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1 notation

7 is the Hilbert-Chow morphism XM — X For any partition a = 1% ---n of n, let la| =
> oreq ak, ged(a) = ged({i = a; # 0}) and n = ||a|| = > ia;. The set of all partitions of n is denoted
by P(n). i, is the morphism X (@) = []_, X(@) — X(n) — X®),

Let p: .S — C be a proper morphlsm from a smooth surface to a curve. We use the same symbol
for the morphism S™ — C™ and S(® — C(® for any partition v = 191 - - . .

Let p.S[2] = P_1[1] ® Po @ P1[—1] be the perverse cohomology decomposition.

For any rational homology manifold X of dimension 2n, its k-th cohomology has pure Hodge
structure of weight k. Let P, ,(X) denote the Hodge number polynomial of middle degree, i.e.
Pry(X) = X e jen WO (X)2'y?. Thus we know Py y(X X V) = P,y (X)Pyy(Y). For any
perverse sheaf K, let P,(K) denote the Poincaré polynomial, i.e. P;(K) =, dim H'(X, K)t'. Hence,
there is an identity P(Cx|[n]) = P, (X).

2 Hilbert case

2.1 one side

The decomposition theorem shows that 7.Cgim[2n](n) = @,cp) iaxCs [2|al](a), which implies

that P, ,(SM) =3 Py, (S@).
In this case, we have

S8 =3 S By (sl = 3] P50 = T [ 30 Pry(5)ein

n>0 n>0 aeP(n) a;>0i>1 i>1 \n>0

Recall the relation H*(X ™), K(") = H*(X", K")S" =@, ., S"H* (X, K) @ NH(X, K). It
is obvious that this formular is capatible with the Hodge decomposition when K = Cx. Hence, we
have P, , (X)) = ZH_J:H(Sinz}(X))(/\ngzd(X)). Summing with n, we obtain

D Py (XN = 37 (S P (X)W PEGIX)EH = S STPen 0 | | D ATPE(X)

n>0 4,5 >0 i>0 7>0
Furthermore,
Ysemr- 1 g Yorsaor- [ o
i>0 fepgt (X) j=0 feP;jf(X)
f is monomial f is monomial



In conclusion,

S Py (S Lty """ (At ') (L at)"™ (Lt
= T (= Ty R (1 = ay PO — )T (1 — ay T (1 — ayt)
and
—14i\RLO0 —1,i\hO1L ih21 i\h1:2
S Py s =T (14 y= )P (14 2= )P (1 + 2t))h™ (1 + gt
—~ Y 44 (1 _ x71y71ti)h070(1 _ xyflti)hzvo(l _ ti)hlvl(l _ l.yflti)hovz(l _ xyti)hm :

2.2 another side

For the morphism p o7 : S[" — C(™ | let k%7 be the dimension of H’(C™ PH!(p,7,Cgm[2n])). We
consider the polynomial >> -, >, kwx yItn,

>0 £4i,j 'n
According to the decomposition theorem, we have
prQsl2n] = @ priacQowlall= @ iwa (P B(P) ) B (P [-1)) ),
a€P(n) a€P(n)

a_1taptar=«a

where ¢ : C(@0) x C(@1) x ¢(@2) — (@) ig a finite map and every summand is a shift of perverse
sheaves. Hence, we have

PH (pm. Qg [20]) = @ b ((P_1) 101 ) (Pg)(@0) ® () lonh),
a€P(n)
a_1taptar=a
lag|—|a—1|=i

which implies

kay - p’]—[ (ps«m:Cgmi[2n])) = Z Py((p_l){afﬂ X (po)(ao) X (Pl){m}).

a€EP(n)
a_jtaptar=a
lar|—fa—1|=i

Summing with ¢ and furthermore with n, we obtain

Sk = Y PP R (P) )R (P el e
@] a€P(n)
a_1taotai=a
and
ZZkf{jxiyjt”: Z py((fpil){oul})py((730)(&0))py((7)1){oz1})35|0t1Hozfl\tllozfl||+\|ao||+||a1H7
n>0 4,7 a_1,00,001

which is equal to

(Zp )teh —|a|t||a|> (Z py((po)w))tnm) <Z py((pl){a})xa|t||a|>

(e

T [ Rt | [ SR ™)en | {32 A
n>0

i>1 \n>0 n>0



Recall H*(X™), Kinh) = @ ANH®(X,K)® STH®(X, K). We have

i+j=n

PK) = ) (NP (87 PPYK)).

