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Abstract—The Gaussian mixture model is a powerful statistical
tool in data modeling and analysis. Generally, the EM algorithm
is utilized to learn the parameters of the Gaussian mixture.
However, the EM algorithm is based on the maximum likelihood
framework and cannot determine the number of Gaussians for
a sample data set. In order to overcome this problem, we
propose a new model selection criterion based on the kurtosis
and skewness of the estimated Gaussians. Moreover, a new greedy
EM algorithm is constructed via the kurtosis and skewness based
criterion. The simulation results show that the proposed model
selection criterion is efficient and the new greedy EM algorithm
is feasible.

I. INTRODUCTION

The Gaussian mixture model is a very useful probability
model for data analysis and information processing [1]. In fact,
it has some good properties and can approximate any latent
density. The Gaussian mixture model can be also regarded as
a model of clustering analysis since a cluster can be defined
by a Gaussian distribution [2]. Generally, the gaussian mixture
learning is in a unsupervised learning mode. Actually, there
have been a variety of learning algorithms for estimating the
parameters of the Gaussian mixture with a sample data set, and
the most famous one is the Expectation-Maximization (EM)
algorithm [3]. But the EM algorithm has certain limitations.
Firstly, it may easily be trapped into a local maximum of the
likelihood function. Secondly, we must specify the appropriate
number of Gaussians in the mixture beforehand. Otherwise,
the EM algorithm will lead to a wrong result. Since the
number of Gaussians is a kind of scale on Gaussian mixture,
the selection of the number of Gaussians in the mixture is
referred to as the model selection. In fact, the model selection
problem for Gaussian mixture modeling or learning is a very
complicated and difficult problem [4].

In a conventional way, we can use the EM algorithm with
different numbers of Gaussians for the parameter learning on
Gaussian mixture and choose the best based on the model
selection criteria such as Akaike’s information criterion, the
Bayesian inference criterion, the Laplace empirical criterion,
and the minimum message length (MML) criterion and so
on (see [5] for a review and comparisons of these criteria).
Actually, there are over 30 model selection criterions and some
of them can be applied to the general finite mixture model
[6]-[7]. However, each model selection criterion may has its

limitations, and may be good for some sample sets while leads
to a wrong result for some other sample sets.

Recently, the Bayesian Ying-Yang (BYY) harmony learning
theory and systems [8]-[9] have been developed as a new sta-
tistical learning tool, especially for automated model selection
on Gaussian mixture. Actually, it has provided a new learning
principle, i.e., the BYY harmony learning principle, for the
model selection of Gaussian mixture with a set of sample data.
Based on it, several BYY harmony learning algorithms have
been proposed, such as the BYY gradient, annealing, fixed-
point and scale-incremental EM learning algorithms [10]-[13].
The BYY harmony learning algorithms are very efficient for
the cases that the overlap of the actual Gaussians in the sample
data is less, i.e., these actual Gaussians are separated in a
certain degree. However, as the overlap of the actual Gaussians
becomes strong, the BYY harmony learning principle and
algorithms often leads to a poor result.

In this paper, we try to propose a new model selection
criterion for Gaussian mixture based on the kurtosis and
skewness of Gaussian distributions. That is, we use the kurtosis
and skewness of each estimated Gaussian on the sample data
set to measure whether this Gaussian is fitted to the sample
data. Actually, Vlassis and Likas already used the kurtosis
in the one-dimensional case [14]. Here, we extend this idea
from one dimensional variable to the high dimensional vector.
Moreover, we also use the information of the skewness. In
order to check the new model selection criterion, we construct
a greedy EM algorithm [15], [13] which tries to minimize
the sum of kurtosis and skewness measures of estimated
Gaussians in the mixture. It is demonstrated by the simulation
experiments that the proposed model selection criterion is
efficient and the new greedy EM algorithm is feasible.

In the sequel, we review the Gaussian mixture model and
the EM algorithm in Section 2. In section 3 we introduce
the new model selection criterion and propose the new greedy
EM algorithm. Section 4 presents the data analysis on the new
criterion and the experimental results of the proposed greedy
EM algorithm. Finally, we conclude briefly in Section 5.

