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Main goals
-

The main goal is to explain the results (Galatolo-P)

Theorem A. (decay of correlation for the Poincaré map) Let
F be the first return map associated to a geometrical
Lorenz flow. The unigue SRB measure up of F has
exponential decay of correlation with respect to Lipschitz
observables.

-
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-

The main goal is to explain the results (Galatolo-P)

Theorem A. (decay of correlation for the Poincaré map) Let
F be the first return map associated to a geometrical
Lorenz flow. The unigue SRB measure up of F has

exponential decay of correlation with respect to Lipschitz
observables.

Theorem B. (logarithm law for the hitting time) For each

regular zo s.t. the local dimension d,, (zo) Is defined it
holds

-

i log i (z, 20)
r—0 —logr
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Main goals
-

The main goal is to explain the results (Galatolo-P)

Theorem A. (decay of correlation for the Poincaré map) Let
F be the first return map associated to a geometrical
Lorenz flow. The unigue SRB measure up of F has

exponential decay of correlation with respect to Lipschitz
observables.

Theorem B. (logarithm law for the hitting time) For each

regular zo s.t. the local dimension d,, (zo) Is defined it
holds

-

i log i (z, 20)

= d — 1 a.e. starting point z.
r—0 —logr e (%0) g point @

Remark. Theorems A and B hold for a more general class
Lof flows, defined axiomatically. J
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Definitions
R
e the local dimensionofa pyatxz € M is

. log p(By(v))
A7) = }13% logr

ecall:

In this case u(B,(z)) ~ r®®),
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Definitions

- N

ecall:
e the local dimensionofa pyatxz € M is
| B,
r—0 10g7“

In this case u(B,(z)) ~ r®®),

e the hitting time 7,.(x, xg) IS the time needed for the orbit of
a point = to enter for the first time in a ball B, (zy) centered
at zo, with small radius r.

o |

Lorenz like flows-Third Lecture —p. 3



Plan of the talks
=

e Motivation: Lorenz flow (First lecture)



Plan of the talks
-

e Motivation: Lorenz flow (First lecture)
e Geometric Lorenz flows(First lecture)



Plan of the talks
=

e Motivation: Lorenz flow (First lecture)
e Geometric Lorenz flows(First lecture)

e The first return map F has a SRB measure . that
Induces a SRB measure ux for the the flow (Second
Lecture)

o |

Lorenz like flows-Third Lecture — p. 4



Plan of the talks
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Plan of the talks
-

e Motivation: Lorenz flow (First lecture)
e Geometric Lorenz flows(First lecture)

e The first return map F' has a SRB measure up that
Induces a SRB measure ux for the the flow (Second
Lecture)

e The Wasserstein-Kantorovich distance and properties
e I’ has exponential decay of correlations respect to up
e Local dimension of a measure u

e Hitting and recurrence time

e Proof of Theorems A and B.
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Recall: Second lecture |

-

e The first return map F' has a SRB measure up that
Induces a SRB measure ux for the the flow

-



Recall: Second lecture |

-

e The first return map F' has a SRB measure up that
Induces a SRB measure ux for the the flow

-

Method for a geometrical Lorenz flow:
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Recall: Second lecture |

-

e The first return map F' has a SRB measure up that
Induces a SRB measure ux for the the flow

Method for a geometrical Lorenz flow:

e f has py which induces pr for £ which, on its turn,
iInduces . x for the flow.
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Recall: Second lecture |l

-

e A Is a singular-attractor for a flow If
(a) all singularities in A are hyperbolic
(b) A Is partially hyperbolic, £¢“ volume expanding.
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Recall: Second lecture |l

-

e A Is a singular-attractor for a flow If

(a) all singularities in A are hyperbolic

(b) A Is partially hyperbolic, £¢“ volume expanding.
Method for a singular-hyperbolic flow:

e cover the domain of the flow by a finite number of
adapted cross-sections Ug<;<n2;
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Recall: Second lecture II
fo A Is a singular-attractor for a flow if T
(a) all singularities in A are hyperbolic
(b) A Is partially hyperbolic, £¢“ volume expanding.
Method for a singular-hyperbolic flow:

e cover the domain of the flow by a finite number of
adapted cross-sections Ug<;<n2;

e the return map R : Up<i<nXi — Up<i<n2i, preserves F*
and for big enoug return time is hyperbolic.
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Recall: Second lecture |l

