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Abstract

The Lotka–Volterra system is one of the most important models in mathematical

ecology. Since it was proposed in the 1920’s, successful applications of this model and

its variants have been widely found in diverse areas of natural and social sciences,

which have provided powerful tools for understanding the mechanisms of competition

and dynamical evolution in a complex system. In recent years, the delayed periodic

Lotka–Volterra systems, which introduce the time delays and periodic oscillations

into the original model, have attracted increasing interest.

This thesis focus on the delayed periodic Lotka–Volterra systems of a very gen-

eral form. Using fundamental and straightforward analytic techniques, we discuss

in detail the issues on positive and nonnegative periodic solutions that have signif-

icant ecological meanings. Several new results of existence and stability of periodic

solutions are proved.

This thesis is organized as follows.

Chapter 1: Introduction. We briefly introduce the applications of Lotka–Volterra

systems in ecology, neural networks and other fields, and the necessity of research

on delayed periodic Lotka–Volterra systems. Model descriptions are then given, and

challenging problems are proposed based on analyzing the ideas and methods cur-

rently used to investigate the model.

Chapter 2: Existence and stability of positive periodic solutions. Positive peri-

odic solutions of Lotka–Volterra systems imply that all the species in an ecosystem

coexist permanently with periodic oscillations. Taking a different way from those in

the literature and applying Schauder’s fixed point theorem, we prove some existence

conditions for positive periodic solutions. And the global asymptotic stability and

global exponential stability are also addressed.

Chapter 3: Stability of nonnegative periodic solutions. The vanishing compo-

nents of a stable periodic solution imply that the corresponding species are driven

to extinction eventually. To study the stability of nonnegative periodic solutions,

we first discuss the boundedness of solutions, and then prove the stability theorems

by simple mathematical analysis. By using this approach, we avoid the possible

difficulty in applying the Lyapunov’s method.
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Chapter 4: A numerical example and discussions. The comprehensive example

is carefully designed and intended both to illustrate how to verify the stability criteria

obtained in previous chapters, and to explain the distinction between the conditions

for positive and nonnegative periodic solutions. All these results provide insights into

the understanding of dynamical behavior of complex ecosystems.

Keywords: Lotka–Volterra system, neural network, delay, periodic solution,

global asymptotic stability, global exponential stability, nonsingular M-matrix.



1�Ù XØ

§1.1 A^�µ�ïÄ¿Â

/Ô¿UJ§·ö)�©0g,.¥��E,�)�XÚ  �¹õ��p�

��«+§«+�m�'XÏ~^ Ô� (trophic web)5£ã©{ü�`§ü�«

+�m�'X�±8�n«Ì�a.µ(1)¿�'X§Ù¥��«+�O�é,�

�«+�O�å{N�^¶(2)Ü� (½�))'X§Ù¥��«+�O�é,��

«+�O�år?�^¶(3)Ó  (½M))'X§1��«+�O�é1��«+

å{N�^§
1��«+�O�é1��«+�O�år?�^§ù�1��«

+¡�/Ó ö0(predator), 1��«+¡�/�Ô0(prey), ¤±ù«'Xq�¡

�Ó ö)�Ô'X©

Äk^½þ�êÆ�.5£ã«+�m�p'X�k°5ó�´¿�|êÆ

[ Volterra3 1926c�Ñ� [29]. �
)º1�g­.�ÔÏm/¥°~aÓMþ

�ÅÄy�§¦JÑ
eã��¹ü�«+�{ü�.µ

dN

dt
= N(a− bP ),

dP

dt
= P (cN − d),

(1.1)

Ù¥ N(t)Ú P (t)©O��ÔÚÓ ö3�� t�«+êþ§a, b, c, dÑ´�~ê©

ÃÕkó§1920c Lotka3ïÄzÆ�A¥�AÔ��ßÝCz���Ñ
Ó��

�§ [12]§Ïdþã�.���¡� Lotka–Volterra�. (XÚ).

�. (1.1)éN´*Ð� n�«+��/§=

dxi
dt

= xi

(
bi −

n∑
j=1

aijxj

)
, i = 1, 2, . . . , n,

Ù¥ xi(t)�1 i�«+3�� t�êþ§bi�1 i�«+�g,O�Ç§aii > 0L

««S¿�é«+O�����^§aij (i 6= j)L««+�m��p�^§��5

`vkÎÒ��§ÏL�ØÓÎÒ�ê�=�£ãcã¤ka.�«m'X©

Lotka–Volterra�.¤õ/)º
)�XÚ¥�«+êþÅÄy�§¤�y�

êÆA^u)ÔÆïÄ��~©ù��.�U?ÚuÐ (~X§?�Ú�Äò�!�

m©Ù!c#(��Ï��K�)4�/*Ð
)�ÆÚ«+ÄåÆ�ïÄÃã§

��
´L�¤J [5, 19]. Ø=Xd§Cc5§��2�^uÔnÆ!zÆ!²L
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ÆÚ7KÆ�Ù¦+�§¤�ïÄE,XÚSÜ¿�O�ÚüzÄåÆ�kåó

ä [14, 17,18,22].

AO���Ñ�´§1997c FukaiÚ Tanaka�â¿� ²��DÚ�ÄåÆ

�Ñ
± Lotka–Volterra�§£ã��a ²�ä�.§��\n) ²��¿

��ÀJÅ�Jø
êÆÄ: [7]. ��§Asai�Æö��
ù�a. ²�ä�

MOS8¤>´¢y§�?�Ú�ïÄÚó§A^Jø
�U [2]. d	§ëY�m�

�". (recurrent) ²�ä®�y²�ÏL�IC�i\� Lotka–Volterra�.

¥ [17]. ù
¯¢L²§Lotka–VolterraXÚ�©Û�{�ïÄ¤J3 ²�äù

�#,+��kX­��A^cµ©

ÃØlnØ,��´A^d�Ñu§ÄåÆ5�©ÛcÙ´­½5©ÛÑ´

Lotka–VolterraXÚïÄ�Ø%SN©�Ï±5§ïÄö�®éù�ØK?1
2

��\�ïÄ§È\
�þ©z§Ù¥;Í [8, 9, 21, 23]é 20­V 90c�¥Ï±c

�Ì�ïÄ¤JlØÓ�Ý�
éÐ�o(©

�´§é Lotka–VolterraXÚ�@ÏïÄÌ�8¥3�
{ü�/þ§~Xü

«+½n«+�$�XÚ!ëêØ��mCz�g£XÚ!Ø�Äò��K��§

ù
{zb�k�/ü$
nØ©Û�JÝ§��²w/��
�.�·^��§

Ø=O�(JØU�*	êâ¬Ü§���½5(J�Ã{)ºNõE,�y�©

?�Ú�ïÄI��Ä�õ�¢SÏ�Ú������/§nØ©Û�JÝ��O

\§éÄ�nØÚïÄ�{JÑ
#�]Ô©

±ÏXÚ§=¤këêþ�±Ï¼ê�XÚ§́ �g£XÚ¥�a�­���

/©ù��¡´Ï�±Ï¼ê�é5`'�{ü§��­��´Ï�l�¸^�C

z�7K½|ÅÄ���a¢Sy�Ñ�±^±Ï¼êCq/£ã©Ïd§Cc5

±ÏÄåXÚ�ïÄÅì¤��«A^+�ïÄ�9:§±Ï Hopfield ²�ä�

­½5©ÛÒ´�~ [1, 13, 32]. ,��7L�Ä�¢SÏ�´ò��K�©&Ò�

D4I��m§�J��)Ï~Ø´=��§
´k�m�¢�§3êÆ�.¥Ú

\ò�´éý¢­.���*��N©nþ¤ã§ò�±Ï Lotka–VolterraXÚ�

ïÄäk­��y¢¿Â§�Ø©ò�[/?ØÙÄåÆ5�©

§1.2 �.£ã�¯K�JÑ

�Ø©ïÄ�Ì��.´�¹ n�«+�ò�±Ï Lotka–VolterraXÚ©§d
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eãò��©�§£ãµ

dxi(t)

dt
= xi(t)

[
bi(t)−

n∑
j=1

aij(t)xj(t)−
n∑
j=1

∫ ∞

0

xj(t− s)dsµij(t, s)

]
,

i = 1, 2, . . . , n,

(1.2)

Ù¥ bi(t)Ú aij(t)´± ω > 0�±Ï�ëY¼ê§aii(t) > 0, é?Û�½� t ≥ 0,

dsµij(t, s)´2ÂÿÝ�÷v±Ï5^� dsµij(t + ω, s) = dsµij(t, s), �3� tÃ'

�2ÂÿÝKij(s)¦� |dsµij(t, s)| ≤ |dKij(s)|±9∫ ∞

0

|dKij(s)| < +∞,

∫ ∞

0

s|dKij(s)| < +∞ (1.3)

é¤k i, j = 1, 2, . . . , n¤á©Ð©^�´

xi(s) = φi(s), s ∈ (−∞, 0], (1.4)

Ù¥ φi(s)´k.ëY¼ê§�é¤k s ≤ 0k φi(s) > 0.

