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Abstract

In this paper, we study the isotropic—nematic phase transition for the nematic lig-
uid crystal based on the Landau-de Gennes Q-tensor theory. We justify the limit
from the Landau—de Gennes flow to a sharp interface model: in the isotropic
region, Q = 0; in the nematic region, the Q-tensor is constrained on the mani-
folds N' = {s (Mm@®n-— %I), n € $?} with s + a positive constant, and the evolution
of alignment vector field n obeys the harmonic map heat flow, while the interface
separating the isotropic and nematic regions evolves by the mean curvature flow.
This problem can be viewed as a concrete but representative case of the Rubinstein—
Sternberg—Keller problem introduced in Rubinstein et al. (SIAM J. Appl. Math.
49:116-133, 1989; SIAM J. Appl. Math. 49:1722-1733, 1989).

Keywords Liquid crystal - Isotropic-nematic phase transition - Sharp interface limit
1 Introduction
1.1 Isotropic—-Nematic Phase Transition

Liquid crystal is a state of matter between liquid and solid, in which molecules tend to
align a preferred direction. There are several phases in liquid crystals. One of the most
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common phases is the nematic phase, in which the molecules tend to have the same
alignment, but their positions are not correlated. Phase transitions between different
phases give rise to a variety of mathematical questions of great interest. In this paper,
we are concerned with the isotropic—nematic phase transition problem.

In physics, the different order parameters are used to describe the anisotropic behav-
ior of liquid crystals. The most simple one is the vector theory, which uses a unit vec-
tor field n(x) to describe the locally preferred alignment of liquid crystal molecules
near the material point x. Onsager introduced the molecular theory, in which the ori-
entational distribution function f(x, m) is introduced to describe the number density
of molecules whose orientation is parallel to m at the material point x. The Q-tensor
theory uses a symmetric traceless 3 X 3 matrix Q to describe the alignment behavior of
liquid crystals. Physically, Q could be understood as the second momentum of f:

Qi) = /SZ (mm - %I)f(x, m)dm.

Since the order tensor Q vanishes when f is the probability dens1ty L for the iso-
tropic phase, the tensor Q measures how the second moments of a glven probability
density deviates from the isotropic value. Thus, it is convenient to use the Q-tensor
theory to model the isotropic—nematic phase transition problem. More precisely, we
consider the following dynamical Landau—de Gennes model in Q x (0, T), Q C R:

0,Q° = AQ° — £ 3(Q"), (1.1)

where

FOQ) = aQtz — b(QY + c|Q PQ° + §|QE|2I. 12)

Equation (1.1) can be regarded as the gradient flow of the following Landau—de
Gennes energy functional:

1 1
F(Q.VQ) = /Q {§|VQ|2+£—2F<Q>}dx, 1.3)

where the elastic energy density |VQ|> 2 Y i<iju<s 10,Qy1% and the bulk energy
density F(Q) takes the following form:

F(Q) = %Ter - gTrQ3 + %(Ter)z,

with b, ¢ > 0 are constants dependent on materials, and @ depends on materials and
temperature. It is easy to check f(Q) = F'(Q).
In general, F(Q) may attain its (local) minimum at two sets:
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2
Q=0,0rQeN = {S+<n®n—%l) ‘ness, = X Vb Z2da V”424ac},
C

In the Landau—de Gennes theory, Q = 0 corresponds to the isotropic phase, which
means no orientational order, while Q =s, (M ®n — lI) represents the nematic
phase and n is the local orientation direction of liquid crystal molecules. We are
interested in the case that the isotropic and nematic phases have equal energy, that is

F(0) = F<s+ (n ®n— %1))

which is equivalent to

b* = 27ac.

In physics, it means that the temperature is at the isotropic—nematic transition tem-

. 3
perature. In this case, we have s, = R

The statics and dynamics of the one-dimensional isotropic—nematic interface
have been studied in [11, 17-19]. For the high-dimension case, by the asymptotic
expansion method, it has been derived in [12] (see also [5] and [21] for some related
cases) that the interface, referred as I', which separates the isotropic and nematic
regions, evolves by the well-known mean curvature flow. In the isotropic region,
denoted by Q~, Q = 0, and there is no dynamics. In the nematic region, denoted by
Q*, the Q-tensor is constrained on the manifolds N, and the evolution of alignment
vector field n obeys the harmonic map heat flow:

on=An+ |Vn|’n, inQ",
v-Vn =0, onT, (1.4)
V = ok, onl.

Here, v is the unit normal vector to I', V is the normal velocity of T', x is the mean
curvature, and o is a constant representing the surface tension.

The goal of this paper is to justify the asymptotic limit € — O of the system
(1.1) to the system (1.4). In [16], under the hypothesis of radial symmetry, Majum-
dar-Milewski—Spicer analyzed this problem in a rigorous mathematical framework,
and they proved that an interface can be generated by a large class of initial data and
propagates according to the mean curvature.

A more general problem is to consider the Landau—de Gennes energy of the form:

L
F(Q,VQ) = /Q {%IVQIZ + 200,00, + g—le(Q)}dx, (1.5)
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where L, is an elastic coefficient characterizing the elastic anisotropy for lig-
uid crystal materials, and is usually not zero. The effect of the L, term on the iso-
tropic—nematic interface has been investigated by several studies [14, 17-19]. For
example, when L, > 0, the uniaxial assumption near the interface is not valid and
the biaxiality should be taken into account. In [17], it has been proved that the uni-
axial solutions remains to be stable when L, < 0. In [12], the authors derived the
sharp interface model by formal matched asymptotic expansion, where the Neu-
mann-type boundary condition should be replaced by a strong anchoring condition,
that is, n = v on I'". However, the rigorous analysis is very challenging.

1.2 Rubinstein-Sternberg—Keller’s Problem

Due to the physical importance and mathematical interests and challenges, the phase
transition problems have attracted a great deal of interest in analysis and numerical
simulations. The simplest model for phase transition is the Allen—Cahn equation:

1
ou = Au— ;F’(u), (1.6)

where u is a scalar function and F(u) is a function with double well (a simple choice
is F(u) = (u*> — 1)>/4). This model has been used by Allen—-Cahn [2] to model the
motion of antiphase boundaries in crystalline solids. It is well known that, as € — 0,
the domain will be separated into two regions, where u — 1 and u — —1, respec-
tively. The interface between these two regions will move as the mean curvature
flow. This asymptotic limit has been rigorously analyzed by different authors via
various proposals (see [3, 4, 7, 9, 10, 13]). In particular, the authors in [9] conducted
the asymptotic expansions of high order to construct an approximate solution and
then conclude the error estimation between the true solution and the approximate
solution with the help of the spectrum of a linearized operator. Following the lines
in [9], Alikakos—Bates—Chen proved the Cahn-Hilliard equation approximates the
Hele—Shaw problem in [1].
In [20, 21], Rubinstein—Sternberg—Keller introduced the following equations:

1 .
ou=Au— ;F’(u) inQ, (1.7)

to study certain chemical reaction—diffusion processes, where € is a subset of R”,
u : Q — RF is a phase-indicator function, and F(u) : R* — R is an bulk energy
function which can attain it minimum at two (or even more) disjoint connected sub-
manifolds in R¥. Based on the formal asymptotic expansion, they found that the
interface moves by its mean curvature and u tends to a harmonic map heat flow (to
the sub-manifolds) away from the interface when ¢ — 0.

Up to the authors’ knowledge, mathematical results on rigorous analysis of € — 0
on the vector-valued Rubinstein—Sternberg—Keller problem (1.7) are quite few.
Some preliminary analysis was done by Bronsard and Stoth [5] for k = 2 under the
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radially symmetric setting, in which the Neumann boundary condition on the inter-
face is also derived. The study on the asymptotic limit € — 0 for minimizers of the
time-independent problem was carried out by Lin et al. [15].

Despite the problems (1.1) and (1.7) are introduced from different physical moti-
vations, the system (1.1) provides a special, but concrete and physical relevant,
example to the system (1.7). Therefore, our work can be viewed as a first attempt on
the rigorous analysis for the asymptotic limit € — O for the general time-dependent
problem (1.7).

Indeed, since a symmetric traceless 3 X 3 matrix Q can be regarded as a vector
with five independent variables, the problem (1.1) can be viewed as a special case of
(1.7), where k = 5, and the bulk energy density F attains its minimum at # = 0 and
a two-dimensional sub-manifold N'. Although the dimension k and the energy func-
tion F are specified, the main important feature of the problem (1.7) is still kept: the
minimum of F are attained not just at isolated points but at a point and a manifold.
This fact induces a non-trivial dynamics, i.e., a harmonic map heat flow into A/, in
one bulk region. As we will show, the high dimensionality of the minima manifolds
will bring some serious difficulties into our problem. Therefore, understanding the
dynamics of isotropic—nematic interface will shed light on the Rubinstein—Stern-
berg—Keller problem (1.7) with general F(u).

1.3 Main Results

We consider the whole space case Q = R3 or the periodic domain case Q = T3,
Let (n,I') be a smooth solution to the system (1.4). For r € [0,T], we set
[, =T x {t}. Let §, < min{1/2, 2||IT,||-)~"}, and for § < §,, we define

[,(6) = {x : dist((x,1), ) < &}.

We can extend n to be a smooth direction field in I',(5).
Let (x, ) be the signed distance to I',. Then, we have

[ ={xeQ:|pxn <5}, te[0,T]
Since I', evolves according to the mean curvature, we have
@, —Ap=0 onT. (1.8)
We also introduce
) =T,(6)x[0,T], QF ={x€Q: @120}, Q*=QF x[0,T], t€[0,T].
Our first result is the existence of approximated solutions to (1.1) up to arbitrary

order of €, which is based on the matched asymptotic method.

Theorem 1.1 Given a smooth solution (n,T") in Qt X [0, T] to (1.4); then, for any
k € N, there exists an approximate solution Q¥ (x, 1) which is close to s (nn — %I)
and 0 in QT\I'(6) and Q~\I'(8), respectively, and satisfies
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0,Q% = AQW - LAQ¥) + R, (1) € QX (0.7), (19)
&

where

RE = 0.

In what follows, we let Qf = Q¥ be the approximated solution. To estimate the
error between the real solution and the approximate solution, the most key ingredi-
ent is to establish the following spectral condition of a linearized operator.

Theorem 1.2 (Spectral condition) There exists a positive constant C independent of
eandt € [0, T], such that

/(IVQI2+8‘2(HQ;Q : Q))dxz —C/ |Q/*dx, (1.10)
Q Q

for any traceless and symmetric 3 X 3 matrix Q. Here, HQZQ is defined in (2.9).

With the help of the spectral condition, we can estimate the error between the real
solution and the approximate solution.

Theorem 1.3 Assume that k > 10 and

1Q (x, 0) — Q4 (x, 0)l 2 < € (1.11)

for some positive constant c. Then, there exists a positive constant C > 0 independ-
ent of €, such that

sup / 1(QF — Q)(r1)dx < Ce™,
Q

0<t<T

sup / IV(QF — Q)(x,1)|*dx < Ce'?,
0T JQ

sup / |AQF — QY)(x, 1)|*dx < Ceb.
0<t<T JQ

In particular, there holds

Q- Qf;“Lm(Qx(o,T)) < Ce

As a corollary of Theorem 1.3, we have the following.
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Corollary 1.4 There exists a positive constant C > 0 independent of € such that

@ = (1(%)s(2+0) + (1-n(F))ticearsos ) (= 51)
(1.12)

where and in what follows n € C®(R) is a cut-off function satisfying n =0 in
(=00, —1)U (1, +00) and n = 1 in (—%, %), and s(z) is defined by (6.1) in “Appendix
17, and @V is defined in (2.2).

< Cg,
L>(Qx(0,T))

Remark 1.5 In Theorem 1.1, we construct an explicit approximate solution to (1.1)
around the local smooth solution of the system (1.4) by assuming the latter exists.
The well-posedness of the system (1.4) will be studied in a future work.

1.4 Sketch of the Proof

The proof is based on the asymptotic expansion method. This method has been used
to rigorously justify the hydrodynamic limit of the Boltzmann equation [6] and other
singular limits in various problems, and developed by several authors to study the
sharp interface limit of diffuse interface models such as the Allen—Cahn equation [9]
and Cahn—Hilliard equations [1]. The proof consists of three steps: the construction
of approximated solutions based on smooth solutions of the limit system; the spec-
tral estimate for the linearized system around the approximated solution; and suit-
able energy estimates for the remainder terms. There are some new complexities or
difficulties when we applied this scheme to the isotropic—nematic interface problem.

First of all, to construct the approximate solution, we have to deal with the degen-
eracy of the linearized operator, not only in the inner region but also in the outer
region, when we solve the corrective solution of each order. To overcome this dif-
ficulty, we need to split the corrective solution into two parts: the kernel part and
the out-of-kernel part, and solve them separately. In contrast, the linearized operator
in outer region is always invertible in the Allen—Cahn or Cahn-Hilliard problem.
More importantly, to match these approximated solutions, we have to solve a much
more complicated and subtle coupling system in the bulk region and on the sharp
interface.

The most difficult part is to prove an uniform-in-e lower bound estimate for the
first eigenvalue of the linearized operator:

—-AQ + e—2HQ;Q

around the approximate solution Q = Q1. Since the operator acts on a matrix-val-
ued function, the methods in [9] or [8] which involves the Hopf maximum principle
and the Harnack inequality may not work directly. Our proof consists of two parts:
estimate the linearized operator with Qf replaced by the leading order term Q©, and
exclude the singular effect coming from the first correction term Q.
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For the first part, our key observation is that, by introducing a suitable decompo-
sition, we can reduce the problem to analyzing the spectrum of two one-dimensional
linear operators acting on scalar functions [see J, defined in (3.1) and J, defined in
(3.2)]. These two operators come from the kernel space of the linearized operator
in the inner region. The first one J, corresponds to the translational invariance of
the linearized operator, which has been studied by [8]. The second one J;, which
is new, corresponds to the rotational invariance due to the rotational symmetry of
the minimum manifold V. It seems difficult to use the methods in [8] or [9] to ana-
lyze J,, since its potential degenerates at x = +o00. To overcome this difficulty, we
employ a new method which does not need to use the Hopf maximum principle and
the Harnack inequality. In addition, this method also works on the spectral analysis
of Jj, and thus, we present a new proof of Lemma 2.1 in [8]. In addition, a little bit
surprisingly, the homogeneous Neumann boundary condition on I' in (1.4) plays an
important role in estimating the crossing terms (see Sects. 4.2 and 4.3).

For the second part, the key observation is that the singular effect arising form
the first correction term Q) can be excluded by a cancellation relation between the
leading order term Q and the first correction term Q! (see (6.14) and Sect. 4.4).

Finally, we can follow the method in [1] and [9] to estimate the error Q° — Qj.
Here, we use a direct and simple way; that is, estimate the following energy:

6 12
8(t)=%/|Q;|2(x,t)dx+%/|VQ;|2(x,t)dx+—£2 /|AQ;|2(x,z)dx,
Q Q Q

(1.13)
with

Q2 m, (1.14)

gm

for m = 9. The reasons for taking m = 9 and choosing the above £ powers in the
energy come from the detailed computations in Sect . 5.

Notations. For any two vectors m = (m;, m,, m3),n = (n;,n,,n;) € R3, we denote
the tensor product by m®n = [m;n;],1 <i,j < 3. In the sequel, we use mn to
denote m @ n for simplicity when no ambiguity is possible. For any two tensors A
and B, A : B denotes Tr(AB) = A;B;; and |A]> = A : A. The divergence of a tensor is
definedby V-A = dA;.

