0)] < &
t€fo,7]

for a constant §* > 0. Let ¥; denote the class of functions f:[0,7] — R that are of

uniformly bounded variation and satisfy sup,co .7 |.f(¢) —e;(¢)| < &’. Define

G, = {/rf(t)dM(t):f e 7,
0

and G; = [|[P, — Pllg;, = [|Pxllg,-
We need to control the term EG;. By constructing | - ||«o-balls centered at piecewise

constant functions on a regular grid, one can show that

K K'/e
Ne 0 e = (5)

Also, note that, for any f1, f> € ;,

/fl(t)dM(t)—/ Ja(t) dM(t)
0 0

< sup |f1(S)—f2(S)|/0 |[dM(1)].

s€[0,7]
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From Theorem 2.7.11 of van der Vaart and Wellner (1996), it follows that

Nl Fllp2. §j. L2(P)) = N(e, Fj. || - lloo)

where F' = fot |dM (t)|. Then the bracketing integral of §; is

1
Ju(1.Gy. La(P)) = [0 Vg N(&. G, La(P)) de

< /01 V(K'/e)log(K /g)de < oo.
Thus, by Lemma 1.2, we have
EG; $n 2I5(IG e, §5. L2(P)) < Cn™ V2,
where G is an envelope of 4 ;. Now apply Lemma 1.4 to obtain
Pr(|T| = Cn™Y2(1 + x) | Q1) < exp(—Kx2/L*).

Putting the bounds for 77 and 7, together, the inequality follows. O

We now turn to concentration results regarding two important matrices. The first result
pertains to entrywise concentration of the matrix V around its population counterpart D,

and will be useful in the proofs of Lemmas 3.1 and Theorem 3.2.

Lemma 3.5. Under Condition 3.2, there exist constants C, D, K > 0 such that

12 x> An
Pr(Vyy — Dyl = Cn=2(1 4 x) | Q1) < Dexp(—K )

fori,j=1,...,p.
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Proof. First, write

. Wy oD ROPRO!
Vij — Dij =/0 {S,-(,-z)(t)——si ")S; (t)}dt—/o ; (2)()——' 03, (I)}dt

SO (1) sO (1)
g SPNHSPVe)y  sP)sP)
_ 2) ) i j Vi j
- [P0 -sPopar+ [ { S g }dt
= Tl + T2.

From (3.20) in Lemma 3.3, we have

Pr(|Ty| = Cn Y21 + x) | Q1)

< Pr( sup [S7(1) —sP () = C'n7V2(1 + x) | QL) < exp(—Kx2/L%).

t€l0,7]
To bound T,, write

sP0SsP@) s s @)

SO@G) 5O
S M
= Sj(o)Et;{S(l)( n—sP0}) + S(o)(()){S(l)( ) — s ()
s (s (1)
- S(O)(z);(O)(t){S(O)(I) —sP0}

By the same arguments as in the proof of Lemma 3.4, it suffices to consider the case where
S©@(.) is bounded away from zero and S ;1)(-) are bounded. Then, from the preceding

display and (3.18) and (3.19) in Lemma 3.3, it follows easily that
Pr(|T| = Cn~Y2(1 + x) | Q1) < 3exp(—Kx2/L?).

Combining the bounds for 77 and 75 yields the desired inequality. [
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The next result characterizes entrywise concentration of the matrix W around its popu-

lation counterpart X, and will be needed in the proof of Theorem 3.2.

Lemma 3.6. Under Condition 3.2, there exist constants C, D, K > 0 such that

12 x2An
Pr(|W;; — Zij| > Cn (14+x)|RQ) < Dexp|l—K 4

fori,j =1,...,p.
Proof. First, write
Wy =y = = P) [ Zi0Z;0aN @)
0

T

e:(0)Z; (1) dN(r)}

0 0

_ {IP’,,/TZi(Z)Zj(t) dN(t)—Pf
—{Pn | zozoave-» [ zi(z)e,-(z)dzv(z)}

0

+ {]Pn /r Z;(t)Zj(t)dN({) — P /re,-(t)ej(t) a’N(t)§

0 0

=T—T1T, — T3 + Ty.
Since 77 is an i.1.d. sum, an application of Hoeffding’s inequality gives
Pr(|Ty| = n="2x | QL) < 2exp(—Kx2/L*).
To bound 7,, write