þã�.¥�ò�äk�~���/ª©¯¢þ§��- dsµij(t, s) =

bij(t)δ(s + τij)ds + cij(t, s)ds, Ù¥ δ(·)´ Dirac� δ¼ê§é¤k i, j = 1, 2, . . . , n,

bij(t)Ú τij(t)´± ω �±Ï�ëY¼ê§cij(t + ω, s) = cij(t, s), τij(t) ≥ 0, XÚ

(1.2)Òz�~���¹lÑò�Ú©Ùò��/ªµ

dxi(t)

dt
= xi(t)

[
bi(t)−

n∑
j=1

aij(t)xj(t)−
n∑
j=1

bij(t)xj(t− τij(t))

−
n∑
j=1

∫ ∞

0

cij(t, s)xj(t− s)ds

]
, i = 1, 2, . . . , n.

(1.5)

�Ø©Ø?ØXÚ (1.2)���)��35���5§
o´b�TXÚÐ�

¯K�)3 [0,∞)þ�3���©d	§XÚ (1.2)�÷vÐ©^� (1.4)��a)

äkeãÚnL²�­�5�©

Ún 1 XÚ (1.2)�÷vÐ©^� (1.4)�)3 [0,∞)þð��ê©

y² dXÚ (1.2)�/ª§·�k

log xi(t)− log xi(0) =

∫ t

0

[
bi(u)−

n∑
j=1

aij(u)xj(u)−
n∑
j=1

∫ ∞

0

xj(u− s)dsµij(u, s)

]
du.

� t k��§þªm>�k�©u´ log xi(t) > −∞, l
é¤k t > 0 Ú i =

1, 2, . . . , nk xi(t) > 0. �
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5 1 dÚnL²§XJÐ©^���§@o)�ð��ê§
[�Ø¬�u

"©�,Xd§�Ek�U�X�m�O�)Ã�ª�u"§ù¿�XéA�«+

ªu«ý©

dÚn 1, ·��±g,/�Xe½Â©

½Â 1 XÚ (1.2)�÷vÐ©^� (1.4)�)¡�XÚ (1.2)����)©

3�¡�Ù!¥§·�ò�?ØXÚ (1.2)��ÛìC­½5Ú�Û�ê­½

5§ùpk�Ñ§��½Â©

½Â 2 � x∗(t)´XÚ (1.2)���)§�éTXÚ�?¿�) x(t)þk

lim
t→∞

‖x(t)− x∗(t)‖ = 0,

Ù¥ ‖ · ‖´ Rnþ�,��ê§K x∗(t)´�ÛìC­½�©

½Â 3 � x∗(t)´XÚ (1.2)���)§�3~ê ε > 0, éTXÚ�?¿�)

x(t)þk

lim
t→∞

‖x(t)− x∗(t)‖ = O(e−εt),

Ù¥ ‖ · ‖´ Rnþ�,��ê§K x∗(t)´�Û�ê­½�§�Âñ�Ý� ε©

l)�Æ¿Âþ`§XJ��)�XÚ¥�¤k«+üü�mþ�¿�'X½

Ü�'X§Ò¡�¿�XÚ½Ü�XÚ©3�Ø©¥§·�æ^Xe½Â©

½Â 4 3XÚ (1.2)¥§XJé i = 1, 2, . . . , nk
∫ ω

0
bi(u)du > 0, é¤k i 6= j

k aij(t) ≥ 0, ¿�é¤k i, j = 1, 2, . . . , nk dsµij(t, s) ≥ 0, KTXÚ¡�¿�X

Ú©

½Â 5 3XÚ (1.2)¥§XJé i = 1, 2, . . . , nk
∫ ω

0
bi(u)du > 0, é¤k i 6= j

k aij(t) ≤ 0, ¿�é¤k i, j = 1, 2, . . . , nk dsµij(t, s) ≤ 0, KTXÚ¡�Ü�X

Ú©

±Ï Lotka–Volterra XÚ��±Ï)§=z�©þÑ�u"�±Ï)§3

)�Æ¥�¿ÂAO­�©§¿�X��)�XÚ¥�¤k«+3±Ï5�

ÅÄ¥[���e�§vk��«+ªu«ý©Ïd§ù�¯KÚå
2��

,�§�é Lotka–Volterra XÚ�õ«äN/ª§©z¥®��
Ø�(J§~

X [6,10,11,24–26,28,30]. I�5¿�´§¦+?Û±Ï Lotka–VolterraXÚÑ�3

²���K±Ï) (�{ü��/Ò´¤k©þþð�"�)), ��±Ï)��3

5%��²�©��5`§XÚ (1.2)��±Ï)Ø�½�3©
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8c©z¥é±Ï Lotka–VolterraXÚ�±Ï)�ïÄ§Ì�kü«g´µ�

´ky²XÚ�±È5 (permanence), ù�y
XÚ�)Ø¬ª�u"§,�3d

Ä:þy²XÚÂñ���­½��±Ï)¶�´k¦^UÜÝnØ�òÿ½n�

�{y²�±Ï)��35§,�2^�©�§�½5nØïÄÙ­½5©w,§

�ìc�«g´§��­½5�Ó����
�35§ùkÙ�B�?©���5

`§�35�´­½5�cJ§�±Ï)�3¿Ø¿�XT�±Ï)�½´­½�©

Ïd§��«g´kÏu����°t��35^�©

31�Ù¥§·�ò�ì��«g´ïÄXÚ (1.2)��±Ï)©5¿��õ

ê©zæ^UÜÝnØ���E,��{y²�±Ï)��35§Ø=y²L§Ø


{'§ù
nØ���E,5�3�½§ÝþùX
¯K���©3�Ø©¥§

·�Øæ^ù
E,��{§
��¦^�¼©Û¥�©Ä�� SchauderØÄ:

½n§Ø=y²L§{'²
§
�����35^��\°tÚ��©

�±Ï)�N�´¤k«+�/Ú²�?0§,
g,.¥  Ø´ù«�¹©

3�Ï�)Ô?zL§¥§L�®²k
��5�òUYk�þ�Ô«3¿�¥?

u�³
�ª8u«ý©ù«�ªG�§�N3 Lotka–Volterra�.¥§Ò´�U

k,
©þ�"��K±Ï)©ïÄ3N��^�e§±Ï Lotka–VolterraXÚÂ

ñ���­½��K±Ï)§́ ��5k���kÊH¿Â�¯K©¢Ã�´§y

k©zéù�¯K�ïÄ���"y©=k�þ©z?Ø
,
A½a.��K±

Ï)�­½5§~X�k��«+�¹!Ù{«+�Ü«ý��/§?Ø����

=Û�u¿�XÚ�AÏ/ª [15, 16, 27]. �é��/ª� Lotka–VolterraXÚï

Ä�K±Ï)�­½5§ÿ��©z��©

ïÄ����K±Ï)�­½5§(J3u� Lotka–Volterra XÚ�E�

Lyapunov¼ê (½�¼)¹k±Ï)�©þ�éê¼ê§�¦±Ï)�¤k©þþ

ØU�"©�
�Ñù�(J§·�31nÙ¥Ø��|^ Lyapunova.½n�

(Ø§
´ÏL�E� Lyapunov¼êk�q/ª!�Ø�9XÚ±Ï)�9Ï¼

ê§$^Ä��êÆ©Û�{��y²�K±Ï)�­½5©

§1.3 ý��£

MÝ
´�a�ÄåXÚ�­½5'X�©���Ý
©§kéõ­��5

�§;Í [4]�18Ù¥Û�
õ� 50^�p�d�5�©�
�¡Ù!ïÄ�I

�§·�3ùp{ü/�ÑMÝ
��
5�©ù
5��y²�ë� [4].

Ún 2 � C = (cij) ∈ Rn×n, �¤k�é��þØ�u"§K/C ´�ÛÉM

Ý
0�e�?Û�^·KÑ�dµ
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(a) C �¤kcÌfªÑ�u"©

(b) CT´�ÛÉMÝ
©

(c) C ´�­½�§= C �¤kA���¢ÜÑ�u"©

(d) �3�©þþ�u"��þ ξ = (ξ1, ξ2, . . . , ξn)
T ¦� Cξ ��©þÑ�u

"©

(e) �3é��þ�u"�é�
 D¦� CD +DCT´�½
©

(f) C−1�3§�¤k��þ�K©

l5� (b)Ú (d)N´íÑe¡�Ún©§L²é�é������aÝ
§

2Â1é�Ó` (=\�1é�Ó`)�2Â�é�Ó`´�d�©

Ún 3 � C = (cij) ∈ Rn×n, �¤k�é��þØ�u"§Ke�·K�dµ

(a) �3�~ê ξ1, ξ2, . . . , ξn¦�
∑n

j=1 ξjcij > 0é i = 1, 2, . . . , n¤á©

(b) �3�~ê η1, η2, . . . , ηn¦�
∑n

j=1 ηicji > 0é i = 1, 2, . . . , n¤á©

3?ØXÚ (1.2)��±Ï)�­½5�§ò¬^�e¡�a¼ê©

½Â 6 ¼ê f : R+ → Ráu H a¼ê§��=�µé¤k t > 0k f(t) ≥ 0,

�é?Û«mS� {[si, ti]}, Ù¥ si > 0, [si, ti] ∩ [sj, tj] = ∅, ti − si = tj − sj > 0

(i 6= j), Ñk
∞∑
i=1

∫ ti

si

f(u)du = +∞.

