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ON THE NEW MULTISCALE RODLIKE MODEL OF POLYMERIC
FLUIDS*
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Abstract. This paper is concerned with the well-posedness for the new rigid rodlike model
in a polymeric fluid recently proposed by W.N. E and P.W. Zhang [Meth. Appl. Anal., 13 (2006),
pp. 181-198]. The constitutive relations considered in this work are motivated by the kinetic theory.
The micro equations involve five independent spatial variables (degrees of freedom): two in the
configuration domain and three in the macro flow domain. We obtain the local existence of solutions
with large initial data and also global existence of solutions with small Deborah and Reynolds
constants in periodic domains.
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1. Introduction. The Doi kinetic theory for spatially homogeneous flow of rod-
like molecules has successfully described the properties of liquid crystal polymers in
a solvent [6]. One of the simplest models of polymeric fluids described by the Doi
theory is the rigid rodlike model, which takes into account the macro and micro
behavior of the dilute or solute polymers—the effects of flow, Brownian motion, and
intermolecular forces on the molecular orientation distribution (see [6, 10, 11, 16, 17,
23]). However, it does not include the so-called distortional elasticity. The Doi theory
is valid only in the limit of spatial homogeneity. For small molecule liquid crystals,
distortional elasticity has been formulated in the limit of weak distribution as Frank
elasticity. This is one ingredient of the Leslie—Ericken theory. Several attempts have
been made to find a theory which encompasses both the molecular visco-elasticity
and the distortional elasticity. Marrucci and Greco [18] made a molecular theory of
distortional elasticity. They proposed a nonlocal mean field nematic potential for
LCPs (liquid crystal polymers), which accounts for spatial variations of the molecular
orientation distribution. Tsuji and Rey [21, 22] add distortional elasticity to the
rodlike model of the Doi theory but did not give a stress tensor. Edwards and Beris
[2] give an ad hoc generalization of the Frank elasticity in tensorial form. Ericksen
[9] allowed the order parameter to be a variable but still required the orientation
distribution to be uniaxial. An extension of Kuzuu and Doi [13] theory to flowing
systems of nonhomogeneous liquid crystalline polymers is made by Wang [25], in
which the author models the LCP molecules as spheroids of equal shape and size.
He derives an intermolecular potential which could be considered as an extension of
Marrucci-Greco potential.
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GLOBAL EXISTENCE FOR THE ROD-LIKE MODEL 1247

All these approaches are phonomenological in nature. They invariably contain a
large number of unknown parameters which in general cannot be determined ratio-
nally. Another drawback of the phonomenological theories is the lack of consistency
with existing theories and among themselves. Then E and Zhang [8] developed a new
model for nonhomogeneous flows of liquid crystalline polymers with a few adjustable
parameters that could model a variety of configurations of polymeric liquid crystal
molecules. This new model is a combination of macroscopic partial differential equa-
tions and microscopic Fokker—Planck equations. In this model, the function ¥ (x, m,t)
describes the distribution of an identical rigid rodlike molecule at (x,t) with the ori-
entation m. Denoting the velocity and pressure of the fluid by u and p, the new
multiscale rodlike model can be expressed as

%—f—l—v-(uw):kB%V~{[D”mm—FDL(I—mm)]-(wvlu)}
(1.1) + DTR'(wR/L)—R-(mX/i'm’Q/J), m € §?,

kT

where kp is Boltzmann constant and 7' is the absolute temperature, D > 0 and
D, > 0 are translational diffusion coefficients parallel and normal to the orientation of

the LCP molecule, D, = kf;—TT is the rotary diffusivity and &, is the friction coefficient,

V is the gradient operator with respect to the spatial variables x, R = m X aim is the

rotational gradient operator, and S? is the unit sphere in R3. The symbol x denotes
the chemical potential

(1.2) p=1In+ U,

and U represents the excluded-volume potential [6, 11]