T, = (P, — P) /0 Z.(0Z; () AN(0) + P [0 (Z:(1) — ex(O)} 2, (1) AN (1)

= To1 + Tho.
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Using arguments similar to those for bounding 75 in the proof of Lemma 3.4, we have

12 xZAn
Pr(|T51| = Cn (1+x)|R2L) < Dexp|—K v )

Also, note that

Tyl < sup |Z,-<s)—e,-(s)|P/0 \Z; (0] AN (D).

s€[0,7]

Then, by (3.21) and Lemma 3.3, one can easily show that

12 xZAn
Pr(|T52| = Cn (1+x)|R2L) < Dexp|—K v )

Combining the bounds for 7,; and T3, yields a similar bound for 7,. We can similarly

bound 75 and 7}, and arrive at the desired inequality. [

3.8.3 Proof of the Weak Oracle Property

Proof of Lemma 3.1. By the union bound and Lemma 3.5, we have

1
Pr(”VAA —Dyslloc = — ‘ QL)
2¢

1 1
= Pr(rlneag(;“/,] — Djj| > Z‘QL) = ZPI‘(Z“/U — Djj| > % ‘ QL)

icA jeA

1 n 1
< ZZPr(W,-j — D;j| > % ‘ QL) <s’D exp{—Kﬁ(wzs2 A 1)}

icA jeA

By an error bound for matrix inversion (Horn and Johnson, 1985, p. 336), if ||[V44—D44| <

1/(2¢), then

-1 _p-1 _
IVia —Disllo < @IVaa —Daslloo -1
7 1 —¢|[Vaa —Daslloo
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which implies that

IVailloo <@+ Vi —Diilloo < 2¢.

Then inequality (3.4) follows.

To show (3.5), write

VACAV;i — DAcADZ}l
= (Vaca —Daca)Viy +Daca(Viy —Dyy)
= (Vaca —Daca) Vg —DacaDy(Vaa —Daa) Vi)

= Tl—Tz.

Similarly as above, by the union bound and Lemma 3.5, we have

1 (ap(0+) c
Prd|[Vaca — Dacalloo > — [ = —V‘Q
1[I Vaca AcAll 2‘P(4Pﬁ(d) /\(2’1) L

/ d -1 14 2
< (p—s)sDexp{—K%((pk( 3/)252/\’1 ) /\1)%.

This, along with (3.4), gives

Pr§||Tl||oo > (%i),((();))) A (gny) ‘ QL}
by

1 [ap(0+) c
< Prd||Vaen —Dacallee > —( 2 AREe
< r{ll Ac4 — Dygeglloo > (p(4p;(d))/\(2n)‘ L}

+ Pr([Viilleo = 20| QL)

/ d -1 y 2
< (p—s)sDexp{—K%((pA( zozsz/\n ) /\1)}

1
+ 52D exp{—Kl(— A 1)§
L4\ 252
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Also, by Condition 3.3 and (3.4), we have

a o' (0+) ¢
1

o 1
< Pr Vs —Daalloe = o (7 A5 ) | @
< f{” 44 —Dgslloo = (p(4(1_a)/\2) L}

+ Pr(|Viilloo > 20| 1)
<s2D k(LA
= s Dexp)y =K 7257 A .

Putting the bounds for 77 and 7, together, we obtain

a p'(0+)
Epﬂ@)A“ﬂ”94

R 2
f(p—s)sDexp{—Kl((pk(d) 1/\117/) /\1)§

PI'%”VAcAVZ}l - DA“ADZ,}l“oo > (

L4 0252
1
+ 52D exp%—Ki( A 1)}
L4\ 252

Then (3.5) follows from Condition 3.3 and the triangle inequality.