II. GAUSSIAN MIXTURE AND EM ALGORITHM

A. Gaussian Mixture

The probability density function of the Gaussian mixture
p(x) is given as a finite weighted sum of Gaussian distribu-
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tions. That is,

p(x) =
K∑

k=1

πkN(x|μk,Σk), (1)

where the k-th component N(x|μk,Σk) is a d-dimensional
Gaussian probability density function parameterized by the
mean μk and the covariance matrix Σk, π = {πk} are the
mixing proportions (or weights) that satisfy:

K∑
k=1

πk = 1, πk ≥ 0. (2)

Given X = {x1, . . . , xn} as n independent and iden-
tically distributed samples from the above Gaussian mix-
ture model, the Gaussian mixture modeling on the sample
data of X is to determine the right number of Gaussians
in the mixture and to estimate the true parameters θ∗ =
(π∗

1 , μ∗
1,Σ

∗
1, . . . , π

∗
K , μ∗

K ,Σ∗
K) that maximizes the log likeli-

hood function defined as follows:

L(θ∗) =
n∏

i=1

p(xi). (3)

Although the number K of Gaussians in the mixture is
difficult to estimate with X , it is quite easy to get the ML
estimate of the parameter of the Gaussian mixture when K is
right. The commonly used method is just the EM algorithm
being introduced in the next subsection.

B. The EM Algorithm

The EM algorithm is used in statistics for finding the max-
imum likelihood estimates of the parameters in a probabilistic
model where the model depends on some unobserved latent
variables. It has two steps: The E step computes an expectation
of the log likelihood with respect to current estimate of the
distribution for the latent variables, while the M step computes
the parameters which maximize the expected log likelihood on
the E step. These parameters are then used to determine the
distribution of the latent variables in the next E step.

For the Gaussian mixture model, given specific K, the latent
variables are the component indexes that the input samples
statistically belong to. So, we can use the EM algorithm to
estimate the other parameters. Here, we just give the parameter
iterative formulas:

P (k|xi) =
π

(t)
k N(xi|μ(t)

k ,Σ(t)
k )

K∑
k=1

π
(t)
k N(xi|μ(t)

k ,Σ(t)
k )

(4)

π
(t+1)
k =

1
n

n∑
i=1

P (k|xi) (5)

μ
(t+1)
k =

n∑
i=1

P (k|xi)xi

n∑
i=1

P (k|xi)
(6)

Σ(t+1)
k =

n∑
i=1

P (k|xi)(xi − μ
(t+1)
k )(xi − μ

(t+1)
k )T

n∑
i=1

P (k|xi)
(7)

It can be shown that the log likelihood in each EM step
cannot be decreased. So it must converge to a local maximum.
Unfortunately, it cannot make sure to find the global solution
and may just get one local one. Moreover, in practice the
number of Gaussians should be determined from the input
samples, so the formulas above do not always lead to a good
result. In order to solve the model selection and parameter
learning problems, we will introduce a new model selection
criterion based on kurtosis and skewness for multidimensional
case in the next section.

III. NEW MODEL SELECTION CRITERION AND LEARNING

ALGORITHM

A. The Kurtosis and Skewness Based Criterion

As well known, for a Gaussian distribution, its kurtosis and
skewness are both zero. if Y = {y1, . . . , ym} are independent
and identically distributed samples from a Gaussian distribu-
tion with the parameters μ and σ2, the sample kurtosis is
1
n

m∑
i=1

(yi−μ
σ )4 − 3, and the sample skewness 1

n

m∑
i=1

(yi−μ
σ )3.

According to the law of large numbers, the sample kurtosis and
sample skewness are both approximatively equal to zero. That
is, the sample kurtosis and skewness can indicate how well a
Gaussian distribution fit the sample data. For a true Gaussian
mixture model, if every component is a Gaussian distribution,
we can compute their sample kurtosis and skewness using
the samples belonged to this component. So, the kurtosis and
skewness offer us information to decide whether we have
gotten the right number of components and the estimation of
other parameters. In [14], a model selection criterion called
the total kurtosis was proposed to find the right number of
Gaussians in the mixture and according to that criterion, a
dynamic learning algorithm was also constructed. According
to the sample kurtosis of each component, the algorithm
chooses one component with the largest kurtosis to be split
and initialize the parameters of the split Gaussians and make
the algorithm to more likely get the global solution. But it can
just be used in univariate case and do not consider about the
skewness information. We try to find a way to use the two
kinds of information in the multidimensional case.

