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a  b  s  t  r  a  c  t

Gas–solid  two-phase  flow  is  ubiquitous  in  nature  and  many  engineering  fields,  such  as  chemical  engi-
neering,  energy,  and  mining.  The  closure  of  its  hydrodynamic  model  is difficult  owing  to the complex
multiscale  structure  of  such  flow.  To  address  this  problem,  the  energy-minimization  multi-scale  (EMMS)
model  introduces  a stability  condition  that  presents  a compromise  of the  different  dominant  mechanisms
involved  in  the  systems,  each  expressed  as an  extremum  tendency.  However,  in  the physical  system,  each
dominant  mechanism  should  be  expressed  to a  certain  extent,  and  this  has  been  formulated  as  a  multi-
objective  optimization  problem  according  to  the  EMMS  principle  generalized  from  the  EMMS  model.  The
mathematical  properties  and  physical  meanings  of  this  multiobjective  optimization  problem  have not
yet  been  explored.  This  paper  presents  a numerical  solution  of this  multiobjective  optimization  problem
and  discusses  the  correspondence  between  the  solution  characteristics  and  flow  regimes  in gas–solid  flu-
idization.  This  suggests  that,  while  the  most  probable  flow structures  may  correspond  to  the stable  states

predicted  by  the EMMS  model,  the  noninferior  solutions  are  in  qualitative  agreement  with  the  observable
flow  structures  under  corresponding  conditions.  This  demonstrates  that  both  the  dominant  mechanisms
and  stability  condition  proposed  for the  EMMS  model  are  physically  reasonable  and  consistent,  suggesting
a  general  approach  of describing  complex  systems  with  multiple  dominant  mechanisms.

©  2019  Chinese  Society  of  Particuology  and  Institute  of Process  Engineering,  Chinese  Academy  of
Sciences.  Published  by  Elsevier  B.V.  All  rights  reserved.
ntroduction

Gas–solid two-phase flow is widely encountered in nature and
any engineering fields, such as chemical engineering, energy, and
ining. The closure of its hydrodynamic model is difficult in the-

retical and engineering research (Davidson, 1961; Grace & Clift,
974; Hartge, Rensner, & Werther, 1988; Li, Tung, & Kwauk, 1988a;
oomey, 1952) owing to the complex multiscale structure (Li &
wauk, 2001, 2003) of such flow. To address this challenge, Li et al.

Li, 1987; Li & Kwauk, 1994; Li et al., 1988a; Li, Tung, & Kwauk,

988b) developed the energy-minimization multi-scale (EMMS)
odel for concurrent-up gas–solid two-phase flow as illustrated

n Fig. 1.
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E-mail addresses: wge@ipe.ac.cn (W.  Ge), pzhang@pku.edu.cn (P. Zhang).
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The basic concepts and mathematical expressions of the EMMS
model are summarized in Table 1, and further details on the deriva-
tions and physical meanings of the variables can be found in the
literature (Li et al., 2005, 2013; Li & Kwauk, 1994).

For closure of the simplified hydrodynamic model, the method-
ology of the EMMS  model introduces a stability condition by
analyzing the extreme tendencies of the different dominant mech-
anisms involved; i.e., the gas tends to choose an upward path to
minimize energy consumption,

Wst (X) =
(

�p − �f

)
g
[
(1 − ε) Ug − f (1  − f ) (εf − εc) Uf

]
→ min  . (1)

Meanwhile, particles tend to arrange themselves such that they
minimize the potential energy and hence

ε (X) → min . (2)

In a fluidized bed, however, neither the gas nor particles real-

ize their own movement tendencies exclusively. There is thus a
compromise in reaching a globally optimal state, which is

Wst (X) → min  |ε (X) → min, (15)

hinese Academy of Sciences. Published by Elsevier B.V. All rights reserved.
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Nomenclature

D Diameter of the fluidized bed, m
dcl Cluster diameter, m
dp Particle diameter, m
f Dense phase fraction
Gs Solids flow rate, kg/(m2 s)
g Gravitational acceleration, m/s2

Ns Mass specific energy consumption for the suspen-
sion of a particle, W/kg

Nst Mass specific energy consumption for the suspen-
sion and transportation of a particle, W/kg

