Chapter 4  Design of Curves

4.1 Interpolation and approximation
There are two ways in which a set of control points (knotg) PE*** Py} can be
used to describe a curve. The first is called interpolation in which the curve
passes through each control point. The second is called approximation in which
the curve does not necessarily pass through any of the control points, but usually
passes close to all of them. The latter is useful in design, where we would like to

change the shape of the curve quickly by alternating some pre-defined

parameters. With this in mind, we would like to define a curve by
N

Fu)=> Tf,(u), uel0,1],

i=0
where 1; are given vectors and dre called_blending functions. The curve is
parameterized to lie between u=0 and u=1. Both interpolation and

approximation can be written in this form, familiar examples for interpolation
would be Larange interpolation, Hermite cubic interpolation, cubic splines etc.

4.2 Bezier curves (1970)

The blending function of the Bezier curves of order N are the Bernstein
polynomials

NY }
by <u)=[i Ju'(l— b

N
so thatF(u) = > b (u), O<u<l.
i=0
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Casteljau's construction from five control points  *

There is a simply recursive construction of the Bezier curves by Cadtaljau
algorithm. Given 7 =7©@ a sequence of points? (=0, 1,..Nare defined
recursively if

TP )= (1-wr? +url, uel0]
The pointt,™ (u) lies on the Bezier curve of order N. As u varies from 0 to 1, the
locus of the point™ (uproduces the complete curve.



For example, in the quardratic case
F(u) =152 (u) = (1- u)iy” +ur®
= (1- W[(L- W + U] + u[(1- W + ur”]
= (1-u)’1 + 2u(1- u)i® + U’

= b2 (u)F, + b2 (u)F, + b2 (u)Y,

Wenotealsof(0)=F,, F(1)=T,, F(0)=N(f —%,), F(1)=N(F, —T_)

Therefore we have the first properties of the Bezier curves:

(1) The curve passes through the end control points and is tangential at these
points to the first and last line segments defined by the control points.

(2) The Bezier curve has the convex hull property, i.e. it must lie inside the
convex hull of the control pointsi as shown by the Casteljas
construction algorithm.

(3) The effect of increasing (@nd ¥ (1), (or moving the points;,and F,_,
further out), may be seen as follows.

B -
, . N o > it
both increasing increasing further increasing r(0) only
(4) Disadvantage: The Bezier curve is a blend of all the control points, local

features may be smoothed out, (diminishing variation property). As the
curve does not vary in an erratic manner, it may be an advantage in practice.




4.3 B-splines
B-splines are produced by polynomial blending functions of the form

1 O<v«il
Bo (V) = .
0 otherwise

B,(V) = VB, (v)+(+1-V)B_,(v—1)]
j+1

The span over which;&) is non-zero is given by 0<v<j+1, (j>0).
Therefore Bare functions having finite support of length of j+1.
Example:

B,(¥) = 5[VBo (V) + (2~ V)Bo(v—1)]

1

~V
2 O<v<il

= %(2— v) 1<v<?2
0 otherwise

B, (V) = %{vslw) +(3-V)B,(v-1)]

1v2 O<v<1
6
_ %(—2v2+6v—3) 1<v<?2
%(v2—6v+9) 2<v<3
0 otherwise

B, (V) = %[vBZ(v>+(4—v)Bz(v—1)1

2—14[2+(v—2)]3 0O<v<1
2—14[4—6(V—2)2—3(v—2)3] 1<v<?2
B 2—14[4—6(V—2)2+3(v—2)3] 2<v<3

1
—[2-(v-2) 3<v<4
24[ ( )l

0 otherwise
We can centre the spline on the origin by considering
j+ j+1 j+1
B.(x+ , - <X <
3 2]) 2 2



Consider the curve represented by therider blending function in the form
N :
Fu)=Y (+1)B,(Nu—i +L21)ri, O<u<i
i=0

where the N+1 knots are uniformly spaced at u:% , %\I ,..uN _%\I 1.
In particular, the cubic B-spline (j=3) is frequently used:

T(u) = ZN:4B3(Nu—i +2) = ZN:B(Nu—i)Fi

where B(x)=4B(x+2) is the usual form of the cubic blending function.
For any non-integer value of Nu, only four of the terms in the summation are
non-zero, consequently each span of the cufke-1)/N<u<k/N is

determined by at most four consecutive vertiges T, ;,T,,T,.,, i.€.

F(u)=B(Nu—-k+2)i,_, + B(Nu—k +1)i, , + B(Nu—-Kk)r, + B(Nu—k -1)r,
for -1< Nu-k< 0
But

3 B(u+ )= 12 + -1 +[4- 607 - 3] +[4-6(u + 1)+ 3+ 1]+ 2+ 2}
-1 1

Therefore
(1) T(u)is a convex combination af_,,T, ,,T,,T,.,and the whole span must lie
inside the convex hull.