Finally, to show (3.6), by Corollary 6.3.8 of Horn and Johnson (1985), we have

|Amin(VAA) - Amin(DAA)|
K 1/2
< {Z |AGy(Vaa) = AGyDaa)?t < [Vaa —Daallz < [Vasa — Daallr,

Jj=1

where A ;)(-) is the jth smallest eigenvalue and || - || 7 is the Frobenius norm. Then, by the

union bound and Lemma 3.5, we have

Pr(|Amin(Vaa) — Amin(Daa)| > 1| 2L)

< Pr(|[Vaa —Daullr =2 n QL) = Pl’( > Vi = Dy* = p?| QL)
i.jed
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< S PV - Dl =Bl ) <s*Dexpl-K - L
= ik ik = L]= p 4\ 2 ’

i,jEA
which, by the definition of u, implies (3.6). 0

Proof of Theorem 3.1. By the union bound and Lemma 3.4, we have

2cn?

< ZPr(lUjmon S %Ap/(OHmL) <sD exp{—K " ()‘2 Al)}.

2cn? L4\ n2v
jeA

Pr{ 10401 = 5053004 )

(3.22)

Similarly, we have

Pr(uUAc(ﬂo)uoo > L0 szL) <(p —s)Dexp{—K%(Az A 1)}. (3.23)

Also, Condition 3.2(iii) and the union bound imply that

p
Pr(QS) < ZPr( sup |Z;(t)] > L) < pDexp(—KL"). (3.24)

j=1 t€l0,7]

It follows from (3.22), (3.23), (3.24), and Lemma 3.1 that, with probability at least

’ -1 2
1—(p—s)sD exp{—K%((pl(dzpzsz/\ ny) A 1)}

-1 2 2
2 n (= Ap n (A
— 5 DCXP{—KF(S—z/\l)}—SDCXP{—KF(nTy/\I

—(p—s5)D exp{—K%(kz A 1)} — pDexp(—=KL"), (3.25)
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the following inequalities hold:

o / o /
s Bl < 522 525 0), IUsc(Bllw < S30/(04),
_ _ '(0+)
Vil <20, IaaVilllo < ((1-5) 5505 ) A Cen)
and
Amin(Va4) > Ako. (3.26)

Now assume that these inequalities hold. It suffices to find a ﬁ € R? that satisfies all
the conditions in Lemma 3.2 and the desired properties. To this end, take 3 4c = 0, and we

will determine ﬁ 4 by using condition (3.14). Since U(8) = b — VB, we have

Ua(B) = Ua(Bo) — Vau(Bs— Boa) — Vauc Bac — Boae)

= Us(Bo) = Vaa(Ba— Bo)-
Substituting this into the equation Uy (8) — A0} (B 4]) o sgn(B,) = 0 gives
Ba— Boa = Vii{Ua(Bo) — 20 (1B4I) o sen(B,)}. (3.27)
Define the function f:R* — R? by
f(0) = Bos + Vis{Ua(Bo) — 205 (10]) o sgn(8)},

and let X denote the hypercube {8 € R%: |0 —Bo4llco < c190Ap’(0+)}. By the inequalities

we have assumed, for 0 € K,
1£(0) = Boalloo < IVaalloofIUA(B) oo + Ap'(0+)}
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1
< 20— 2p/(04) + Ap'(0+) ) < croAp/(0+),
2cn? 4

ie., f(KX) C K. An application of Brouwer’s fixed point theorem yields that equation
(3.27) has a solution ,@ 4 in the hypercube K. Then, by condition (3.9), we have || ﬁ A4~
Boall < d, which implies that sgn(ﬁA) = sgn(pB,,4) and hence A = A. Thus, we have
found a ﬁ that satisfies condition (3.14) and the desired properties.

To verify that ,@ satisfies condition (3.15), write

Uac(B) = Uac(By) — Vaca(Bs — Bou)

= Uac(Bo) — Vaca Vi 4{Ua(Bo) — 205 (1B4]) o sgn(B )}

where we have substituted (3.27). Since ||,§ 4 — Boall < d, by the definition of d, we have

1Balloo = 1Boa + Ba—Bowlloo =2d —d =d.