5 2 w,§XJ�3~ê a > 0, ¦�é¤k t > 0k f(t) > a, @o�½k

f ∈ H. ��Ø�½¤á©

3?ØXÚ (1.2)��K±Ï)�­½5�§5¿�e¡�{ü¯¢ééuy

²�g´ké��Ï©

Ún 4 � {fn}´½Â3 [0, ω]þ���k.!�ÝëY¼êS�§Ù¥ ω > 0,

�÷v

lim
n→∞

∫ ω

0

|fn(t)|dt = 0, (1.6)

K fn → 03 [0, ω]þ��¤á©

y² XJ(ØØ¤á§K�3~ê ε0 > 0, é?Û��ê k, �3�A�

tk ∈ [0, ω]Ú nk > k ¦� |fnk
(tk)| ≥ ε0. 2d {fn}��ÝëY5§�3~ê δ > 0
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¦���÷v tk − δ ≤ t ≤ tk + δÒk

|fnk
(t)| ≥ ε0

2
.

u´k ∫ ω

0

|fnk
(t)|dt ≥ δ

ε0

2
> 0.

ù�b� (1.6)ªgñ©�(Ø¤á© �
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§2.1 �±Ï)��35

3ù�!¥§·�k^ SchauderØÄ:½ny²'uXÚ (1.2)�±Ï)��

35½n§,�é=�¹k�ò���/§y²kaq/ª���°t��35^

�§��é¿�XÚ�Ü�XÚü«­��AÏ�/§©O�Ñü�íØ©

��Bå�§·��XePÒ�½µf+ = max{0, f}, f− = min{0, f}, [f ]m =

supt f(t), [f ]l = inft f(t). Äky²eãÌ�½n©

½n 1 XJ�3�~ê ξ1, ξ2, . . . , ξn, ¦�e¡ü�^�

bi(t)− ξiaii(t)−
n∑

j=1, j 6=i

ξja
−
ij(t)−

n∑
j=1

ξj

∫ ∞

0

[dsµij(t, s)]
− < 0, é¤k t > 0, (2.1)

∫ ω

0

{
bi(u)−

n∑
j=1, j 6=i

ξja
+
ij(u)−

n∑
j=1

ξj

∫ ∞

0

[dsµij(u, s)]
+

}
du > 0, (2.2)

é i = 1, 2, . . . , n¤á§KXÚ (1.2)���3���� ω±Ï)©

y² - C = C((−∞, 0],Rn)�C�±e�ê� Banach�m

‖φ‖ = max
i

sup
−∞<θ≤0

|φi(θ)|.

P

ξ = max
i
ξi,

γ1 = max
i

sup
t
|bi(t)|,

γ2 = max
i, j

sup
t
|aij(t)|,

γ3 = max
i, j

sup
t

∫ ∞

0

|dsµij(t, s)|,

K = exp{[γ1 + (γ2 + γ3)ξ]ω},

L = ξ[γ1 + (γ2 + γ3)ξ],

¿À��~ê η¦�

η < min
i


∫ ω

0

{
bi(u)−

∑n
j=1, j 6=i ξja

+
ij(u)−

∑n
j=1 ξj

∫∞
0

[dsµij(u, s)]
+
}
du

K
∫ ω

0
aii(u)du

, ξi

 .

(2.3)
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P

Ω = {x(θ) ∈ C : η ≤ xi(θ) ≤ ξi (i = 1, 2, . . . , n), ‖ẋ(θ)‖ ≤ L},

N´�y Ω´ C ¥�à;8©

½Âl Ω� C �N� T �

T : φ(θ) 7→ x(θ + ω, φ),

Ù¥ x(t) = x(t, φ)´XÚ (1.2)�÷vÐ©^� xi(θ) = φi(θ) (−∞ < θ ≤ 0)�)©

�
A^ SchauderØÄ:½n§·��Iy² TΩ ⊂ Ω, =§XJ φ ∈ Ω, @o

x ∈ Ω. b��3 t0 ≥ 0Ú,�eI i0¦�

xi0(t0) = ξi0 , xi0(t) ≤ ξi0 , é¤k t < t0,

�é?Û j 6= i0k

xj(t) ≤ ξj, é¤k t ≤ t0.

��O�¿|^ (2.1)ª��

d log xi0(t)

dt

∣∣∣∣
t=t0

= bi0(t0)−
n∑
j=1

ai0j(t0)xj(t0)−
n∑
j=1

∫ ∞

0

xj(t0 − s)dsµi0j(t0, s)

≤ bi0(t0)− ξi0ai0i0(t0)−
n∑

j=1, j 6=i0

ξja
−
i0j

(t0)−
n∑
j=1

ξj

∫ ∞

0

[dsµi0j(t0, s)]
−

< 0.

ù¿�Xé¤k 0 < t ≤ ωÚ i = 1, 2, . . . , nÑk xi(t) ≤ ξi.

·��Iy² xi(t) ≥ η é¤k 0 < t ≤ ω Ú i = 1, 2, . . . , n¤á©XJ(ØØ

ý§K�3 0 < t1 ≤ ωÚ,�eI i1¦� xi1(t1) < η, @oé?Û 0 < s ≤ ωk

xi1(t1 − s) = xi1(t1) exp

{
−
∫ t1

t1−s

d log xi1(u)

du
du

}
< Kη.

��O�¿|^ (2.3)ªB��∫ t1

t1−ω

d log xi1(u)

du
du =

∫ t1

t1−ω

{
bi1(u)−

n∑
j=1

ai1j(u)xj(u)−
n∑
j=1

∫ ∞

0

xj(u− s)dsµi1j(u, s)

}
du

≥
∫ ω

0

{
bi1(u)−

n∑
j=1, j 6=i1

ξja
+
i1j

(u)−
n∑
j=1

ξj

∫ ∞

0

[dsµi1j(u, s)]
+

}
du

−Kη

∫ ω

0

ai1i1(u)du

> 0.
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l
k

xi1(t1) = xi1(t1 − ω) exp

{∫ t1

t1−ω

d log xi1(u)

du
du

}
> η.

ù�b� xi1(t1) < ηgñ©Ïdé¤k 0 < t ≤ ωÚ i = 1, 2, . . . , nk xi(t) ≥ η. d

	§N´�y ‖ẋ(θ + ω)‖ ≤ L. ù�§·�Òy²
 TΩ ⊂ Ω.

��§d Schauder ØÄ:½n��§�3 φ∗ ∈ Ω ¦� Tφ∗ = φ∗. l


x(t, φ∗) = x(t, Tφ∗), =

x(t, φ∗) = x(t+ ω, φ∗).

� x(t, φ∗)Ò´XÚ (1.2)����� ω±Ï)© �

5 3 dd½n�y²�±���±Ï) x∗(t)���þ!e.��Oµ

η ≤ x∗i (t) ≤ ξi, i = 1, 2, . . . , n.

ù��O3A^¥ék^©

AO/§éu=�¹k�ò���/§=�ÄXÚ

dxi(t)

dt
= xi(t)

[
bi(t)−

n∑
j=1

aij(t)xj(t)−
n∑
j=1

∫ σij

0

xj(t− s)dsµij(t, s)

]
,

i = 1, 2, . . . , n,

(2.4)

Ù¥ σij > 0´k�~ê§e¡�½n�Ñ
'½n 1��°t�^�©

½n 2 XJ�3�~ê ξ1, ξ2, . . . , ξn, ¦�e¡ü�^�

bi(t)− ξiaii(t)−
n∑

j=1, j 6=i

ξja
−
ij(t)−

n∑
j=1

ξj

∫ ∞

0

[dsµij(t, s)]
− < 0, é¤k t > 0,

∫ ω

0

{
bi(u)−

n∑
j=1, j 6=i

ξja
+
ij(u)−

n∑
j=1, j 6=i

ξj

∫ ∞

0

[dsµij(u, s)]
+

}
du > 0,

é i = 1, 2, . . . , n¤á§KXÚ (2.4)���3���� ω±Ï)©

y² ·�¦^�½n 1�q�y²g´©�I5¿§�y²é¤k 0 < t ≤ ω

Ú i = 1, 2, . . . , nk xi(t) ≥ η, �-

σ = max
i, j

σij,

K1 = exp{[γ1 + (γ2 + γ3)ξ](ω + σ)},
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Ké?Û 0 < s ≤ ω + σk

xi1(t1 − s) = xi1(t1) exp

{
−
∫ t1

t1−s

d log xi1(u)

du
du

}
< K1η.

u´aq/��∫ t1

t1−ω

d log xi1(u)

du
du ≥

∫ ω

0

{
bi1(u)−

n∑
j=1, j 6=i1

ξja
+
i1j

(u)−
n∑

j=1, j 6=i1

ξj

∫ σi1j

0

[dsµi1j(u, s)]
+

}
du

−K1η

{∫ ω

0

[
ai1i1(u) +

∫ σi1i1

0

[dsµi1i1(u, s)]
+

]
du

}
.