2 Construction of the Approximated Solutions

For the diffuse interface models, the solutions behave differently in regions near
and away from the interface. To avoid the complicated calculations near the inter-
face, we choose the method of asymptotic matching introduced in [1] rather than
using a local parameterization of the interface as in [9] to construct the approximate
solution.
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In the region Q* \ T'(6/2) away from the interface, which is called outer region,
we make the following expansion:

Q =QVw. ) +eQV, 1)+ - + QP 1) + -+ +

and seek the solution of the form:

QY =QVx,n+eQP(x, 1) + - + QP (x, ), @1

where k is to be determined.

While, in I'(6) called inner region, we perform inner expansion in I'(6). Let I'* be
the smooth interface centered in the transition region and ¢* be the signed distance
function to IT'*. Due to QF varies rapidly from Q% to Q~, we introduce a fast variable
7= %E and conduct the following expansions:

0" =0, 1) + eV, 0) + - + b, 1) + -, 2.2)

Q=050 +eQ @50+ + QY x, 0 + -, 2.3)

where O (x, 1) £ p(x, 1).

In the overlapped region I'(6) \ T'(6/2) = (Q\ IT'(6/2)) nT'(6), two kinds of solu-
tions in outer expansion and inner expansion should be a good approximation, and
thus, they have to be almost the same. This gives a matching condition or a “boundary
condition” for Qy)(z, x, 1), that is

Q(xeo.x.) =QL(x1). i=0.1,.... 24

In I'(6), we then truncate @* and seek the solution of the form:

[k] [k] [k]
ng](x’t):Q§0)<(p sx3t> +6Q§1)<(p_9-x9t> +“'+€kQ§k)<(p_’x’t>s
& 13

€
(2.5)
with
oM = V00 + eV 1) + - + €59, 1),
Then, we define the approximate solution
QY = (1 - n(e/)Qy' + n(e/6)Q}, 2.6)

where

K _ [k v
Q5 = 1inean Qy + 1jneq-1 QY

and recall that ne€ C®°(R) is a cut-off function satisfying # =0 in
(=00, —1)U(1,4+0) and n = lin (_%,%).
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2.1 Outer Expansion

We introduce the notations

BQ.Q) i=(31Q : Q- Qi Q- Q.0 ) Xy

C(Q;,Q,,Qy) := C(Ql(Qz Q) +QuQ; Q) +Q3(Q : Qz))7 2.8)

Ho,Q; :=aQ; +B(Q;, Qy) + C(Q;, Qp, Qp)- (2.9)

We perform outer expansion in the QF rather than Q* \ I'(6/2) using the Hilbert
expansion method as in [23, 24]. In Q*, we assume that

— 0O (6] kyk)
Q =Q) (D) +eQ . (x,)+ -+ Q(x, 1)+ -,

where Qg)(x, t) are smooth functions which are independent of €. Then, we have

f@Q)=fQ) +eH. QY + Y & (1 QP + BV + €)1

k>2
where
H,Q=HyoQ, 2.11)
B¢ = Z B(QY, Q) (2.12)
k—1 ( )
i = X C(Q.Q17.Q0) +e ) (el Q)
i=1 1<ij<k—-1,i+j<k-1
(2.13)
Equating the O(e*)(k > —2) system in (1.1) yields that
o> f(QP) =0, (2.14)
o H.QP =0, (2.15)
Q(k)
O )k >0): H QI = AQY — B+ — it (2.16)
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2.1.1 Solving Q¥ and Q¥ (k > 0)

Equation (2.14) implies that Qi)) is a critical point of the bulk energy F(Q). Thus, we
may take

QV(x,) = s, (m(x, 1) - %1) QY =0. 2.17)

Since Q_ = 0 exactly solves (1.1), we can simply take
QV=Q?P=...zQW =0 nQ.

Therefore, we only need to show how to determine Q(Ji) in Q* fori > 1.
Using (2.17), the linearized operator H_ can be written as follows:

H.Q= bs+(Q—nn-Q—Q.nn+ %(nn : Q)I) +2csi<nn— %I)(nn : Q).
(2.18)

We need the following lemma from [23].

Lemma 2.1

(i) KerH, = {nn* +n'n:n!eV,}withV, £ {n' :nt -n= 0}

(i) H, is L@ one-to-one mapping on (KerH+) ; here,
(KerH,)” £{Q : (Q : nn* + n'n) = 0,Vn* €V, } is the orthogonal com-
plement of KerH .. Moreover, the inverse operator

-l - L - .0-0. 2 : 1_ — l :
H. Q= . (Q nm-Q-Q -nn+ 3(nn : Q)I) + S, (nn 3I)(nn 1 Q).
(2.19)

To solve Qﬁ) in Q* for i > 1from (2.16), we first introduce the decomposition:

QV=pPY+P, PYeKerH, PYe®erH)", fori=12, “20)
and then solve Pg), Pﬁ) separately. To this end, we further introduce the orthogonal
basis:

E,(x,1) = <nn - %I) E,(x,0) = (nl+1In), E,(x,7) = (nm + mn),

E;(x,t) = (ml +1m), E,(x,?) = (1l — mm),

where 1, m are smooth unit vectors, which together with n form an orthogonal coor-
dinate frame. It is easy to see that E;,E, € Ker H, and E,E;,E, € (Ker H,)*.
Thus, one may decompose P, and P+ as follows:
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152 M. Fei et al.

Pi)(x, 1) = P, DEG(x, 1) + pi3(x, HE; (x, 2) + piy(x, HE,(x, 1), (2.21)

PO(x, 1) = piy (6, DE (3, 1) + pip(x, DB, (x, 1), 222)

Remark 2.2 In some situations, even though n is smooth, we may not able to find
corresponding smooth unit vector fields |, m. Therefore, we assume this to ensure the
existence of smooth orthogonal basis E;-E,.
2.1.2 Solving P(f)and (P11:P12)
From Eq. (2.15) and Lemma 2.1, we know that Q(j) € Ker H,. Thus

PV =0, QV(n=PPwn=py0x0E &1 +ppln B0, (2.23)

Let us define two linear operators
5.0=B(Q!".Q). c.Q=c(e!.q.Q). (224

Lemma 2.3 [fQ € Ker H,, then B,Q, C,Q € (Ker H,)*.

Prg)of If suffices to prove that for P,,P, € Ker H,, B, P, : P, =C, P, : P, =0.As
+ - P, P, € Ker H,, we may assume that
QS:) =nmy+myn, P, =nm, +mn, P,=nm,+m,n, where m;,,m,m,1ln.

Then, it is easy to verify that C,P, : P, = 0 and

B,P, . P, = =2b(mym; + mm,) : (nm, + m,n) = 0.

U
From (2.12)—(2.13) for k = 2, we have
Thus, by (2.16) for k = 0, we get
M PP = %}» - AQY - %13+Q(+” - %C+Q(+”. (2.25)

AsH, P, B,Q,c,Q} € (Ker H,)*, we have
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aQ(O)
a_: — AQY € (Ker 1,)*.
This is a compatibility condition on the solvability of (2.25), which can be ensured
if we choose n(x, ) solving the heat flow (1.4). Using the invertibility of 7 in
(Ker H,)*, we can write

Q(O)
2) _ o _ (1) () _. —1A .
PJ_ = + < Ey AQ B P §C+PT = H+ A (2.26)

here, A depends on Q(f) and Qﬁrl).
From (2.16) for k = 1, we have

1
Q()

3 1 2 2
H,PY = AQY - B,QY - ¢,QP. (2.27)

This leads to the following compatibility condition for PEl.l) (recall P(ll) =0):

o PV — APV — B, PP — C,P¥ =1, PV + B,PY + C,PY € (Ker 1,)*.
(2.28)
Substituting (2.26) into 2.28 gives an equation for PEl.l):

1 .
apy — Apyy =p“<§(AE1 CE,) +bnn+1) : H+1<6,Q(+0) —AQ@))

1 _
+P12<§(AE2 : El) +b<ml : H+l(an$)) _AQ(J?))> —dtm-l)

+2(Vpyy - VIm - 1= 4depy (02, + p),
(2.29)

1 _
0P — Apyy =p12<§(AE2 * E,) +b(nn +mm) : H' (a,ng - AQ@))
1 _
+ P <§(AE, LK) + b<lm : H+1(a,Q$) - AQ?)) —al- m)

+2(Vpyy - V- m —4ep,(p3, + ph).
(2.30)

To solve the system, we have to know the boundary conditions for Pfl.l) on I', which
will be fixed in the next section by matching the outer and inner expansions.
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Once P(Tl) is solved, then P(f) is solved by (2.26). In addition, we know from (2.27)
and (2.28) that

3 - 1 1 2 2
PO =7 (0,Q) - 2Q) - 5,QY - ¢,Q?)
— 2 2 1 1 2 2
=74, (-B,PY - ¢, PP +0,Q) - AQY - B,PY - C,PY) 23D

and here, A, depends on Q(Jro), Q(+1) and Qf). Note that P(T2) is still unknown which
will be solved in the next step.

2.1.3 Solving P{*Vand (p;;, p;,) (i > 2)

Let us assume that P?,Pfrl)(l <j <i— 1)have been determined fori > 2, and

pPUth — 341 an_l) AOQYU D _BD _c® ) =: 1A
l_+T_Q+_+_+_'+i- (2.32)

Here, A, depends on {Qﬁ) }j:; Then, we can write
P =3 (=B, P - PP +DO) 2.33)

with D = DOQY,Q", ..., ((2)1 b, P((J;)f)
‘We will show how to solve PT and P e First of all, we may write

G+1) _ i+1) 1 0 . 2D ) (y(i+2-)
B = B,QU* +b<§I Y @Y Y QY ’)
2<j<i 2<j<i

_ (i+1) (i+1) 210}
= B,PU 4 B P 4 BO,

where B® only depends on Q, Q1" ... ,Q(Jf). Similarly, we may write

ciV=c, P+, P + €Y,
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where C® = C(")(Qﬁ», QS), e Q(Ji)). Then, from (2.16), we have

1, QP = oY — APV — B, PV — ¢ PUD — g PV — c pytY
+ ()IPT _ AP? _ B(i) _ C(i)
=0, PY¥ — APY — B, PV — c PUY + (B, + COH (B, + C)PY
+ 0PV — APY —BY — CO — (B, + C,)H,;'D?,

which leads to the following compatibility condition for Pg):

P — APY + (B, + COH; (B, +C)PY +9,PY — APY — BO — (”:@(2 34)
— (B, + COM;'DY = 14,Q + B,PI) + ¢ PI*) € (Ker H )

This defines an equation for P? in terms of p;; and p;, in Q. Together, with bound-
ary conditions on I" for p,; and p,,, which will be specified in next section, we can

solve Pﬁ). Once Pg) is determined, we can solve Pfr]) according to (2.33).

2.2 Inner Expansion

In this subsection, we perform inner expansion (2.3) in I'(6). More precisely, we show
how to construct a family of functions:

PO, 0, eV, 0), ..., 0" (x, 1),
0 1 k
QY x, 0, QPzx, 0, ..., Q" x, 1),

such that

Q¥ = Q (L9100, 5.1) +€Q”(2oIex 1) + -+ QP (1w, 1,31
E E E

is a good approximation of Q¢ in I'(§)
One can easily find from the fact|V¢?|? = 1that

1, i=0;
. 0, i=1;

Vo® Vel =9 i oo (2.35)
—EJZ:]V(p Vo',  i>2.

@ Springer



156 M. Fei et al.

The truncated function ¢l¥(x,7) is no longer a distance function, as |Ve¥| # 1
(although it is small). Nevertheless, @!¥(x, f) is the kth approximation of the signed
distance function from x to the interface T* £ {x : ¢¥(x,7) = 0}. Actually, we have
the following lemma.

Lemma 2.4 Let O <i < k. For every fixed t € [0,T], let r,(x) be the signed distance
from x to Fﬁ. Then, for small €,

7,0 = @0 | 1y = OE™H. (2.36)

Proof Noting that |[Vg!!|? = 1 + O(¢™"); then, for small £, one gets
IVoll| = 1+ 0™

and

|Vr,(x) = Vol (x,0)]* = |Vr,)|* = 2Vl (x, 1) - Vr,(x) + |Vl (x, )]
=1-2|Vell(x,0)| + Vol (x,1)|?
= (1= Ve, ])* = 02,

Choosing x, € I', i.e., r,(xy) = @!(xy, 1) = 0, then

Ir, ) = @, D] = [r,(x) — @ (x, 1) — r,(x0) + @ (xp. D)
1
= ‘/ <Vr,(t’x+ (1= 1)xp) = Vo' (('x + (1 = £')xp), t)) S(x —xo)dz"
0

< C6i+1 .

here, C is independent of ¢ € [0, T'] and small €. O

Motivated by [1], we modify the system (1.1) in the inner region as follows:

Q= AQ° — £72f(Q%) + £7'G ¢/ (¢° — €2), (2.37)
where
G (r.0)= ) £"G™(x,),
m=0

and { € C3(R) : R — R is a function related the leading order profile of Q in the
inner region. In particular, {(z) satisfies

(@ =0ifz<s57'(5,/5), ¢ =1ifz>s"(4s,./5), (2.38)
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[ §'sdz 52
"Iy R _ + _
/C s'dz =0, o 2 T =0, (2.39)
R Jo€'sdz 2 f(sdz

where the monotonic function s(z) is given by (2.50). Such a function {(z) will be
constructed in Lemma 6.2.

Remark 2.5 Due to z = £ in (2.37), we have G¢¢'(¢f — €z) = 0, and thus, we do not
change the system (1.1). However the equations for Q(l) (i > 1) have been changed
in order that Q(’) (i > 1) are solvable in our framework More importantly, the
matching condmon (2.4) and the cancellation property (6.14) could hold.

2.2.1 The Leading Order Q;O)

Fork > 2, let
-1 _ |1 @ . k=D @) oy k=0
B V=p3l Y @7 Q- ¥ QML (2
1<i<k-1 1<i<k-1
cf=d2 Y Q'@ : Q"+ > Q@) : QM|
1<i<k-1 1<ij<k—1,i+j<k

(2.41)

Then, we have

£(Q9 =f(Q§O)) + 6HQ<10>Q§1) + Z £ ( Q(o)Q(k) + B(k Dy C(k D). (2.42)

k>2

Notice that

ath —AQF = _S_ZazzQ§0) ! (a Q(l) + aZQEO)(A(p(O) _ at(p(o)) + zvvaan) . V(p(o))

k+2 i —i —i
_ Zek( 7zQ(+)+ Z (a Q() @®H1=D _ g okt 1))

k>0 0<i<k+1

#2V,0.00" - Vo) + 4QY - 0,0 ), (2.43)

and define
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d2
LIQ(Z) = —%Q + HQ;O)Q = _d_Z2Q + HQ<10)Q, Z € (—0, +00),

. a2 . .
and here, we used the notation I3 since (x, 1) is seen as a fixed parameter when we
Z

-1

solve Qy) (i=1,2,...). Then, we have the following systems for order e 2 e land

X (k > 0), respectively:

2.QY = Q™). (2.44)

£,Q" = 9,020 - 9,¢?) +2Va, Q- Vo + OGO, (2.45)

E]Q§k+2) - aZQ(IO)(A(p(k+1) _ a,(ﬂ(k+l)) + zvaZQ;()) . V(P(k+1) + (p(k+l)G(0)C/
+ aZQ;k+l)(A(p(0) _ 0[(,0(0)) + 2vazQ5k+l) . V(p(O) + (p(O)G(k+1)C/

+ Z (azQ;i)(A(p(k-H—i) _ at¢<k+1—i)) + 2V02Q§i) V=D 4 ¢([)G(k+l—i)é»/>

1<i<k

+AQY - 0,QY - BV — IV — G0z, (2.46)

Now, we seek the solution Q;i) (i=0,1,...), which take the form:

Qy)(z’ X, [) = Q;il(z, X, t) + Q%—(Z, X, t)’ (247)

where
Qﬁfl(z, x, 1) = 8502, X, DEg + 5532, X, DE3 + 5;4(2, x, DE, (2.48)
@ X 1) = 512,05 DE; + 52 %, DE,, (2.49)

First of all, the leading order Eq. (2.44) has an explicit solution

Qe %1 = s(IE, = 52 n(x, Hn(x, 1) - %1) (2.50)

where s(z) is defined by (6.1). Obviously, we have

M@T(Qﬁ“(ilzl,x, - QV(x, t)) = O(e‘\/;'z'), as |z| > +o0, (2.51)

Z
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for all j,I,m > 0. In fact, we only need j, [, m < k for some fixed k depending on the
actual order of expansion.
In what follows, we derive the compatibility conditions for solving QEI) and QEZ).

