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To get periodic points p, g such that WY¥(p) N W35 (q) # 0
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For any x € H,, follows that

SS
VV/OC

(x) N Hp = {x}



Dichotomy for Hp:

For any x € H,, follows that

Ioc(X) N HP - {X}

There is x, y € Hp such that
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For any x € Hp, follows that

There is x, y € Hp such that

loc(X) N HP - {X}

Ioc(X )

DA



Dichotomy for Hp:
For any x € Hj, follows that

Wige(x) N Hp = {x}

Thereis x, y € Hp such that

y € Wie(x).
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V x € Hy, WS(x)NH,={x}

There exists submanifold N such that
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V x € Hy, WS(x)NH,={x}

There exists submanifold N such that

HoC N
Hp, restricted to N has a codimension one splitting

EC @ EU
Codimension one dominated splitting, then




V x € Hy, WS(x)NH,={x}

There exists submanifold N such that

HoC N
Hp, restricted to N has a codimension one splitting

E¢a EY

Codimension one dominated splitting, then E¢ is hyperbolic.
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Handling the perturbations.
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Different cases

nSS( Wu

wo(¥)) intersects both components of WZ!(x).

loc

Nss(WY.(y)) intersects one comp of WEY(x).
M5(Wigo(y)) = Wie(x)
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x € WYpx), y € WY(py), where py, p, are periodics



Transversal case.

x € WY(py), y € WY (py), where py, p, are periodics

S wy)

cu
W (x)
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Transversal case.

x € WY (py), y € WY (py), where py, p, are periodics

S wy)

cu
W (x)
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Same argument can not be repeated.
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Same argument can not be repeated.

Central boundary point.
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Same argument can not be repeated.

Central boundary point.
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Same argument can not be repeated

Central boundary point.

W

Nothing
in the class.
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Non-Transversal case.

Same argument can not be repeated.
Central boundary point.

w0

Boundary points belong to unstable manifold of periodic points.
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Non-Transversal case.

Same argument can not be repeated.
Central boundary point.

w0

Boundary points belong to unstable manifold of periodic points.
x and y are boundary points:
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Robust dichotomy: Stable/Unstable.

Robustly, not strong connection and no hyperbolicity:
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Robust dichotomy: Stable/Unstable.

Robustly, not strong connection and no hyperbolicity:

Unstable case
There exists x, y € H such that
Q ye Ws(x)

© and there are py, g, periodic points such that
x € W9 (px),y € W¥py).
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Robust dichotomy: Stable/Unstable.

Robustly, not strong connection and no hyperbolicity:

Unstable case
There exists x, y € H such that
Q y e W(x)

@ and there are py, gy periodic points such that
x € W9 (px),y € W¥py).

Stable case (or joint integrable)
There exists x, y € H such that 75°(WY(x)) = WX(y).
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Unstable case

There exists x, y € H such that

Q ye Ws(x)
@ and there are py, gy periodic points such that
x € W (px),y € W9 (py).

Then
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Unstable case

There exists x, y € H such that

Q ye Ws(x)
@ and there are py, gy periodic points such that
x € W (px),y € W9 (py).

Then
@ There exists g such that

Xg & W(yg).

S. Crovisier - E. R. Pujals () Dynamical Systems Beijing 2009

15/1



Unstable case

There exists x, y € H such that

Q ye Ws(x)
@ and there are py, gy periodic points such that
x € W (px),y € W9 (py).

Then
@ There exists g such that

Xg & W(yg).

@ There exists g and g(g) periodic such that

We2(a(9)) N W¥(py) # 0.
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Perturbation. Unstable case.
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Perturbation. Unstable case.

‘ Moving the unstable manifold of a periodic point.
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Unstable case. Perturbation.

u
W (x)

x= I%(y

o why))
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Unstable case. Perturbation.

u
W (x)

W)

57 cu(x) n
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Unstable case. Perturbation.

'Recall continuations of points

Given x € H,, for any g nearby f, g — Xg
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Unstable case. Perturbation.

Given x € H,, for any g nearby f, g — Xg
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Unstable case. Perturbation.

Given x € H,, for any g nearby f, g — Xg

u
W (%)
% (3))

»y /g
L ]

cu
N /

NOT ALWAYS IS POSSIBLE

S. Crovisier - E. R. Pujals () Dynamical Systems

Beijing 2009

18/1



Unstable case. Perturbation.

Given x € Hp for any g nearby f, g — xg

u
W (x)

ss

(W)

LT
/% g
W

NOT ALWAYS IS POSSIBLE

Long time for the forward iterate of x to visit B(y).
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A, Ae, Ay, N large r small.
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Unstable case. Dichotomy related to return times

A, Ae, Ay, N large r small.