N´ÀJ�~ê η¦�þãØ�ªm>�u"©l
^�½n 1�Ó�ínL§B

�y�(Ø© �

éu¿�XÚ�Ü�XÚ�AÏ�/§ØJl½n 1©O��ü�íØ©Äk§

éu¿�XÚ§k

íØ 1 �XÚ (1.2)�¿�XÚ©XJ∫ ω

0

{
bi(u)−

n∑
j=1, j 6=i

aij(u)

[
bj
ajj

]
m

−
n∑
j=1

∫ ∞

0

dsµij(u, s)

[
bj
ajj

]
m

}
du > 0 (2.5)

é i = 1, 2, . . . , n¤á§KTXÚ���3���� ω±Ï)©

y² d¿�XÚ�½Â (½Â 4), ½n 1¥�ü�^� (2.1)Ú (2.2)¤�

bi(t)− ξiaii(t) ≤ 0, é¤k t > 0,∫ ω

0

{
bi(u)−

n∑
j=1, j 6=i

ξjaij(u)−
n∑
j=1

ξj

∫ ∞

0

dsµij(u, s)

}
du > 0.

- ξi = [bi/aii]m (i = 1, 2, . . . , n), Kþãü�^�þ¤á©d½n 1 =y�(

Ø© �

éuÜ�XÚ§Kk

íØ 2 �XÚ (1.2)�Ü�XÚ©XJ�3�~ê ζ1, ζ2, . . . , ζn¦�

ζiaii(t) +
n∑

j=1, j 6=i

ζjaij(t) +
n∑
j=1

ζj

∫ ∞

0

dsµij(t, s) > 0 (2.6)

é¤k t > 0Ú i = 1, 2, . . . , n¤á§@oXÚ (1.2)���3���� ω±Ï)©
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y² dÜ�XÚ�½Â (½Â 5), ½n 1¥�^� (2.2)¤�∫ ω

0

bi(u)du > 0,

ù®�¹3½Â¥©̂ � (2.1)K¤�

bi(t)− ξiaii(t)−
n∑

j=1, j 6=i

ξjaij(t)−
n∑
j=1

ξj

∫ ∞

0

dsµij(t, s) < 0, é¤k t > 0. (2.7)

À��~ê a¦�

a > max
i

sup
t

bi(t)

ζiaii(t) +
∑n

j=1, j 6=i ζjaij(t) +
∑n

j=1 ζj
∫∞

0
dsµij(t, s)

,

¿�- ξi = aζi (i = 1, 2, . . . , n), K (2.7)ª¤á©d½n 1=y�(Ø© �

§2.2 �35^��'�

3ù�!¥§·�rþ�!���½nÚíØ�©z¥�eZ(J?1'�©

ÏL'�§�±wÑ·�����35^��\°t§·^���2©

3©z [25] ¥§�öïÄ
eã�¹lÑò�Ú©Ùò��±Ï Lotka–

VolterraXÚµ

dxi(t)

dt
= xi(t)

[
bi(t)− aii(t)xj(t)−

n∑
j=1

bij(t)xj(t− τij(t))

−
n∑
j=1

∫ σij

0

cij(t, s)xj(t− s)ds

]
, i = 1, 2, . . . , n,

(2.8)

Ù¥ σij > 0´k�~ê©w,§ù´XÚ (2.4)��«äN/ª©�öA^k�ò

��¼�©�§� Lyapunov–Razumikhim½ny²XÚ�±È5§?
��Xe

(J©

·K 1 XJ�3�~ê ξ1, ξ2, . . . , ξnÚ α, ¦�e¡ü�^�

bi(t)− ξiaii(t)−
n∑
j=1

(1 +α)ξjb
−
ij(t)−

n∑
j=1

(1 +α)ξj

∫ σij

0

c−ij(t, s)ds ≤ 0, é¤k t > 0,

∫ ω

0

{
bi(u)−

n∑
j=1, j 6=i

ξjb
+
ij(t)−

n∑
j=1, j 6=i

ξj

∫ σij

0

c+ij(t, s)ds

}
du > 0,

é i = 1, 2, . . . , n¤á§KXÚ (2.8)���3���� ω±Ï)©
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w,§éXÚ (2.8)A^½n 2Ò��þã·K©©z [25]¥¦^��{É�

uk�ò��b�§UÄò·K 1í2�Ã¡ò�XÚ´�öJÑ�m�5¯K�

�©½n 1�÷/)û
ù�¯K©

3©z [10]¥§�öïÄ
äkeã/ª�±Ï¿�XÚµ

dxi(t)

dt
= xi(t)

[
bi(t)− aii(t)xj(t)−

n∑
j=1, j 6=i

aij(t)

∫ Tij

0

Kij(s)xj(t− s)ds

]
,

i = 1, 2, . . . , n,

(2.9)

Ù¥ Tij > 0´k�~ê½Ã¡�§
∫ Tij

0
Kij(s)ds = 1 (i 6= j). A^UÜÝnØ�ò

ÿ½n§�öy²
Xe(J©

·K 2 ½ÂPÒ f = 1
ω

∫ ω
0
f(u)du. ��§|

n∑
j=1

aije
yj = bi, i = 1, 2, . . . , n (2.10)

k��) (y0
1, y

0
2, . . . , y

0
n)

T ∈ Rn, ¿�

bi −
n∑

j=1, j 6=i

aij

[
bj
ajj

]
m

> 0 (2.11)

é i = 1, 2, . . . , n¤á§KXÚ (2.9)���3���� ω±Ï)©

w,§òíØ 1¥�^� (2.5)A^uXÚ (2.9)Ò��^� (2.11)©¿�§�â

íØ 1, ·K 2¥�^� (2.10)�±�K
(ØE,¤á©

3©z [11]¥§�öïÄ
äkeã/ª�±ÏÜ�XÚµ

dxi(t)

dt
= xi(t)

[
bi(t)− aii(t)xi(t) +

n∑
j=1, j 6=i

aij(t)xj(t)

+
n∑
j=1

bij(t)

∫ τj

0

xj(t− s)dµj(s)

]
, i = 1, 2, . . . , n,

(2.12)

Ù¥ τj > 0´k�~ê½Ã¡�§µj(τj+)− µj(0−) = 1 (j = 1, 2, . . . , n). �´A^

UÜÝnØ�òÿ½n§�öy²
Xe(J©

·K 3 ½ÂPÒ f = 1
ω

∫ ω
0
f(u)du. ��§|

bi − 2aiie
yi +

n∑
j=1

(aij + bij)e
yj = 0, i = 1, 2, . . . , n (2.13)
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k��) (y0
1, y

0
2, . . . , y

0
n)

T ∈ Rn, ¿�

[aii]l −

{
n∑

j=1, j 6=i

[aji + bji]m + [bii]m

}
> 0 (2.14)

é i = 1, 2, . . . , n¤á§KXÚ (2.12)���3���� ω±Ï)©

XJ^� (2.14)¤á§dÚn 3��§�3�~ê ζ1, ζ2, . . . , ζn¦�

ζi[aii]l −

{
n∑

j=1, j 6=i

ζj[aij + bij]m + ζi[bii]m

}
> 0

é i = 1, 2, . . . , n¤á©w,§íØ 2¥�^� (2.6)'þã^���°t©¿�§�

âíØ 2, ·K 3¥�^� (2.13)�±�K
(ØE,¤á©

§2.3 �±Ï)�­½5

3ù�!¥§·�?ØXÚ (1.5)��±Ï)�­½5©Ø
31�Ù¥¤�

b�§·�,	�½ ∫ ∞

0

s|cij(t, s)|ds < +∞, (2.15)

� τij(t)�ëY��¼ê§τ̇ij(t) < 1, ù¿�X ψij(t) = t− τij(t)�3�¼ê ψ−1
ij (t)

(i, j = 1, 2, . . . , n). AO/§� τij � tÃ'�§ψ−1
ij (t) = t + τij. �½Â 4Ú½Â 5

aq§·�kXe½Â©

½Â 7 3XÚ (1.5)¥§XJé i = 1, 2, . . . , nk
∫ ω

0
bi(u)du > 0, é¤k i 6= j

k aij(t) ≥ 0, ¿�é¤k i, j = 1, 2, . . . , nk bij(t) ≥ 0Ú cij(t, s) ≥ 0, KTXÚ¡

�¿�XÚ©

½Â 8 3XÚ (1.5)¥§XJé i = 1, 2, . . . , nk
∫ ω

0
bi(u)du > 0, é¤k i 6= j

k aij(t) ≤ 0, ¿�é¤k i, j = 1, 2, . . . , nk bij(t) ≤ 0Ú cij(t, s) ≤ 0, KTXÚ¡

�Ü�XÚ©

Äk�ÄXJ®�XÚ (1.5)�3���� ω±Ï)§3N��^�e�±�

yXÚÂñ�T±Ï)©·�ke¡�½n©

½n 3 �XÚ (1.5)�3����ω±Ï)x∗(t),¿��3�~ê ζ1, ζ2, . . . , ζn

¦�

βi(t) = ζiaii(t)−
n∑

j=1, j 6=i

ζj|aji(t)|−
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t))