2.2.2 Compatibility Condition for Solving Q;U

For (x, ) € I'(6), noting that (Ve - V)n - n = 0, let
Vyoh 1= (Vo - Vn = ¢, (x, DI(x, 1) + ¢, (x, Hm(x, 7). (2.52)
In addition, we choose
GO(x, 1) =goo(x, DE + 801 (%, DE, + goo(x, NE,,

and substitute (2.50) into (2.45), and then, the right-hand side of (2.45) can be writ-
ten as follows:

((Ap — @,)s" + g0,0C" )Ey + 25", + 9 80))E| + 25’y + 9¢' 80y)E,,

In addition, one has

Qm)Q(l) (a+ 23b +%s2>Q(l) bs(nn Q(1)+Q(l) )
+ 2<cs nn+ 2 (bs - cs2)1> (nn : Q;l))

b (2.53)

=(a - 23—bs+2cs2>s”E0 + (a - §s+ %sz>(s12E1 +s13E2)

+ ( + %s + %s2>(s13E3 + s14E4).

Accordingly, (2.45) is reduced to
( siy + (a - %s + 2cs2>s10>E0

b . 2c b 2
+ (—S/lll + (a -5t ?s2>s11>E1 + (—s/l’2 + (a - 35t ?s2>s12>E2
" E E 2oL ke E E
+(_S13 3 S14 4)+< + 3 S+ 3 S )(S13 3+S14 4)

= ((A@—o,)s" + 8010 Eo + 25’y + 9L g0)E, + (25" ¢y + 98 g0)E,.

Here and in what follows, for a function § = 3(z, x, 1), we write d,§ as 5 for simplicity.
We denote
0(s)=a— 23—bs+2cs2, k(s)=a— §s+ %sz, i(s)=a+ 23—bs+ % 2
(2.54)
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Combining with (2.4) (i = 1), we obtain the following equations for (x, 7) € I'(6):

=510 + 065@)s10 = (Ap — @,)s" + goo?, (2.55)
=), + k(s@)sy; = 25" + gl’, forj=1,2, (2.56)
—s}; +1(s(2))s;; =0, forj=3,4, (2.57)

with
slj(ioo,x, =0,;=0,3,4; slj(—oo,x, 1 =0, slj(+oo,x, 1) =p1j(x, N, j=1,2.
(2.58)

To solve {s,;} (j =0, ...,4), we need to study the solutions to the following ODEs in
R for fixed (x,1) € I'(6) :

=50 (2, %, 1) + 0(5(2))50(2. X, 1) = fo (2, X, 1), (2.59)
—5(z, %, 1) + K(5(2))s5, (2, X, 1) = fy(z, x, 1), (2.60)
=55 (2, X, 1) + 1(5(2))$5(2, X, 1) = f5(2, X, 1). (2.61)

We present the following lemmas on the solvability of (2.59)—(2.61), which will be
proved in “Appendix 1.

Lemma 2.6 If the following decay conditions:

|00L07" (foyzo x. 1) = fif (. 0) | < Clzl*(s, — 5(2)), forz —> +c0,  (2.62)

|0§0i6;” 0z x| < Clz|*s(z), forz — —oo (2.63)

with some k € N and the compatibility condition
+o0
/ folzox, 1)s'(2)dz = 0 (2.64)
hold, then (2.59) has a unique bounded solution, such that s,(0,x,t) = 1 and
|010L0" (s9(z. x, 1) = sg (5, D)) | < Clz|** (s, = 5(2)), forz = 400, (2.65)

|0/0L0"s0(2, %, )| < Clz**'s(z),  forz = —oo, (2.66)
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.
where j,l,m=0,1,..., C >0 is independent of z, x, t and s0+(x, 1= w. More

a
concretely, we have

5’ (2)
s'(0)

Solz, x, 1) =

Z +00
+5'(2) / ' e)? / folr.x,ns' (r)dedg.  (2.67)
0 ¢

Lemma 2.7 If the following decay conditions:

|0/0.0,"f, (z. x. 1)| < Clz*(s, —5(2)), forz— +oo, (2.68)

|a;‘aj{a;" 1z, x, t)| < Clzl*s(z), forz —» —o0 (2.69)

with some k € N and the compatibility condition
+o00
/ fi@s()dz=0 (2.70)
hold, then for any given sT(x, 1), (2.60) has a unique bounded solution, such that
0000 (5(z, x, 1) = sT(x, D)) | < Clz|**|s, —s()|, forz— +c0, (2.71)

|00.0)"s,(z,x, 1)| < Clz|*'s(z), forz = —oo, 2.72)

where j,l,m=0,1,...,C > 0is independent of z, x, t. More concretely, we have

s(2)s] (x, 1) oo , [T
$1@x )= ——— - S(Z)/ (s()” / fi@x. Ds(v)dzdg. (2.73)
z S

+

Lemma 2.8 If the following decay conditions:

|0/0,0" (o2, 1) = £ (&, D)) | < Clzl* (54 = 5(2)), forz — +o0,  (2.74)

|00,0)"f>(z,x, )| < Clzl*s(z), forz — —o0 2.75)

with some k € N hold, then (2.61) has a unique bounded solution, such that

@ Springer



162 M. Fei et al.

- e il
000" 5y(z.x,1) — ‘ < Clz|*' (s, = 5(2)), forz > +oo, (2.76)
+
|0/0L0"s,(z, x. )| < Clz**'s(z),  forz - —o0, @77

where j,I,m =0,1,...and C > 0 is independent of z, x, t.

Remark 2.9 Lemma 2.6, with some slight differences, has been proved in Lemma
4.1 in [1]. In “Appendix 17, we present a different proof, which can be applied to
prove Lemma 2.7-2.8.

Obviously, the Eq. (2.57) have only trivial solution 5,5 = 5,4, = 0. To solve (2.55), we
need to ensure the compatibility condition (2.64), which requires that for (x, 1) € I'(6),

/ (A — @,)(s")* + goo(x, D(x, 1)¢'s")dz = 0.
R

For (x,t) € I', we have ¢ = 0, and thus
Ap — @, =0,
which is the evolution of the interface (1.8). In addition, g, is determined as follows:

(p/R ¢'s'dz i

g()()(-xv t) = (S’)zd
f’R de (Vo Vig,—Ap)), (xpneT.
R

(x,1) e T(6)\TI';
(2.78)

On the other hand, if we take g, as in (2.78), then we can solve s, using Lemma 2.6
in the case of k = 0. More concretely, we have

+o
S0z x, 1) = /E(Z))) +s (z)/ (5'(¢) 2 / <(Aq) — (Pr)sl + goo(pé”>("’x’ s (r)drdg
<
A S/E(Z))) + S0z, X, 1). (2.79)

Accordingly, we get

Q') = 510K, (2.80)

The compatibility condition (2.70) for solving s,, and s, implies that, for
(x, 1) € I(6):
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/ (2¢,5's + gg,9¢'s)dz = 0, / (2¢,5's + g 9¢'s)dz = 0.
R R

For (x,#) € I', we have ¢ = 0, and then, ¢; = ¢, = 0 onI'. Thus, we can derive that
n should satisfy the Neumann condition on the sharp interface:

v-Vn=0 onT; (2.81)

here, v = V¢ is the unit outer normal of I'. We then determine g, and g, as follows:

.52
-, (x,1) € T(O\I;
guln =4 OhE (2.82)
_/ Z;vdz(vd)i : V@)’ ('x’ t) S F’
Usdz

fori=1,2.

2.2.3 Compatibility Conditions for Solving Q;Z)

We first write (2.46) (k = 0) as follows:

EIQ?) = F(l) + G(l)(pé’/’ (283)
where
FO = 9.Q¥(8¢" - 0,0") +2V,0.Q7 - Vo + GOV’

+0.Q" (Ap - 0,0) +2V,0.Q" - Vg

+8,0" - 0,0 ~ B~ ¢V~ GOz’
Let

4 4
Q7Gx =Y spzxnE, GV =) g xnE,.
=0 =0

Then, one has, from the similar calculation in (2.53), that the system (2.83) com-
bined with (2.4)(i = 2) is reduced into the following five ODE:s:

3
_Slzlo + 0(s(2))s = E(F(l) : Eo) +8100¢’, (2.84)
—sh; + K(5(2))sy; = %(F(l) :Ey) + 00, fori=1,2, (2.85)
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1 .
s+ 155y = S (FV ) + g0, forj=3,4, (2.86)

with
$y(—00,x,1) =0,  s5(+00,x,1) = pyi(x,1), j=0,1,2,3,4. (2.87)

By Lemmas 2.6 and 2.7, to solve s,,,s,;, and s,,, we need the following equalities
for (x, 1) € I'(6):

%EO : / F(z,x,1)s'dz + g0 (x, Dp(x, 1) / ¢'s'dz=0, (2.88)
R R

%El : / FO(z, x, 0)sdz + g1, (x, N(x, 1) / ¢{'sdz =0, (2.89)
R R

%Ez : / FO(z, x, £)sdz + g1, (x, D@(x, 1) / ¢'sdz=0. (2.90)
R R

When (x,7) € I', we have @(x, 1) = 0, and thus, for (x,7) € I':

E, : / FO(,x,t)s'dz = E, : / F(z,x,£)sdz = E, : / FY(z, x,1)sdz = 0.
R R

R
(2.91)
Careful computations yield that on I
M . _2
(Ve - V)dZQI Ky ) = gV(p - Vo, sy,
((V(p - V)0.Q E1> =2V - Vs, +20.5,(Ve - V)m - 1),
((V(p - v)2.Q : E2> =2V - Va.s,, +20.5,, (Vg - V)L - m),
b(2 2b 2b
B;') Ky = —g(gsfo +s%1 +s?2>, Bﬁl) CE = —?slos”, Bgl) CE, = —?sloslz,
1 4cs D . 8cs D . 8cs
CE) E, = T(S%O +s%1 +s%2), CE) cE| = =3 Si0Sus C;) K, = 3 Si0S12

where we have used the facts that on I”

Vo-VI-n==Ve-V)n-1=0, (Vp-Vm-n=—-(Ve-V)n-m=0.
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Consequently, we get that on I"

FO :E, = %s'(A(p(” 0,0) + 2 38nl'e <‘>+(2vvaQ§”~v¢—B§”—c§” : EO)

+ (8.0 -0 - G<°>zc LK, )

= 2 /(A(p(|> 0,(p“)) + g (:/ M4 4V6 510 Vo + =2 2b z @sf
3 3 9 310
(%’ - 4%) +5)+ (4,07 -0Q" -6V’ 1 K, ),

FO D E; =45 ((Vn- Vo) - 1) + 28,0V = 2g0,2¢’
+(2v,00" - Vo -BY - 1 E, ) + (2,07 -0Q : E,)
=25 ((Vn- Vo) - 1) + 2g4,0"¢" — 284,28’
+4Vo,s - Vo +40.5,(Vm - Vo) - 1) + bslosll &sslos”

3
+(8.Q"-0Q" : E,),

and
FO 1By =45 ((Vn- Vo) - m) + 28000 = 2g052¢"
+(2v,0.0)" Vo B - ¢V By ) + (8, - 0,Q : E,)
=25'((Vn- V') - m) +2g4,0'¢" — 28028’

+4Va_ s, - Vo +49.5,,(V1- Vo) -m) + bsws12 %ssmsl2
+ (8,90 -0Q" : Ey).
Thus, the equality Ey : [, FV(z,x,7)dz = 0 on T is equivalent to
0 _ A /R ¢'(2)s'(z)dz [R (b —4cs)(s2, + 2,)s'dz + 3@ .
_— (p 9
v Tz % 2 [ @)z
(2.92)
where

2
CIJE]I) = /s’(AxQEO) - azQEO) : Eo>dZ - §8OO/ZC,(Z)S,(Z)dZ
R R

4 2b 2 4CS 2
+'/R<3V()slo Vo + = 5 Y 10) s'dz.

@ Springer



166 M. Fei et al.

(2.92) is actually the evolution equation of ¢! on I'". Furthermore, the equalities

E, : /F“)(z,x, ndz=E, : /F(l)(z,x, Ndz=0
R R

on I are equivalent to

252 ((Vn - Vo) - 1) + 20, 0" /R s¢'dz

2b 8¢

/<4va S11 - Ve +40.5,(Vm - Vo) - 1)+< :
R

(2.93)
255 ((Vn - Vo) - m) + 2g5, 0" /R s¢'dz

/<4V55]2 Vo +40,5,,(V1- Vo) - m)+<23b 836s)s]0s12>sdz+(1)(21)=0,
R
(2.94)

on I, respectively, where

o = / s(AxQEO)—deEO)) : Edz — 2g; / 2'sdz, i=1,2.
R R

We can note that, if p,; and p,, are given, then

+00 +oo
s@pun ) / (s(e)~? / (25'¢: + g0,0¢") (z.x. Ds(r)drdg
z S

§1;(z, %, 1)
St

s(2)py;(x, 1)

>

+ 50z, %, 1), i=1,2.
Sy

(2.95)
Moreover, (2.92), (2.93), and (2.94) are equivalent to

2 2
O] = Ap" M M 4 Pyt /(b—4cs)s2s’dz

b, ARV

Ja@dz T 22 T S rdz

Pn / o~
—— [ (b—4cs)s§y sdz+ ————— / (b — 4cs)s5yys'dz
sy Jo(s'@)dz Jr o 54 Jul s’(z))zdz ”
1)
1 / 2 ~2\ 3@,
+—— [ (b—4cs)|5y +5p Jsdz+ —/———,
2 [,(s'@)2dz Jw ( o e ) 2 [(5'(2))2dz

(2.96)
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2si((Vn-V(p(l))'l) +2g01(p(”/sé"dz
R
+25,Vpy, - Vo +25,p,,((Vm - Vo) - ) +57'p,, / (23—[’ - %s)smszdz
R
(1) ~ ~ 2b 8¢ ~
—oW — [ (avos; ~V¢+407502((Vm-V(p)~l)+<?—?s>smsm sdz, on T,
R
(2.97)
252 ((Vn - Vo) - m) + 2g,0'" / s¢'dz
R
+25,Vp 1, - Vo + 25,p, (V1 Vo) - m) + 5 p12/<23b_%3)s10s2dz
R

_CI)(21) _ / <4V@Z5/0\2 Vo + 4535/0\1((Vl -Vo) -m) + (23—b - %S)slo%\z)sdz, on I'.
R
(2.98)

In summary, we have a nonlinear differential system for ¢V, p,,, and p,, as follows:

(2.29), (2.30) : the evolution equation for p,; and p;,  in QT
(2.96) : the evolution equation for (" onT,
(2.97), (2.98) : the boundary condition for p,; and p;, onT,
1 Vo - Vo =0, inr(), (299
QL (x. 1|2y = QL (x,0), in QF,
oD, 0) =0, onTl,

L

where the fourth equation comes from (2.35) (i = 1).
In “Appendlx 17, we will give a sketch of solving (2.99). Then, we solve Q(l) G

and Q1 It and, finally, solve the inner expansion for the kth order (k > 2).

2.3 Proof of Theorem 1.1

From the process of our asymptotic matching expansions, we find that

QM = { s, (nn — %I) + 0(¢), (x,1) € QF\I'(6);
O(e), (x,1) € Q\I'(5).