The triangle inequality, concavity of p/ (-), and the inequalities we have assumed together

imply that

1U4c(B)lloo < 1U4c (B)lloo + Vaca Vi lootUa(Bo) oo + A0} (1B41}
< [Uac(Bo)lloo + 1 Vaca Vi llood 1U4(Bo) oo + Ap5 (d)}

o, ayp'(0+) .,
SO0+ (1-3) @) @

o
< —10'(0 2¢cn?
4/0(—|-)-|- cn ey

o o o
/ / 1 /
= —4)&,0 0+) + —4)&,0 0+) + ( — —2>)L,o 0+)

= 10" (0+).
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Finally, since || ﬁ 4 — Boall < d, it follows from (3.26) and the definition of «, that

Amin(Vaa) > Ako = Ak(o1: Ba).

which verifies condition (3.16).

To complete the proof, choose L by matching the exponential terms in (3.25), and note

that the probability tends to 1 by (3.7) and (3.8).

3.8.4 Proof of the Oracle Property

]

Proof of Theorem 3.2. First, by the same arguments as for (3.6) in the proof of Lemma 3.1,

one can obtain

Pr(Amin(Vaa) < A1/2]2L)

2

§2

n (A
= Pr(|Ama(Vas) = M| = A1/2] Q1) <7D "’"p{_K Iz (_1 :

Thus, with probability at least
n (A2
1 —s°D exp{—Kﬁ (S_zl A 1)} — pD exp(—KL"),
it holds that A ,in(V44) > A1/2, and hence

IViillz = 1/Amin(Vaa) < 2/Aq.

)}

(3.28)

(3.29)

Now assume that (3.29) holds. Since sparsity is implied by Theorem 3.1, we only need

to show the asymptotic normality. By substituting (3.27) from the proof of Theorem 3.1,
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we can write

VT2 P Daa(By — Bos)
= Vnu" 2DV {U4(Bo) — 205 (1B4l) o sgn(B )}
= VnuT 27U (B) + vnul £/°Daa(Vih — D7) U4(B,)
— Va2V, (1B4l) o sen(By)

= Tl + T2 - T3.
First consider 7. Since ||u], = 1, we have

T < ValZ 5 Daal2[Vah — D7 l21U04B) 12

= V| 21" Daal2 D4 120Vaa — Daall2Vakll2Us(Bo) 2.

It follows from Lemma 3.5 that

1/2
IVaa —Daall2 < |Vaa —Daullr < (SZ in}ae)jl Vi — Dij|) _ SOp(n—l/z)’

and similarly, by Lemma 3.4, |[U4(B,)|l2 = /5 0,(n~"/?). Using also

||EZ/11/2DAA||2 = \/1/Amin(D,L112AAD,Z}1) = Agl/z,

”DZ:IHZ - 1/Amin(l)AA) = 1/Al’

and (3.29), we then obtain

2S3/2

1/2
ATA;

72| = VAT PAT 50, (17 )20 V5 0,(n712) = 0p(n™11?),

which is 0, (1) by the third condition in (3.12).
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Then consider T3, and the concavity of p/ (-) and condition (3.13) imply that

T3] < VAl 20" Daal2IVaklaAl05(1B4D 2
< V|2, Daall2 |Vl 2AVs05(d)

_ 2Jmshid)

A1AY?

Now it remains to show that 77 is asymptotically normal. To this end, note that
u’ Z;;/ZWAA ZZ;/ZH =1+ u’ EZ;/Z(WAA — ZAA) ZZ;/ZU.

By Lemma 3.6, we have |[Wa4 — X 44ll2 = sO,(n"/?). Then the second term in the

preceding display is bounded by
2—1/2 W ¥ 2—1/2 _A—1/2 0. (n~1/? A—1/2_ s 0. (n—12
1244 " 121Waa — Zaall2Z 44 "2 = Ay 775 0p(n7 ')A, N p(n™77),

which is 0,(1) by the second condition in (3.12). An application of the martingale central
limit theorem yields that 77 is asymptotically standard normal.
Finally, we match the exponential terms in (3.28) and choose the optimal L. The prob-

ability tends to 1 by the first condition in (3.12). [
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CHAPTER 4
Future Work

In this dissertation we have contented ourselves with inference in the additive hazards
model. The two problems we have considered, however, are relevant in much more general
contexts. We now list a number of directions for future work.