(2) Consider the case Nu=k,#B or N), then
F(u)=B(2) , + B2, + BO), +B(-1)f,
=(T,, +41 +T7,,)/6
2 7 l (_r:k—l + _r:k+1)

3% 73 2
i.e. the curve passes through the point which is one-third of the way joining
r, to the mid-point of the line joining,_, tof, .,

(3) Consider the case Nu=(k-1}+ (k=0 or N), then

_ 3\ 1) 1) 3).
r(u) = B(Ej f o+ B(Ej o, + B(— E) r, + B(— Ejrk”

Since E{g} = B(- g} = 0.02083333ind8(%j = B(- %) =0.47916667

thereforer = %(?k_l +T,)
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(4) Now F(0) = B(O)F, + B(-1)F, =

7(1) = B(1)ry, + B(O)T % w1t =M %=y
Hence the spline does not pass through these knots. To force the spline to
pass the end knots, we may extend the knots by two phantom control points
I, andr,,, at the ends by choosing =2r -71,,T7,,, =2, — Ty, and

N+1

f(u)=> B(Nu-i)F,
The effect E)f a double knot is to pull the curve towards that point. Closed
curves may be generated by choosiQg-T,
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4.4 Rational Parametric Curves
We may generalized the polynomial curves above into rational curves by using

homogeneous coordinates ify R — (f,1)" anddefineR = (¥, 1)’
4.41 The Ndegree rational curve is given by

R(u) = EN: b (UR, whereR(U) = w(u)[F(u),1]"

hence f(u)==———,  0<u<1

4.2 Rational B- splines
In this caseR(u) = Z(j+l)B (Nu- |+—)R

i=0

ZN:a),B (Nu- |+—)r
hencer(u) = =

Za)B (Nu- |+12])

i=0
An extension of this definition is to change the uniform kngtkiN into a

non-uniform set {y, U1, W, ***, Un+j+1}-
The non-uniform B-splines;B(u) is now defined by

B, o(U)= 1 u <u<u,, i=0,1,..N+J
"0 otherwise



U—UI u|+]+1_u H 2T 1
B, ;(Uy=——B, ,(U)+ ————B,,; ;4 () 1 =0,15*,N+J-
i+] M i+j+1 ~ Y41
The only restriction on the knots is that it is non-decreasing.
The non-uniform rational B-spline of order J is then given by

N
za)kBk,J (u)r,
FOu)=*2———, u,<uc<u,
Za)kBk,J (u)
k=0
NURBS is one of the most popular design curve in modern CAD.
But as example, we will consider the

Rational quadratic curves-conic sections
In this case

R(u) = (1- u)’R, + 2u(1- u)R, + U’R,, R=ow(F,1)
with @(u) = (1- u)’w, + 2u(1l- U)o, + Uo,

(1-u)’o,T, + 2u(1l- U)o,§, + U'n,T,
w(u)
lying in the convex hull offy, 7,7, is a plane curve. Als€(u) is a general
quadratic; with suitable choices of the vectdrsand weightsw;, it can
represent any conic segments exactly.
First of all, if o 2 ke (k=0), C(u) remains the same.
p(1-t)+t p(1-t) +t
p*(1-t) %0, T, + 2pt(1- t)o,F, + t’o,T,
P’ (1-1)%w, + 2pt(l- Yo, + tw,

ThereforeC(u) = F(u) =

Secondly, letu =

then C(t) =

therefore the shape is not changedibp*'oi=o, .
In particular, choos@ = ,jo, /o, theno, =o,. Hence allC(u) with
wp, %0 can be transformed in®w, =@, = .1
For this particular choice @f;, we have
G - (L-u)?T, + 2u(l—- W), T, +U°T,
(1-u)® + 2u(l-u)w, +u*

The singularities, corresponding to the points at infinity @fu , aye
determined by the real roots of the denominator

o) =1-u)®+2u(l-u)w, +u® =0
1-o, +\Jo? -1

2-2m,

They are given by =

The curve reduces to

(1) a straight line if space; =0
(2) an elliptic segment if Q<1
(3) a parabolic segmentd; =1
(4) a hyperbolic segment if; >1



Geometrically, the curved are governed by the

parameter
s — @1
l+0)1 as
S:él :?02(01?0+?2: 1 '(F0+F2)+ @
2) 2(1+w,) 1+w, 2 1+ o, '
=(1-s)M+sRk

Py

The curveC(u )passes through (= R,)) andr,(=P, )
with the slope from

F;2= OF + of
0}

hence  F(0)=—2(f -T,)

. 2
(1) = O (r,-T), the tangents meets B{=P))
Q)

4.5 Composite Curves
Consider the problem of joining the curve segmigh(u),(0< u < 1)
with the curve segment®(v),(0<v< 1)lJsually we would like to ensure

continuity of the curve, its slope and even the curvature.
Therefore, we have the conditions

iY(1)=7?(0)

1. 1. -
—T1)==790)=t
€ €
wheret is the common unit tangent asgare parameters.
~ FxF

Since xb=-—
|

For curvature continuity, it gives
FP0)xT?0) TP@)=xTP()

ol

€
This equation is satisfied by

2
ie. IxF?(0)= (S—ZJ IxF9 (1)



@)= [ij FO )+ 27D (1)

€
where) is an arbitrary scalar.

Example; Composite Bezier cubic curve
F(u) = (1- u)°T, + 3u(1- u)°T, + 3u*(1- u)r, + u’f,
then since

F(O) = S(Fl - _ro)' F(l) = S(Fa - F2)

_':(O) =6(f, — 21, +T )

F(1)=6(F, — 2F, +T,)
Continuity of curve implieg{® = r®
Continuity of slope impliesi (P —7) = 3 (@ -rP)=1

€ €2

~. the three points{”,r{" =r®,r® must be collinear.
Now 6(F,® —21,? +72) =60 (i — 21" + 1) + 3A(FP —1)
e i =10 - 07 (1 — 1) + (07 + 20 + L) (1 ~ T,0)
hencer? is also determined from®, 7", andr®
The only free vertex iii® isT,”) Also from the above requirements show that
O, T, T =1 1@ 1P are all coplanar. But the curve can still be 3D as
" andri? can be defined freely.