Moreover, there hold

9, gﬂ AQ[k] —2f<Q ) + order €¥~! terms,  in Q%,

0,QM = AQIM — 72 <Q >+0rder£ terms, in [(6).
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Furthermore, due to (7.24) and (7.25), if & is small, then
. C
agaiay(@")(z,x, - QY t)) - 0<e_?> for  jLm=0,1,...,  and

(x, 1) € F(é)\l“(g). Consequently, we can find that, for small £, Q¥! defined in (2.6)
satisfies

de[k] = AQH — g2 (Q[k]) + order £ ! terms

= AQW — £727(QW) + R, (.1 € Qx[0.T]. (2.100)

This completes the proof of the theorem.

3 Spectral Analysis of the 1-D Linear Operators

In this section, we conduct the spectral analysis for two 1-D linear operators defined
on the interval I, = (—é, i):

TJop = —azz(p +0(s(x))p, 0O(s)=a-— %s +2cs?, 3.
_ _, b 202 _
Tio =00 +x6@0. k) =a- 25+ 28 = Li5-5)(s- £).62)

These two operators will play important roles in the proof of Theorem 1.2.

3.1 Spectral Estimates of J,

Let|lgll = lIgll 2, We consider the following Neumann-type eigenvalue problem:

Jog=21q, z€IL; ¢ (xe")=0. (3.3)

Lemma 3.1

(1) (Estimate of the first eigenvalue of J,)

do £ ||31I||1£1/4 <(q’)2 * O(S)‘f)dz = O(e_g >; (3.4)

here, C is a positive constant independent of small €.
(2) (Estimate of the second eigenvalue of J)

Ao 2 inf / ((‘I')2 + O(S)qz)dz >cp > 0; (3.5)
IE

= in
llgll=1.qLq,
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here, qlq, < fl qqedz = 0, gy is the normalized eigenfunction corresponding

to Ag 1 and cy is a positive constant independent of small e.
(3) (Characterization of the first normalized eigenfunction of J,)

c
lag = a1 = 0™ ); (3.6

here, a = m In addition to (3.6), we have

C
(g — as')|I* = 0(6’? ) (3.7)
In particular
2
/1 |gy|"dz < C. (3.8)

Proof (3.4)—(3.6) have been proved in Lemma 2.1 in [8]. Here, we will use another
method to prove (3.4)—(3.5). The method is helpful for us to prove (3.19) and (3.23).

(1) Thanks to (2.6) in [8], we have

Jo1 < o(e‘§>. (3.9)

Let z* > 0, such that 8(s) > %a for z € (=00, —z") U (z*, +c0) and 44 < i. Let

gy be the normalized eigenfunction corresponding to 4, ;. Then, g, > 0 and
qg(ié) = 0 ([22]). For any fixed z € [z", é], according to the arguments (the
comparison principle) in Lemma 2.1 in [8], we have

lgo(£2)| < 1gp(D)] - Z € [z, é] (3.10)

In particular, if we choose Z € [z*, z* + 1], such that|g,(Z)| < 1, then

lgp(2)] < 0(e™H), ze€ [—é,—z] U [z, é] (3.11)

Thus, we have
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/"
=[ %f+%%ﬁz

2
2 s’ s Ky P
=/ (45) +<;> 45—2;-q9q;>dz+7q§ 1 (3.12)
1

Due to (3 9) and (3.12), we get (3.4).

(2) Letdy, < and Gy, be the normalized eigenfunction corresponding to 4, ,, and
then, g, L q9 2 (qg2) (+ ) = 0 and g, , only has one zero point denoted by z, in
I.([22]). Applying the comparlson arguments, (3.10) and (3.11) also hold for
g Thanks to (3.10), we have z, € (=z*,z"). Then

Ao = oo /1 (gp2)*dz = /1 <((q9,2)’)2 + 9(S)(619,2)2>d2

€

=/<%J—i >M+ mﬁ
I S

€

=/I{(s')2 [(%>/]2dz+0(e_g).

1

(3.13)

!
Set g, = s’(qj—f) and 75 = min{z,, 0}, and then, for z > gz,

Gg2(2) =5 (z)/ —(r)dr =5 (z)/ —(T)dr +5'(2) S—f(r)dr. (3.14)

Using s'(z) > 0in R and (3.13), we get
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0 3
SC|Z()||6]9,2(Z)S,(Z)|</ |6fz|2(7)d7>

< C(%,z + O(e_§>>|%,2(2)sl(Z)|'

g
40,2(1)5,(1)/ —,Z(T)d'r
o0 (3.15)

Moreover, using s” > 01in (0, é) and (3.13), we get

< 902 / AT < |g2@)| 1z = 2l < / ~ |6iz(f)|2dr>2

< <ﬂg,2 + 0<e_g>)|q9,2(z)| |z — Zo|%-

5]9,2(2)5,(2) /& q—f(r)dr
0o s

(3.16)
Putting (3.15) and (3.16) into (3.14), one has
1= / (qe,z)z(z)dzsC(A(,,2+0(e—5)) / |462(2)5'(2)]dz
I, I,
(2. +r0(e 5 / —zl2dz< (2, +0(e7)):
(0,2 <e )) . |Q9,2(Z)||Z Zpl2dz <9,2 (e ))
(3.17)

here, we have used the fact that g, ,(z) decays exponentially to zero at co. It
easily follows from (3.17) that (3.5) holds for small €.
(3) We easily find that

-1

-1
—(619 - as’)" +0(s)(gy — as) = Ao.199, (Gg — as’)’|£_e_1 = _as//|£_£—l'

Multiplying the above equation by g, — as’, integrating by parts and using
(3.6), we have

/ |(q9 - as’),|2dz =— / 6(s)(qe - as’)zdz + Ag1 / qo(qy — as")dz

I, I

£ [E

_ azsl/(e—l)s/(e—l)+a2s//(_£—l)s/(_6—l)

=o(e7).

This completes the proof of this lemma.
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3.2 Spectral Estimates of 7,

Let w be a positive and bounded function, which decays exponentially to zero at

-

Z=+o0 and ||ql, = < /1 a)qzdz) . We study the following Neumann eigenvalue

problem:

1
Jig=Awg, z€I,; q'(i—>=0. (3.18)

£

Lemma 3.2 (Estimate of the first eigenvalue of 7))

Aot & ||qi||llf=1,/1£ ((q’)2+1((s)q2>dz= 0<e‘§). (3.19)

Proof Set f = L then

lIsll,,

= = : - =o.

/15 ws?dz oy w57dz — /_;j ws2dz — /l+°° ws?dz  O(1) + 0<e‘:)

£

Together with the fact that

/ () + x(s)s) dz = / (s5')dz = s(e D)5’ (61) = s(—& V)5 (=&~ 1) = 0<e‘§ )
I L

£

we get

At S ﬂz/ ((azs)2 +x(s)s?)dz = 0<e_§ ) (3.20)
I

£

On the othe{ hand, let z* > 0, such that x(s) > % for z € (—co0, —7z*). Assume that
I, <— 3 &)

K1 = sup  w(2)
ze(—e=1,—z%)

sup  w(z) < j—i and g, is the normalized eigenfunction
z€(—e~1,—z%)

K1

corresponding to 4, ;. Then, g, >0 and (qK)’(ie‘l) =0 ([22]). For any fixed
z € [-e7!, —=z*], by applying the comparison principle in [—£~!, 7], we get

cosh \/75(5‘1 +2)
7.2 < Q) ———, ze[-elzl (3.21)

cosh \/75(6—1 +72)
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Due to |lg.ll,=1 there exists z€(-zF—-1,-7%), such  that
A 1 1
< < . Thus, we have
90 < 75 < — s

( )

.| < 0(eCH), e <—éz)

Therefore, we obtain

=,
),
J
J

(0 s )
(@7 + L)

(1 (5) 2 (5) )
(@

-/«

| (3.22)

=

’ 2 s’ / s’ o
( )qK—Z;-qKqK>dZ+ S

-1

—e1

£

S, 2
q, ——qK dZ+;qK

) _ < _ 2
o \/;(s+ g

—e-!

2 —q

= O<e_§ )7
7=—¢"!

and here, we have used the fact that g,.(z) decays exponentially to zero at —co. Com-
bining (3.20) and (3.22) yields the desired conclusion. O

Lemma 3.3 (Estimate of the second eigenvalue of 7))

den 2 inf / ((q’)2 + K(s)q2>dz >c, >0, (3.23)

llgllo=1.9L0a, J

here, q1 ,q, < /1 wqq.dz =0, q,. is the normalized eigenfunction corresponding to

A p and ¢ is a positive constant independent of small €.

K, P

Proof For clarity, we let g,, in this proof be the normalized eigenfunction cor-
responding to A, ,. Then, g, L, ¢, q2(+ )— 0, and g, only has one zero point
denoted by z; in I.( [22]). Thanks to (3.21), we have z; € (—z*, +- ) Then, we have
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1

: .
A / wq%dz = / <((q2)’ )+ K(S)g%)dz
20 20

1

: , s 2 s )
= -2 dz+ =
/ZO <(q2) S‘]z) z+ S D

1

1 , 2 % 12
> [ (@ -2a) = [7o](2)]

€

(3.24)

20

/ N
A ﬁ _ z q_z
Moreover, set ¢, = s< S ) , and then, for z > z;, ¢,(2) = 5(2) / e (r)dr and

z 1 z
S/ |g>(z)|dr < |Z—Zo|§</ |sz(7)|2d7> .
k) k)

Furthermore, we can observe that if z, > 0, then

o=

@] = |s@) / % (e

1 +00 +0o0
/ 0(2)(z — zp)dz < / @(z)zdz < / o(z)(z+79)dz 2 ¢y < +00,
0 _

20 z*
and if z;, € (7%, 0), then

/E w(2)(z — zp)dz < ¢y,

20

Therefore, we get by (3.24) that

! ! !
/E wgsdz < </ w(z)(z—zo)dz> </ |6iz(T)|2d1>
2o 2o 2o
1 1
< Co< / E |qa(r>|2dr> < cohys / ogidz,
20 20

and then
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Aen = 1a c.>0.
) (3.25)

This completes the proof of this lemma. O

Lemma 3.4 (Characterization of the first normalized eigenfunction of 7))

lae =512 =0(e77 ). g =p'IP=0(c7 ). B=1Isll}"s (3.26)

here, C is a positive constant independent of small €. In particular

JALE)

Proof Set fis = yq, + (g,)*. Then,||(g,)*||> + y> = 1 and

0]

o(et) =4 / () + ()8 dz = 7?2, + / (@) + x(s)((g) ) ) dz
1, I

= yz/lk,l + /IK,ZH(qK)Lw”(ZD
> _ljl(,ll + C”(q)()lm“i'

2
dz < C. (3.27)

_<
€

Accordingly [|(g,) 12 = 0<e )and

_<
g = 512 = g, = rax = @*IE = (= 7P + g I3 < 2l 13 = 0(e™F ).

Next, we proceed along the same line of the proof of (3.7). One can directly find that

—(q, = Bs)" + k() — BS) = A 104, (g, —B)'|", = =P

1
_L
Multiplying the above equation by g, — fis and integrating by parts, we have

/ |(q, — BsY|*dz = —/ K($)(qy = B9)*dz + Ay / q,(q, = ps)dz
1& IL

€

- (Ea(2) (<)1)
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Then, (3.26) follows.

O

Remark 3.5 In view of the same line as in Lemmas 3.2-3.4, we can obtain the cor-

responding conclusions to the case without weight w as follows:

A ((¢)? + Kk(s)g2)dz = inf /1 ((q')z " K(s)q2>dz _ O<e‘§ >

llqll=1

/ (@) + ()7 )dz > ce2,

inf
lgll=1.qLq, Jj_

< _c< -
g = Aosl? = 0(e7 ), @ = Ao/ 1P = 0(% ). llgll =1, Ay = lsll™.

Here, we omit the corresponding details.

From (3.2) and (3.11), we find that x(s) and g, are bounded and decay expo-
nentially to zero at z = +o0. In what follows, we fix a positive and bounded func-

tion w(z) decaying exponentially to zero at z = +oo, such that

Ik (5(2)), 49(2), 5’ (2), 49 (2) — as'(2), 519(z, X, )| < w(2), Vz € (=00, +00).

3.3 Coercive Estimates of J, and .7,

(3.28)

Lemma 3.6 There exist two positive constants C,, C, independent of small €, such

that for anyu = yqy + p, and v = 6q, + p, with p; Lgyand p, 1 q,:

/ P} |*dz < ¢, / ((u’)2+e(s>u2>dz+cle-% / w2dz,
I, 1, I

£

C
/ Iph|*dz < ¢ / <(V')2+K(S)v2>dz+Cle'72 / Vdz.
If [5 1

B

Proof It follows from (3.5) that
/ (b)) [Pdz = / <|(p1>’|2+9<s)<p1)2>dz— / 0(s)(py)*dz
I, 1, I,
s<1+6>/ <|(P1)'|2+9(S)(P1)2>dz
IL

=(1+0) / <(u’)2 + B(S)uz)dz — 2g,(1+O)?
1&

<C, / <(L/)2 + 9(s)u2>dz + Cle_% / u2dz.
1 I

£ I3
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Similarly, using (3.23) and the fact that |x(s(z))| < @w(z), we have

/ (o) | dz = / (|(p2)’|2 + K(S)(p2)2>dz - / K (s)(p,)2dz
I, 1, 1,
<+ 5)/ (l(pz)’l2 + K(S)(P2)2>dz
I{
=1+ E)/ (' + x(s0?)dz — A, (1 + C)8?
1&

<C / (/) + k(s)v*)dz + cle—? / VAdz,

I I

£ £

which concludes the proof of the lemma. O

4 The Spectral Condition of the Linearized Operator
4.1 Reduction to the Transition Region

According to the definition of the approximate solution (2.6), we have

QZ N Q[k] = Q(O) + fQ(l) + 0(52)’

where

QOx, ) = 5(z,x, NE((x, 1), .1

QW (x, 1) = 31(z, %, OE((x, 1) + 511 (2, %, DE (%, 1) + 515(z, X, DE, (x, 1), (4.2)

. . (k]
in which z = -9 apnd
E

- o, 1) P, 1)

5(z,x, 1) = 'I( 5 >S(Z) + <1 - ’7< 5 >>1{(x,z)eg+}s+’
EIO(Z» X, t) = ’1< (p();’ t) >S10(Z, X, t),
511(zx, 1) = ’I( (p()(;, 2 >s11(z,x, N+ <1 - ’1< (p(;c, ) ))1{(x,z)esz+}l911(x» 1),
$12(2,x,1) = ’1( (p()(;, 2 >S12(Z, X1+ <1 - 71< (p()(;, ) >>1{(x,z)e9+}l’12(x» 0.
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One can directly have
Mg Q : Q2 (HgoQ : Q) +e(f0(Q.Q) : Q) - Ce21QI%; 4.3)
here, recall the definition of B and C in (2.7)—(2.8):
fo0(Q1: Q) =B(Q;, Q,) +2C(Q, Q,, Q). 4.4)
In addition, we have the following lemma.

Lemma 4.1 It holds that

[ (1vQF + 2010 @ Jax

> / , 5_2<|VQ|2+(HQ<0>Q FQ+ellg0Q Q) : Q<‘>>>dx—c / QI dx,
IHE) Q
4.5)

where F’t‘(g) ={x: |p¥(x,1)| < g}, and C is independent of small € andt € [0, T).