-

e A Is a singular-attractor for a flow If

(a) all singularities in A are hyperbolic

(b) A Is partially hyperbolic, £¢“ volume expanding.
Method for a singular-hyperbolic flow:

e cover the domain of the flow by a finite number of
adapted cross-sections Ug<;<n2;

e the return map R : Up<i<nXi — Up<i<n2i, preserves F*
and for big enoug return time is hyperbolic.

o family 1., v € F? induces pr which in its turn induces px

edf:1—1Is.t |f|"!isa-BV and so it has statistical
properties.

o |
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Recall: Second lecture Il

-

e f IS generalized bounded variation ~ o-BV if

sup (z:faZ azll/a) < 00,

a=ap<a1<--<anp=>b

the supremum is taken over all finite partition of I = |[a, b).
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e f IS generalized bounded variation ~ o-BV if

sup (z:faZ azll/a) < 00,

a=ap<a1<--<anp=>b

the supremum is taken over all finite partition of I = |[a, b).

A cross-section ¥ is §-adapted if 3 a 6 > 0-neighborhood N
of 0N st. NNA =1
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Recall: Second lecture Il

-

e f IS generalized bounded variation ~ o-BV if

sup (z:faZ azll/a) < 00,

a=ap<a1<--<anp=>b

the supremum is taken over all finite partition of I = |[a, b).

A cross-section ¥ is §-adapted if 3 a 6 > 0-neighborhood N
of 0N st. NNA =1

2
7
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cu — boundary
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Now we start

Third lecture :

Wasserstein-Kantorovich distance and properties

|
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Wasserstein-Kantorovich distance

- N

Given two probabilities on M, 11 and us, the

Wasserstein-Kantorovich distance is defined by

Wi(p1, p2) =  sup (I/ gdm—/ gduzl)
g€Lipi (M) M M

Lip1 (M) : the space of 1-Lipschitz maps on M.
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W-K distance versus coupling

- N

It is worth to remark the connection between the W-K
distance, the notion of coupling and the optimal transport
problems.

o |
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W-K distance versus coupling

- N

It is worth to remark the connection between the W-K
distance, the notion of coupling and the optimal transport
problems.

Suppose 11 and us are two probability measures on [0, 1].
Let P(uq, n2) be the space of all Borel probability measures
P on [0, 1] x |0, 1] having marginals 1 and pus, i.e.

:ul(*) — P(* X [07 1]) and UQ(*) — P([Ov 1] X *)

o |
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The Kantorovich functional

-

Consider the (Kantorovich) functional:

A(pa, p2) = lﬂf/|ﬂ7—y\dpl’y



The Kantorovich functional

-

Consider the (Kantorovich) functional: T

i) =t [ [0 = yldP(z.y
This functional can be interpreted as the minimal cost
needed to transport an initial mass distribution 1, to a final
distribution u5 over all the possible transportation plans,
represented by the elements of P(u,, u2) where the cost to
transport mass from the position x to the position y Is given
by |z — yl.

o |
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W-K distance versus K-functional

- N

A classical result by Kantorovich and Rubinstein implies
that in our case ( where the space we consider is [0, 1] with
the distance d(z,y) = |x — y| )

o |
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W-K distance versus K-functional

- N

A classical result by Kantorovich and Rubinstein implies
that in our case ( where the space we consider is [0, 1] with
the distance d(z,y) = |x — y| )

A(pt, p2) = Wapr, p2).

o |
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Decay versus W-K distance

- N

Proposition 1. (decay in function of distance) Let u1 < u
and du; = f(x)du. Then, for g € Lip; (M) we have

[ o @) s@di— [ f@y- [ gwdal <

L(g) - £l - Wa(F*)" (1), ).



W-K distance versus decay

- N

Proposition 2. (distance in function of decay) Assume that
for each f € L'(u) and g € Lip; (M) it holds:

\/g(F”( x)dp — /f )dp - / z)dp| <

C gl Lipy oy - 1y - @(n).

