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That which does not kill me, makes me stronger.1

))))F.Nietzsche
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1I hope that maths will make you stronger ϕ(> ω < ∗).))Shurui Liu
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Moral 1 êÆ,Ü6Æ"What we really care about is not logic,but real maths.
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• X{�EâÔö(SKüö/�{o();

• k�½%¿�K8"
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¯K ^4�`²0.9̇ = 1"
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Problem 1 (Cauchy·K) ®�ê�{an}�4��a§Áy²µlimn→∞
a1+···+an

n = a"

Hint �Ä²��/µXJanð�ua§@o·Kw,"4��aÚð�ua§3n¿©��´Ø´�Ø�õ

Qº
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Hint 1�Y¡?§½Â´8å"�ES�e4��½Â"

Hint XJqb½a=0§\´Ä¬�Qº

Remark 2 ��ê�ÑÂñ
§§�²þ���¬�íº

Remark 3 þã·K�_���¹e¿Ø¤á£\U�E�~íº\��~7,äk��wÍ�A:§
\U¿£�íº¤¶�éüNS�_·K�´¤á�"(��ù´��oº)

¯K þ¡�·K/ªþU��zíº(}Áí2Cauchyù�(Ø)"'Xµ

·K 2.1 ê�{an}�4��a§{bn}�4��b§K a1bn+a2bn−1+···+anb1
n �4�(�nªuÃ¡�)´ab"

·K 2.2 eê�{an}�4��a§K 1
2n

∑n
k=0 Ck

nak�4�(�nªuÃ¡�)´a"

Problem 2 ¦)4�limn→∞ n
1
n"

Remark 4 d²;K�y²�{´Ø���(·�&��k5«)"�â��K§\½N��XÛ^½Â�

y²
¶\U^�{'��{y²íº\´Ä¿£�\3½Â{y²�L§¥§ý��'�´�oº

Hint ^þ?aú�e"\��±êiz�a�µ�g�n=1,10,100,1000,Cq�O�e(5¿2�10g�Ò

®²´1024
)§�±é�eaú"

Hint ES�e\ÆL��~^�Ø�ª"(Üþ�¯\�aú§?1�O(4ºÝ3U
#N�§Ý)"

Remark 5 �
~^�ºÝ'�(\�±|^Ø�ª�O�y²)§(Ø��ék^µlnlnn << lnn <<

n << n2 << n3 << 2n << 3n << n! << nn"

Remark 6 ��¯¢(Stirlingúª)µn! ∼
√

2πn( n
e )n"

Problem 3 Áy²(±±±eee444���LLL§§§þþþ���nªªªuuuÃÃÃ¡¡¡���)µµµ∑n
i=1 i = 1 + 2 + 3 + 4 + · · · ∼ n2

2∑n
i=1 i2 = 12 + 22 + 32 + 42 + · · · ∼ n3

3∑n
i=1 i3 = 13 + 23 + 33 + 43 + · · · ∼ n4

4

\®²ßÑk���µ
∑n

i=1 ik = 1k + 2k + 3k + 4k + · · · ∼ nk+1

k+1

Hint £�PÒ¹Âµan ∼ bn�¹Â´lim an
bn
= 1"

Hint éuc3¯§�EScügSK��SN"

Hint éuk=4,5����äNêi§\�±|^\ÆL��{��¦ÑÚúª5"

Hint éu��È©½�êúª�ÓÆµù´Ø´�4
xk�Ø½È©´ xk+1

k+1 (+���½~ê)º�

Problem 4 (Stolz½n1) ( 0
0.) �ê�{an}!{bn}÷vµ

1. {bn}î�üN4~�ªu";
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2. limn→∞ an = 0;

3. limn→∞
an−an−1
bn−bn−1

= L.

Klimn→∞
an
bn
= L.

Problem 5 (Stolz½n2) ( ∗
∞
.) �ê�{an}!{bn}÷vµ

1. {bn}î�üN4O�ªu�Ã¡;

2. limn→∞
an−an−1
bn−bn−1

= L.

Klimn→∞
an
bn
= L.

Remark 7 þ¡�L�±�k�¢ê��±��KÃ¡(=2Â4�)"

Hint \�±^½Âéþ¡�ü�¯K?1y²"\��±ky²e¡�~���~rÄ�·K§,�Ï

LT��AÏz��þ¡�Stloz½n(=þ¡ü�½n�e¡·K�íØ)"\�U@�e¡�·Kò�

Jy))))�q��ý�Ø´"e¡�·Ky²�´æ�§�Ã{��aqu\3y²Cauchy·K�

�ØyL§"

Problem 6 (Toeplitz·K) �n,k���ê§tnkþ�K§�÷v
∑n

k=1 tnk = 1,limn→∞ tnk = 0"elimn→∞ an = a§

Kklimn→∞
∑n

k=1 tnkak = a"

Remark 8 eò
∑n

k=1 tnk = 1^��°�limn→∞
∑n

k=1 tnk = 1§��¦a = 0§K·KE,¤á"

Remark 9 eØ�¦tnkþ�K,¿ò
∑n

k=1 tnk = 1�°���k.5§=�3�êM§¦�é¤knþ

k
∑n

k=1 |tnk | < M§��¦a=0§K·KE,¤á"