Proof We write Q as
4
Q=) ¢k,
Jj=0
Using (4.1) and (4.2), direct computations lead to

HooQ : Q =alQI* - 26Q® : Q%) +¢(IQUPIQI? +2(QV : Q)?)
- §e(s>q3 +2kG)G + D) + 2N + )

(4.6)

and

00 (Q.Q) QW
=-26(Q" : Q%) +2¢(QY : QM)|QI* +4c(Q” : QY : Q)
= g(—b + 6¢5)5 045 + %(—b +4cH)510(q7 + q5) + g(b +2¢8)30(q5 + 43)

4 . .y - - -
+ 5(—17 +4c8)qy(51191 + 31292) — 4b311(q194 + 9392) — 4b515(4,93 — 449>)-
“.7)
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Noting that there exists a positive number C, such that
~ 2b ) a
0G6() =a— ?s(z) +2¢5°(2) > 5 >0, forlz] >Cy>0, (4.8)
and

K@) = a = 250 + 2@ = (s, 3@ - s(z)){ 2t

“4.9)
Therefore, for small
- )
0G() 2 5 >0, QQEQXMNAWQ> 4.10)
and
) >0, el : @ <ONr),
k(5(z)) > { “eel el ol > 0}\Fk(§), 4.11)

where Fk(g) = {0 |eMx, 1) < f}-
Thus, we obtain

HooQ : Q> gﬁ(i)qg +2a(g + @) - CeT QPR (n1) € (@X[0, T])\rk(g).
4.12)

Noting that for small £
- _< i O
Sl < Ce™F, (o € @x 10, T (5);

then
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4 . 2 . 4 o
€ (5(—19 + 6¢3)3,04; + 5(—b +4c3)3,0(q + ¢3) + 5(b +2¢8)3,(q3 + q§)>
_c
> —Ce™< (g5 + 4} + 45 + 45 + )

>-Ce T 1Q% (1) € @XI0, T])\Fk<§>'

4.13)
Moreover, by the Young’s inequality and (4.10), we have
4 . - -
€ <§(—b +4¢5)311909, — 405119194 — 4D511934,
4 . ~ -
+ 2 (=b +4c8)5124909, — 4b5124193 + 451,449,
3 4.14)

> —2q;—ald; +43) — C* (4] + 43)
o 5
2 =300 — alg; +4) - CE2IQP, (v € @X0, TD\Fk(Z)'

Thanks to (4.7), (4.13), and (4.14), one has for small e:
(0@ Q) : Q) 2 =366)43 ~ alé} + 43) - CEIQP, (1) € @x [0, TINT¥(2)
QO \> : = 370 3 4 > ’ ’ 412'- is
(4.15)

With (4.10), (4.12), and (4.15), we arrive at for small € and (x, 7) € (Q X [0, T])\Fk(g),

(HqoQ : @ + (g0 (Q.Q) 1 Q) 2 247 +ald +47) ~ CIQP. (4.16)

Therefore, we have for ¢t € [0, T']:
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/ (IVQ|2+e‘2(HQ;Q : Q))dx
Q
Z / ('Vle +£_2(HQ<0;Q . Q)+E_1 (’)’(0)(Q’Q) : Q(l))>dx_ C/ |Q|2dx

e Q
=/ (IVQI2 +e(HgoQ : Q) +¢' (70 (Q.Q) : Q“))>dx

i)

+/ B <|VQ|2+5_2(HQ(O)Q : Q)+£_1 (/2,(0)(Q7Q) : Q(l)))dx_ C/ |Q|2dx
Q\Ii($) Q

> / <|VQ|2+e—2(HQ(o>Q F Q)+ (10 (Q Q) Q<”)>dx—c / Q[ d.
k%) Q

This completes the proof of this lemma. O

As a direct consequence of the above lemma, to prove Theorem 1.2, it suffices to
prove a lower bound estimate independent of small € and ¢ € [0, T] in the phase transi-
tion region:

/ <|VQ|2+5_2(HQ<0)Q FQ+e (g QO : Q“))>dxz e /
k(%) %

In T*(5), we have 0,Q = ijo(dijEj + 0,4;0.E;), and then, direct computations lead
to

4

10.Q1 = D (0.g)°IE* + T + T,,
=0

where
T, =2 0.4(E : 0.E)
i#]
=44,0.gon - 01+ 4gy0,q,1- 0.n+ 4g,0,qon - . m + 4g,0.g,m - o.n
+4q,0.g/1-0,m +4q,0.g,m - 91+ 4q;0.qn-o0m+4qg,0,q;m-d.n
+4g,0.qn- 01+ 4q,0,q,1 - on+4g;0.g,n- 01+ 4q,0.q31-9.n
+4g,0,g,m - 0.n +4q,0,q,n - 0,m + 8g50.q,1 - o m + 8q,0,q;m - 91,

4
T, =| ]Zd q,jazE.)2 > 0.
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Due to Lemma 2.4, we may assume that @l(x,7) is the signed distance to
I'* = {x : ¢¥(x,1) = 0} for k > 1 without loss of generality. And let o(x, ) be the
projection of x on F" along the normal of F" Then, the transformation
x — (M(x, 1), o(x, t)) is a diffeomorphism for small & and t€[0,T]. Let
J(pM, 6) = det % be the Jacobian of the transformation. Then, J|r = 1 and

914 = 0. Thus

0(/)“1 I

0<C <JgM.0)<Cy 'Jq,m (",0) 2 Yo 5)

a T < Cle"M]. 4.18)

As 6 is a small fixed positive constant, for convenience, we assume 6 = 4 in what
follows. Thus, one has for ¢ € [0, T']:

/F L (1008 + 01gnQ : @+ e Q@) Q)
e

=/ €_2<|azQ|2 + (HgpoQ : Q) +&(f] (0>(Q’ Q: Q(l)))dx (4.19)
i)

> (Mg + My, + M),

where I ; is the collection of “good terms” which contain g5 and g,:
M 2 2672 /rk da/ ((dzq3)2 +1(5)g; + (0.9 + 1(s)qi>](ez, o)dz
./r* / — + —s slo(q3 + q4)J(ez o)dz
— 4be™! /rk d"/l <(‘11¢I4 +4392)51, + (9,195 — ‘14‘12)512>J(5Z’ o)dz
2 [Lae [ (a +aam-om+ g+ aogom- o1

-2 /k dU/ ((%aﬂz +¢,0.g3)m - 0.n+(q,0,q9, + g,0.g3)1 - 0ZH)J(€Z, o)dz
r I

8c7? / k do / <q3azq4l-azm+q4azq3m-0ZI)J(£Z, o)dz;
T I,

I, represents “mild terms” like qidij @(i,j=0,1,2):

(4.20)

@ Springer



On the Isotropic—-Nematic Phase Transition for the Liquid Crystal 183

M, 2 4672 / do / (910.gom - 0.1+ q40,q,1 - 0.n)J (2, 0)dz
r* I,
+4e‘2/ da/(qzazqon-6zm+qodzq2m-azn)J(ez,a)dz 421
r I,

+ 45_2 /k do'/ <q2()qul : azm + qlaqum ’ aZl)J(EZ’ o‘)dZ;
It I

I ; contains “bad terms” given by

M, 2 %52 / do / ((()Zq0)2+0(s)q§>l(6z, o)dz
r I
-2 2 2 2 2
+2¢e / da/ ((aqu) + xk(s)q] +(9,4,)" + K(s)qz)l(ez, o)dz
r* 1,

2 _
+ 3¢ ! / do/ (0’(s)smqg + 3K'(s)slo(q% + q%) + 66" (9)90(q,511 + 42512))J (€2, 0)dz.
I I,
4.22)

In the following lemma, we deal with the integral with Jacobian. The method here is
different from (2.14) in [8].

Lemma 4.2 Given a function u = u(z, o) defined in (—%, %) x ¥ we have

/ ((0.u)* + 0(s)u?)J(ez, 0)dz > % / (€0, + 0(s)ir* ) dz — Ce? / uwdz,

I I 1

€ € 3

(4.23)

/ ((0.u)* + k(s)u?)J(ez,0)dz > % / (0.0 + x(s)ir*)dz — Ce? / utdz,

I I 1.

4.24)
where it = uJ 3 and C is a constant independent of small € and u.

Proof First, we can observe that

/ ((0.w)?* + 0(s)u*)Jdz > / ((0.2)* + 0(s)ir*)dz — € / i0,iiJ ;J 7' dz — Cée? / u*dz.

1, I, 1, L
(4.25)
Letit = ygy + p,, then

@ Springer



184 M. Fei et al.

- / 0,0 ,J7 dz = —ey / iigJJ"dz — € / d.p,J, 07" dz
IE 15 15

=—gy / gy — as’Y I g7 dz + eay / is"J, T dz — e / 20,p,J, 07" dz.
I, I, I,

By (3.7), we get

1 1
2 2
ey / a(qg—aso’fdrldzscfy( / |a|2dz> ( / |<qg—as’>’|2dz>
IE IF If
C C
SO(e_?></|ﬁ|2dZ> SO(e‘?>/u2dZ,
1, 1,

and

eay

/ is"J, g7 dz
1,

£

< Cezay/ lits” z|dz
IE
3 3
SCezay</|it|2dz> </|s"z|2dz> SCez/uzdz.
IE 16 16

Moreover, by (3.29) and the Young’s inequality, one has

1 1
2 2
’—e / 0 p,J,J " dz| < Ce< / u2dz> ( / (0zp1)2dz>
I l} I

€ €

<Cé / 2zt / (0.0 + 0(s)a?)dz.
1, I,

This gives

—€ / 0, ;"' dz > —Cé? / uldz — i / (0.0 + O(s)ir* ) dz.
1 1 1

£ £ I3

which together with (4.25) leads to (4.23). The proof of (4.24) is similar.
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4.2 Estimates of 9)i,

In this subsection, we deal with 1the “good terms” defined in (4.20). In this and next two
subsections, we define g; = ¢;J2 (0 <j < 4), and assume the decompositions:
4o =749 +Po» 41 =064, +P1» Gy = Uq, + Py, (4.26)
and here, pyLlgy and p;,p,L,q,. Then, [|§l1* = 7> + poll®. 13,117 = 8 + lIp, 12,
and ||312||2, =u*+ ||P2||2,-
In addition, we easily getd.n = eaq,mn = O(¢). Similarly,
|0, m)| = OC(e). (4.27)

Moreover, noting that dv(pn|(p=0 = 0 (homogeneous Neumann boundary condition in
(1.4)), one has

dzn = ea(pmn = £a¢[k]n|¢k:0 + 0(1)£(p[k]
=ed,n| + 0(e%)z
== elp?

i=1

k

= 0,0, - 0(1><Z 6’%(”) + 0(e”)z

i=1

< 0|zl + 1),

which further implies that

101- M@ = (@90 -D@)| < Ce*(|z] + D, [(9,m - n)(@)| = (9,0 - m)(2)| < Ce*(Jz| + 1.
(4.28)

Now, we start to estimate I ;. Due to the decomposition §;, (4.28) and the Young’s
inequality, we infer that, for small e:

/q3()zq1n-dzm1dz=/%dzijlnw)zmdz—%/213?11]’1J¢[k]n~()zmdz
L I, 1

3

=5/fia(qK)'n~0zde+/513011’111'dzmd2+0(62)||43||||611||
I I

€ €

< 0@lg3llllg,l| + 0@ llgs > + O@)llo.p 11> + OEllgs i |
< OElgill” + 35 llas 1P + 0@l dpy I
(4.29)

According to similar arguments, we have, for small &:
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a
/q4aquﬂ -0.ldz < Oy lI” + 3—2||q4||2 +0@)llop 11,
I,

€

[ as0.am- 01tz < 0 NalP + SlaslF + 0@ oI,
I{

a
/q4azq2m -onJdz < O I + §I|q4||2 +0(©)10.p, 1>
I

3

Therefore, for small €, we have

/ (930, - 0.m + g,0.qn - 0,1 + g30.g,n - 1 + ¢40,g,m - 9,n)Jdz
I

B

< 0Elgy 11> + llgo 1) + %(II%IIZ +11g411) + O@)|19.p, I* + 10,0, 1I%).
(4.30)

Furthermore, we easily see that for small &

2 4
2/ (? + §S)sm(q§ +q))J(ez, 0)dz — 4b/ (9194 + 9392) 511 + (9195 — 4492) 512)Tdz
IE 1&

< 0ElgrlI” + 1) + Tz s + llgs ).
4.31)

and

/ (9,0,gsm - 0.n + q,0,q,1 - 9.n + ¢,0.g51 - 0,n + g,0,q,n - 9,m)Jdz
I 1 (4.32)
< 0ED) (lgyI1* + llg11?) + E(II@%IIZ + 110.94117).

and

/ (¢39.951 - 0.m + g,0.g3m - 9.1)Jdz < OCe)(llgslI> + llgslI*) + Oe) (10.4511* + 119.9411%).
’2

(4.33)

Combining (4.30)—(4.33) with (3.30), we immediately find that, for small £ and
te[0,T]

-2
Mg > -C / do / (4 + q3)Jdz — ST do / (00.01)* + k(9)G; + (0,8,)* + k(5)d3)dz.
r* 1, ¥ 1,
(4.34)

4.3 Estimates of 9t

In this subsection, we deal with the “mild terms” defined in (4.21).
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Step 1. Due to the decomposition of g, and g, (3.7), (4.18), (4.28), and the
Young’s inequality, we deduce that

/ q,0.gon - 0.1Jdz
I

€

= [0am-01:=5 [ a0 000
1 1,

=/fz.(m;+0Zpo)n~0Zle+0(62)||qOII||q1II
I

(435)

= / dign -0z + [ 4,0.pm- 0103z + €yl

= / as’)’n-azl.]dz+ya/c‘]ls”n-azlez+/i]ldzpon-dzlez+0(ez)||q0||||ql||
< (&% Yol 1+ Ol |+ € I + 3 0pol”

and

/ 499.9,1 - o.nJdz
I

£

= / qoaqul-azndz—g / 818077 ,1- 0.ndz
Ir

€

=6/(?o(qx)’l~0znd1+/%02pll'aznd2+0(£2)llqollllqlll
lé

e

=5/?]0(q,(—ﬂs)’l~0zndz+5ﬂ/?1()s'l-()anz+/?Iodzpll~0anz+0(£2)||q0||||q1||

c
<05 gl | + O lgolla I + Ol + 53 101 I

(4.36)

Here, C, is defined in Lemma 3.6, and we have used the following observations:

g,5"m - 01dz

<Ce? / 15" (12l + D) dz
[t

1 1 1
62</Iallzdz>z(/|s”(|z|+1>|2dz>2 SC£2</|211|2dz>2,
1, 1, 1,

< Ce? / |gos(Iz] + 1)|dz

(/Iqol dz) </|5(|z|+1)| dz> <c </|q0| dz> .