NT Mass specific total energy consumption for a parti-
cle, W/kg

Nt Mass specific energy consumption for the trans-
portation of a particle, W/kg

Uc Superficial fluid velocity of the dense phase, m/s
Uf Superficial fluid velocity of the dilute phase, m/s
Ug Superficial fluid velocity, m/s
Umf Minimum fluidization velocity, m/s
Up Superficial particle velocity, m/s
Upc Superficial particle velocity of the dense phase, m/s
Upf Superficial particle velocity of the dilute phase, m/s
Wst Volume specific energy consumption for the sus-

pension and transportation of a particle, W/m3

ε Mean voidage
εc Dense mean voidage
εf Dilute mean voidage
εmax Maximum voidage for clustering
εmf Voidage at minimum fluidization
� Fluid dynamic viscosity, kg/(m s)
�f Fluid density, kg/m3

�p Particle real density, kg/m3
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nd effectively, this can be simplified as a single extremum condi-
ion (Li, 1987; Li & Kwauk, 1994; Li et al., 1988a, 1988b):

st (X) = Wst (X)
�p (1 − ε (X))

→ min  . (16)

The solution to the EMMS  model thus formulated has been
btained numerically and the predicted flow structures agree well
ith experimental results in terms of average characteristics (Du,
u, Chen, Liu, & Ge, 2018; Li & Kwauk, 1994; Ge & Li, 2002). How-
ver, according to the EMMS  principle (Li et al., 2013; Li, Huang,
hen, Ge, & Hou, 2018) later developed from the EMMS  model, the
ultiobjective variational expression of the compromise in compe-

ition of the dominant mechanisms should be a more general and
omprehensive description of the flow behaviors in the systems.
s an indication, we note that, dynamically, flow structures differ-
nt from the predictions of the EMMS  model also exist in reality,
ut whether such existence is consistent with the EMMS  model
nd principle is unknown. In fact, a precondition for answering this
uestion is to solve the multiobjective optimization problem (MOP)
f Eq. (15) exactly, which is the very purpose of this study.

ethods

This section introduces mathematical and numerical methods

hat are based on the classical theories of the MOP  (Koopmans,
951; Kuhn & Tucker, 1951; Lin & Dong, 1992).
uology 48 (2020) 109–115

Basic concepts of MOPs

MOPs, as the name suggests, are a type of optimization problem
involving more than one objective function to be optimized simul-
taneously in a given constrained space. MOPs are found in many
fields (Abakarov, Sushkov, Almonacid, & Simpson, 2009; Ganesan,
Elamvazuthi, Shaari, & Vasant, 2013; Sendín, Alonso, & Banga, 2010;
Shirazi, Aminyavari, Najafi, Rinaldi, & Razaghi, 2012), such as engi-
neering, logistics, and economics, where optimal decisions need
to be taken in the presence of trade-offs between two  or more
conflicting objectives.

In mathematical terms, an MOP  can be formulated as

min
x ∈ ˝

f (x) = [f1 (x) , f2 (x) , ..., fN (x)]

s.t. hj (x) = 0, j = 1,2,..., k

gi (x) ≤ 0, i = 1,2,..., m

lbd ≤ xd ≤ ubd, d = 1,2,..., D

, (17)

where x = [x1, x2, ..., xD] is a D-dimensional decision vector, f (x)
is the N-dimensional objective function, hj (x) = 0 is the j-th con-
strained identity, gi (x) ≤ 0 is the i-th constrained inequality, and
lbd ≤ xd ≤ ubd indicates the reasonable range of the d-th decision
vector component.

Accordingly, the solutions to an MOP  can be defined rigorously.
In fact, two  types of solution can be defined in general. One type
is the absolute optimal solutions that are a direct extension of the
solution concept in single-objective optimization problems:

Denoting � as the constrained space and x* ∈ �,  x* is an absolute
optimal solution if fi (x∗) ≤ fi (x) , i = 1,2,..., N for any other x ∈ �.