U0, Ny v (x), AN,
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A, Ae, Ay, N large r small.
U1 (x),rA8) VI (), A9).

n=n(y,N)min{k > 0,f"(y) € V}
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Unstable case. Dichotomy related to return times

A, Ae, Ay, N large r small.

U0, Ny v (x), AN,

log(Ac)

Ky > max{ log ()

frac(1 — as) log(Ac)—aslog(A\y)},
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A, Ae, Ay, N large r small.
UF(x),rag) V(1 (x),A0).

n=n(y,N)min{k > 0,f"(y) € V}
Ko > max{

log(Ac)
log(\)

frac(1 — as) log(Ac)—aslog(Au)},

Either vV r > 0, 3 N large such that

n> Ky[N + Iog(%)]
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A, Ae, Ay, N large r small.
UF(x),rag) V(1 (x),A0).

n=n(y,N)min{k > 0,f"(y) € V}
Ko > max{

log(Ac)
log(\)

frac(1 — as) log(Ac)—aslog(Au)},

Either vV r > 0, 3 N large such that

n> Ky[N + Iog(%)]

There exists ry small, for all large N

1
n < Ko[N + |09(;)]
™ & A
S Crovisier-E.R.Pujals )  DynamicalSystens ~ Beijng2009  19/1







A(y) e W

SUBORBIT:fi(y)..
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SUBORBIT:f(y)...f"(y) € W
RETURNS HAPPEN ALONG CENTER SUBMANIFOLD
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R -.

SUBORBIT:f(y)...f"(y) € W
RETURNS HAPPEN ALONG CENTER SUBMANIFOLD
dist(f"~(y), W4(px)) ~ A
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Long time before return

Either vV r > 0, 3 N large such that

> Ko[N+ Iog(17)]



Dichotomy about returns

Long time before return
Either vV r > 0, 3 N large such that

n > Ko[N + log(-)]

1
r

Relative bounded return
There exists ry small, for all large N

n < KolN +log(1)]
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Dichotomy about returns

Long time before return
Either vV r > 0, 3 N large such that

n> Ko[N + Iog(;)]

Relative bounded return
There exists ry small, for all large N

y
n < Ko[N + log()]
For all large N

n< KgN
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Get g C'—close and q(g) € H periodic such that

W25(a(g)) n W (py) # 0.
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VN n < KoN. Deep Return.
Relative bounded return implies Deep return

Thereis a > b > 0, for N large, follows that
@ n(N) > N,
@ f"(y) close to x,
Q@ N>an
© any suborbit in in W has lenght smaller than b n.
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VN n < KoN. Deep Return.
Relative bounded return implies Deep return

Thereis a > b > 0, for N large, follows that
@ n(N) >N,
@ f"(y) close to x,
O N>an
© any suborbit in in W has lenght smaller than b n.

dist(f"(y), x) < A2&"
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VN n < KoN. Deep Return.
Relative bounded return implies Deep return

Thereis a > b > 0, for N large, follows that
@ n(N) >N,
@ f"(y) close to x,
O N>an
© any suborbit in in W has lenght smaller than b n.

dist(f"(y), x) < A2&"

dist(f/(y),x) > \2" v j<n.
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VN n < KoN. Deep Return.
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VN n < KoN. Deep Return.

-~ e,
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VYN n < KogN. Deep Return.
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dist(f"(y), x) < A¢"

dist(fi(y),x) > A2" v j<n.
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VN n=(y,N,r) < KoN. Deep Return.
dist(f"(y), x) < A2"

dist(f/(y),x) > \2" v j<n.

There exists b < a < a such that

@ "([x, y]) contained in a neighborhood of size A" of x;
Q dist(f/([x,y]),x) > & " forany 0 < j < n.

[X.y] = WS(x)
r=min{s:y e W3(x)}.
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VN n < KoN. Deep Return.

There exists g ¢ — C'-close to f (e ~ )\(a on ):

Q 9"([x, y])C[x yl,
Qg’/[xy] fley forany 0 <j<n,
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There exists g ¢ — C'-close to f (e ~ A&
Q g"([x.y]) C [x.yl,

_{l .
° g;[x,y] - f/[X,y] forany 0 <j < n,

It is created a periodic point g, such that
W5s(q) n WY (py) # 0.

geH
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VN n=(y,N,r) < KogN.
Thereis a > b > 0, for N large, follows that
@ n(N) >N,




VN n=(y,N,r) < KogN.
Thereis a > b > 0, for N large, follows that
@ n(N) >N,

@ "(y) close to x,




Lemma about Deep Return.

VN n=(y,N,r) < KyN.

Thereis a > b > 0, for N large, follows that
@ n(N) >N,
@ f"(y) close to x,
Q N>an
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Lemma about Deep Return.

VN n=(y,N,r) < KyN.