Then, taking du; = f(x)dp with [ f(x)du = 1 we get

Wi((F7)" (), p) <2-C - 9(n)
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W-K distance and disintegration

-

Proposition 3. Let 1! and p? be invariant measures for
(F, ) satisfying

o 1(A) = [ (ANq)dpus,



W-K distance and disintegration

-

Proposition 3. Let 1! and p? be invariant measures for
(F, ) satisfying

o 1(A) = [ (ANq)dpus,
o 2(A) = [p3(AN~y)dus;

/ﬁ'y: has bounded variation density. Moreover, assume
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W-K distance and disintegration

-

Proposition 3. Let 1! and p? be invariant measures for
(F, ) satisfying

o 1(A) = [ (ANq)dpus,
o ¥(A) = [pa(ANy)duz;
/ﬁy: has bounded variation density. Moreover, assume

(1) for each v € F*, Wi (pl, p2) <e,
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o 1(A) = [ (ANq)dpus,
o ¥(A) = [pa(ANy)duz;
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W-K distance and disintegration

-

Proposition 3. Let 1! and p? be invariant measures for
(F, ) satisfying

o 1(A) = [ (ANq)dpus,

o ¥(A) = [pa(ANy)duz;
/ﬁy: has bounded variation density. Moreover, assume
(1) for each v € F*, Wi (pl, p2) <e,
(2) swpyg) | [ 9dpy = [ gdus| < 6.

Then Wh(pt, p?) < e+6.
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W-K distance versus stable foliation

- N

Property (xx) Let v € F*, and two probability measures u, v
on it. Then

Wi(E™(p), F*(v)) < AWi(p, v) - (x).



W-K distance versus stable foliation

- N

Property (xx) Let v € F*, and two probability measures u, v
on it. Then

Wi(E™(p), F*(v)) < AWi(p, v) - (x).

Proof As F' uniformly contracts each leaf we get that if ¢ Is
1-Lipschitz on F(v) then g(F'(x)) IS A-Lipschitz on ~. This
Implies that

\/ gd(F*M)—/ gd(F*V)lzlfgoqu—/goFdV!
F(v) F(v) gl Y

< A W1 (:ua V)
finishing the proof.

o |
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Fastly decay for F
-

Let u' < u, 1 the SBR measure such that duq = f(x)dp.
Then, for each Borel set A we have

pi(A) = /I - f(@)dpydpy.
Y



Fastly decay for F
-

Let u' < u, 1 the SBR measure such that duq = f(x)dp.
Then, for each Borel set A we have

) = [ [ s,
Y

Thus we are Iin the setting of Proposition 3 above, In
another words, the SBR measure for I’ disintegrates.

o |
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(22, F, ) Is fastly mixing
-

Theorem . The geometric Lorenz system (3, F, i) is fastly
mixing for Lipshitz and L' observables.

-



(32, F', o) 1s fastly mixing
-

Theorem . The geometric Lorenz system (3, F, i) is fastly
mixing for Lipshitz and L' observables.

-

To prove this theorem we shall use that

(*) u Is regular enough that for each /-Lipschitz function
f ¥ — R the projection 7 ( f11) has bounded variation

density f ( which can also be expressed as
f(x) = [ f(z.y) duls,), with

var(f) < K{

where K does not depend on f.

o |
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Strategy
-

Consider 1 = hp with A Lipschitz and

/hdﬂ =1, dpy = f(x)dp



Strategy
- -

Consider 1 = hp with A Lipschitz and

/hdﬂ =1, dpy = f(x)dp

The strategy is to use Proposition 3 and find exponentially
decreasing bounds for ¢ and ¢ so that we can estimate the
W-K distance between p and hdp,
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Strategy
- -

Consider 1 = hp with A Lipschitz and

/hdﬂ =1, dpy = f(x)dp

The strategy is to use Proposition 3 and find exponentially
decreasing bounds for ¢ and ¢ so that we can estimate the
W-K distance between p and hdp,

and then apply Proposition 2 to deduce exponentially decay
of correlations.

o |
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Proof-1

Let v, € F° with coordinate x. The density f , by (*) is BV
and || fl|py < K{+1 < (K + 1)L

o |
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Proof-1

Let v, € F* with coordinate . The density f , by (*) is BV
and || fl|py < K{+1 < (K + 1)L
Let v, = fm be the measure on the z-axis with density f (m:

the Lebesgue measure). Let T = f1, and g € L'([—3, 3]).
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Proof-1

Let v, € F* with coordinate . The density f , by (*) is BV
and || fllpy < K{+1< (K +1).

Let v, = fm be the measure on the z-axis with density f (m:
the Lebesgue measure). Let T = f1, and g € L'([—3, 3]).

Since

| [ g d(T*(ve)) = [ g dpa| = | [ g(T™(2)) f(2)dm — [ g(x)dps],
the fact that 7" has exponential decay implies

!/gd(T*”(yx)) - /gdux! < lgllz, - ||7HBV .C e
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Proof-1

Let v, € F* with coordinate . The density f , by (*) is BV
and || fllpy < K{+1< (K +1).