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+s, s)|ds ∈ H

(2.16)
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é i = 1, 2, . . . , n¤á§K x∗(t)´�ÛìC­½�©�?�Ú§XJ�3~ê ε > 0

Ú p > 0¦�

| log xi(t)− log x∗i (t)| ≤ p|xi(t)− x∗i (t)| (2.17)

±9

ζi(aii(t)− εp)−
n∑

j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t)

eε(ψ
−1
ji (t)−t)

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|eεsds ≥ 0

(2.18)

é¤k t > 0Ú i = 1, 2, . . . , n¤á§K x∗(t)´�Û�ê­½�§�Âñ�Ý� ε.

y² - wi(t) = xi(t) − x∗i (t), zi(t) = log xi(t) − log x∗i (t) (i = 1, 2, . . . , n), ¿

½Â¼ê

L(t) =
n∑
i=1

ζi|zi(t)|+
n∑

i, j=1

ζi

∫ t

t−τij(t)

|bij(ψ−1
ij (s))|

1− τ̇ij(ψ
−1
ij (s))

|wj(s)|ds

+
n∑

i, j=1

ζi

∫ ∞

0

∫ t

t−s
|cij(θ + s, s)||wj(θ)|dθds.

d (2.15)ªÚÐ©^��k.5§N´y² L(0)´k��©é L(t)÷XXÚ (1.5)

�)¦�§��

dL(t)

dt
=

n∑
i=1

ζi sign(zi(t))

[
− aii(t)wi(t)−

n∑
j=1, j 6=i

aij(t)wj(t)−
n∑
j=1

bij(t)wj(t− τij(t))

−
n∑
j=1

∫ ∞

0

cij(t, s)wj(t− s)ds

]
+

n∑
i, j=1

ζi

[
|bij(ψ−1

ij (t))|
1− τ̇ij(ψ

−1
ij (t))

|wj(t)|

− |bij(t)||wj(t− τij(t))|

]
+

n∑
i, j=1

ζi

[∫ ∞

0

|cij(t+ s, s)||wj(t)|ds

−
∫ ∞

0

|cij(t, s)||wj(t− s)|ds

]

≤ −
n∑
i=1

[
ζiaii(t)−

n∑
j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t))

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|ds

]
|wi(t)|

= −
n∑
i=1

βi(t)|wi(t)|.
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éþªü>l 0� +∞È©¿�n�
n∑
i=1

∫ ∞

0

βi(t)|wi(t)|dt ≤ L(0) < +∞. (2.19)

d dL(t)
dt

≤ 0�� L(t)�k.5§ù¿�X x(t)´k.�©2dXÚ (1.5)�/ªN

´�� x(t)3 [0,∞)þ��ëY©2(Ü βi(t) ∈ H, l (2.19)ªÒ�íÑ

lim
t→∞

n∑
i=1

|x(t)− x∗(t)| = 0.

� x∗(t)´�ÛìC­½�©

e�Ú§·�y²�ê­½5©½Â¼ê

L1(t) =
n∑
i=1

ζi|zi(t)|eεt +
n∑

i, j=1

ζi

∫ t

t−τij(t)

|bij(ψ−1
ij (s))|

1− τ̇ij(ψ
−1
ij (s))

|wj(s)|eεψ
−1
ij (s)ds

+
n∑

i, j=1

ζi

∫ ∞

0

∫ t

t−s
|cij(θ + s, s)||wj(θ)|eε(θ+s)dθds.

é L1(t)÷XXÚ (1.5)�)¦�§��

dL1(t)

dt
=

n∑
i=1

ζi sign(zi(t))e
εt

[
εzi(t)− aii(t)wi(t)−

n∑
j=1, j 6=i

aij(t)wj(t)

−
n∑
j=1

bij(t)wj(t− τij(t))−
n∑
j=1

∫ ∞

0

cij(t, s)wj(t− s)ds

]

+
n∑

i, j=1

ζie
εt

[
|bij(ψ−1

ij (t))|
1− τ̇ij(ψ

−1
ij (t))

|wj(t)|eε(ψ
−1
ij (t)−t) − |bij(t)||wj(t− τij(t))|

]

+
n∑

i, j=1

ζie
εt

[∫ ∞

0

|cij(t+ s, s)||wj(t)|eεsds−
∫ ∞

0

|cij(t, s)||wj(t− s)|ds

]

≤ −eεt
n∑
i=1

[
ζi(aii(t)− εp)−

n∑
j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t))

eε(ψ
−1
ji (t)−t)

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|eεsds

]
|wi(t)|

≤ 0.

ù¿�X L1(t)´üN�O�©5¿ L1(t)�1��§Bk

n∑
i=1

ζi| log xi(t)− log x∗i (t)| ≤ L1(0)e
−εt. (2.20)
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qd x∗(t)��ÛìC­½5��§�3�~êm1Úm2¦�

m1 ≤ xi(t) ≤ m2

é¤k t > 0Ú i = 1, 2, . . . , n¤á©l
�3�~ê q¦�

|xi(t)− x∗i (t)| ≤ q| log xi(t)− log x∗i (t)| (2.21)

é¤k t > 0Ú i = 1, 2, . . . , n¤á©(Ü (2.20)ªÚ (2.21)ª��

n∑
i=1

ζi|xi(t)− x∗i (t)| ≤ qL1(0)e
−εt. (2.22)

½Â�ê

‖x‖{ζ,1} =
n∑
i=1

ζi|xi|,

K (2.22)ªL²

‖x(t)− x∗(t)‖{ζ,1} = O(e−εt).

� x∗(t)´�Û�ê­½�§�Âñ�Ý� ε. �

5 4 XJ�±Ï) x∗(t)´�ÛìC­½�§@o�3�~êm1Úm2¦�

m1 ≤ xi(t) ≤ m2 é¤k t > 0Ú i = 1, 2, . . . , n¤á©dd�����÷v^�

(2.17)��~ê p��35©

·��Ñ§©z [3, 25, 26]�JÑ
� (2.16)ªaq�^�§¿��
�
�Û

­½5(J©�´§þã©zþ�?Ø�ê­½5¯K§
½n 3Ø=y²
�±

Ï)��ê­½5§
��Ñ
Âñ�Ý©

y3§ò½n 1Ú½n 3(Üå5§Ò��Xe½n©

½n 4 XJ�3�~ê ξ1, ξ2, . . . , ξn, ζ1, ζ2, . . . , ζn¦�e�^�

bi(t)−ξiaii(t)−
n∑

j=1, j 6=i

ξja
−
ij(t)−

n∑
j=1

ξjb
−
ij(t)−

n∑
j=1

ξj

∫ ∞

0

c−ij(t, s)ds < 0, é¤k t > 0,

∫ ω

0

[
bi(u)−

n∑
j=1, j 6=i

ξja
+
ij(u)−

n∑
j=1

ξjb
+
ij(u)−

n∑
j=1

ξj

∫ ∞

0

c+ij(u, s)

]
du > 0,

ζiaii(t)−
n∑

j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t))

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|ds ∈ H

é i = 1, 2, . . . , n¤á§KXÚ (1.5)�3���ÛìC­½��� ω±Ï) x∗(t).

�?�Ú§XJ�3~ê ε > 0Ú p > 0¦�

| log xi(t)− log x∗i (t)| ≤ p|xi(t)− x∗i (t)|
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±9

ζi(aii(t)− εp)−
n∑

j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t)

eε(ψ
−1
ji (t)−t)

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|eεsds ≥ 0

é¤k t > 0Ú i = 1, 2, . . . , n¤á§K x∗(t)´�Û�ê­½�§�Âñ�Ý� ε.

AO/§éu¿�XÚ�Ü�XÚ§·�©Oke¡�íØ©

íØ 3 �XÚ (1.5)�¿�XÚ©XJ�3�~ê ζ1, ζ2, . . . , ζn¦�e¡ü�

^�∫ ω

0

{
bi(u)−

n∑
j=1, j 6=i

aij(u)

[
bj
ajj

]
m

−
n∑
j=1

bij(u)

[
bj
ajj

]
m

−
n∑
j=1

∫ ∞

0

cij(u, s)ds

[
bj
ajj

]
m

}
du > 0,

ζiaii(t)−
n∑

j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t))

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|ds ∈ H

é i = 1, 2, . . . , n¤á§KXÚ (1.5)�3���ÛìC­½��� ω±Ï) x∗(t).