A straightforward idea is that we can find a projection
direction and project the samples to this direction to get one
dimension data. If the component is Gaussian distribution, the
data also come from a Gaussian distribution. Then, we can
compute the kurtosis and skewness and check whether they
are zero or nearby. For convenience, we can make singular
value decomposition for the covariance, and choose the first
F eigenvectors to be the projection directions. The section of
F is proper to reflect the information of the high dimensional
samples.

We consider the following three ways to define the kurtosis
and skewness of the projected data. We can firstly classify the



samples to K Gaussians according to the maximum posterior
P (k|xi) principle, that is,

j = arg max
k

p(k|xi), xi ∈ j. (8)

Let Xk = {xk
1 , . . . , xk

m} be the samples belonged to Gaussian
k, vk

1 , . . . , vk
F are the first F eigenvectors of the covariance Σk.

We can define the kurtosis of the Gaussian k in the direction
vk

f , named kuk
f (1), as follows:

kuk
f (1) =

1
m

m∑
i=1

(
yk

fi − mk
f (1)

σk
f (1)

)4 − 3, (9)

where yk
fi are the projected data of xk

i in the direction of vk
f ,

mk
f (1) and σk

f (1) are the mean and standard deviation of data
Y k

f = {yk
f1, . . . , y

k
fm}. We can use the original μk and Σk to

produce another mean and standard deviation:

mk
f (2) = μT

k ∗ vk
f , σk

f (2) =
√

vkT
f ∗ Σk ∗ vk

f . (10)

This leads to the second definition:

kuk
f (2) =

1
m

m∑
i=1

(
yk

fi − mk
f (2)

σk
f (2)

)4 − 3 (11)

The third definition is quite different from the previous ones.
We do not need to classify the samples in advance. Instead, we
define a weighted kurtosis according to the posterior P (k|xi)
as follows:

kuk
f (3) =

n∑
i=1

(
yk

fi−mk
f (2)

σk
f
(2)

)4P (k|xi)

n∑
i=1

P (k|xi)
− 3 (12)

The importance of the sample xi in the formula is decided by
the posterior P (k|xi) which means the probability of the event
that xi belongs to Gaussian k. No matter what the definition
is, we compute the sum of the kurtosis of Gaussians by

kuk =
F∑

f=1

abs(kuk
f ) (13)

The absolute values are needed to compensate for the
individual kurtosis taking positive or negative values. To test
how well the whole mixture model fit the samples we should
compute the weighted average of the individual kurtosis of the
components of the mixtures. The total kurtosis is

KT =
K∑

k=1

πkkuk (14)

In the same way, we can define the total skewness as

ST =
K∑

k=1

πkskk. (15)

Finally, we define the total sum of the kurtosis and skewness
as

SumT = KT + ST . (16)

The total kurtosis and total skewness is a useful information
to check the fitness of the Gaussian mixture model. It can be
regarded as a measure on how well a Gaussian mixture fits
the sample data. Since a low value indicates every component
of the mixtures fit the samples in its vicinity, therefore the
mixture is a good approximation of the latent distribution. If
the value is large, it shows that the samples belong to some
components is not likely come from a Gaussian so we should
change the number of components or adjust the parameters.

We use both the kurtosis and skewness because they intro-
duce more information than either of them, especially after
projection. One dimensional data may have low kurtosis or
low skewness, but they are likely to have large value of total
kurtosis and total skewness. As for the three definitions of kuk

f ,
each of them will be evaluated by the experiments. Indeed,
they all behave well and everyone may be better than the other
ones in some cases.

B. The New Greedy EM Algorithm

Based on the total kurtosis and skewness, we can construct a
new greedy EM algorithm which can solve the two problems
of the EM algorithm we have mentioned above. It utilizes
the EM algorithm to estimate the parameters and split the
component with the largest value of kurtosis and skewness
step by step and use the minimum total kurtosis and skewness
criterion to find the right number of Gaussians in the sample
data. That is, the lowest value of the total kurtosis and
skewness corresponds to the right number of Gaussians.

Specifically, we starts with a small number of Gaussians
such as k = 1, and then perform the EM algorithm until
convergence, and compute the total kurtosis and total skewness
measure. If the value of the measure is too large being
compared with a previously given threshold value, we perform
the component splitting. We choose the component which
has the maximum value of πk(kuk + skk). The two new
components have means μk + vf

1 , μk − νf
1 and the same

covariance Σk, their weights are set to πk/2 so that Eq.(2)
still holds. Furthermore, we perform the EM algorithm again,
until the measure is small enough or perform the procedure
until the number is big enough and choose the one which has
the least value of total kurtosis and total skewness as the tight
number of components. As we initialize the parameters when
a new component is added, we may escape from the local
maximum of the log likelihood function. Thus, the proposed
greedy EM algorithm can behave better than the standard EM
algorithm.