The absolute optimal solution is an ideal solution in which the
objective functions reach optimal values simultaneously. However,
for an MOP, there is no absolute optimal solution in most cases
owing to the competing or even contradictive objective functions,
and only a set of relatively optimal solutions. The elements in this
set are called Pareto-optimal solutions or non-inferior solutions,
which are considered equally good and where none of the objective
functions can be improved in value without reducing some of the
other objective values. The mathematical definition of the Pareto-
optimal solution or noninferior solution is (Koopmans, 1951):

Denoting � as the constrained space and x* ∈ �,  x* is a Pareto-
optimal solution (also called a noninferior solution) if there exists no
other x ∈ �,  s.t. fi (x) ≤ fi (x∗) , i = 1,2,..., N.

It is worth mentioning that, apparently, if a point in the con-
strained space is not a noninferior solution, it is definitely not an
absolute optimal solution of the MOP.

MOP in the EMMS model

From the previous subsection, it is apparent that, before intro-
ducing the stability condition of Eq. (16), the EMMS model subject
to the competition of the dominant mechanisms of the gas and solid
phases as expressed by the objective functions of Eq. (15), can be
formulated as an MOP:

Wst → min  | ε → min

s.t. Fj (x) = 0 (j = 1,2,...,6)

Usc (x) ≥ 0, Usf (x) ≥ 0, Usi (x) ≥ 0

lbk ≤ xk ≤ ubk (k = 1,2,..., 8)
, (18)
where x = X =
{

εf, εc, f, Uf, Uc, Upf, Upc, dcl

}
is a vector compris-

ing the eight independent variables of the EMMS  model that
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Fig. 1. Physical picture of the EMMS model an

re defined in Fig. 1, Fj (x) = 0 (j  = 1,2,...,6) are the six constrain-
ng equations in Table 1, Usc (x) ≥ 0, Usf (x) ≥ 0, and Usi (x) ≥ 0
re three physical constraints ensuring nonnegative superficial
lip velocities, and lbk ≤ xk ≤ ubk (k = 1,2,..., 8) are the reasonable
anges of the eight components of the decision vector.

From the definitions, it is easily proved that if the MOP  of Eq. (18)
as an absolute optimal solution, the EMMS  model has the same
olution as the MOP. If the MOP  has only noninferior solutions, the
olution of the EMMS  model always exists in the noninferior solu-
ion set. The MOP  of Eq. (18) is, in fact, a more general expression of
he compromise in competition of the two dominant mechanisms
n a fluidization system, and the EMMS  model with the stability con-
ition of Eq. (16) may  present its most probable results in reality.
he conjunction, however, should be demonstrated by the solu-
ions of both Eq. (18) and the EMMS  model and compared with
stablished understandings of the fluidization behaviors, which are
iscussed in the following sections.

umerical method for solving the MOP  in the EMMS model

A specific numerical scheme (Ge & Li, 2002) is employed to solve
he above MOP  in this work. The main idea of the algorithm is

o build a two-dimensional constrained space �,  store the corre-
ponding variable value and search for the solution according to the
efinition of the noninferior solution. The steps of the algorithm are
s follows.
ariables (modified from Li and Kwauk (1994)).

1. Select the operation parameter (Gs,Ug).
2. Traverse ε0

c and ε0
f in [εmf, εmax].

3. Calculate Usf from Eq. (5).
4. Select a trial value of f ∈ [0, 1].
5. Calculate Usc from Eqs. (6) and (7).
6. Use Usf and Usc to determine Uf, Uc, Upf, Upc, and Usi from Eqs.

(3)–(8).
7. Calculate Usi according to its definition, Eq. (11).
8. Denote by �Usi the difference in Usi between Steps 6 and 7. If

�Usi is not sufficiently small, return to step 4 and select a new f;
otherwise, regard

(
ε0

c , ε0
f

)
as a solution in the two-dimensional

constrained space ˝,  store the values of Wst
(

ε0
c , ε0

f

)
and

εst
(

ε0
c , ε0

f

)
and return to Step 2 to continue traversing εc and

εf.
9. Search

(
ε∗

c, ε∗
f

)
∈ ˝.  If there is no other (εc, εf) ∈ ˝,  s.t.

Wst (εc, εf) < Wst
(

ε∗
c, ε∗

f

)
and εst (εc, εf) < εst

(
ε∗

c, ε∗
f

)
, then(

ε∗
c, ε∗

f

)
is a solution of the MOP.