�?�Ú§XJ�3~ê ε > 0Ú p > 0¦�

| log xi(t)− log x∗i (t)| ≤ p|xi(t)− x∗i (t)|

±9

ζi(aii(t)− εp)−
n∑

j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t)

eε(ψ
−1
ji (t)−t)

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|eεsds ≥ 0

é¤k t > 0Ú i = 1, 2, . . . , n¤á§K x∗(t)´�Û�ê­½�§�Âñ�Ý� ε.

y² díØ 1Ú½n 3=�(Ø© �

íØ 4 �XÚ (1.5)�Ü�XÚ©XJ�3�~ê ξ1, ξ2, . . . , ξn, ζ1, ζ2, . . . , ζn

¦�e¡ü�^�

ξiaii(t) +
n∑

j=1, j 6=i

ξjaij(t) +
n∑
j=1

ξjbij(t) +
n∑
j=1

ξj

∫ ∞

0

cij(t, s)ds > 0, é¤k t > 0,

ζiaii(t)−
n∑

j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t))

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|ds ∈ H
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é i = 1, 2, . . . , n¤á§KXÚ (1.5)�3���ÛìC­½��� ω±Ï) x∗(t).

�?�Ú§XJ�3~ê ε > 0Ú p > 0¦�

| log xi(t)− log x∗i (t)| ≤ p|xi(t)− x∗i (t)|

±9

ζi(aii(t)− εp)−
n∑

j=1, j 6=i

ζj|aji(t)| −
n∑
j=1

ζj
|bji(ψ−1

ji (t))|
1− τ̇ji(ψ

−1
ji (t)

eε(ψ
−1
ji (t)−t)

−
n∑
j=1

ζj

∫ ∞

0

|cji(t+ s, s)|eεsds ≥ 0

é¤k t > 0Ú i = 1, 2, . . . , n¤á§K x∗(t)´�Û�ê­½�§�Âñ�Ý� ε.

y² díØ 2Ú½n 3=�(Ø© �



1nÙ �K±Ï)�­½5

§3.1 )�k.5

31nÙ¥§·�®²�[?Ø
ò�±Ï Lotka–VolterraXÚ��±Ï)¯

K©�X1�Ù¥¤ã§�K±Ï)�­½5kX��ÊH�)�Æ¿Â§�Ó�

�I��p�?nE|©3ù�Ù¥§·�ò¦^Ä��©Ûóä§±¹äE|5

��ª)ûù�¯K©

3e�!¥·�ò¬w�§�yXÚ (1.2)�?¿�)�k.5´y²�K±

Ï)­½5�'�©Ïd§3ù�!¥·�k5?Øù�¯K©eãk.5½n�

y²´�*����©

½n 5 XJ�3�~ê ξ1, ξ2, . . . , ξn¦�

ξiaii(t) +
n∑

j=1, j 6=i

ξja
−
ij(t) +

n∑
j=1

ξj

∫ ∞

0

[dsµij(t, s)]
− > 0 (3.1)

é¤k 0 ≤ t < ωÚ i = 1, 2, . . . , n¤á§KXÚ (1.2)�?¿�) x(t)´k.�§=

�3�~êMi ¦� xi(t) ≤ Mi é¤k t > 0Ú i = 1, 2, . . . , n¤á©¿�§x(t)´

��ëY�©

y² -

αi = inf
t

{
ξiaii(t) +

n∑
j=1, j 6=i

ξja
−
ij(t) +

n∑
j=1

ξj

∫ ∞

0

[dsµij(t, s)]
−

}
> 0,

H = max
i

{
sups≤0 φi(s)

ξi

}
,

λ > max
i

{
sup

0≤t<ω

[
b+i (t)

αi

]
, H

}
,

9Mi = λξi (i = 1, 2, . . . , n). @o·�k φi(s) ≤ Hξi ≤ λξi = Mi é¤k s ≤ 0¤

á©b��3 t0 ≥ 0Ú,�eI i0¦�

xi0(t0) = Mi0 , xi0(t) ≤Mi0 , é¤k t < t0,

�é?Û j 6= i0k

xj(t) ≤Mj, é¤k t ≤ t0.
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��O�¿|^cãb��

d log xi0(t)

dt

∣∣∣∣
t=t0

= bi0(t0)−
n∑
j=1

ai0j(t0)xj(t0)−
n∑
j=1

∫ ∞

0

xj(t0 − s)dsµi0j(t0, s)

≤ bi0(t0)− ai0i0(t0)Mi0 −
n∑

j=1, j 6=i0

a−i0j(t0)Mj −
n∑
j=1

∫ ∞

0

Mj[dsµi0j(t0, s)]
−

= bi0(t0)− λ

{
ξi0ai0i0(t0) +

n∑
j=1, j 6=i0

ξja
−
i0j

(t0) +
n∑
j=1

ξj

∫ ∞

0

[dsµi0j(t0, s)]
−

}
≤ bi0(t0)− λαi0 < 0,

ù¿�Xé¤k t > 0Ú i = 1, 2, . . . , nÑk xi(t) ≤Mi. Ïd§x(t)´k.�©�?

�Ú§dXÚ (1.2)�/ª§N´�y x(t)��¼ê�´k.�©l
 x(t)´��ë

Y�© �

5 5 d½n�y²�Ñ
é x(t)�þ.����O©�I��Ñ�´§3Mi

�½Â¥^�
�6uÐ©^��ëê H, l
ü$
ù��O�¢^5©�´§

�Ü©¢SA^��9k�ò�XÚ§éuù«�/§¯¢þ�±�����Ð©

^�Ã'�é x(t)�ì?þ.��O©äN(JÚy²�ëw©z [31]^aq�{

��§3dØ2Kã©

§3.2 ­½5½n

y3·�5?ØXÚ (1.2)��K±Ï)�­½5©Äk�Ä§XJXÚ (1.2)

��)�k.5®²���y§3N��^�eTXÚ�?¿�)¬Âñ����

K� ω±Ï)©éd§·�kXe½n©

½n 6 �XÚ (1.2)�?¿�)Ñ´k.�©XJ�3�~ê η1, η2, . . . , ηn¦

�

ηiaii(t)−
n∑

j=1, j 6=i

ηj|aji(t)| −
n∑
j=1

ηj

∫ ∞

0

|dKji(s)| > 0 (3.2)

é¤k 0 ≤ t < ωÚ i = 1, 2, . . . , n¤á§KXÚ (1.2)�3���ÛìC­½��

K� ω±Ï)©

y² -wi(t) = xi(t+ω)−xi(t), zi(t) = log xi(t+ω)−log xi(t) (i = 1, 2, . . . , n),

¿½Â¼ê

L(t) =
n∑
i=1

ηi|zi(t)|+
n∑

i, j=1

ηi

∫ ∞

0

∫ t

t−s
|wj(θ)| dθ |dKij(s)|.
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d (2.15)ªÚÐ©^��k.5§N´y² L(0)´k��©2-

β = min
i

inf
t

{
ηiaii(t)−

n∑
j=1, j 6=i

ηj|aji(t)| −
n∑
j=1

ηj

∫ ∞

0

|dKji(s)|

}
> 0.

é L(t)÷XXÚ (1.2)�)¦�§��

dL(t)

dt
=

n∑
i=1

ηi sign(zi(t))

[
− aii(t)wi(t)−

n∑
j=1, j 6=i

aij(t)wj(t)−
n∑
j=1

∫ ∞

0

wj(t− s)dsµij(t, s)

]

+
n∑

i, j=1

ηi

[∫ ∞

0

|wj(t)||dKij(s)| −
∫ ∞

0

|wj(t− s)||dKij(s)|

]

≤
n∑
i=1

ηi

[
− aii(t)|wi(t)|+

n∑
j=1, j 6=i

|aij(t)||wj(t)|+
n∑
j=1

∫ ∞

0

|wj(t− s)||dKij(s)|

]

+
n∑

i, j=1

ηi

[∫ ∞

0

|wj(t)||dKij(s)| −
∫ ∞

0

|wj(t− s)||dKij(s)|

]

= −
n∑
i=1

[
ηiaii(t)−

n∑
j=1, j 6=i

ηj|aji(t)| −
n∑
j=1

ηj

∫ ∞

0

|dKji(s)|

]
|wi(t)|

≤ −β‖w(t)‖,

Ù¥ ‖w(t)‖ =
∑n

i=1 |wi(t)|. éþªü>l 0� +∞È©¿|^ L(t) ≥ 0�∫ ∞

0

‖w(t)‖dt ≤ 1

β
L(0) < +∞.

5¿� w(t)�½Â§�òþª­��

∞∑
n=1

∫ ω

0

‖x(t+ nω)− x(t+ (n− 1)ω)‖dt < +∞.

d Cauchy Âñ�n��§x(t + nω) 3 L1[0, ω] ¥Âñ©d x(t) �k.5ÚXÚ

(1.2)�/ª§N´y² x(t)´��ëY�©Ïd§¼êS� {x(t + nω)}��k.
��ÝëY©u´§d Arzéla–Ascoli½n§�3��fS� {x(t+ nkω)}3 R�?
¿;8þ��Âñ©Pd4�� x∗(t). w,§x∗(t)�´ {x(t + nω)}3 L1 ¥�4

�§¤±k

lim
n→∞

∫ ω

0

‖x(t+ nω)− x∗(t)‖dt = 0.