Thereis a > b > 0, for N large, follows that
@ n(N) >N,
@ f"(y) close to x,
QO N>an
© any suborbit in in W has lenght smaller than b n.
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VN n=(y,N,r) < KogN.

mp < np < mjpq < Njyq

Q@ Mi(y)...f"(y) are sub-orbits in W,




VN n=(y,N,r) < KogN.

mp < np < mjpq < Njyq
Q@ fMi(y)...f"(y) are sub-orbits in W,

Q if N; = nj — m;, then Niz4 > N,




Lemma about Deep Return.
YN n:(y7N>r) < KON
mp < ni < mjyq1 < Njpq

@ f™Mi(y)...f"(y) are sub-orbits in W,
Q if N; = nj — mj, then Ni.y > N,

© if there is a sub-orbit % (x) ... ff(x) with n; < k; < ko < m;,q then
ki — ko < N,.

ni = n(N/).
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Lemma about Deep Return.

-
./-
; i N .
1 & |,
e m Uil 47 & ky '\ |
i i i %,
J i [ Y
1 : A \
: \ s
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Lemma about Deep Return.
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Lemma about Deep Return (n < Ky N).

N> & Recall that n; = n(N;)
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)

. N;
R =limsup;_, 7/}
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)

i N;
R =limsup;_, I

N> (1 = €)R, for i large.

!

=
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)

- N;

R =limsup;_, 7/}

N> (1—€)R, for i large.

N; > n;R(1 — ¢) for i large.
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)
. N;
R =limsup;_, 7/}
N> (1—€)R, for i large.
N; > n;R(1 — ¢) for i large.
%{' < (1 + €)R for any j large than jy
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)
. N;
R =limsup;_, 7/}
N; ;
o > (1 =¢)R, forilarge.
N; > n;R(1 — ¢) for i large.
%{' < (1 + €)R for any j large than jy
Since n; < n; — N; then
Nj < R(1 + E)nj
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)
R =limsup;_, %’
N> (1—€)R, for i large.
N; > n;R(1 — ¢) for i large.
%{' < (1 + €)R for any j large than jy
Since n; < n; — N; then
Nj < R(1 + E)nj < R(1 + E)(n,' = N,)
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)
R =limsup;_, %’
N> (1—€)R, for i large.
N; > n;R(1 — ¢) for i large.
%{' < (1 + €)R for any j large than jy
Since n; < n; — N; then
N <R(1+e)m <R +€)(n—N;) <(1+¢)R[1—-(1-¢€R]n;
for j larger than jp
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)
. N;
R =limsup;_, 7//
N> (1—€)R, for i large.
N; > n;R(1 — ¢) for i large.
%{' < (1 + €)R for any j large than jy
Since n; < n; — N; then
N <R(1+e)m <R +€)(n—N;) <(1+¢)R[1—-(1-¢€R]n;
for j larger than jp
b=(1+¢)[1—(1-¢R]<(1—¢)=aforesmall
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Lemma about Deep Return (n < Ky N).
N> . Recall that n; = n(N;)

R =limsup;_, %’

N> (1—€)R, for i large.

N; > n;R(1 — ¢) for i large.
%’f < (1 + €)R for any j large than jy

Since n; < n; — N; then
N <R(1+e)m <R(1+¢€)(ni—N;)) < (1+¢)R[1 —(1—¢€)R]n;
for j larger than jfy
b=(1+¢€)[1—-(1—¢€)R]<(1—¢)=aforesmall

takinga= (1 —e¢)Rand b = (1 + ¢)R[1 — (1 — ¢)R] the result holds.
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There exists g C'—close to f such that

Xg & W*(yg).
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Perturbation: Move x

DA



Q>



Unstable case. Perturbation.

Goal: xg # M5 (yg)

Perturbation: Move x ~'(x) — go f~1(x))
dist(Ng(Xg), y), dist(xg,x) <<< dist(y,g o f~1(x))

S. Crovisier - E. R. Pujals () Dynamical Systems Beijing 2009 32/1



Unstable case. Perturbation.

Goal: xg # M5 (yg)

Perturbation: Move x ~'(x) — go f~1(x))
dist(Ng(Xg), y), dist(xg,x) <<< dist(y,g o f~1(x))
Perturbation is concentrated on B(f~(x))
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Support of the perturbation: V(f~'(x), AY).
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Support of the perturbation: V(f~'(x), AY).

dist(x, g(f~1(x))) = rAN
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Support of the perturbation: V(f~'(x), AY).

dist(x, g(f~1(x))) = rAN

dist(xg, M5°(¥g)) < rAY
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Support of the perturbation: V(f~'(x), AY).
dist(x,g(f~1(x))) = rAg

dist(xg, M5°(¥g)) < rAY

dist(Ng*(vg), N (¥g))
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Support of the perturbation: V(f~'(x), AY).