Results and discussion

In this section, using the physical properties, geometry and oper-

ating conditions listed in Table 1 and the algorithm described above,
we first study the distributing characteristics of solutions for the
MOP under different operating conditions and describe the phys-
ical meaning associated with the flow regimes and then analyze
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Table 1
Formulation of the EMMS model (Li et al., 2005, 2013; Li & Kwauk, 1994) and specifications of the calculation conditions.

Mass balance for the gas phase:
Ug = fUc + (1 − f ) Uf, (3)
the  gas flow through the whole cross-section of the vessel equals the sum of the gas flow through the dilute and dense phases
Mass  balance for the solid phase:
Up = (1 − f ) Upf + fUpc, (4)
the  solid flow through the whole cross-section of the vessel equals the sum of the mass flow through the dilute and dense phases
Force balance for the dilute phase:
3
4

Cdf
1 − εf

dp
�fU

2
sf = (1 − εf) (�p − �f) g, (5)

the  effective weight of the particles in the dilute phase equals the drag from the gas in the dilute phase
Force balance for the dense phase:
3
4

Cdc
1 − εc

dp
�fU

2
scf + 3

4
Cdi

f

dcl
�fU

2
si = f (1 − εc) (�p − �f) g, (6)

the  effective weight of the dense phase particles equals the sum of the drag from the gas in the dense and dilute phases
Pressure balance:

Cdf
1 − εf

dp
�fU

2
sf + f

1 − f
Cdi

1
dcl

�fU
2
si = Cdc

1 − εc

dp
�fU

2
sc, (7)

the  dense phase pressure drop is balanced by that of the dilute phase plus the interphase
Cluster diameter correlation:

dcl=
gdp

[
Up

1−εmax
−
(

Umf + εmf
1−εmf

Up

)]
Nst

�p
�p−�f

− g
(

Umf + εmf
1−εmf

Up

) , (8)

the  diameter of a cluster is inversely proportional to the rate of energy input
The  stability condition (Ge & Li, 2002):

Nst=
(�p − �f) g

�p (1 − ε)

[
f (1 − ε) Uc + (1 − f ) (1 − εf) Uf + f (1 − f )2 (εf − εc) Uf

]
→ min  (9)

Mean voidage:
ε = fεc + (1 − f ) εf (10)
Superficial slip velocity:

Usc=Uc − εcUpc

1 − εc
, Usf=Uf − εfUpf

1 − εf
, Usi=

(
Uf − εfUpc

1 − εc

)
(1 − f ) . (11)

Reynolds numbers:

Rec = �fdpUsc

�
, Ref = �fdpUsf

�
, Ref = �fdpUsf

�
, Rei = �fdclUsi

�
(12)

Drag coefficient for a single particle or cluster (Schiller, 1933):

Cdc0 = 24
Rec

+ 3.6

Re0.313
c

, Cdf0 = 24
Ref

+ 3.6

Re0.313
f

, Cdi0 = 24
Rei

+ 3.6

Re0.313
i

(13)

Drag  coefficient for fluidized particles or clusters (Wen  & Yu, 1966):
Cdc = Cdc0ε−4.7

c , Cdf = Cdf0ε−4.7
f

, Cdi = Cdi0(1 − f )−4.7 (14)

Gravitational acceleration: g = 9.8 m/s2, maximum voidage for clustering: εmax = 0.9997. Physical properties of FCC catalyst particle and air in the calculations of this work:
d  s), U

t
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P
fl

a

p = 54 �m,  �p = 929.5 kg/m3, εmf = 0.5, �f = 1.1795 kg/m3, � = 1.8872 × 10−5 kg/(m
3
4 Cdf

1−εmf
dp

�fU2
mf

= (1 − εf) (�p − �f) g.

he relationship between the solutions of the MOP  and the EMMS
odel.

haracteristics of the solutions of the MOP  under different
perating conditions

For the operating conditions Gs ∈ [100, 700] , Ug ∈ [0.01, 8],
he numerical results show that if the MOP  has a solution, it always
xists on the boundaries of �.  According to the locations of the
olutions in �,  the operating conditions can be classified into sev-
ral regimes as shown in Fig. 2. In Region 1, the constrained space
s an empty set and the MOP  has no solution. In Regions 2–5, as

st and ε reach minimum values at different locations, the MOP
nly has noninferior solutions. In Region 2, the noninferior solu-
ions exist only on the bottom boundary εc = εmf, εf ∈ [εmf, εmax]
s shown in Fig. 3(a). Region 3 is a transitional region between
egions 2 and 4, and the noninferior solutions exist on both the
ottom boundary εc = εmf, εf ∈ [εmf, εmax] and the right boundary
c ∈ [εmf, εmax] , εf = εmax as shown in Fig. 3(b). In Regions 4 and
, the positions of noninferior solutions are on the right boundary

n � as shown in Fig. 3(c) and (d).