(1.3) U(x,m,t) = kBTa/ / B(x,x',m,m’)y(x’,m’, t)dm’dx’.
QJ|m'|=1

The function B in (1.3) is the interactional factor among rods. Here a denotes the
intensity between particles. Now we choose B(x,x’,m,m’) = E%x(x_Tx/ﬂm x m'|%
where x(x) is the smooth kernel; e.g., x(x) = Cexp(1/(|x|? — 1)) as |x| < 1, and
x(x) = 0 as |x| > 1, where C is a constant such that f\x\<1 xx)dx = 1. k = (Vu)T
is the velocity gradient tensor. -

Let Lo be the typical size of the flow region, V4 be the typical velocity scale, and
Ty = ‘L,—g be a typical convective time scale. Further De is an important parameter
called the Deborah number:

5’7‘
Vo
1.4 De=EoT _ &Vo
(1.4) © L~ kpTLo

It is the ratio of the orientational diffusion time scale of the rods (which is the relevant
relaxation time scale) and the convective time scale of the fluid. Set

(15) €= L_()’
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1248 HUI ZHANG AND PINGWEN ZHANG

where L is the length of the rods. Thus the nondimensional kinetic equation is

o 2
a—f LV (w)) = %v : {[Drl‘mm+ D’ (I — mm)]- (Wu)}
(1.6) +DieR-(wRu)—R-(m></<a-mw), m € S?,

(1.7) w=1Inyp+U,
(1.8) U(x,m,t) = a/ / B(x,x',m,m")y(x’, m’, t)dm’dx’.
QJm’|=1

The velocity field satisfies the Navier—Stokes-like equation
(1.9) pur+ (u-V)u)+Vp=V-7+F,
(1.10) V-u=0.

In the LCP system, the extra stress 7 is given by two parts, the viscous stress 74 and
the elastic stress 7., namely

(1.11) T="Ts+ Te.
The viscous stress comes from two sources, one from the solvent and the other from
the constrain of rods derived in [6],

1
Ts = 2nsD + §£TD : (mmmm),

where D = 1(k + £7) = 3(Vu+ (Vu)T) is the strain rate tensor, 7, is the solvent
viscosity, and {(-)) denotes averaging with respect to the distribution v; i.e., {((g)) =
f\m\:l gydm. The elastic stress is derived through a generalized virtual work principle

[6]. The detail can be found in [8]. Now we cite the result from [8],
(1.12) Te = —((m x Rp)m).
Meanwhile the body force can also be identified as
(1.13) F =—(Vu).
Now let n, =&, =ns+1p,7 = ’1’7—3, and Re denotes the Reynolds number. Then

the nondimensional Navier—Stokes-like equation

1—
u; + (u-Vju+Vp = %Au—i— FQV-(D : (mmmumy))
-~

(1.14) +@(V'T€+F) for x €

(1.15) V-u=0, forxeQ.

In this work we mainly investigate the well-posedness of this new multiscale rodlike
polymeric model. Moreover, in most cases [6] Djj/D’ ~ 2, so we can set D] =1 and
Dj = 2 for simple and without the lost of generality. Then (1.6) can be written as

o 2
LY () = SV [+ mm) ()]
(1.16) +iR-(¢Ru)—R-(mxn~md;), m € S%.

We can verify this system (1.14)—(1.16) satisfies the energy identity in the following
way.
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GLOBAL EXISTENCE FOR THE ROD-LIKE MODEL 1249
Multiplying u to (1.14) and integrating it over 2 yields

2dt/|u| dx +/[ [Vul? + 2R7<(mm:D)2> dx

1—
= 7/[—T€ZVU+F'H]CZX
Q

ReDe
- ;;DZ;/ [((m x Rp)m) : Va— (Vi) - u] dx
(1.17) _ReDe//m B [(m x Rp)myp : Vu — V- u] dmdx.