dist(x, g(f~1(x))) = rAN

dist(xg, M5°(¥g)) < rAY

dist(Ng*(vg), NF°(¥g)) +
+dist(N3(yg), NE%(y))
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Support of the perturbation: V(f~'(x), AY).

dist(x, g(f~1(x))) = rAN

dist(xg, M5°(¥g)) < rAY

dist(Ng*(vg), MF*(vg)) +
+dist(N(vg), NE°(y)) +
+dist(xg, 9(f~1(x)))
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Support of the perturbation: V(f~'(x), AY).

dist(x, g(f~1(x))) = rAN

dist(xg, M5°(¥g)) < rAY

dist(Ng*(vg), NF°(¥g)) +
+dist(N(vg), NE°(y)) +
+dist(xg, 9(F1(x))) < rAY

DA

n}
U]
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Estimating: dist(xg, g(f~'(x)))

Estimating: dist(yg, )
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Estimating: dist(xg, g(f~'(x)))
Estimating: dist(yg, )
dist(yg, y) < rAN
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Estimating: dist(xg, g(f~'(x)))
Estimating: dist(yg, )

dist(yg, y) < IAEA,"
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Estimating: dist(xg, g(f~'(x)))
Estimating: dist(yg, )
dist(yg, y) < IAEA,"

dist(xg, g(f~1(x))) < rANA;"

n, return time to V.
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Estimating: dist(M$S(yg), N$S(y))
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Estimating: dist(T7*(yg). N*(y)) dist(M7*(yg), Mg*(¥g))
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Estimating: dist(N$%(yg), N$3(y))  dist(N$3(yg), ME(yg))

nes, I'ISS are Holder; estimate dist(ngs’ ise)



Estimating: dist(M¢°(yg), N£°(y)) dist(Ng5(yg), N5 (¥g))
Mge, Mg are Holder; estimate dist(IMNg°, M¢°)
dist(T7°(yg), NF*(y)) < dist(yg, y)*
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Estimating: dist(M7°(yg), M°(y)) dist(N°(yg), Ng*(¥g))
M$s, NS are Holder; estimate dist(MNSS, M$°)

dist(M2°(yg), ME(y)) < dist(yg, ¥)*s < [rA¢AG"T™

DA

n}
U]
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it



n > Ko[N +log(1)]
Estimating: dist(M5(yg), N1$5(y))  dist(N$*(yg), NE(vg))
Mge, Mg are Holder; estimate dist(Mg°, M2°)
dist(M$°(yg), NE°(y)) < dist(yg, y)*s < [PAFAZ"™

dist(Mg*(z), Ng5(2)) < A
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n > Ko[N +log(1)]

Estimating: dist(M5(yg), N1$5(y))  dist(N$*(yg), NE(vg))
Mge, Mg are Holder; estimate dist(Mg°, M2°)
dist(M$°(yg), NE°(y)) < dist(yg, y)*s < [PAFAZ"™
dist(Ng*(z),N$(2)) < A™

A, constant of domination, n, return time to V
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n > Ko[N +log(1)]

Estimating: dist(N$5(yg), N$%(y)) dist(N$%(yg). I'Igs(yg))
Mge, Mg are Holder; estimate dist(Mg°, M2°)
dist(M$°(yg), NE°(y)) < dist(yg, y)*s < [PAFAZ"™
dist(Ng*(2),N$%(2)) < A™
A, constant of domination, n, return time to V

By the election of Ky and n > Ko[N + log(1)]

Everything works
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Joint integrable case/Stable case.

M55 (Wige(¥)) = Wige(X)

cy
Wy
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Joint integrable case/Stable case.

M55 (Wige(¥)) = Wige(X)

u
W (x)

5 wy))

w x= Iy

cu
Wo(x)
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Joint integrable case/Stable case.

M55 (Wige(¥)) = Wige(X)

cy
Wy
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Joint integrable case/Stable case.

M55 (Wige(¥)) = Wige(X)

cy
Wy

We can not assume that x or y belongs to unstable of periodic pts.
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Joint integrable case/Stable case.

M= (Wioe(¥)) = Wige(X)

cu
Wy

We can not assume that x or y belongs to unstable of periodic pts.

If they are, we argue as before
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Joint integrable case/Stable case.

cu
W)
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Joint integrable case/Stable case.

L'
W)

L

AN
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Joint integrable case/Stable case.

A
4

AN
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Joint integrable case/Stable case.

4

AN
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Joint integrable case/Stable case.

AN

If 15(xq) # yg then is done!
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Joint integrable case/Stable case.

AN

If 5(xq) # yg then is done!

If x and y are not in the unstable of periodic points,
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Joint integrable case/Stable case.