On missing covariates:

o Maximum likelihood approach. The maximum likelihood approach has far-reaching
impact in survival analysis, and the resulting estimators typically enjoy some form
of optimality. It would be of interest to explore its use for handling missing data in a

large class of of survival models to which the approach is applicable.

e Semiparametric and nonparametric covariate effects. There has been much effort
to consider more flexible, for example, time-varying, partially linear, nonparametric
additive, and fully nonparametric, covariate effects. Missing data problems in these

more general models are still widely open.

e Model checking. Model checking techniques are valuable in practice, especially
when conclusions drawn under different model assumptions disagree. The presence
of missing data can make the development of such techniques more difficult, which

has not yet been addressed in the literature.
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e Nonignorable missingness. Most of the previous work has made the missing at ran-
dom assumption, which may be violated in many practical situations. Dealing with

these complex cases may require new methodological development.

On high-dimensional inference:

o Methods for very high dimensionality. Due to the intrinsic difficulty underlying high-
dimensional problems, the existing methods are far from satisfactory, and as noted in

Chapter 3, survival data add more intricacy to these problems.

e Incorporating structural information. Various types of structural information on the
covariates may be supplied in advance. The role of such structural information in

high-dimensional inference has not yet been clarified.

e Semiparametric and nonparametric covariate effects. Several smoothing techniques
could be combined with the existing methodology to relax parametric assumptions

on the covariate effects, and new theory and methods may be required.

e Misspecified models and robust inference. Model misspecification is often a serious
concern in practice. Robust methods that are suitable for high-dimensional inference

need to be invented.
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Appendix: Regularized Least Squares in One
Dimension

In this appendix we provide solution formulas for regularized least squares in one dimen-
sion with the lasso, SCAD, MCP, and SICA penalties. The purpose is to supply implemen-
tation details for Algorithm 3.1, as indicated in Section 3.4.

Consider the one-dimensional regularized least squares problem

~ 1
6 = argmin{ = (0 — 6p)> + pa(19))y,
feR 2

where the form of p,(-) for these penalties can be found in Section 3.2.2. The formulas
for the lasso, SCAD, and MCP penalties are well known or easily derived, and so they are

given below directly.

e [.asso:
6 = sgn(6o) (16| — )+
e SCAD:
sgn(6o)(|0o] — A)+, |6o] <22,
A~ ol —ar/(a —1
0 = < sgn(90)| 01|_ 1/(2(_ D ), 21 < |6p| < al,
001 |90| > ak.
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e MCP:

Oo| — A
| sencon 1= g < aa
0 = 1 — l/a
to. 6] > ah.
For the SICA penalty, we have
aa+1)
@) =A——.
PO = e

To find the nonzero critical points, we need to solve the equation

aa+1)
0 — 6y + Asgn()———= = 0.
Noting that sgn(8) = sgn(6p) and canceling it from the above equation give

a(a@+1)

O] =160 + A——F= =0,

or

101° + 2a — |60])0% + (a® — 2a|6o))|0| + Aa(a + 1) — a?|6y| = 0.

Consider the positive roots of the cubic equation
1* + cat® + et + ¢ =0, (A.1)

where ¢, = 2a — |6y], c1 = a®? — 2a|6y|, and ¢y = Aa(a + 1) — a?|0|. Let

c3 — 3¢ and L 2¢3 —9¢icz + 27¢
9 54 ’

q:
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If 72 > g3, then 6 =0. Otherwise, consider the two largest roots of equation (A.1),

3

-2
h = —Zﬁcos(a 3 n) e and ty = —Zﬁcos(

o+ 27 Co
3’

where o = arccos(r/+/¢3) and t; < t,. We discuss the following cases:

(a) If t; > 0, then ¢; is a local maximum and 7, is a local minimum, and we need to

compare the values of the objective function at 7, and O:

J(62) = J(0) = (6~ 60)? + 4

a—+t,
= %rzz — Ot + A%.
Thus, if
%tz +A§—tt12 < b,

then J(#,) < J(0), and 6 = sgn(6y)t,; otherwise, 6 =0.

(Cl + 1)t2 _ 192

20

(b)Ift; < 0 and ¢, > 0, then 7, is a local minimum, and 6 = sgn(6y)t5.

(c)Ift, < 0, then = 0.
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