Let v, = fm be the measure on the z-axis with density f (m:
the Lebesgue measure). Let T = f1, and g € L'([—3, 3]).

Since

| [ g d(T*(ve)) = [ g dpa| = | [ g(T™(2)) f(2)dm — [ g(x)dps],
the fact that 7" has exponential decay implies

!/gd(T*”(yx)) - /gdux! < lgllz, - ||7HBV .C e
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Proof-2

Thus

s | f gt ) - / gdpa| < |[Fllpy - C - e <
Jlloo<1

(K+1)-£-C-e



Proof-2

Thus

s / gdT™ (1) — / gdiia] < [ Fllpy - C- e <
Jlloo<1

(K+1)-£-C-e

so item (2) at Proposition 3 is satisfied with exponential
bound depending on the Lipschitz constant ¢ of f.
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Lorenz like flows-Third Lecture — p. 21



Proof-3
=

Let v = F*"p as before. Since F sends vertical leaves into
vertical ones then there is a family of probability measures
u,”; on vertical leaves such that

(F*) L . / (T (vy)).

-
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Proof-3
=

Let v = F*"p as before. Since F sends vertical leaves into
vertical ones then there is a family of probability measures
u,”; on vertical leaves such that

(F*™) L . / (T (vy)).

To satisfy item (1) at Proposition 3 and hence conclude the
statement we only have to prove that there are Cs, A5 S.t.

-

Vy € FP, WiVl py) < Co e,

o |
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Proof-4
=

Proof. Indeed, by (xx), If v, and p, are the two probabilities
on the leaf « then the measures F* (v, ), F*(py) on the
contracting leaf ['(+) are such that

-
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Proof-4
=

Proof. Indeed, by (xx), If v, and p, are the two probabilities
on the leaf « then the measures F* (v, ), F*(py) on the
contracting leaf ['(+) are such that

-

Wl(F*(VW)aF*(Pv)) <A Wl(”%ﬂv)-
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Proof-4
N -

Proof. Indeed, by (xx), If v, and p, are the two probabilities
on the leaf « then the measures F* (v, ), F*(py) on the
contracting leaf ['(+) are such that

Wl(F*(VW)aF*(Pv)) <A Wi(vy, py).

Now let F~1(~) = 1 U~2 and apply the above inequality to
estimate the W-K distance of iterates of the measure on the
leaves.
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Proof-5

N N

After one iteration of £ on v and p the "new" measures

vy, = (F*(v))y and i, (which is equal to (F*(u)), because 4
IS Invariant) on the leaf v will be a convex combination of
the images of the "old" measures on ~; and -

V% :a-F*(V%)—I—b-F*(V%),

py =@ F*(pyy) + b F7 ()

witha+b=1,a,b > 0 (the second equality is again
because . IS invariant).

o |
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Proof-6
=

By the triangle inequality and the property of W-K distance
with convex combinations, we have:

-

Wi(vy, iy) < a- Wi(F* (va,), F*(p13,)) +b- Wi (F* (v, ), F* (1)

o |
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Proof-6
=

By the triangle inequality and the property of W-K distance
with convex combinations, we have:

-

Wi (v, piy) < a-Wi(F*(1g,), F* (1)) +0- Wi (F* (va,), F* (114,))
and by (*) (density is BV)

Wi vy, py) < Aa - Wiy, fiy,) + b Wi(vy,, fi,))

o |
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Proof-7
fThus,

Wl(”%a /W) <A Sup(Wl(V’Ya /L’Y))
8



Proof-7
E

hus,

Wl(yia :LL’Y) <A Sup(Wl(V’77 :LL’Y))
Y

The same can be done in the case when the pre-image
F~1(~) =~ is only one leaf or two, hence by induction

Wl(yf?yla :LL’Y) < )\na

and the exponential bound on the distance of iterates on
the leaves (item 1 of Proposition 3) is provided.
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Proof-7
E

hus,

Wl(yia :LL’Y) <A Sup(Wl(V’77 :LL’Y))
Y

The same can be done in the case when the pre-image
F~1(~) =~ is only one leaf or two, hence by induction

Wl(yf?yla :LL’Y) < )\na

and the exponential bound on the distance of iterates on
the leaves (item 1 of Proposition 3) is provided.

This finishes the proof that (X, F, i) Is fastly mixing.

o |

Lorenz like flows-Third Lecture — p. 26



Finally
-

This finishes the third lecture.

We shall continue tomorrow, at 9 AM.
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