£

/ Gos'l - 0,ndz

I
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By (4.35) and (4.36), we get

/qlazqon-z)zlldz+/qoz)qul‘dszdZ
IE IE

_c 1
< O(e . )”4]0””5]1” + 0(52)(”510”2 + ||Q1||2) + %(”azp()”z + ||(3ZP1||2)-
: (4.37)

Similarly, there holds

/qzazqon-z)szdz+/qodzq2m~0Zanz
I I

€ £

_c 1
< O(e . )”4]0””5]2” + 0(52)(”510”2 + ||Q2||2) + %(”azp()”z + ||(3ZP2||2)-
: (4.38)

Step 2. Due to the decomposition g,, (3.23), (3.26), (4.27), and the Young inequal-

ity, we have
[ q,0,q,1 - 0,mJdz
= /1 §,0.4,1- 0, mdz — % /1 4231971 - 9.mdz
=5 [ a1 omdz+ [ ot oamdz+ 0l

=6/E]z(q,(—ﬂs)’l~6zmdz+5ﬁ/312s’l-azmdz+/ihézplL0Zmdz+0(£2)||q2||||ql||
1! 1! IF

L

a.p1I%
AL

<05 )Ialasl+58 | 51 omdz + OE sl +
I,
(4.39)

and
5[3/ §»s'l - 0.mdz
1{
=6p /I(ﬂq,( + p,)s'l- 0,mdz
= uép /(q,( — ps)s'l- o0,mdz + udp? / ss'l- omdz + 6 / pos’l- J0,mdz
I{t IE I{t

_¢ 1
<0 gy llasll + 165" [ 1 0.mdz + 0Dy + = 101
1 1

3

(4.40)
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Consequently, we arrive at

_c 1
/‘haqul -0.mJdz < 0™ )l llgall + OE) (g 1P + llgalI*) + W(Ilazpl 1>+ 19.p211%)
1, 1

+ usp? / ss'l - 0. mdz.
I, (4.41)

Similarly, we can deduce that

_c 1
/qlazqzm -0 Mdz < 0™ )llg gl + OEH (llg I + 1ga1I7) + m(llazpl I + 19.p,11%)
1, 1

+ 52/ 'm - 0,1dz.
Hop” | sym - oldz (4.42)

Combining (4.41) with (4.42), we get

/qzaqul-()szdz+/qldzqzm-dzldz
I I

€ B

_c 1
<0 g gl + 0 (llg I + 192 117) + m(llazplll2 +110,p,1I7).
1
(4.43)

and here, we have used the factl-dm+m-d1=0.(1-m)=0.
In conclusion, with the help of (3.29)—(3.30), we have for small € and ¢ € [0, T]

my>-c [0 [(g+draya-te? [ao [ (0207 +00a3 )
rt I I I

1 _ . . . .
- € 2 / k do / <(aqu)2 + k()G + (9.4, +K(s)q§>dz.
Ft Is
(4.44)

4.4 Estimates of )i

In this subsection, we deal with the “bad terms” defined in (4.22). Based on (4.23),
(4.24), (4.34), and (4.44), one has, for small e and ¢ € [0, T]:
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M+ My, + M,

> 12 / do / <(015]0)2+0(S)€]§>dz+5_2/ d"/ <(azal>2+z<<s>fﬁ>dz
4 e Jg oL

€

+e72 / do / <(6Z€12)2+K(s)€1§>dz+ 2.1 / do / 0'(s)s,0d5dz
o 3 e

+2¢7! /‘ da/K'(s)sm(aﬁ+q§)dz+4e—1 / da/K'(s)é]o(qls“+€12s12)dz
Ftv IE Fl Ié

—C/ da/(q(z)+qf+q§)sz

i I

ée‘2(231+232+---+588)—c/ da/(qé+qf+q§)]dz.
i I

(4.45)

To proceed, we first establish the following conclusions.

Lemma 4.3 For (x,1) € T*(1), we have

/ 0'(5(2))810(z X, (5" (2))*dz = O(e), / K (5(2))510(z, x, Ds*(2)dz = O(e),

I I

€ €

(4.46)

/ k' (5(2))s' (2)5(2)s1,(z, %, )dz = O(e), / k' (s(2))s" (2)5(2)81,(z, X, £)dz = O(e).
I I

£ 3

(4.47)

Proof We only prove (4.46). The remaining results can be proved similarly. For
(x,1) € TK(1) C T'(2), as|V,s9(z, x, 1)| < C, there holds

|510(Z,X, - S]o(Z, o(x),0)| < Clx —o(x)| < Celz|.

Then, it follows from (6.14) that

/ 0/ (5(2))8,0(z, X, (5" (2))*dz

1,

€

/ 0'(5(2)) (510(z, %, 1) = 5192, 6(0), 1)) (5' (2))*dz
I

€

+oo
- / 0/ (5(2))s19(z, o (0, D(s' (2))*dz — /

—0o0

"0/ (5(2)s510(z 6 (%), (5 (2))2dz

£

+o0 —=
<e / |0’(s(z>)||z|(s’(z))2dz+( / + / >|0’(s(z))sm<z,a(x),z)|(s’(z))2dz
I - -

o

< Ce.
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Using the similar arguments, we get

/K'(s(z))slo(z,x, 1)s*(2)dz

I

€
1

+oo —-=
< Ce / |’ (5(2))z]s*(2)dz + ( / + / f)IK’(S(z))slo(z, o(x), 1)|s*(2)dz
I 1 —co

< Ce.
Hence, this Lemma is proved. O

Due to the decomposition of g, (3.4), (3.5), (6.14) and the Young’s inequality,
we infer that for small &

B, +B, = 4117’2/ ()" + 633 )dz+ 411/ (@0 + 0007 )az.
Ié

I{

2 4 2

+ 3572/9'@)310%%‘11"' 557/9/(5)310‘19170(11"‘ 3’3/9/(5)5101702dZ
1, 1, I,

S 1

1 2
2 Zyzie,l + Zia,znponz + 5572052 / 9’(5)510(5,)2(12

1

3

c
+0(e™)r* + 0@)lIpolly + 0@)lipolI?

1 _c
= 172/19,1 + 2/19,2”170”2 +O0(e - )72 + 0@y lIpoll + 0(5)“[70”2

I e I
(301 +0E) +0E) )7 + galipoll?

\%

v

1
_C5272 + g/le,znpl ”2

2

1
—Cez/qudH gﬂe,zllpoll2-
IE

(4.48)

Due to the decomposition of g;, (3.19), (3.23), (6.14), and the Young inequality, we
deduce that, for small e:

2
B, +B; =5 / () + K ()g, ) dz + / (@.p1)? + K()py?)dz.
1, I,
+2652/K’(s)slo(q,()zdz+465/K’(s)smq,(p]dz+2s/K’(s)s10p12dz

[[ 1{ 1(
2 2 2 2 ' 2 -1 52 2
> 82, + A llpi I + 266 / K Os108%dz + 05 + 0©)5lpy I, + 0@ llpy I

lt

) C 2
+ 0@™2)5” + 0)slp, | + O@)lip l

@ ®

= 62&!@1 + /1)(,2”171 ”

1
2 =Ce’8* + S alpll;,

1
> —Ce? / Gz + SalpiIE,
1(

(4.49)
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Similarly, for small e, we have

1
B, + B, > —Ce’ / q3Jdz + 5/1,(,2”172”3,- (4.50)
;

€

Finally, we aim to estimate 3B, and B;. We only need to consider B,, as Bg can be
estimated similarly. Due to the decompositions of ¢, and g,, we have

B, =4£y6/K'(s)ng,(s“dz+4£y/K'(s)qepls“dz+4£/K’(s)poc}ls“dz.
I I

I, : .

=: B+ B2+ B

By (6.14), (3.6), and (3.26), we infer that for small &

B! = 45}/5/ k' ()(qg — as')q.5,,dz + 46(1]/5/ k' (5)s'(q, — Bs)s;,dz
I I

€ £

+4£aﬁy5/x'(s)s’ss”dz
I

£

= 4875/ K’ ()(qy — as')q.s,,dz + 460{}/5/ K’ (8)s'(q, — Bs)s;,dz
I

€ €

3 1
= O(e*)yéllgy — as'll2 llg.l,, + O©)arélig, = Psll,
= O(e_g)y(‘i

> —Ce_g / (qg + qf)]dz.
I

€

From Young’s inequality and Holder’s inequality, we deduce that

1

B 1
%% > —CW(/ |%|d2> Ipll, > —Ce*y* - Z%,z”h”i,
IE

. 1
B3 = 46/ K" (9)pody511dz 2 —3—2/10,2”170”2 - Cé? / qJdz.
I

£ £

Therefore, it holds
1 1
B, > —Cez/ (0 +91)7dz = = Ae2llpoll” = 7 APy 115, (4.51)
1

€
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Similarly, we have

1
B> -Ce [ (@ + @)= Ll - Jolnl @5y
I

€

Thanks to (4.48)—(4.52), we conclude that for small e and ¢ € [0, T']
B, + B, + -+ By > —Ce2/ da/ (q(z) + qf + q%)]dz. (4.53)
Iy I

4.5 Proof of Theorem 1.2

By (4.45) and (4.53), there holds

MW + Wy, + My > —C/ dO'/ (qé + q% + q%)]dz. (4.54)
r I,

According to (4.5), (4.19), and (4.54), we have

/(lVQ|2+e_2(HQZQ : Q))dee(imG+imM+§mB) —C/Q|Q|2dx.
Q

z—C/ IQIde—C/IQde
(1) Q
> —C / Q2dx,

Q

where C is independent of small € and ¢ € [0, T'].
Thus, the proof of Theorem 1.2 is completed.

5 Uniform Estimates for the Remainder Equation

This section is devoted to the proof of Theorem 1.3 and Corollary 1.4.

QQA

Proof of Theorem 1.3 We consider the error Q‘E = with m determined later.

We introduce the energy £(f) = £y(t) + &,(f) + 82(t) w1th

6 12
&) = % / Q5 1*(x, ndx, & (1) = % / IVQe*(x, dx, &) = % / |AQS P (x, f)dx.
Q Q Q

Thanks to the Sobolev embedding, we have

53||Q;(" [)”U(Q) < CESHQ;('J)”HI(Q) C(&M + & ([))% .1

@ Springer



194

M. Fei et al.
Q4 Dl S CEQC Dy < CED+E0),  (52)
VR D) < CQE Dy < C(ED +ED)7 (53
From (1.1) and (1.9), we find that
0Qf = AQ; € P Ho Qo= 5"y L0 Q@€ "R (54

Multiplying (5.4) by Qf and integrating it over €, we obtain

2dt/|QR|2dx+/<|VQ;|2+5‘2<HQZQ; : Q;))dx

2 / " o 6,,,QE(QS, ) 1 Q5)dx —e™ / (RE 1 Q)dx. (5.5)
Q

Applying the spectral condition in Theorem 1.2 and (5.2) to (5.5), we deduce that

—&(1) < Ce“"NE (1) + CE\(1) + Ce™ S Ey(1) (Ey(D) + ez(z)ﬁ

(5.6)
Noting that, fori € {1,2,3}:
0,0,Q% = A0, Qf, — e‘zHdiQE — e (0, Q5. Q%)

Paian —2 11 —m £
ng+ ng (QR’ lQR) — & 0 m

m (2 (3 1 m £ . t2 (3 1 m £

- 2<ZQR(<3[QA +3€ 0,Q%) : Q% + (0,Q + ££"9,Q5) Q57
6.7

Then, we have
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2d[/| QG de——/g<|va,-Q;|2+e‘2(HQ;0iQ§ : (’fQ?«))dx
/ (g 0105 Q) 9,05 )dx
_gm_z/ <fo+ g, Qe Q) aQR)
—ce’"‘z/g (2(Q§e :0,Q5)(Q5 1 9,Q4) + ZsTm(aiQ; : ;)2>dx
—cem_z/ ((O,QZ : 0,-Q;)|Qfa|2+%MQ;'Z'Q;'Z)M
Q

e / (O © 3,Q5)dx
Q

Using the spectral condition in Theorem 1.2 again, and noting that 9,Qf ~ - and
0;RE ~ 52, we can deduce that

2
5 dt/|VQ |2dx§C56/ |VQ;|2dx+ek—m+4</|VQ;|2dx>
Q Q

+Ce3/IQZI‘IVQ;Idx+Ce’”+4/IVQ;IZIQildx
Q Q

C6m+3/IQ;IQIVQ;}IdX+C62”‘+4/IQ;IZIVQ;IZdX-
Q Q
(5.8)

Based on (5.8), (5.1), and (5.2), we arrive at

iel (0 < CEk_mHEI% () + CE (1) + ceé(r)ef (t) + Ce™0&,()(E)(®) + & (t))%
e"8E (1) (Ey(1) + EZ(I))% Ce M (E(1) + E,(D) (Ey(1) + E(D)).
(5.9)

Similarly, we obtain
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612 d )
/Q |AQ; P

2 dr
1
2
30512/|AQ;|2dx+ek—m+9</|AQ;|2dx>
Q Q
+Ces/|AQ;|-|Q;|dx+Ce9/|VQ;|~|AQ;|dx
Q Q
m+10 £ 1210 m+9 3 £ £ (510)
£ [ 1aQeRIQuldr+ Cem® [ Q- VQS] - 1AQSIdx
Q Q
t Cems / Q5 2IAQS [dx + Ce™ 10 / IVQS P AQS [dx
Q Q

reem [ 10 PIagglax+ e [ IVaGPIaQy - IQglar
Q Q

In addition, from (5.10) and (5.1)—(5.3), we infer that

S0 < CEMEL 0+ CED+ CEE OEL () + CEL (O 0
+CTE (&0 +E0) + COE DE (&0 + Ez(t))%
FCED(ED +E0)* + CeHE W) (Ey0) + E,0)

+ Ce™ 1 (E(D) + & (D)) Ex(1) + Ce 14 (E)(1) + &,(1)) 382% ().

(5.11)
Combining (5.6), (5.9), and (5.11), we get
() < (51 + 1 4 -m9) 3 (1) 4 CE()
dr 3 (5.12)
+C(e" P+ 0 4 e E (1) + CeMTEN ).
Taking m = 9 and k = 10 in (5.12), we then have
%ea) < Cy+ CLEM) + Ce€3 (1) + C,e*€X(0). (5.13)

@ Springer



On the Isotropic-Nematic Phase Transition for the Liquid Crystal 197

Noting that from (1.11), we derive that £(0) < C, for some C, > 0. Define

T, = {z e[0,T]: &) < 2<C263C1T + %(e”lT - 1)) }
By (5.13), there exists g, > 0 dependent of C,, C,, and T, such that for € < g
%g(t) < C,+3CE®),
which implies that
E(N < CENT + %(ex‘T - 1.

Thus, T} = T from a continuous argument. Noting that Q° — Qf = £"Qg, we can
end the proof of Theorem 1.3.

Remark 5.1 Such a qualitative conclusion immediately tells us that making higher
order expansion is very necessary. From the procedure of the proof, the higher
order expansion will remedy the order of decay with respect to € for the term

Ja(Q + Qp)dx.
Finally, let us prove Corollary 1.4.

Proof of Corollary 1.4 From (2.6), we deduce that
£ 0) _ e £ 0) _ e
Q_Q()_QR+QA_Q()_QR+0(£)

and

s(2) — s(% + (p(1)> = s(% + oV + e + - +£k_1(p(")> - s(% + (p(1)> = O(e),

which conclude the proof. O
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Appendix 1
The Leading Order Profile of Q Near the Transition Layer

The following equation describes the profile of the leading order of Q near the tran-
sition layer [see (2.44)]:

1
azzQEO) =f<Q§O)>’ QEO)(—OO) =0, QEO)(+00) =, (Hn - §I>
It has a uniaxial solution Q;”(2) = s(z)(mn — 3T, with 5(2) given by the following:

{ —s" +f(s) = =" +as — 15752 + %cs3 =0, ©.1)

s(=0) =0, s(+) =s,.
This equation has an explicit solution
s(z) = % <1 + tanh <$z>) (6.2)
Obviously, s’ = \/gs(s +— ) and

s(=le, s, = s, obstlal) = OV ) for [z o0, k> 1.

ef—e”

Remark 6.1 Here, tanhx = X satisfies tanh” x = 2 tanh x(tanh x — 1)(tanhx + 1),

ef+e

lim_,__tanhx=—-1 and lim _,_ tanhx=1 More generally, the function

u(z) = = (Z% + tanh(|g — a \/g(z - zo)))satisﬁes W' =y = O - a)u - ),

lim,_,_ u(2) = a,u(zy) = # andlim__,  u(@) =p, a,f,z0 € R,y € R*.

Existence of ¢
Lemma 6.2 There exists a smooth function ¢ satisfying (2.38)—(2.39).