Multiplying u to (1.16) as well as integrating over in Q and the unit sphere yields

oY g2 1
/Q»/m—l at dmdx+/ [—(Vu. (I+mm)Vy) + EW“ . Rm} dx

(1.18) = / / mxk-my-Rpu dmdx+/ / uy - Vy dmdx.
Q J|m|=1 |m|=1

Additionally, we can calculate

(1.19)

d 1
E~/Q~/|m|—l [wlnw—i— §¢U} dmdx

aw 109y 1 8U

3w ou oy
//m , [ (Iny+U)+ <w 5 5 U)} dmdx

= — i dmdx.
/Q/m_l ot

Combining (1.17)—(1.19), we obtain that the system (1.14)—(1.18) satisfies the energy

law:
d |1 2 | — ] 2 1_7 : 2
_t{i/|u| dx+?[§7(¢)] _—/ { 6|Vu| + 5 ((mm : D) >] dx

_ 2
(1.20) - ;eD”e / B—ewu-(I+mm)w>+D—e<Ru-RM>] dx,

where F(1) is a nonlocal intermolecular potential given by
1
(1.21) E(y) = / / Y(x,m,t)InyY(x,m,t) + §U(x,m,t)z/1(x,m,t)dmdx.
m|=1

By the same way one can see that the original system (1.6)—(1.15) also satisfies
the energy law like the form (1.20). Comparing to the Doi model of rodlike polymeric
fluid [6], this new model is based on the more rational assumption that the particle
distribution function (pdf) ¥ is possibly different in the macro variable x. When the
pdf is the same at every point x in the domain (2, this model is similar to the Doi
model. Here the other important difference is the excluded-volume potential (1.3) if we
choose B = lm xm/'|? or B = |mxm’| in (1.3), which is the well-known Maier—Saupe
or Onsager potential [6]. Now in [8] E and Zhang have proved that the inhomogeneous
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1250 HUI ZHANG AND PINGWEN ZHANG

property reduces to the Ericksen—Leslie theory in the limit of small Debroah num-
ber. Recently numerical simulation results [26, 27] have shown that this model can
really describe the anisotropic long-range elasticity of polymeric molecules, and the
microstructure and defect dynamics of LCP solution. Moreover they have reported in
[26] that there are seven in-plane flow modes in plane Couette flow described by this
new model. Four of them have also been reported by Rey and Tsuji [22], and the other
three modes are new complicated in-plane modes with inner defects. Furthermore,
some significant scaling properties were verified in [26], such as the tumbling period
is proportional to the inverse of the shear rate. In plane Poiseuille flow, different
local states, such as flow-aligning, tumbling, or wagging, arise in different flow region.
There are also some related numerical analysis results for special cases of this model
of (1.14)—(1.16), e.g., [3] and references therein. These numerical results require a de-
tailed well-posedness analysis for the system (1.14)—(1.16). This is the main objective
of the present work. These related problems for the macroscopic nonlinear elasticity
and viscoelasticity cases were recently studied by Sideris and Thomases [23] and Lin,
Liu, and Zhang [16]. For the micro-macro model with dumbbell type of potential
there are lots of works, e.g., [7, 15, 17] and references therein. In [28], we gave the
globally classical existence theory and a numerical analysis for the Dirichlet initial
boundary problem of the system (1.14)—(1.16) in a simple case, the 14+1-dimensional
case, and the pressure-driven channel flow. More precisely, it is assumed that the
rodlike particles rotate in shear plane. That work is a first step towards the better
understanding for currently more sophisticated models (1.14)—(1.16).
In this paper we consider the system (1.14)—(1.16) with the initial data

(1.22) u(x,0) = up, ¥(x,m,0)=1(x, m).