AN

If 15(xq) # yg then is done!

If x and y are not in the unstable of periodic points,
accumulated by both sides by periodic points.
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Joint integrable case/Stable case. Assuming IM%%(xy) # )

A
4

AN
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Joint integrable case/Stable case. Assuming IM%%(xy) # )

e
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Joint integrable case/Stable case. Assuming IM%%(xy) # )

e

/

Break joint integrability.
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Joint integrable case/Stable case. Assuming IM%%(xy) # )

e

/

Break joint integrability.

Enough to get a connection.
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How to break joint integrability. Type of perturbations.

WD

C'—Linearizing coordinates W5(p), WS ¢ WS(p), D, WY (x)
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How to break joint integrability. Type of perturbations.

] —

-1
£ (D)

Dmn

DH’I

R R, P
Z 7D

C'—Linearizing coordinates W5(p), WSS ¢ WS(p), D, WY(x)
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How to break joint integrability. Type of perturbations.

P

xt=f 18)() XH+1= £ i X)

P

C'—Linearizing coordinates W5(p), WSS ¢ WS(p), D, WY(x)
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How to break joint integrability. Type of perturbations.

PERTURBATION

Pl
[/1]]

w8 IEX) n+1 H+ X)

P

C'—Linearizing coordinates W5(p), WSS ¢ WS(p), D, WY(x)

Support in Rp(nY) = f"(Ry) N {|2| < nY}.
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How to break joint integrability. Type of perturbations.

PERTURBATION

Pl
[/1]]

w8 IEX) n+1 H+ X)

P

C'—Linearizing coordinates W5(p), WSS ¢ WS(p), D, WY(x)
Support in Rp(nY) = f"(Ry) N {]2| < nY}.
For any z € Ra(n) N W2(p) Dg : (0,0, v¥) — (0, 70, vV)
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How to break joint integrability. Type of perturbations.

/

/ %) / R )
A fH+ l(X)

n
fx

(), £7(y), Ba(f"(y), n"),
perturbation support in R, (all vector there is affected), D, » not affected.
WU(g"*t1(x)) is the same, WY(g"*'(y)) is tilted with angle
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How to break joint integrability. Type of perturbations.

|
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n
fx
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perturbation support in R, (all vector there is affected), D, » not affected.
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How to break joint integrability. Type of perturbations.

_________________________________________

7y

n
fx

(), £7(y), Ba(f"(y), n"),
Dn m is Linearized.
perturbation support in R, (all vector there is affected), D, m not affected.
WU(g"'(x)) is the same, W!(g"t'(y)) is tilted with angle 7

S. Crovisier - E. R. Pujals () Dynamical Systems Beijing 2009 41/1



f1(x), £7(y), Rn(f"(y),n"),
Dn m is Linearized.

perturbation support in R, (all vector there is affected), D, m not affected.
WU(g"'(x)) is the same, W!(g"t'(y)) is tilted with angle 7
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f1(x), £7(y), Rn(f"(y),n"),
Dn m is Linearized.

perturbation support in R, (all vector there is affected), D, m not affected.
WU(g"'(x)) is the same, W!(g"t'(y)) is tilted with angle 7
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The continuations xg, yg move. So, g"(xg), 9"(¥g)
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How to break joint integrability. Problems

The continuations xg, yg move. So, g"(xg), 9"(¥g)

The unstable of g"(xg), g"(yg) are not necessarily vertical.
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How to break joint integrability. Problems

36n+1g

The continuations xg, yg move. So, g"(xg), 9"(¥g)

The unstable of g"(xg), g"(yg) are not necessarily vertical.

Changes in g"(xg), 9"(yg) can upset perturbation.
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Unstable subbundle is Holder
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How to break joint integrability. Control

Unstable subbundle is Holder
dist(f"(x), g"(xg)) = dist(f"(x), "(xg)) < CoAl

S. Crovisier - E. R. Pujals () Dynamical Systems Beijing 2009 43 /1



How to break joint integrability. Control

Unstable subbundle is Holder
dist(f"(x), g"(xg)) = dist(f"(x), "(xg)) < CoAl

Slope(Ef ("(x)), E4(9"(xg)))
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How to break joint integrability. Control

Unstable subbundle is Holder
dist(f"(x), g"(xg)) = dist(f"(x), "(xg)) < CoAl

Slope(Ef (f"(x)), Eg(9"(%g))) < Slope(Ef ("(x)), Ef (9"(Xq)))
+  Slope(Ef (f"(x)), Eg(9"(xg))) <
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How to break joint integrability. Control

Unstable subbundle is Holder
dist(f"(x), g"(xg)) = dist(f"(x), "(xg)) < CoAl

Slope(Ef (f"(x)), Eg(9"(xg))) < Slope(Ef("(x)). Ef (9"(xg)))
+  Slope(E7("(x)). Eg(9"(xg))) <
< AZM A Moy
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How to break joint integrability. Control

