exceptional objects of Hilbert schemes
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1 notations

For a surface S, let S[™ be the Hilbert scheme of n points on this surface, S = S™ /&, be the
n-th symmetry product of S, where &,, is the symmetry group of n elements. 7 : SI") — S is the
Hilbert-Chow morphism and ¢ : S™ — S is the quotient map. For any partition o = 191292 ... pon
of n, let || = > ay, ||a]| = D ia; = n.

2 exceptional objects
Theorem 1. Let G be a finite group acting on X. Assume that the following elements form a full

exceptional collection of the category D(X), where RHom(E!, El) = 0 if j # | and RHom(E!, EL) =0
ifi < k:

E{ E} .- E;
Eih Egz Egp

Assume that the group G acts on the elements Eg,l < j < gq; transitively. Let H; be the stablizer
of the element E}. Assume furthermore that there exists an element &; such that Res(&;) = E}. Then
the following elements also form a full exceptional collection of the category Dg(X):

IndG (&1 @ V) Indf, (&20V5) -+ Indf (£, @ V)
Ind§, (E1® V") Ind§, (&2 @ V3?) - Indf (&, ® V")
where Vij,l < j <r; are the irreducible representations of H;.

Proof. Let F! = Indf;:(€; @ V). We will show that RHomg (F/, F!) = 0if j # I, RHoma(F!, F}) =0
if i < k and RHomg(F/,F}) = C.
In fact, we have

RHom(F/, Fl) = RHomp, (& @ V/,Res§, Ind§, (€ @ V) = RHomy, (&2V/, €D g (ExV))).
gEHi\G

When g ¢ H;, Res(g*E;) = EY for ¢ # 1 and hence RHom(&; @ V{, g* (& ® V})) = 0. Furthermore,

RHomg(F/, F}) = RHomy, (& ® V& @ Vi) = Homy, (V/, V),



which is what we want.
If i < k, similarly,

RHomg(F/, Fl) = RHomy, (a ® V7, Res§,. Ind%; (@ V,j))

_ (R Hom (Res(si © V), ResIndg, (& ® Vé)))Hi

H;
:(RHom (E}@Vij, @ g*(E;i®Vkl))>

gEHk\G
ok H;
_ <RHom (El w V!, DE] ®V,§)>
q=1

is zero since every R Hom in the bracket is zero.

It suffices to show that this exceptional collection is full. For any F € D% (X), since F' = Res F is in
D%(X), there exists 7, 7, k such that Hom(EZj, F[k]) # 0. Since G acts on F, one can assume that j = 1.
With H;-action, the vector space Hom(&;, F[k]) admits a subspace of irreducible H; representation V.

The inclusion gives a non-zero element in

Hom g, (V! Hom(&;, F[k])) = Hompy, (& @ Vi, Flk]) = HomG(Indgj (& @ VY, Flk]).

Hence our result follows. O

3 Hilbert schemes
Bridgeland-King-Reid and Haiman’s results shows that:
®:DP(S")y = DY (S7): ¥

are equivalences of categories. Here ® and ¥ are defined as follows:
Consider the Cartesian diagram of schemes:

zZ—r— gn
o
glnl ™ g(n)
Then ®F = Rr.p*F,¥G = (p*r!g)G".
As a result, every full exceptional collection of D?(S!™) comes from a full exceptional collection of

Dben (S™). When the surface S satisfies that D®(S) has a full exceptional collection, Theorem 1 gives
a full exceptional collection of D¥% (S™).

Theorem 2. Assume Ey,Es, ..., E,, form a full exceptional collection of D*(S), then the following
objects form a full exceptional collection of DbG”(S"):

Indf, o, (4 (EF 0 V7)),

where ay + -+ + am, =n, V7 is an irreducible representation of S, .



Proof. In order to use Theorem 1, one just need to arrange the full exceptional collection of D®(S™)
in a correct order.

We assign the lexicographical order on the set of (a1,...,a;) such that a; + - + a,, = n. Thus,
if (a1,...,am) < (b1,...,bm), one of the following is satisfied:

A > by,

Q-1 + G > b1 + b,

ag+ - Fam > byt -+ by

Put exceptional objects E;; K E;, K--- K E; into groups. every group (ay,...,a;) contains the
objects who consist of a; times E;.

For any two different objects F; = E; K E;, X---XE; and F; = E; XE;,X---KE; in the same
group, there exists a number & such that i, > ji. Hence RHom(F;, F;) = 0.

Consider the object F; = E;;, K E;, K---X E; belonging to the group (aq,...,a,) and the object
F;, =E;, XE;,X---K E; belonging to the group (b1,...,by). If (a1,...,am) < (b1,...,by), then
ar+ -+ am > b+ + by, for some [ and i > 1 > ji for some k. Hence RHom(F;, F;) = 0.

Finally, the group &,, acts transitively on each group (ai,...,a,) with the stablizer [[\", &,,.
Theorem 1 applies. O

Corollary 3. If the number of exceptional objects in one of the exceptional collection of D®(S) is
equal to the dimension of the cohomology ring H*(S). Then the number of exceptional objects in the
exceptional collection of DY(SI™) is equal to the dimension of the cohomology ring H*(S™).

Proof. Consider the generating function of both numbers. Note that the condition implies that
H?(S) =0 if p is odd.
On the one hand, Gottsche’s formula reads:

o (142~ (1 + at?)?”

n>0 i>1
2n . .
where P, (SM) = 3 v?"+(S"))2?. Hence
1=—2n

S dimE (s =] AT

n>0 i>1

On the other hand, the number of exceptional objects in the exceptional collection of D?(S [”]) is

m

Z number of irreducible representations of H Gg,
ait-tam=n i=1
— Y Pla)-Plan),
ar+-Fam=n

where P(a;) is the number of partitions of a;.



Summing with n, we obtain

S Plar)- - Plag)in o = (ZP (“)ta> ) (Hl—lti> |

a; >0 a>0
i=1,....m

This is just what we want.

Example. When S is a Fano surface, then the condition of this corollary satisfies.