We denote the space of functions by H'(),i € N, which are in H; (R?) (i.e., ulg
for every open bounded set ) and which are periodic with period Q: u(z; + Le;) =
u(z;), ¥(xz; + Le;j) = ¢¥(x;), 5 =1,2,3. It is easy to see that 9 is also periodic with
respect to the variable m since m € S?. Denote

HY(Q) = closure of V in H'(Q), where V = C5°(2) N {u: divu=0}.
We can see that H;(Q) is a Sobolev space. Moreover, we define the space

l

(1.23) H'(Q, X,) = ZZ// VIR (x, m, ) Pdmdx < 00 b |

7=0 =0

with the natural topology of a Banach space. Now we state our main results:
THEOREM 1.1 (local existence). Assume the following conditions hold:

(A1) ug € H3(Q?), div ug = 0 ug is periodic,

(A2) iy € mi+j:3Hi(Q, X;) and is periodic in x. Moreover, 1o > 0, and

/ / (x,m)dmdx = 1.
|m|=1
If ol 0y + [1602

Aitima H(Q,)) is bounded, then there exists T' > 0 such that

the problem (1.14)—(1.16) with (1.22) exists a solution (u,v), which possesses the
regularity

(1.24)  we L2([0,T"); Hg(Q)) N L*([0,T); Hy();
(1'25) v e LOO([Oﬂ TI)? ﬁi+.7’:3];-ri(Qﬂ XJ)) N L2([07T/); mi+j:4Hi(Qﬂ Xj))a

with redefined a set of measure zero if necessary.
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GLOBAL EXISTENCE FOR THE ROD-LIKE MODEL 1251

THEOREM 1.2 (global existence). Assume (A1) and (A2) and

HUOHng(Q)) + %0l 35 (@,x0)nm2(0,20) < Bs

where B is a positive constant, then problem (1.14)—(1.16) with (1.22) exists a global
solution (u,1), which possesses as the following reqularity

(1.26) uc L>=([0,00); H3(Q)),
(1.27) Y € L°°([0,00); H3(Q, Xp) N H2(Q, &1)),
and

||uH%°°([O,oo);H3(Q)) + Hw||2L°°([07oo);H3(Q,Xo)ﬂH2(97/\’1)) <B
provided that
Re <7/Cs, and De < %/Cy;

here Cy is a positive constant depending on n and the domain €.

Remark 1.1. From the proof of Theorem 1.2 in section 4 we see that C5 is a large
positive constant. Thus Theorem 1.2 requires the Deborah and Reynolds numbers to
be small enough.

Remark 1.2. From the proof of Theorem 1.1 we can also obtain the “global” result
for the two-dimensional system. That is, for given T' > 0, there exists a solution under
the conditions of Theorem 1.1,

(1.28)  we L=([0,T]; H}(Q)) N L*([0,T); Hy(%));
(1.29) @ € L0, T N jma H' (R, &) 0 L2([0, T); Ny jma H' (2, X))

But the bound of this solution depends on T'.

These results are similar to that of the Navier—Stokes of traditional models of
complex fluids in the case of the spatially periodic solutions [5, 24] for n = 3. However,
in contrast to traditional models of complex fluids [5, 24] which express polymer stress
7 using empirical constitutive relations; 7 in (1.11) expresses the polymer stress in
terms of the microscopic conformations of the polymers. So the model considered
in this work is closer to the original system for polymeric fluids in kinetic theory of
polymers. But, on the other hand, it causes the difficulty of well-posedness analysis
and numerical simulation since we have to study the configuration equation (1.16)
which involves five spatial freedom variables, two of them are in the configuration
domain and the others are in the macro flow domain. We utilized the properties of the
Laplace—Bertrami operator on compact Riemannian manifold to obtain the existence
and the preservation of the positivity of the solution to the linearized equation of
(1.16). Then the regularity of the solution was strengthened by the energy estimates
method. Thus, in virtue of the properties of the distribution function 1, we can obtain
the regularity of the stress 7. Then it is finished by the local well-posedness analysis of
the rigid rodlike model by utilizing the Galerkin approximation and energy methods.
However, we specially point out that the nonlinear stress (1.11) and the nonlinear
body force (1.13) concerned with the solution of the micro-scale model (1.16) let us
only obtain the global solution for small Deborah and Reynolds numbers in virtue of
the method which we choose in this paper.