Unstable subbundle is Holder
dist(f"(x), g"(xg)) = dist(f"(x), "(xg)) < CoAl

Slope(Ef (f"(x)), Eg(9"(xg))) < Slope(Ef("(x)). Ef (9"(xg)))
+  Slope(E7("(x)). Eg(9"(xg))) <
< AZM A Moy

Ky first backward visit to Rn(nY)
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How to break joint integrability. Control

Unstable subbundle is Holder
dist(f"(x), g"(xg)) = dist(f"(x), "(xg)) < CoAl

Slope(Ef (f"(x)), Eg(9"(xg))) < Slope(Ef("(x)). Ef (9"(xg)))
+  Slope(E7("(x)). Eg(9"(xg))) <
< AZM A Moy

Ky first backward visit to R,(nY)
Ky is arbitrary large provided " small.
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How to break joint integrability. Control

Unstable subbundle is Holder
dist(f"(x), g"(xg)) = dist(f"(x), "(xg)) < CoAl

Slope(Ef (f"(x)), Eg(9"(xg))) < Slope(Ef("(x)). Ef (9"(xg)))
+  Slope(E7("(x)). Eg(9"(xg))) <
< AZM A Moy

Ky first backward visit to R,(nY)
Kk is arbitrary large provided n“ small.
nY and n can be choosen independently of 7.
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How to break joint integrability. Control

Unstable subbundle is Holder
dist(f"(x), g"(xg)) = dist(f"(x), "(xg)) < CoAl

Slope(Ef (f"(x)), Eg(9"(xg))) < Slope(Ef("(x)). Ef (9"(xg)))
+  Slope(Ef("(x)). Eg(9"(xg))) <
< AZM A Moy

Ky first backward visit to R,(nY)
Kk is arbitrary large provided n“ small.
nY and n can be choosen independently of 7.

So, A1% + Ak small independently of 7.
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_________

n
I (xg)

Slope(EX(f™(x)), EX(g™" (xg))) < AT + Aker.
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How to break Jomt integrability. Concluding

n
(%)

n
fixg

Slope(EL(f™1(x)), E4(g™" (xg))) < AZ™ + Xecnp.
Slope(E{(f™1(y)), ES(9" 1 (¥g))) > mo — (AZ™ + Aseapg).
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_________

n
O iy

Slope(EX(f™(x)), EX(g™" (xg))) < AT + Aker.

Slope(E{(f™1(y)), E§(9™ (¥g))) > no — (AZ™ + Nosapo).
Take m large, i.e.: D, m close to W3(p).
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_________

n
f(x) fn(x .

Slope(EX(f™1(x)), EX(g™ " (xg))) < AZ% + Xeeypo.
Slope(Ef ("1 (y)), E§(™ (¥g))) > mo — (A§™ + Nono).
Take mlarge, i.e.: Dy m close to W2(p).

Done
S. Crovisier - E. R. Pujals () Dynamical Systems Beijing 2009
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Codimension one splittings

'Codimension one cases:

dim(E) = 1

’Es@Ecs@Ecu‘

dim(E°s(¢)) = 1, W® is topolologically hyperbolic, totally disconnected.
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Codimension one splittings

dim(E)

dim(E®s(e)) = 1, W*S is topolologically hyperbolic, totally disconnected.

1
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Codimension one splittings

dim(E)

dim(E®s(e)) = 1, W*S is topolologically hyperbolic, totally disconnected.

If W is not totally disconnected, then cycle

1
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Codimension one splittings

Given f € Diff?(M"), and H,

@ homoclinic class
@ EsSgp E

S. Crovisier - E. R. Pujals () Dynamical Systems

: ES@ ECU

Beijing 2009

46/1



Given f € Diff?(M"), and H,

@ homodclinic class
) ES @ ECU




Given f € Diff?(M"), and H,
") ES fast ECU

@ homodclinic class

Sambarino, P-




Codimension one splittings: E° @ EY
Given f € Diff?(M"), and H,

@ homodclinic class
@ ESg EXW

Sambarino, P-

Heuristic:
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Codimension one splittings: E° @ EY

Given f € Diff?(M"), and H,

@ homodclinic class
@ ESg EXW

Sambarino, P- J

Heuristic:
Get a Markov partition (possible even is not hyperbolic)
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Codimension one splittings: E° @ EY

Given f € Diff?(M"), and H,

@ homodclinic class
@ ESg EXW

Sambarino, P- J

Heuristic:
Get a Markov partition (possible even is not hyperbolic)
Project by the stable foliation (using the partition)
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Codimension one splittings: E° @ E®Y