Proof First of all, we have s(—z) + s(z) =s,. Let y(x) be a smooth non-decreas-
ing function with y(x) =0 for x <s,/5 and y(x) =1 for s > 4s, /5. In addition,
we assume that y(x) + y(s, —x) =1 for x € R. Define {(z) = y(s(z)), and then,
§(=2) + () = x(s(=2)) + x(s(2)) = x(sy — 5(2)) + x(s(z)) = 1, which implies that
¢ is odd. As s’ is even, we know that
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/C"s'dz:O
R

On the other hand, we have

S+ Ky
/C’Sdz=s+—/4,’s’dz=s+—/ 2()ds = =,
R R 0 2

and

/sdz— /é’s”dz—/g’s”dz
—2\/7/ sdz— \/7/ )((s)

and

/ S+ 1
/R(s Ydz = \/g/o s(s, — 8)ds = 6\/§(S+)3;

then, (2.39) implies that
N2 ’ 2 ’ 2 +)2 S+ Sy
2/(S)d2/§3d2—(5+)/CSdZ— (+) - }((S)(S—?>ds )
R R R 0
Let

_ _ 1
0100 =Yg 2y, (0 =1ings 5y + 51{s+/5SxS4s+/5}'

Then, we have

K 2 2
+ s+> S(s —8,) 5 syosy
— )y = B
/0 "‘(S)(S 2 ) 2 e 8712
2 2
v Sy S(s—=5,) 5+ 18(s—s)p4s,/5 287 Sy
- = )ds = ——— + - =—< —.
/0 Xz(s)<s 2> s 2 s T2 2 s T 25 S T2
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Thus, there exist smooth non-decreasing functions y,(x), y,(x) close to ¥, (x), 7,(x),
such that

r({x<s./5D=0, x({x>4s./5H=1, fori=12;
P 2 P 2
+ S, S5 + Sy Sy

/O aO(s=3 s> 5. / £O(s=3 )b < 35

Therefore, we can choose y(x) = a; y;(x) + (1 — a;) y,(x) as a linear combination of
x1(x) and y,(x), such that

N

Sy s 2
205 <s, /5D =0, z(lx>4s,/5)) /O r@)(s -2 )as=

Then, (2.38)—(2.39) are satisfied for {(z) = y(s(z)). |

Differential Operators in the Transition Layer

Let X(X,,%,) € I be the parameterization of I', and n = n(%;, %,) = (n;, n,, n3) be the
unit normal vector to I'. Two tangent vectors to I are t; = é =(t;,tp, t3), i=1,2.
Set X = (%, X,) and y = @ € (=26, 26). Then, for any x € I'(25):

x =x(%,J) = X(&, %) + n. (6.3)

Let 2(0) and b denote the first fundamental form and the second fundamental form
onI'. Then, fori,j € {1,2}:

hy(0)(®) = <Z_§ : %)(ﬁ), 6.4)
i 0%
b (22 g (g
by(%) = < 0%, C))ch>(x) < 0%, C))ch>(x) b;(%). (6.5)

Moreover, h(0) is a positive definite matrix.
Define the matrix w(x, $) = I + $bh~1(0), here I is the unit matrix. Direct computa-
tions lead to  detw =1+ tr(bh~'(0))y + det(bh~'(0))7?, and  hence,

0<C, <detw < C,. Moreover, G(,9) := det h(0)(det w)? and
Y&, 9) 1= deltw ad;;w = 0;(Indet w). Then, for the function f : ['(26) — R, we have
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of

Vi=ZLne Y HO)! =,
93 le %; ! (6.6)
0%f R af < 2 f)
Af = @95 L9 (\Gwnoy?
092 = 1\/_0
. 1 9 2 i Of
= V(Y- Vo) - Vo +y&HVf - Vo + Z —af<\/6<w h<0>>f—A>
i=1 VG % dxj

=:V(Vf- Vo) - Vo +y&.3)Vf - Vo + Af,
6.7)

and here, (wh(0))Y and (W2h(0))Y are the entries of the matrix (wh(0))™!
Wh(0)~L.

Proofs of Lemmas 2.6-2.8

Proof of Lemma 2.6 By the method of variation of constants, we can solve (2.59)
with s,(0,x,1) =1 explicitly as in (2.67). First, we check (2.65) in the case of
j=0,1,2 and [ =m =0, and other cases can be obtained by the induction argu-
ment. Fixing z, > 1, we have for z > z,

_ S’(z)
K (0)

+5'(2) / "N~ / (fo(z. x,0) = fif (x, 1)) s’ ()dzdg
<
R
a

+
o (61 ‘

s'(2) / "N~ / Jolz.x, )5 (r)dzdg

So(z, X, 1) —

+o0
+/y (05" (2) / '(eN~? / s'(r)drdg —

< Cs'(z) + Cs (z)/ ') / - 5(7))s'(r)drdg
S(g) 1
S()/(, G

Since s’ = \/gs(s+ —s)and 5" = s(a — —s += ZC §?) = Es(s - —*)(S 5,), we can get

+|fy (o) -

(' (N2 [T 2k (s, — 5(r))s' ()de

lim
c—+o0 gk
. /;oo 7k (s+ - s(r))s’(r)d'r _ 1 1 (6.8)
= lim TNk =- lim — s oy
¢ (s(6)*¢ coteo K49 2a

(s,—8)¢ 5.5
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and

s+—s(c) 1’< ,
C .
'()/0 TG

Therefore, for z > 1

NEN
fO (ax )‘ < C|Z|k+lS,(Z) < C|Z|k+1 (S+ _ S(Z))-

So(z,x, 1) —
Noting that

~/!
ISO (Z,X, t)l =

4 +00
s"(2) / s'(eN~? / (foz, %0 = ff (v, 1)) s' (x)dzdg

+(5'@)” / (foz.x.0) = ff (x,0)) ' (2)dz

s ),
\[f (s ()/,0 S

+f @, t) ‘

From (6.8), one has

4 +o0
s"(2) / "N~ / (folz. x.0) = ff (v, 1)) s'(2)dzdg
0 S

< Clz™'s" (@) < Clz|™*! (s, — 5(2)),  for z>> 1.

In addition, we have

' @) [T 2k (s, = 5(0))s' (2)de
z—+00 Zk+1 (S _ S(Z))
S5 (s, = s(0)s' (2)de
= lim

7=+ Zk+1(s+ _ S(Z)) '(2)

1
=— lim - =0,
z—>+o0 8 zs”
‘J
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then there holds

< Clz/™! (s, = 5(2)), forz> 1.

'@~ / ) t*s(z)s' (z)dr

Moreover, one has

_2\/7 +(x t) A()/ o ;()i) g‘SC|z|(s+—s(z)), forz> 1.

Consequently, one has

fo (x,0) S+

sh(zx, D] < Clz|¥ (s, — s(z)), forz> 1,
0 +

where the constant C is independent of z, x, t.
Furthermore, due to (2.59), we get

st @ x, )| < Clz|*! (s, — s(z)), forz>>1,

where the constant C is independent of z, x, t.

Second, we check (2.66) in the case of j =0, 1,2 and [/ = m = 0, and other cases
can be obtained by the induction argument. Noting that for z < 0 and |z| > 1, one
has

s'(2)
s'(0)
< s'(2)
~1s'(0)

[so(z,x,1)| =

+5'(2) / (&)~ / Jo(z,x,1)s (T)deG‘

+|5'(2) / s'(¢)72 / Tks(r)s'(r)drdg‘.
0 —0

Since s’ = \/gs(sJr —s)and s = s(a — —s + —sz) we have

. (N2 [5 8 @s(m)Thdr i [ s @s(mTidr i 11
§= ¢k Temme ()% e B0 T 2a
Ne s
(6.9)
Thus,

50(z %, )] < Clz]**1s'(z) < Clz|**'s(z), forz < 0and |z] > 1,

where the constant C is independent of z, x, and 7.
Noting that, for z < 0 and |z| > I
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~1!
|S0 (Z7x, t)l =

¥4 +00 +00
5" (2) / 'cn? / folz,x, )5’ (t)drdg + (s'(2) ™" / folz,x, )5 (1)dr
0 < z

z +co Z
') / ()2 / (e 0 ()dede — (5 ()" / S x 08 (2)dr
0 4 —0

<

'@ / ) *s(7)s' (r)dr

z +00
() / () / o, z>s’(r>drdg|+c
0 [

From (6.9), one has

z +oo
W@/Rﬂm4/ foz,x, 08" ()drdg| < Clz**'s" (2) < Clz[**'s(z), forz < 1.
0 9

Moreover, we have

@) [7 ths(n)s' (r)dr [E_ths(o)s' ()dr 1
lim had = lim ————— = lim ————— =
z>—co #*ls(z) == ZkHls(2)s'(2) e 4 B k1]

and then, there holds

< Clz/**'s(z), forz<Oand|z] > 1.

') / ) 8 s(7)s' (r)dr

[s9)

Consequently, one has

stz x,0)| < Clz|**'s(z), forz<Oand |z| > 1,

where the constant C is independent of z, x, and ¢. Furthermore, due to (2.59), we
get

stz x,0)| < Clz|*'s(z), forz<Oand |z| > 1,

where the constant C is independent of z, x, and 7.
Furthermore, if v satisfies

—w' + (a - 23—bs + 2cs2>w =0, w(+oo)=0, w0) =0,
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and then, ws""" — s'w"” = 0. Thus, ws”’ — s’w’ = 0, and then, (Sﬁ,)’ = 0, which implies
w = 0. Therefore, we obtain the uniqueness of the solution. O

Proof of Lemma 2.7 Let s,(z, x, 1) = s(2)r;(z, x, 7). From (2.60), we need to focus on
the following equation for (x, 1) € I'(6):

- (2)s(z) = 21 (2)5'(2) = f(z, X, 1). (6.10)

We can easily verify that

5T, )

+

r(z,x, 1) =

+00 +00
- / (s(6)) / Sz, x, 0)s(r)dzdg
z S

satisfies (6.10), and then, s; defined in (2.73) satisfies (2.60). Provided that (2.68)—
(2.70) hold, we next check the behaviors (2.71) and (2.72). By the induction argu-
ment, we only need to check them in the case of j =0,1,2andl =m = 0.

For z > 1, one has

52) / (s(6) / firx, r)s(r)drdg’

cls / (s(0))" / - s(r))s(r)drdg‘

+00
< C/ / “Vardrde < Ce V= < ClzM (s, — (),

which implies that (2.71) holds in the case of j = 0 and [ = m = 0. Similarly, we can
deduce that (2.71) holds in the case of j = 1,2 and [ = m = 0.
For fixed z, < 1and z < z;,, we arrive at

+o0 +o0
151 Gx 0] < ‘ 5 / (s(6))" / fi(rx, t)s(r)drdg‘
2o <

2o ¢
+ s / (s(6))" / fi(r.x, r)s(ndrdg‘

20 <
5) / (s(6) / r"s2<r>drdg‘.

<Cs(z)+C

Noting that

(s()72 [£, s (D)Thde ; [5 sf@rkde ! 1
_ lim _

= llm ——— = Iim - =
e=roo gk co-c0 (s(6))%¢k €ﬁ—°°§+2i 2+/a

)
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which implies that

20 <
5(z) / (s(¢)) 72 / Tksz(f)dfdg‘ < Clz)**'s(z).

(&)

Therefore,

Is,(z,x,0)| < Cs(z) + Clz|*'s(z) < Clz|*s(z), forz <1,

where the constant C is independent of z, x, 7.
Based on similar arguments, we easily obtain that, for z < 1:

S/(Z)ST(X, I) , +00 5 +00
— =50 / (s(e)” / fi(z, x, Ds(r)drdg
z 3

St

s}z, x, 0] =
—mm*/ mnnmmm

(s(z))_1 /Z TkSZ(T)dT

o0

< Clz/Ms(z) +

In addition

@)~ [5 s (r)rhdr [ sH(r)kdr 1
lim = = lim —=———— = lim -
e *ls(2) e (@) ey 42

which implies that

(s())~" / ) %2 (r)dr

oo

< Clz/**'s(z), forz < 1.

Then, we get

|5 (z, x, 0] < Clz|*'s(2).

where the constant C is independent of z, x, and 7.
Due to (2.60), we get

sz x,0)| < Clzl*'sz), forz< 1,

where the constant C is independent of z, x, z.
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Furthermore, if v satisfies

—w" + <a - %’s + %s2>w =0, w(+o) =0,

then ws”" — sw’’ = 0. Thus, ws’ — sw’ = 0, and then, (%)’ = 0, which implies w = 0.
Therefore, we obtain the uniqueness of the solution. O

Proof of Lemma 2.8 Since

a+ 23—bs(z) + %sz(z) —a, 7> —0, a+ %s(z) + %ﬁ(z) - bs,, 7 400,

there exist two linearly independent functions w,(z) and w,(z), which satisfy

%sz(z))W(z) =0, (6.11)

-w’(2) + (a + 23—bs(z) +3

and as z » —o0

@,(2) ~ eV, @l(2) ~ VaeVE,  my) ~ e VE @) ~ —\/Ee—ﬁ(zé b

and as z - +o0

@, Q) ~ eV @l (@) ~ s eV, my() ~ e VI wl() ~ - bs+e_\/}ET6+ZiS)

and here, f ~ g means 'g - 1.

Using the method of variation of constants, one has

5y (@ f) = A <w2(z) / @, ()7, T — @,(2) / @y (D)7, %, t)d1>;
() 0 0

here, = w,w)— w,w|. In addition, the solution is unique by
a+ %s(z) + %sz(z) >a>0.

According to the expression of s,(z, x, t), we find that

|32(Z’ X, t)l < Cs

where the constant C is independent of z, x, ¢. Then, from the maximum principle
and the induction argument, we can get (2.76) and
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|0/0.07"s,(z. x. 1) = O(e™ ), j.Lm=0,1,-, forz< 1.

To verify (2.77), we rewrite (2.61) as

2
—s’z'(z, x, 1)+ (a - %?S(Z) + ?Csz(z)>s2(z, X, 1) = fo(z,x, 1) — bs(2)s,(z, x, 1).
Noting that

|a§a§a;" (fz(z, x,t) — bs(z)s,(z, x, t))| < Clz|fs(z), forz < 1 and some k € N,

and

/ (falz,x, 1) = bs(2)5,(2, x, 1)) s(z)dz = 0.
R

Using the same arguments in proving Lemma 2.7, we can get (2.77). O

Cancellation Lemma

The following lemma is key to deal with the “bad terms” during the procedure of
proving the spectral condition.

Lemma 6.3 (Cancellation)

/ 0’ (5)s1(s")?dz = / K’ (5)s105%dz = / k' (5)s'ss,,dz = / K (s)sss1,dz = 0.
R R R R

(6.14)
Proof Due to (2.55), one has

—s’l’é +0'(s)s"s + 9(s)s’10 = (A(p - (p,)s” + goo@¢”.

Multiplying the above equation by s’, integrating by parts and using (2.39), we get

/ 9,(5)510(51)2dZ = goo(p/ C”s’dz =0.
R R
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Notice that x(s) = 22, and then, /(s) = Q(S)S f 9 and k’(s)s? = 0(s)s — f(s). Multi-
plying (2.55) by s, mtegratmg by parts, and usmg (2.39) and (2.78), we get

/K'(S)Slosde— %(A(P—(Pz)(%)z"‘goo(/’/‘:%dz
R
1 5 Jg ¢'sdz
(A - (A
=3(80-9)(s)" - (A9 - o, /(s)dzf e
(s4) /RC,SdZ>/ N2
=(Ap — - d
( ¢ (pt)<2/R(S’)2dZ fRé‘lsle R(S) ?
=0.

Due to (2.56), one has

s+ k()8 sy + k()s], = 25"y + g0, 0¢".

Multiplying the above equation by s, integrating by parts and using (2.39) and
(2.82), we get

/K’(S)S,Sslldz= _2¢1 /(S/)de'i‘gOl@/é://SdZ
R R R
Jp¢'s'dz
N "2 2JRS P
RS v
2 ! Zd ! /d
B _¢1(s+)2< fqu(S)2 2 Jul's z>
P [l

=0.