- fn(t) = x(t + nω) − x∗(t). A^Ún 4��§fn(t) → 03 [0, ω]þ��¤á§=

x(t+ nω) → x∗(t)3 [0, ω]þ��¤á©aq/�±�� x(t+ nω) → x∗(t)3 R�
?¿;8þ��¤á©
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e¡·�y² x∗(t)´XÚ (1.2)��� ω±Ï)©Äk§Ï�

x∗(t+ ω) = lim
n→∞

x
(
t+ (n+ 1)ω

)
= lim

n→∞
x(t+ nω) = x∗(t),

¤± x∗(t)´± ω�±Ï�±Ï¼ê©3XÚ (1.2)¥^ xnk
(t)O� x(t), ¿��;

�PÒ�· §ò xnk
(t)�1 i�©þP� xnk

i (t), ��

dxnk
i (t)

dt
= xnk

i (t)

[
bi(t)−

n∑
j=1

aij(t)x
nk
j (t)−

n∑
j=1

∫ ∞

0

xnk
j (t− s)dsµij(t, s)

]
,

i = 1, 2, . . . , n.

- k →∞¿|^ (1.3)ªÚ {xnk
(t)}���k.5§Ò�íÑþªm>3 R�?¿

;8þ��Âñ�

x∗i (t)

[
bi(t)−

n∑
j=1

aij(t)x
∗
j(t)−

n∑
j=1

∫ ∞

0

x∗j(t− s)dsµij(t, s)

]
.

Ïd§·���

dx∗i (t)

dt
= x∗i (t)

[
bi(t)−

n∑
j=1

aij(t)x
∗
j(t)−

n∑
j=1

∫ ∞

0

x∗j(t− s)dsµij(t, s)

]
, i = 1, 2, . . . , n,

l
 x∗(t)´XÚ (1.2)���).

- t = t0 + nω, Ù¥ 0 ≤ t0 < ω, Kk

‖x(t)− x∗(t)‖ = ‖x(t0 + nω)− x∗(t0)‖.

u´d {x(t+ nω)}3 [0, ω]þ���Âñ5§��

lim
t→∞

‖x(t)− x∗(t)‖ = 0. (3.3)

��y²XÚ (1.2)�?¿�)Âñ� x∗(t). � y(t)´?¿���)©­#½

Â wi(t) = yi(t)− xi(t)Ú zi(t) = log yi(t)− log xi(t) (i = 1, 2, . . . , n). ^�c¡aq

�ín�� ∫ ∞

0

‖y(t)− x(t)‖dt < +∞.

d x(t)Ú y(t)���ëY5§�

lim
t→∞

‖y(t)− x(t)‖ = 0.

2(Ü (3.3)ª§Ò��

lim
t→∞

‖y(t)− x∗(t)‖ = 0. �
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c[*	k.5½n (½n 5)¥�^� (3.1)Úþã­½5½n¥�^� (3.2),

N´uy§�k�q�/ª©̄ ¢þ§�±ÏL�ÛÉMÝ
�5�ò§�éXå

5©P aii = inft aii(t)Ú |aij| = supt |aij(t)| (i 6= j). A^Ún 3Ò��e¡�½n§

§�Ñ
��Ú��^�©

½n 7 XJ�3�~ê ξ1, ξ2, . . . , ξn¦�

ξiaii −
n∑

j=1, j 6=i

ξj|aij| −
n∑
j=1

ξj

∫ ∞

0

|dKij(s)| > 0 (3.4)

é i = 1, 2, . . . , n¤á§KXÚ (1.2)�3���ÛìC­½��K� ω±Ï)©

y² w,§l^� (3.4)�±íÑ^� (3.1)¤á©u´§d½n 5��XÚ

(1.2)�?¿�)´k.�©½ÂÝ


C = (cij) =


aii −

∫ ∞

0

|dKii(s)|, i = j,

−|aij| −
∫ ∞

0

|dKij(s)|, i 6= j.
(3.5)

A^Ún 3��§̂ � (3.4)�duµ�3�~ê η1, η2, . . . , ηn¦�

ηiaii −
n∑

j=1, j 6=i

ηj|aji| −
n∑
j=1

ηj

∫ ∞

0

|dKji(s)| > 0

é i = 1, 2, . . . , n ¤á©w,dd�±íÑ^� (3.2) ¤á©d½n 6 =y�(

Ø© �

¦+þã½n�Ñ
Ú��­½5^�§��é�¦�ù�^�¤á�

�~ê ξ1, ξ2, . . . , ξn ¿Ø@oN´©�,§XJ3^� (3.4) ¥{ü/� ξi = 1

(i = 1, 2, . . . , n), �±����N´�y�AÏ�/©�d^�w,'^� (3.4)�

r�õ (ë�e�Ù¥�~ 1). ¯¢þ§�â½n 7�y²ÚÚn 2, e¡�íØ´

w,�©

íØ 5 XJ (3.5)ª¤½Â�Ý
 C ´���ÛÉMÝ
§KXÚ (1.2)�

3���ÛìC­½��K� ω±Ï)©

d1�Ù�ý��£·���§�ÛÉMÝ
kéõ�p�d�½Â©ù�¦

^þãíØJø
4��B|©~X§�âÚn 2�5� (a), ·��±ÏL�yÝ


�¤kcÌfª´Ä��5�ä§´Ä��ÛÉMÝ
©
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5 6 �yÝ
�¤kcÌfª´Ä��§Ï~��{´¦^ Gauss��{¿

u�Ì�´Ä��©�´§©z [20]¥�Ñ§ù«�{�O�Ïf=¦é 3× 3��

/�k�Ué�§l
¦ê�­½5ØU���y©�)ûd¯K§©z [20]JÑ


��ê�­½��{©



1oÙ ê�~f�?Ø

§4.1 ê�~f

31�ÙÚ1nÙ¥§·�©O?Ø
XÚ (1.2)��±Ï)Ú�K±Ï)�

­½5©�
`²N�¦^c¡�Ñ�½nÚíØ§±9`²�±Ï)Ú�K±Ï

)�­½5^��«O�éX§e¡·�Þ��nÜ5�~f©

~ 1 �Äeã�¹n�«+�ò�±Ï Lotka–VolterraXÚµ

dx1(t)

dt
= x1(t)[7 + sin t− (6 + sin t)x1(t)− (2 + cos t)x2(t− 1) + (1 + sin t)x3(t− 1)],

dx2(t)

dt
= x2(t)[4 + cos t− (1 + sin t)x1(t− 1)− (5 + sin t)x2(t) + (2 + cos t)x3(t− 1)],

dx3(t)

dt
= x3(t)[1 + sin t− (3 + cos t)x1(t− 1) + (1 + cos t)x2(t− 1)− (9 + cos t)x3(t)].

w,§~ 1�¹
¿�!Ü��Ó n«'X§Xã 4.1¤«©��yíØ 5¥

�^�§Äk�Ñ (3.5)ª¤½Â�Ý
µ

C =


5 −3 −2

−2 4 −3

−4 −2 8

 .
5¿ C ¿Ø´é�Ó`
§�Ò´`§Ø÷v3^� (3.4) ¥� ξi = 1 (i =

1, 2, . . . , n)�AÏ�/©�´N´O�§�¤kcÌfªXeµ

5 > 0,

∣∣∣∣∣∣ 5 −3

−2 4

∣∣∣∣∣∣ = 14 > 0,

∣∣∣∣∣∣∣∣
5 −3 −2

−2 4 −3

−4 −2 8

∣∣∣∣∣∣∣∣ = 6 > 0.

Ïd§dÚn 3�5� (a)�� C ´�ÛÉMÝ
©l
íØ 5�^���÷v§

�~ 1¥�XÚ�3���ÛìC­½��K� ω±Ï)©

��yd(Ø§·�^Matlab¥� dde23¼êé~ 1?1ê�¦)§O�(

J±ü«�ª©Ow«3ã 4.2Úã 4.3¥©ã 4.2w«
é,�Ð©^�§n�«

+�êþ��m tCz�ª³§w,§Âñ����K� 2π±Ï)©Ù¥§1��

Ú1��«+3±Ï5�êþÅÄ¥/Ú²�?0e�§
1n�«+�ª8u«

ý©�
ïÄØÓÐ©^�é4�±Ï)�K�§ã 4.3±Ñ
n�ØÓ�Ð©^
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ã 4.1 ~ 1�«m'X«¿ã©

0 5 10 15 20 25 30 35
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0.4

0.6

0.8

1

1.2

1.4

 t

 x
i

ã 4.2 ~ 1�,��)Âñ����K� 2π ±Ï)©Ð©^�� x(s) ≡ (1, 0.5, 0.5)T.