i+j=n
Summing with n, we obtain
SO P EM = | Y AP (D ST Py K
n>0 i>0 §>0

In conclusion, this case implies

iy Lok
ZPy((P—l){ })t = 71( k—l,—)l PR
n>0 (I—y i) (I—yt)n
—1 klllfl k(l),l
Z Py((Po)(n))tn _ (1 ty t) ]EL:)l,o+ yt) ,
"0 (1—t)k
K
Zpy((Pl){n})tn = 1(1/:1_?1 RS
n>0 (1—y 1) (1 —yt)h

and finally

S ki = I (Lol )E (1 g )R (L4 gt)e (14 )"
= n bt (1— x—1y—1ti)k;1’*1(1 _ x—lyti)kfl‘l(l _ tz’)kg"o(l _ xy—1t11)k}'*1(1 _ xyti)kivl
i,j -

2.3 conclusion

For a proper morphism X — Y form a smooth variety of dimension 2n to a variety of dimension n,

we say the two diamonds are equal if the Hodge number is equal to the decomposition number, i.e.
hn+i,n+j — ki’j.

Example. The elliptic fibration of a K38 surface S — P*.
Example. The surjective map from an Abelian surface to an elliptic curve A — E.

Theorem 1. If the morphism S — C satisfies that the two diamonds are equal, then the morphism
Sl — ) satisfies that the two diamonds are equal.

Proof. Comparing the two polynomials, since h'T%14J = kij , they are equal. Hence every coeffcients
are equal, which means that A" %"+ (Sl") = ki, This is the result. O

In fact, from the calculation, we see easily the following theorem.

Theorem 2. If the morphism S — C satisfies that the two diamonds are equal, then the morphism
S — ¢ satisfies that the two diamonds are equal.

Proof. There generating polynomial is just the product component for i = 1. O



3 Kummer case

3.1 one side

For n > 1, we have the finite map 7 : A x K" 1(A) — A", Furthermore, the following formular holds:

hn—i—p,n—i—q(A « Kn—l(A)) _ Z h”+p’”+q(A[”],LU) — Z Z h|a|+p,\a|+q(A(a)’La)

oc€A[n]V oc€A[n]Y aeP(n)
- Z Z pleltplaltagle) T,y = Z ged()thloltelalta 4@y
a€P(n) o€ Alged(a)]Y aeP(n)

This is to say, Py, (A x K""1(A)) = PaeP(n) ged(a)* Py, (A®)). Summing with n, we have

D Pay(Ax K" H AN =) ged(a)* Py y (Aol
n>1 a#0

3.2 another side

Recall the diagram where 7 are finite morphism:

Ax K"H(A) —— Al T A

[ |

E x K" Y(E) r E™)

Thus h7(E x K"~ (E), PH((p x p)«Caxxn-1(a)[2n])) = W (BT PH (ru(p x p)+Caxn-1(a)[20)))-
Recall the decomposition

pr.mr Casxcnrl2n] =K' P D iea P RA RPN ]| ]

aceP(n) o€ Alged(a)]V
a_1tapta=«a

where K’ has no contribution to the cohomology of A x K"~!(A) and every direct component on the
right is the shift of a perverse sheaf.

Hence if we let k%7 denote the similar number for the morphism A x K"~}(4) - R x K" 1(E),
we have

kil= > ged(a)*hd (B x B0) x ploa) plo—ih g pleo) g ploty
a€P(n)

aotoartaz=a
lag|—la—1|=i

and summing with i, j,

> kilaty’ = ) ged (@) Py ((P-1) 1) By ((Po) ) B, ((Py)toad)zloal Il
,J ac€P(n)
a_1taotar=a



3.3 conclusion

Theorem 3. Let A — E be a surjective morphism from an Abelian surface to an elliptic curve, then
the morphism A x K" Y(A) — E x K" 1(E) satisfies that the two diamonds are equal.

Proof. From theorem 2, we know that A(®) — F(®) satisfies that the two diamonds are equal, which
means

Poy(A@) = 3 PPl P (P) @) By (Py) eyt e,

a_1taptar=a

Adding them after multiplied by gcd(a)?*, we get the desired result. O

Theorem 4. Let A — E be a surjective morphism from an Abelian surface to an elliptic curve, then
the morphism K"~ 1(A) — K"Y(E) satisfies that the two diamonds are equal.

Proof. On the one hand, P, ,(A x K" 1(A)) = P, ,(A) P, (K" (A)). On the other hand,

ki) =W (Ex K" Y(E), @ PH"(p.Ca(2]) ®PH™(p.Cron-r(a[2n —2]))

i1+i2=1
= Y WNEPH (p.Cal2)h (K" (E),PH™ (p.Cronr(a)[2n — 2))).
s

After summing with 4, j, it decomposes into a product. One component is the polynomial associated
with A — E, while the other one is the polynomial associated with K"~ 1(A) — K"~}(E).
The first is precisely P, ,(A). Hence the remaining parts are equal. O

Problem. I could not find a beautiful expression for >, -, Py (A X Kn=1(A)tm.