Given f € Diff?(M"), and H,

@ homodclinic class
@ ESg EXW

Sambarino, P- J

Heuristic:
Get a Markov partition (possible even is not hyperbolic)
Project by the stable foliation (using the partition)
Get a smooth map without critical points
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Codimension one splittings: E° @ E®Y

Given f € Diff?(M"), and H,

@ homodclinic class
@ ESg EXW

Sambarino, P- J

Heuristic:

Get a Markov partition (possible even is not hyperbolic)
Project by the stable foliation (using the partition)
Get a smooth map without critical points
Show that the map is Hyperbolic (Marie)
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Codimension one splittings: E° @ E®Y

Given f € Diff?(M"), and H,

@ homodclinic class
@ ESg EXW

Sambarino, P- J

Heuristic:

Get a Markov partition (possible even is not hyperbolic)
Project by the stable foliation (using the partition)
Get a smooth map without critical points
Show that the map is Hyperbolic (Marie)

It is needed C?; so, problem. Look for another approach.
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If fis C2, WC(x) are dynamically defined
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Codimension one splittings: E° & E°“ Markov partition

If fis C2, W (x) are dynamically defined
F(WeU(x)) € W(F(x)), ¥ n>0
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Codimension one splittings: E° & E°“ Markov partition

If fis C2, WC(x) are dynamically defined
Fn(We(x)) © WEU(FN(x)), ¥ n>0

Using E?, it is obtained a u-Markov partition:
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Codimension one splittings: E° & E°“ Markov partition

If fis C2, WC(x) are dynamically defined
Fn(We(x)) © WEU(FN(x)), ¥ n>0

Using E?, it is obtained a u-Markov partition:
Partition PY; x € P,f~'(x) € P*
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Codimension one splittings: E° & E®“ Markov partition

If fis C2, WC(x) are dynamically defined
Fn(We(x)) © WEU(FN(x)), ¥ n>0

Using E?, it is obtained a u-Markov partition:
Partition PY; x € P,f~1(x) € P* then f=1(Wg!(x)) C WE/(f~(x)).

v
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Codimension one splittings: E° & E% Markov partition

If fis C2, WC(x) are dynamically defined
(W (x)) ¢ W(F"(x)), vn>0

Using E?, it is obtained a u-Markov partition:
Partition PY; x € P,f~1(x) € P* then f=1(Wg!(x)) C WE/(f~(x)).

o

Using PY, identifying points that do not separate for the past and future
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Codimension one splittings: E° & E% Markov partition

If fis C2, WC(x) are dynamically defined
Fn(We(x)) © WEU(FN(x)), ¥ n>0

Using E?, it is obtained a u-Markov partition:
Partition PY; x € P,f~1(x) € P* then f=1(Wg!(x)) C WE/(f~(x)).

v

Using PY, identifying points that do not separate for the past and future
Expansive map in a quotien space.

S. Crovisier - E. R. Pujals () Dynamical Systems Beijing 2009 47 /1



Codimension one splittings: E° & E% Markov partition

If fis C2, WC(x) are dynamically defined
Fn(We(x)) © WEU(FN(x)), ¥ n>0

Using E?, it is obtained a u-Markov partition:
Partition PY; x € P,f~1(x) € P* then f=1(Wg!(x)) C WE/(f~(x)).

v

Using PY, identifying points that do not separate for the past and future
Expansive map in a quotien space.
From there, it can be built a Markov partition.
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Since the map is C?, then { W ¥(x)} are C?, 0 f/pyeu(x) is C2.




E® @ E°Y Using the Markov partition

Since the map is C?, then { W ¥(x)} are C?, 0 f/pyeu(x) is C2.
Using the Markov partition
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E® @ E°Y Using the Markov partition

Since the map is C?, then { W ¥(x)} are C?, 0 f/pyeu(x) is C2.
Using the Markov partition

sl (F(WEH(X))) < o0
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Es @ E® Using the Markov partition

Since the map is C?, then { W ¥(x)} are C?, 0 f/pyeu(x) is C2.
Using the Markov partition

Yosol(F"(WE (X)) < o0

[1DF 2| = 0.