ã¥ª³L²§1��Ú1��«+3±Ï5�êþÅÄ¥/Ú²�?0e�§
1n�«

+�ª8u«ý©



1oÙ ê�~f�?Ø 28
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 x
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ã 4.3 ~ 1�÷vn�ØÓÐ©^���)Âñ�Ó�� u²¡ x3 = 0þ� 2π±Ï

)©Ð©^�©O� x(s) ≡ (1, 0.5, 0.5)T, x(s) ≡ (0.5, 1, 0.5)TÚ x(s) ≡ (0.5, 0.5, 1)T.

�e��m¥�)­�©lã¥N´wÑ§÷vØÓÐ©^���)Âñ�Ó��

 u²¡ x3 = 0þ�±Ï)©

�
ïÄ«+�g,O�Çé4�±Ï)�K�§ò~ 1¥� (b1(t), b2(t), b3(t))

©OO�� (7+sin t, 4+cos t, 4+sin t), (7+sin t, 1+cos t, 1+sin t)Ú (−1+sin t,−1+

cos t,−1 + sin t), O�(JXã 4.4¤«©(Üã 4.2��§ÏLUC~ 1¥�g,

O�Ç§�¦TXÚ�)Âñ�ØÓa.�±Ï)µ�±Ï)!��©þ�"��

K±Ï)!ü�©þ�"��K±Ï)!")©

§4.2 ?Ø�(�

l~ 1¥·�®²w�§�,íØ 5�^��±�yXÚ (1.2)��)Âñ�

���K� ω ±Ï)§�¿Øv±�yT±Ï)´�±Ï)©��g,�¯K´µ

3N��AÏ�/e§�I÷v½n 7½íØ 5�^�§Ò�±�y4�±Ï)�

½��º̄ ¢þ§Ü�XÚ�´ù��«AÏ�/©£Á1�Ù¥�íØ 2¿(Ü

½n 7, BØJ��e¡�½n©

½n 8 �XÚ (1.2)�Ü�XÚ©XJ�3�~ê ξ1, ξ2, . . . , ξn¦�

ξiaii −
n∑

j=1, j 6=i

ξj|aij| −
n∑
j=1

ξj

∫ ∞

0

|dKij(s)| > 0 (4.1)

é i = 1, 2, . . . , n¤á§KTXÚ�3���ÛìC­½��� ω±Ï)©
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(c) 

ã 4.4 O�~ 1 ¥�g,O�Ç§��ØÓa.�4�±Ï)©g,O�Ç

(b1(t), b2(t), b3(t))©O�µ(a) (7+ sin t, 4+cos t, 4+ sin t), (b) (7+ sin t, 1+cos t, 1+ sin t),

(c) (−1 + sin t,−1 + cos t,−1 + sin t).
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y² w,§̂ � (4.1)%º
íØ 2¥�^� (2.6). Ïd§©OA^½n 7Ú

íØ 2Ò��§XÚ (1.2)�3���ÛìC­½��K� ω±Ï) x∗(t), ±9�

��� ω±Ï) x∗+(t). u´·�k

lim
t→∞

x∗+(t)− x∗(t) = 0.

þª¤á��=� x∗(t)ð�u x∗+(t). §Ò´�ÛìC­½��� ω±Ï)© �

5 7 þã(Jk��g,�)�Æ)º©ù´Ï�§3��Ü�XÚ¥§Ø


«S¿�±	§¯¢þvkÙ¦?ÛÏ��±{N«+�O�©
«S¿��´

å���«+O�þ���^§
[�Ø¬��«+�«ý©

4·�£�½n 7¥�^�þ52��
?Ø©òù�^��1�Ù¥�±Ï

)��35^�?1'�§·��±��Ø�éu©Äk§½n 7L²§XÚ (1.2)

�­½5��ûu«S¿��«m¿�§
�«+�g,O�ÇÃ'©¦+«+�

g,O�ÇØK�XÚ�­½5§�§%éXÚ�4�±Ï)kX�'­��K

�©ù�:3~ 1¥®���Ù�`²©Ïd§·�ÒN´n)��og,O�Ç

ØUl'u�±Ï)�^�¥�K§éu,
A½a.�±Ï)�´Xd©�yk

©z¥��Ü©(JØÓ�´§·�31�Ù¥?Ø
���K±Ï)�­½5¯

K§Ø�9±Ï)�,
©þ���b½©ù¦�·�U
������Ú°t�

^�©ù
^��N
±Ï Lotka–VolterraXÚ­½5����¦§¿�k|u«

©ØÓÏ�é)�XÚ�üz�(J�)�K�©

ò�´)��.¥���~­��Ï�§§  ¬éÄåXÚ�5��)'�

5��^§Ó��O\
nØ©Û�JÝ©3�Ø©¥§·�?nò��Ì�g�

´éò���/�J0\±·����©äN/`§ù«/�J03XÚ (1.2)¥Ò

Ny�
∫∞

0
|dKij(s)|. ��5¿�´§3Nõ~���/¥§ò������¿ØK

�XÚ�­½5©�
{ü/`²ù�¯K§·��Äeã=�¹~êò��±Ï

Lotka–VolterraXÚµ

dxi(t)

dt
= xi(t)

[
bi(t)−

n∑
j=1

aij(t)xj(t)−
n∑
j=1

bij(t)xj(t− τij)

]
, i = 1, 2, . . . , n.

�â½n 7, �A��K±Ï)�­½5^��µ�3�~ê ξ1, ξ2, . . . , ξn¦�

ξiaii −
n∑

j=1, j 6=i

ξj|aij| −
n∑
j=1

ξj|bij| > 0

é¤k i = 1, 2, . . . , n ¤á§Ù¥ aii = inft aii(t), |aij| = supt |aij(t)| (i 6= j),

|bij| = supt |bij(t)|. ·�w�§ò� τij ¿�Ñy3þã­½5^�¥§�Ò´`§þ
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ã­½5^� /́ò�Ã'�0©duò����Ï~J±��§¤±ù«a.�

­½5^�3A^¥ké��`�5©

du�m¤�§�Ø©¥E,¢3
�
¯KvU?�ÚïÄÚ�.)û©ù

p=Þü~`²©Äk§·�5¿��K±Ï)�k.5^� (3.1)Ú­½5^�

(3.2)þ�6u t, w,'½n 7�Ñ�Ú�^� (3.4)�°t�õ©�´§ò^�

(3.1)Ú^� (3.2)éXå5�Ún 3��9~êÝ
§éu���¼ê�Ý
§́

Äkaq(ØÿØ�Ù©Ïd§·�g,/JÑXeß�µ

ß� 1 XJ�3�~ê ξ1, ξ2, . . . , ξn¦�

ξiaii(t)−
n∑

j=1, j 6=i

ξj|aij(t)| −
n∑
j=1

ξj

∫ ∞

0

|dKij(s)| > 0

é¤k 0 ≤ t < ωÚ i = 1, 2, . . . , n¤á§KXÚ (1.2)�3���ÛìC­½��

K� ω±Ï)©

Ùg§�â1nÙ¥é�K±Ï)�?Ø§·��±éò�±Ï Lotka–Volterra

XÚ�ÄåÆ1��Xe©aµ

(1) XÚ�3,
�)´uÑ�©

(2) XÚ�?¿�)þk.§�vk�ÛìC­½��K±Ï)©

(3) XÚ�3�ÛìC­½��K±Ï)©

3�Ø©¥§·�®²�[?Ø
)�k.5Ú�ÛìC­½5¯K©�´N

´wÑ§cö�^�'�ö�°t�õ§Ïd§ïÄ÷vk.5^��Ø÷v�Û

ìC­½5^���/§=þã©a¥�1�a§E,´��m�5¯K©·�5

¿�§3©z [31]¥§�öïÄ
k�ò�g£ Lotka–VolterraXÚ���­½5

(complete stability), =XÚ�?¿�)Ñ¬Âñ�,�²ï:§�ù�²ï:Ø´

���©3ù«�/�e§XÚk�UÓ��3õ�ÛÜ­½�²ï:§ù3Nõ

¢SA^¥ (~Xé�PÁ)ÑkâÑ�`:©�±ýO§aq�?Øéuò�±Ï

Lotka–VolterraXÚ�ïÄ�k­��nØ¿ÂÚA^d�©

(�µ3�Ø©¥§·�é�a­��êÆ)�Æ�.§=ò�±Ï Lotka–

VolterraXÚ§?1
�\[��©Û©$^Ä��êÆ©Ûóä§·�©O?Ø


TXÚ��±Ï)��35!­½5±9�K±Ï)�­½5¯K§y²
'©z

¥®k(J����Ú°t�^�©ù
(JØ=kÏu·�n)�¸^�!g,

O�Ç�ÅÄ5Ï�´XÛéE,)�XÚ�Ä�uÐÚüzu)�^�§
�§

du±Ï5ÅÄ3g,.Ú�¬!²Ly�¥�2��3§§���·�l½þÚ

½5��Ý�\ïÄù
y�Jø
kÃ�é«©
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