Particularly, we give the new greedy EM algorithm as
follows:

Step 1. Initialization: Set the initial number K = 1 and
initialize the parameters of the components randomly. Set the
threshold value ε > 0.

Step 2. Perform the EM algorithm until convergence.
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Fig. 1. The performance comparison between the proposed greedy EM
algorithm and the standard EM algorithm.

Step 3. Compute the kurtosis and skewness of each Gaus-
sian and the total kurtosis and skewness measure SumT . If
SumT ≤ ε > 0, stop the algorithm. Otherwise, go to Step 4.

Step 4. Perform the component splitting operation and let
K = K + 1 and go to Step 2.

IV. EXPERIMENTAL RESULTS

To compare our greedy EM algorithm with the standard
EM algorithm, we conducted an experiment with the sample
data generated independently from a known Gaussian mixture
distribution. Actually, we generated a set of 2000 data points
in the plane from three Gaussians, which can be observed
from Figure 1. In fact, the upper sub-figure of Figure 1 gives
the result of the standard EM algorithm on the simulation
data set with K = 3. It is clear that the standard EM
algorithm converged to a wrong result. However, our greedy
EM algorithm converged to a right result. Therefore, the
greedy EM algorithm can make correct model selection and
leads to a good parameter estimation.

We further make a data analysis on whether the three types
of the total kurtosis and skewness measure are efficient for
the model selection of Gaussian mixture on a sample data
set. In Figure 2, we generated a sample data set from a
mixture of three Gaussians in the plane, which have overlap
between components. The top left corner of Figure 2 shows
the data we generated. In the rest of the three figures, the
three lines are total kurtosis, total skewness and total sum of
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Fig. 2. A performance comparison between the three types of the total
kurtosis and skewness measure on a sample data set from a mixture of three
Gaussians in the plane.
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Fig. 3. A performance comparison between the three types of the total
kurtosis and skewness measure on a sample data set from a mixture of two
overlapped Gaussians in the plane.

kurtosis and skewness respectively. The three figures are based
on the three definitions of sample kurtosis and skewness. In
this case, we can observe that each type of the total kurtosis
and skewness measure can make the correct model selection
since the measure decreases clearly until k = 3. This result is
also demonstrated on Figure 3 for the sample data set from a
mixture of two overlapped Gaussians in the plane. The four
little figures in Figure 3 are the same meaning as in Figure 2.

Finally we compare our kurtosis and skewness criterion with
the BYY harmony function criterion [10], [13]. We generated
a set of sample data from a mixture of three Gaussians, being
shown in figure 4. We can observe that the three Gaussians are
highly overlapped. Actually, the highest value of the harmony
function was obtained at k = 2 which is not the correct
number of Gaussians in the original mixture. However, the
three types of the total kurtosis and skewness measure all
arrive at the minimum when k = 3 which is the correct number
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Fig. 4. The upper subfigure is the sketch of the sample data that consist of
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BYY harmony function at each k which maximizes at k = 2.
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Fig. 5. The three types of the total kurtosis and skewness measures on the
above sample data set at each k and all minimize at k = 3.

of Gaussians in the original mixture. From this comparison,
we can find that the total kurtosis and skewness criterion is
more efficient than the BYY harmony function criterion in the
cases of the Gaussian mixture with strong overlap.

As a result, the total kurtosis and skewness measure is
efficient for the model selection of Gaussian mixture on a
sample data set. Moreover, the proposed greedy EM algorithm

can outperform the standard EM algorithm on both model
selection and parameter estimation.

V. CONCLUSION

We proposed a new model selection criterion for Gaussian
mixture based on the total Kurtosis and skewness measure
especially for the multidimensional cases. We also construct
a new greedy EM algorithm with this new model selection
criterion. It is shown by the simulation experiments and
data analysis that the total kurtosis and skewness measure
is efficient for the model selection of Gaussian mixture on
a sample data set and the proposed greedy EM algorithm
can outperform the standard EM algorithm on both model
selection and parameter estimation. The experimental results
further show that the proposed model selection criterion is
even better than the BYY harmony function criterion in the
strong overlap cases of Gaussian mixture.
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