Hint ù�·KA��±<5y²�ùÂc¡¤k�SK"\bC\¬y
dK§\UA^§�Ñc¡�

Kíº

Hint ÁÁXÛ@^ù�½n�y²Cauchy·K(Problem 1)",��L5µrCauchy·K¥AÏz

�þ�£ù����|µ§\UÄddy²ù����(Jº£ù«�{Ò´µlAÏ���§

generalization�specialization.¤

3 4��gµ��S	

ØU��wÍ�¤õ·¿Ø3¿"��gCØUr?@«�ký���<âU?\

�ýnÑØ��p¸.§·â¬ý�a�JL"
ÏØ�ýn§·w�k�§�Ø��

¹"

))))Simone Weil3

e¡�üK±g��Ì§ÖöØ�(Üg�²��gC¤ÆÆ��N¬§õ?1�
m�5�g�"

Problem 7 (óÆµzì��(C�/d[��JØþ¿9)) �kó<¶zì§Ug$Ä��Ø"e��
~µ

3{Ig�[§�êÆ[Andre Weil�~~"
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k��¿93C�/dc¡ål�L('X100m)§C�/d�J¨"úú�¿9�

Ý´v1('X1m/s)§�¯�C�/d�Ý´v2('X11m/s)"�¯C�/dõÈUJþ¿

9º\�t/$^�Æ�â§`´ L
v2−v1

(�Ò´10s)"��\Ue¡��{�wµ

1�Ó§C�/d�
ålL('X100m)§@o¿93ùã�mS�c÷
Lv1/v2(= 100
11 m)"

C�/dvJþ�¿9"

1�Ó§C�/d2��¿9¤3/(=�
 100
11 m)§@o¿9q÷
L(v1/v2)2"

±daí§z�C�/dJ�¿9d��Ñu:�§¿9q�c÷
�ãål§l


�fïC�/dkÃ¡õ�#�Ñu:�X¦§NoJ�JØþ¿9"
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¯KµÁ^p�êÆ®²Æ���£éd��
)º§½y²:1ezì��ÆS�::pêB§ÒØ¬

ú�ù´�Ø
"

Hint ·�^�Ôn�:��ó�£ãÒ´µ¤¢¨LÒ´^��(·�5½/b½�)±Ï5$Ä��I

O§�þÙ¦¯�u)��m"·���f¨´|^�fSÜu)�,«±Ï$Ä�þ�§·�òÙÿ

Ñ��mP�t§zìÚ\�´�«zì¨L(ÿÑ��mP�t′)§=5½C�/d��¿9�Ñu:�

IO±Ï$Ä§�t′ = n�§C�/d��¿93t′ = n − 1���Ñu:"@oéu?Ûk��t′§C�

/dÑ3¿9��¡§[��JØþ¿9"

Hint Ù¢·����Ò´éÑt′�t�”��úª”"

¯K ­#/óÆ0/g�þ¡�L§§JÑ¯K"

Remark 10 ��[ð�¯K:�m´�oº

�U��{:�m´¯Ôu)��égS"�m´�»Ô�$Ä�k�á5§Ø�6¿£��3
�

3"·�Ã{½Â�m´�o§�U½ÂXÛ�Ýþ�m",êÆÚÔnÆ�uÐØä�#X·�é�

m±9�m�@£(Úî��*¶�éØ¶ÊK��m¶etc.)"

Problem 8 (Ônµ����ê) Áy²(½y�½�y)1+2+3+4+,(4��)=-1/12

Hint Ø7J¦î�§�±^¬��:"

Hint �Ø�Ò�
hhh"Ï�XJ\ý���
))))@o\�Y²Ò®²è9”¬��Ú”î.
"

¯K ù�lÌ�ªf¬k�o¿Âíº

¯K XJl�*/óÆ��Ýn)ù�lÌ�ªfº

Remark 11 l÷*
ó§4�ØL´ë�ÛÜ(k�)��Û(Ã�)��ª§´�«”ª³”��x½�6

'X��I,,Ø+N�n)§·�A�¿£�µ4��n)D�u½Â�ª´Ø���"7,kéõ

ØÓu��þ�4�½Â§@®2�/3<a�¬D��g,��Òy�¥V¹K�
"Ï
·��g

´Ø��m�
§��Ø7ÕYuÖ��½Â(�,·�I�kn)d½Â�¿Â!©?!Q�?)"
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4 Ö¿SNµÖögy�UJ

=�´�²�§�ìþ~w,"3�SK�YÑ§ÖögyØJ"��½,Ón§

íØg,¤á§Ñ�L§QED§dþ��y."

))))5Üô�65g�ä

±eSN^u�^Ö¿�,½k%�Öög�öS"SN��Ü©5g�Ï�P��ùÂ½ÉÙéu§

Ada�"¦+)ögC���Ûý/3�SK�YÑ§ÖögyØJ0��§,�u�Ì9°å§½

Ø�Ø�d?n"

Problem 9 ±e4�L§þ�nªCu�Ã¡§�{B
Ñ�"

• ¦)4�(1 − 1
n )n

• ¦y4�sin(nx)Ø�3"

• 0 < a0 < b0§4í'Xan+1 =
an+bn

2 , bn+1 =
√

anbn§¦y²S�{an}, {bn}þÂñ¿�4��Ó"

• y²?¿m«m(a,b)�¹Ø�ê���"y²knê�ê"l
��ZÀ/y²
\����Kµ

?¿m«m(a,b)7,kÃnê"

[(�]^^�»kXNõ{w�B�Û�§'X���(1:M
d����§'

XM­�(�v(¤ù©�)·§�k3ñø���¥§^^<°�S§·¾k338
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	引子：可跳过的废话与感想
	习题演练：求解极限
	极限之思：时空内外
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