Similarly, we have

/K,(S)S,Sslzdzz —2¢2/(S,)2d2+802(0/§”3dz
R R R

= —y(s )2<2fR(S')2dZ e C'S'dz> _
= —Palsy (s,)? /R ¢'sdz -

This concludes the proof of the lemma. |
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Appendix 2: More Details on Inner Expansion

Solving @, p,,, and p,,

In this section, we give a sketch of solving (2.99). The proof is split into three steps.
Step 1. Assume that ¢V is known, by simplifications, we find p,; and p,, satisfy the

following system:

0Py — Apyy = HoiP1i + HooP1o +2(Vpy, - V)m -1 - 40P11(Pi1 +Pi2), in Q7,
0P12 — Ap1a = HosP1a + HoaP11 +2(Vpy - VI-m = 4ep i, (py, +p7y),  inQF,
(pll(x7 t)7p12(xa t))|[=0 = (]712(7@ 0)7p13(x7 0))9 ln Qg,

(7.1)

with the following mixed boundary values:

25, Vpi1 - Vo + HossT ' piy +25,p(Vm - Vo) - 1)
l = pos — 252 ((Vn - Vo) - 1) — ugz0Y,  on T,

25, Vpio - Vo + poes, prp + 25,011 ((V1- Vo) - m)
= pog — 25% ((Vn - Vo) -m) — ppoe”,  on T.

(7.2)
Here, g, ... , o are known terms and are defined by the following:
1
Hor = 5 (AE; 0 Ey) +bmn+10) : M ( 9,QY - AQf)>,
1 -
y02=§(AE2 : E1)+ ( H+1<0,Qf)—AQ$)>>_arm'l’
1
Hoy = 5 (AE, : Ey) +b(nn + mm) : H; '(0QY - 2QY),
1
= a8, b (300 - 7)) ~31m,

and

U /(219 SCS)S s dz
05 r\3 3 10 ’
2b

g = @ —/ <4V0zs/0\1 Vo +4055((Vm - Vo) - 1) + <? - %s)slosm)sdz,
R

Hor = 2801/S§/d2,
R

2b  8c

—5 )s1050 )sdz,
3 )1002>Z

g = O —/ <4va 53 Vo +40.55(V1- V) - m) + (
R

Hog = 2802/S§/d2'
R
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Denote by P the operator defined by the following:

P oV - (pi1.p1) (7.3)
Step 2. We aim to get 1 in I'(8) from the equation Vg - V" = 0 which comes
from (2.35). Since I is non-characteristic for the equation, we only need to obtain

@Y on T by solving the following system:

(¢)]
{ @, = AW + g0 + ﬂon(l’%l +P%2) + Ho12P11 + Mo13P12 + Horss  on T

PV(x,0) =0, on Iy,
(7.4)
where pyq, ... » Hoi4 are known terms and are defined by the following:
Horo = —/R C/(Z)S/(Z)dzgoh Hon = /R o 4cs)s2s’dz,
Jr(s'(2))%dz 252 [o(s'(2)%dz
Jr (b —4cs)ssgrs'dz Jr (b — 4cs)s5pys'dz
o = TG @rd: - T TS T e

Hora = W/(b 4CS)(So1 + 502 ) dz.

In [1] (p.200-201), let x = X(o,1),c € S?,t € [0, T] be a parameterization of T
More concretely, we assume that

Xt(0-7 t) = _(sz(p(X(O-s t)? t)
Let wV(o,t) = ¢V (X(0, 1), ). Then, one has

@ _

1 (1
" =Vel) X, + 9" = —p, VoV - Vo + ¢!V = o]

x=X(0.1)* (7.5)
and using (6.7) in “Appendix 17, we get

APV xery = V(VOV - V@) - Vo + 7 (%,5)Ve" - Vo + Ay = Ay

(7.6)
Therefore, (7.4) is reduced to the following parabolic equation:

‘/’ =A ‘l’(l) + ooy + /4011(1712 +1713) + HoiaP1a + HosPiz + Hores 0 S* %0, 7),
y/“)(a 0)= in §% x {0},
(7.7)

where we used py,0(0,1) = py10(X(0, 1), 1), -, tp14(0, 1) = py14(X (0, 1), ¢) and

(P11>P12)(0, 1) = (P11, P12)(X, t)|x=X(0',t) = P((P(l))h:xw,t)-

Noting that P defined in (7.3) is bounded from L*(0, T;H'(S?)) to L*(0, T;H% (S$%)),
and then, there exists a solution w" e L2(0, T;H'(S?)) to (7.7), and then, a solution
(P11,P1) € L*(0, T;:H'(Q*)) to (7.1). It follows from further arguments that 'V, p,,
and p,, have higher regularity if (p;,(x, 0), p;,(x, 0)) is smooth.
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Step 3. Asin [1] (p.178), we extend p,; and p,, in Q* smoothly to I'(5).
Solving Qf), Pf), Qf”, G, and Q;zl)

Once we determined p;, and p,, (and thus, Q(Jrl) by (2.23)), we can solve P(z), or equiva-
lently p,g, P23 and p,, from (2.26).

lej_ is determined by (2.80). Qy%, or {s; }le, can be obtained using Lemma 2.7 in

the case of k = 0 to solve (2.56) with boundary conditions (2.58). Thus, Q;l) is solved
and satisfies

Proposition 7.1 There holds

fyz‘aia;"(Q?)(z,x, n - QP (x, r>)| < Clzl(sy = 5(), forz—+oo, (7.8)

i 3l ym (D)
0/007 Q) @, x| < Clals(), forz = —oo, (7.9
where j,I,m = 0,1, ... and the positive constant C is independent of z, x, and t.

As a corollary, one immediately has
Corollary 7.2
|00l (FO(z,x,0) = Ay (x, 1)) | < Clzl (s, — (), forz— o0,  (7.10)

|0/0,0"F (2, x,1)| < Clzls(2),  forz - —oo, (7.11)

where j,I,m=0,1,..., A, is defined in (2.26) and the positive constant C is inde-
pendent of z, x, and t.

In order that (2.88), (2.89), and (2.90) hold for (x,7) € I'(6)\I', we define the
following:

3 R
-2 [ FO:Eys'ds

e WD ETON

8ol = _%v(/R FO:Es'dz)-Veo Nerl
Jp ¢'s'dz » wHEl
and
_1 [ F0Edz
TaRETEE o e TGN
fori=1,2 (0 = oo
t=LL2, &1 = — V([ FO E;sd2) Vo el
_—_—— x3 °
S &'sdz
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Furthermore, for simplicity, we take g3 = g;, = 0, and thus, we get G
Finally, with the help of (2.88), (7.10) and (7.11), we can obtain s,, 5,3 and sy,
and then, Q%®) by solving (2.84) and (2.86) with the corresponding boundary condition

K
(2.87). Here, we have used the fact that
3 3 3

which is known as we have already solved P(f).

Compatibility Conditions for Solving Q;k”)

By (2.46), we get
£,QM*) =F® + oGO, (7.12)
where
F® — Z <aZQ§i)(A(p(k—i) — 9,9%D) + 2V5ZQ§i) . V(p(k—i)>
0<i<k

+ 2 q0(1')(}(1(—1‘)4:/ + Ang—l) _ alQ;k—l) _ B;k) _ C;k) _ G(k_l)CIZ-

1<i<k

Let

4

4
Q" @x =Y spn@rEx D, GO =) gz x NEx1).
j=0 j=0

Then, the system (7.12) combined with (2.4) (i = k + 1) is reduced into the follow-
ing five ODEs:

3
_Szl,c+1)0 + 0@ s1yo = E(F(k) : Eg) + g109¢’, (7.13)
1 .
_S21,<+1)j + K(S(Z))S(k+1)j = E(F(k) . Ej) + gkj(PC', forj=1,2, (7.14)

1 .
—SELH), +Us@)S @y 1)y = E(F(k) tE)+gue¢’, forj=3,4, (7.15)

with

S (00,6, = 0, Sy 1)i(+00,X,1) = pyppy(6 ), j=0,1,2,3,4. (7.16)
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To solve (7.13)—(7.14), we need to verify all the terms on the right-hand side of
them satisfy the corresponding compatibility conditions by Lemmas 2.6-2.7, that is,
to guarantee the following compatibility conditions for (7.13)—(7.14):

3
/ (E(F(k) D Ey) + g9l ’)s’dz =0, (7.17)
R

| .
/ <§(F(k) LE)+ gkj(pC'>st —0, forj=1,2. (7.18)
R

In what follows, we first ensure that (7.17) and (7.18) hold on I', which will lead to
the evolution law of ® on T and the boundary values of p,, and p,, on I. Then, we
ensure that (7.17) and (7.18) hold for (x, #) € I'(6)\I', which lead to the definitions of

8r0» 8k1> And &)
The Equations for %, p,,and p,,onT

It is noted thatonI™:
FO =0.QV(Ap" - 9,0%) +2v0.Q - Vo + 9GO +2V3.QY - Vo
-B(Q)".Q)") -2¢()".Q".Q)") +H,_,.

where

Hei= ) (0.00(4¢" =004 +290.Q) - Vo + 640"

1<i<k-1

+AQE - aQl ) -G

1 i —i i —i
_b(§1 Y@ - Y Qe ))

2<i<k-1 2<i<k-1

—0(2 Z Qgi)(Q;O) . Q;k-#l—i)) + Z Q;k+1ﬂ>/)(Q§i) . Qy)))’
2<i<k-1 1<ij<k-1,i+j<k+1

which depends on the terms up to k — 1 order.
Direct computations yield that on I"
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2 2 4
F® - EO =§sl(A(p(k) - at(p(k)) + ggoo(p(k)c, + gvazsko - Vo

2 (2 8¢ ,
+ ?<§S10sk0 + 851151 +3125k2> - ?s(slosko +550 +51050) +H, 1K,

FO 1 E; =45 ((Vn - Vo®) 1) + 2g4,0N¢" +4V0.s5,, - Voo + 40,5,,(Vm - Vop) - 1)
1 1 8¢
+ 2}’(551051(1 + 351150 + 5115+ 5125k3> - ?S(Sl()skl + Susko) +H_, 1 E,
F® : E, =45'((Vn- Vo®) -m) + 280,0"¢" + 4Va.s;, - Vo +40.5,(V1- V) - m)

1 8¢ .
+ 2b< 25105 T 531251(0 + 81183 — 512Sk4> - ?S(Sloskz + slzsk()) +H,_, : E,.

As @ =0onT, (7.17) implies that [;, (F® : Ey)s'dz =0 on I, which is equivalent
to

! /dz
® A0 AL
0,90 =A™ + gg@ fR(s’)2dz
+;/ (5115%1 + 5125 )(b—4cs)s'dz+Lgk)
G A 1151 T 85125k ZfR(S’)zdz’ )

(7.19)

o :%/deskO.V(ps’dz+/slosk()(%—%s )s'dz +/(Hk | Ey)s'dz.
R R

In addition, (7.18) implies that [, (F® : E;)sdz=0 on I for j = 1,2, which are
equivalent to

2(s+)2((Vn-V(p(k)).l)+2g01(p(k)/grsdz
R

+4/ <Va Su - Vo + 0.55(Vm - Vo) - 1)+(23b E;cs)slos,d)sdz
R

+@% =0, onT, (7.20)

2(s,)*((Vn - Vo®) - m) + 2g,,0® / ¢'sdz
R

+4/ <Va St Vo + 0.5, (V1 Vo) - m)+<2b E;cs)slos,&)sdz
R

3
+@ =0, onT, (7.21)
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2
(D(lk) =/S11Sk0<?b - %s)sdz+2b/ (snsk4 +s12sk3)sdz+ /(Hk_1 1 E))sdz,
R R R

2b
CI)(zk) =/5125ko<— - &s>sdz+2b/ (s”sk3 - slzsk4)sdz+ /(Hk_1 : E,)sdz.
R 3 3 R R

Furthermore, by the induction, s;; and s;, can be solved and there hold (one can see
(2.95) for s, and s5,,):

+o0 +oc0
_ 1 -
Sz, x,1) = —s(z)/ s(¢) 2/ <§F(" D E, +g(k_1),-<p§”>(r,x, t)s(r)drdg
z 3

Prix: 1)

+ 5(2) i=1,2.

Sy

(7.22)

Thus, (7.19), (7.20), and (7.21) actually are three equations on I for ), p, |, and p,,.

. K pk k k
Solving o, P(T), P(l ", Q;,qzr G®, Q;,J:H)

In summary, up to now, we have a nonlinear differential system for ¥, p,,, and p;,
as follows:

(2.34) (i = k) : the evolution equation for Pf) in QF,

(7.19) : the evolution equation for p® onT,

(7.20), (7.21) : the boundary condition for p;; and p;, onT,

] o , . (7.23)
Vo Ve = -3 Y Vo . Vo=, inT'(6), :
j=1
PO, 1), = PP (x,0), in QF,
eV (x,0) =0, onT,,

\

where the fourth equation comes from (2.35) (i = k). Solving (7.23) is similar to the
argument of solving (2.99), and hence, the corresponding details are omitted here. In
addition, we also extend p;, and p,, in Q* smoothly to I'(§) as in [1] (p.178). Thus,
Pf) is solved.

By that induction that Pf) is known, we know that Qf) is known. Using (2.32)
(i = k), we can get

(k+1) _ 4,-1
PI*D = 7IA,,

which implies that p;y; G = 0, 3,4) can be solved.
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From (7.22), we immediately get {skj } =120 OF equivalently, Q;k%. In addition, it
holds that

Proposition 7.3 There holds

0£0i0;"<Q§k)(z,x,t)—fo)(x,t))|SCIzIk(S+—S(z)), forz> 1, (7.24)

0007 Q" x, 0| < Clzl*s(@),  forz < Oand |z] > 1, (7.25)
where j,I,m =0, 1, ... and the positive constant C is independent of z, x, and t.

As a corollary, one has
Corollary 7.4
|0/0L0" (FO(z,x, 1) = Ay, )| < Clzl*(s4 = 5()), forz>1,  (7.26)

|0/0!0"FO(z, x,1)| < Clz|*s(z), forz<Oand |z] > 1, (7.27)

where j,I,m =0,1, -, A, is defined in (2.32) (i = k) and the positive constant C is
independent of z, x, t.

In order that (7.17) and (7.18) hold for (x, ) € T'(§)\I', we define the following:

3 Ja PRz

Py RTE (x, 1) € T(6)\I';

gkO(x’ t) = 3V(/ F®O g, ¢d
_ 2 R ‘Eys'd2)-Vo
/[R é”s/dz > (-x’ t) € F,
and
L FW:Esd
b (v.) € TGN\
gulx. 1) = P Ir e i=1,2.

_ _EV(/RF :E;5d2)-Vo (. er

f[R C/SdZ ’ ’ b

Furthermore, for simplicity, we take g3 = g4 = 0. Therefore, we arrive at G®.
Now, we focus on solving (7.13) and (7.15) with the corresponding boundary condi-
tions in (7.16) to get s +1) (j=0,3,4), and then, Q;{TD. For this, we need to check all
the terms on the right-hand side of them satisfy the corresponding decay conditions in
Lemmas 2.6 and 2.8. (7.27) implies that the second kind of decay condition holds. For

the first kind of decay condition, we only check

, 3 _
aéaiazm<§F(k) t Eg + g9l - aP(k+1)o> =0(™) forz = +c,
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since the other cases are similar. In fact, according to (7.26), one has

3

@aiay(zw L Ey + g0l — %Ak : EO> = 0 forz — +oo.

Moreover, from (2.32) (i = k), we obtain

Therefore, we have obtained ¢®, Pg‘) , Pf“), Q

3 3

. (k+1) . 3 )
EAk o §H+Pl+ cEy= Eap(kﬂ)OEO D Eg = apgip

k) (k) (k+1)
I,T’G andQu .
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