hysical meaning of the solutions of the MOP  associated with the

ow regime

Physically, in Region 1, as the gas phase passes upward through
 bed of particles at relatively low velocity, the drag of the gas phase
mf = 0.002 m/s. Note: Umf is obtained from calculation according to the formula:

is not large enough to support the whole weight of the solid parti-
cles. This corresponds to, for example, fixed beds, and there are no
two-phase solutions. In Regions 2, 3, 4 and 5, neither the gas nor
the particles realize their own  movement tendencies exclusively;
there must be a compromise and, correspondingly, the MOP  has
noninferior solutions. In Region 2, the dilute phase voidage varies
(εf ∈ [εmf, εmax]) but the dense phase is always at minimum flu-
idization (εc = εmf), which agrees well with the flow pattern of
(generalized) bubbling fluidization under the operation conditions
of this region. The dilute phase particles are mostly in bubble wakes.
Then, in Region 3 with higher Ug, the dense phase becomes sparser
(εc ≥ εmf), which conforms well to the transition from bubbling to
turbulent fluidization, where bubbles exhibit a variety of irregu-
lar shapes and complex dynamics. In Region 4, as the gas velocity
continues to increase, the voidage of dilute phase reaches a maxi-
mum (εf = εmax), which corresponds to fast fluidization where the
bubbles completely break up and isolated particle clusters domi-
nate the flow. In Region 5, with εf remaining at εmax, εc also jumps
from εmf to a larger value (εc > εmf), which is characteristic of
dilute transport, and the jump in εc corresponds to the choking
phenomenon.

Solutions of the MOP corresponding to flow regime transitions
Considering any given Gs ∈ [100, 700],  with an increase in Ug ∈
[0.01, 8], along the right boundary of �,  the locations of the min-
imums  of Wst jump from the lower corner εc = εmf, εf = εmax to an
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Fig. 2. Relationship between the solutions of the MOP  and the flow regimes under different operating conditions.

Fig. 3. Types of solution for the MOP  under different operating conditions: (a) Gs = 300 kg/(m2 s), Ug = 0.8 m/s; (b) Gs = 300 kg/(m2 s), Ug = 2.0 m/s  (c) Gs = 300 kg/(m2 s),
Ug = 4.5 m/s; and (d) Gs = 300 kg/(m2 s), Ug = 7.0 m/s. The abscissa axis is the relative dilute phase voidage defined as ε∗

f
= (εf − εc) / (εmax − εc) while the ordinate axis is

εc. The orange region represents the constrained space. ε, Wst, and Nst respectively reach their minimums at the red, blue and black circles. The black bold line represents
the  noninferior solutions of the MOP.



114 Y. Mo, M. Du, W.  Ge, et al. / Partic

Fig. 4. Solutions of the MOP corresponding to flow regime transition:
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expressing the multiple dominant mechanisms. As the stability
a) Gs = 300 kg/(m2 s), Ug = 1.2 m/s; (b) Gs = 300 kg/(m2 s), Ug = 2.8 m/s; and (c)
s = 300 kg/(m2 s), Ug = 6.1 m/s.

pper point εc � εmf, εf = εmax. The blue solid line in Fig. 2 repre-
ents the operating conditions corresponding to these jumps. On
his line, Wst has two minimums in � as seen in Fig. 4(a). As the
as velocity continues to increase, the location of the minimum
f ε along the bottom boundary of � jumps to the right bound-
ry. The red solid line in Fig. 2 represents the operating conditions
orresponding to these jumps. On this line, ε has two  minimums
s seen in Fig. 4(b); one is at εc = εmf, εf � εmax and the other is at
c = εmf, εf = εmax. In addition, the black solid line in Fig. 2 represents
he operating conditions corresponding to the jump of N . On this
st

ine, Nst has two minimums in � as seen in Fig. 4(c). These jumps
ave physical counterparts in fluidization engineering, as discussed
elow.
uology 48 (2020) 109–115