T
4

=2
f @
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x € P and f~%(x) € Pis the first return to P




E® & E® Using the Markov partition. Summability

x € P and f~%(x) € P is the first return to P

o K U M(WE(x))) < Ko (independent of x, k)
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E® & E® Using the Markov partition. Summability

x € P and f~%(x) € P is the first return to P
o YK _U(F(WE(X))) < Ko (independent of x, k)

o FH(y)<As<1forallye Wg(x) (independent of x)
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x € P and f~%(x) € Pis the first return to P
o TK_U(f~"(WE(x))) < Ko (independent of x, k)

o K (y)<As <1 forall y € WS(x) (independent of x)

f~"(Wg'(x)) C P, for some jp
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x € P and f~%(x) € Pis the first return to P
o TK_U(f~"(WE(x))) < Ko (independent of x, k)

o K (y)<As <1 forall y € WS(x) (independent of x)

f~"(Wg'(x)) C P, for some jp
ES is stable and codimension one, so stable lamination is C',
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x € P and f~%(x) € Pis the first return to P
o TK_U(f~"(WE(x))) < Ko (independent of x, k)
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o K (y)<As <1 forall y e WS(x) (independent of x)

f~"(Wg'(x)) C P, for some jp
ES is stable and codimension one, so stable lamination is C',
() = £(m5(J™))
(W' (x))) = L(W(P;,))
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E® @ E® Using the Markov partition. Summability

x € P and f~%(x) € P is the first return to P
o YK _U(F(WE(X))) < Ko (independent of x, k)

o K(y)<Xs <1 forall y € Wg¥(x) (independent of x)

f~"(Wg“(x)) C P;, for some j,
ES is stable and codimension one, so stable lamination is C',
0(J%Y) = L(mS(JY))
(W (x))) = L(W™(P,))

Since all the element of the partition are disjoint
Lpepl(W(P)) < Ko
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Since all the element of the partition are disjoint
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E® & E® Using the Markov partition. Summability

[ , K TR -l
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N «
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((F"(We'(x))) = ((W(F},))
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[ , K TR -l
,f s S )
N «

o

‘

'
'

(N (Wg'(x))) = ((W(P;,))
If k is large, ¢(F~"(Wg“(x))) << WE'(x), by distortion

If kis large, f~"(y) < A < 1
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ES @ ECS @ ECV
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Problems:

@ The splitting E° @& E® is not contractive;
@ Even W% is not stable (but is thin trapped);
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ES @ ECS @ ECU
dim(E®s) = dim(E°u) = 1.

Problems:
@ The splitting E° @& E® is not contractive;
@ Even W% is not stable (but is thin trapped);
@ very inconvenient for building Markov parition.
@ Not distortion property: ¢(JY) % (75(JY))

W*®s is thin trapped and W N H is totally disconnected
Allows to build Markov rectangles
Using hyperbolic times, summability is recovered
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ES fasy ECS fas) ECU

[Ro\Ri]NH=10

W¢©s is thin trapped
W°¢ N H is totally disconnected
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ES fasy ECS fas) ECU

J C Ry
either f~5(J) N Ry = B or FK(J) C Ry
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ES fasy ECS fas) ECU
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Th_ol(f"(V) < Ko
B, (f="(J)), By(f~"(J)) N B, (f"(J)) =0
TK_vol(B,(f="(J))) < Ko implies Z’n‘ () < Ko
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Why B, (f~"(J)) N B,(f~™(J)) =0 ?CAREFULL
e |t is only taking the maximal sequences n;:

|Df’cs(f_n,.(x))| <M, j=1...m Xx<1.
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ES @ ECS @ ECU
Why B, (f~"(J)) N B,(f~™(J)) = ) 2CAREFULL

e |t is only taking the maximal sequences n;:

‘Df/ECS(f—"i(X»’ <N, j=1...m X<1.
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Properties:
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Bn, N By, = 0 at Pliss’s iterates

f1i(Bp) C Ro, diameter(f™(Bp,)) < 2ameter(Forf)
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EsSq ESS ¢ E<U
Bn, N By, = 0 at Pliss’s iterates

f1i(Bp,) C Ro, diameter(f(By,)) < Zameter(Fo\)

Ry, Ry o
£
e ._ 1 —nj
J on
1S B i fn](J)
%, nj L}
N 1 ]
"\\f_ni(J) 4 Bn
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EsSq ESS ¢ E<U
Putting together
Bn, N By, = 0 at Pliss’s iterates
Good distortion at Pliss’s iterates

Summability of boxes at Pliss’s iterates
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EsSq ESS ¢ E<U
Putting together
Bn, N By, = 0 at Pliss’s iterates
Good distortion at Pliss’s iterates
Summability of boxes at Pliss’s iterates

T () < Ko
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ES @ ECS @ ECU
Putting together
Bn, N By, = 0 at Pliss’s iterates
Good distortion at Pliss’s iterates
Summability of boxes at Pliss’s iterates
T (1)) < Ko

Contraction along centerunstable in between Pliss’s iterates.

Whole summability X,4(f~"(J)) < Ko

This should be enough as idea of the proof
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Recalling: Far from bifurcations, NICE PICTURE
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Other Dynamicals Phenomenas beyond Hyperbolicity

cl-diffeos
Dominated
Hyperbolic Splitting
Partial Wild
Hyperbolic

DYNAMICAL PHENOMENA
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DICTIONARY: Phenomenas and Mechanisms
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