Several correlations for the flow regime transition have been
mentioned in the literature; e.g., Yang’s model (Yang, 1983) for
the transition between the turbulent fluidization region and fast
fluidization region (TF) is

Ut =
[

4gdp
(

�p − �f

)
3�fCd0

]0.5

,

2gD(ε−4.7
mid − 1)

(UTF − Ut)2
= 68100

(
�f

�p

)2.20

,

GTF = (UTF − Ut) �p(1 − εmid),

(19)

where D is the diameter of the fluidized bed and is set to 0.09.
Yang’s model (Yang, 2004) for the transition between the fast

fluidization region and dilute transport region (FD) is

GFD = 3.8364U2.4938
FD . (20)

Additionally, employing the concept of generalized fluidization
and Chehbouni’s model (Chehbouni, Chaouki, Guy, & Klvana, 1995),
a correlation for the transition between the bubbling fluidization
region and turbulent fluidization region (BT) can be proposed:

UBT = (U0)Gs=0 + ε

1 − ε

Gs

�p
,

(U0)Gs=0√
gD

= 0.463Ar0.145,

Ar =
gdp�f

(
�p − �f

)
�2

.

(21)

As shown in Fig. 2, the regime transitions predicted using the
solutions of the MOP  based on the EMMS  model agree qualitatively
well with the correlations above.

Relationship between the solutions of the MOP and the EMMS
model

The numerical results suggest that the relationship of the solu-
tions of the EMMS  model and the corresponding MOP  depends on
the operating conditions. In Regions 2–5 of Fig. 2, the MOP  has non-
inferior solutions and the solutions of the EMMS  model exist in the
noninferior solution set. It is worth noting that the minimums of
Wst and ε are always located at the two endpoints of the noninferior
solution set while the location of the minimum of Nst is affected by
the compromise between Wst (x) → min  and ε (x) → min. In Region
2, Nst and Wst reach their minimums at the same location, as seen
in Fig. 3(a). In Region 3, the locations of the minimums of Wst, ε, and
Nst are different, as seen in Fig. 3(b). In Region 4, Nst and ε reach
their minimums at the same location, as seen in Fig. 3(c). In Region
5, the locations of the minimums of Nst are closer to the location of
the minimum of Wst as seen in Fig. 3(d). The results show clearly
that Wst (x) → min  and ε (x) → min  are reasonable reflections of
the extremum tendencies of the two phases, as indicated by the
distribution of the noninferior solutions of the MOP about them,
and Nst (x) → min  is indeed a good reflection of the compromise
between them, with a logical distribution of the flow regimes in
the constrained space. These findings are a further demonstration
of the validity of the EMMS  models.

In reality, we  can observe many states of the system other than
the predictions of the EMMS  model, and from this work we under-
stand that they are actually the noninferior solutions of the MOP
condition in the EMMS  model expresses the result of compromis-
ing the dominant mechanisms, it is reasonable to conjecture that
the solutions from the EMMS  model represent the most probable
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tates among them. Of course, rigorous verification of this conjec-
ure remains the subject of future experimental and simulation
orks.

onclusions

In this paper, first, on the basis of the stability condition in the
MMS  model, we explored the MOP  with Wst (X) → min  |ε (X) →
in  under different operating conditions. The theoretical and

umerical results show that, in most cases, Wst and ε have differ-
nt monotonicities in � and the MOPs only have the noninferior
olutions, which suggests that the system can reach multiple stable
tates under the same operational parameters. All noninferior solu-
ions studied so far are on the boundaries of �.  All minimums of Wst

nd ε are located at the two endpoints of the noninferior solution
et, while the location of the minimum of Nst is affected by the com-
romise between Wst (x) → min  and ε (x) → min. Additionally, we
ound a good physical explanation for different solution regimes of
he MOP, which is helpful in explaining the flow regime transitions
rom the angle of the EMMS  model.

The results of this study further explain the mathematical and
hysical meanings of the stability condition in the EMMS  model,
erify the reasonableness of the model and help to improve the
odel. Furthermore, this paper suggests a new approach of char-

cterizing complex systems controlled by multiple mechanisms.
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