The paper is organized as follows. In section 2, we give the iterative scheme of the
system to obtain the existence of the local solution and the scheme alternates between
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1252 HUI ZHANG AND PINGWEN ZHANG

solving an equation of the same type as encountered in incompressible elasticity and
solving a linear diffusion equation. Section 3 is devoted to giving the detailed proof of
the main lemmas. We will investigate the global existence of the solution in section
4. In this paper C denotes different constant depending only on «, De, Re, {2, and &
if there are no special notations. Some times we denote H} (), LP(Q2) by HP, LP for
brevity.

2. Local solution. In this section we will construct an iterative scheme of the
system (1.14)—(1.16) with (1.22) and with which we can obtain the existence of the
local solution.

Motivated by the approach [12, 20], we construct an iterative scheme of the system
(1.14)~(1.16) with (1.22). Given an iteration ¢! we determine u'*! by solving the
equations

ui—‘rl + (ul+1 X v)ul+1 + vpl+l

(2.1) = %Aul'|r1 + E_TJV (D : (mmmm))"*! 4 ;%eDe(v L+ FY,
(22) V-utl=0

with the initial condition u!**(x,0) = ug(x), where

(2.3) (D : (mmmm))"™! = D mmmyms),

(2.4) (mymjmepmg)t = / - mim;mpmstt(x, m, t)dm

(25) (71) = ~((m x Ry )m)’

(2.6) pt =yt + U,

(2.7) —oz//,|1 x,x;m, m" )l (x', m’, t)dm’dx’,
(2.8) r!T uthHT Fl = —(vul).

Meanwhile, for given u', we determine ¢! from the following initial value problem:

8—W+v (ulyl) = i[v-(I+Imn)wl+v-(I+mm)(¢lvzﬂ)]
ot De

(2.9) + Die[R R R (WRUY] = R - (m x k- myph),
(2.10)  ¢'(x,m,0) = tho(x, m).

Our eventual task is to show that the mapping M : u! — u!*! has a fixed point in
an appropriate complete space of functions. The fixed point of the mapping is the
solution we seek.

We will consider the mapping M in the function space S(M,T'), which is defined
as a set of all functions u: 2 x [0,7] — R"(n = 2,3) with the following properties:

(2.11) u € L=([0, T; Hg()) N L*([0, TT; Hi (),
2.12) ”uH%w([O,T];Hg(Q)) + ||u|\%2([o,T];Hg(Q)) <M.
On S(M,T), we define the metric

(2.13) d(u, uz) =[lur — vzl oo, m;m3(0)) + 01 — 2|l 220,773 ()

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



GLOBAL EXISTENCE FOR THE ROD-LIKE MODEL 1253

It is easy to verify that S(M,T) is complete with the associated metric, and also it
is nonempty for large M, as evidenced in [19]. The properties of the mapping M is
established by proving the next three lemmas.

LEMMA 2.1. Assume that the following bounds hold:

(2.14) ||1/)l||L°°([07T];H3(Q,Xo))ﬂL2([07T];H4(Q,Xo)) < K.
Then there exists T' > 0 such that (2.1)—(2.8) exists a local solution

(2.15) u'tt e Lo([0, T'); Hi () 0 L*([0, T"); H (%))
and
(2.16) I e o075y + 10 120,777,703 0y < D1(T7, K,

where if setting f = }%e_ge (V-7l+ Fl,

2 4
$1(T, K) = [[uollFa () + CllF 720,19, 12 () + CUE)]HTHEET

(2.17) + ||u0||§13(9) + Cl FlI 220,70, 2 () + CK)T.
LEMMA 2.2.

(2.18) L e L2([0,T]; H3(), and F' e L*([0,T]; H*(Q))

and

(2.19) 17l L2 (o, 13 @) < ClY 20,1915 (2, 20))

(2.20) IF | 2o,mym2(2)) < ClU 220,173 (02, 20))

provided that ' € L*([0,T]; H3(2, &p)).
LEMMA 2.3. Given u' € S(M,T), there exists a unique solution of (2.9)—(2.10)
which has the reqularity

(2.21) @' e L2([0,T); Ninyms H' (2, &;)) N L2([0, TJ; Nigj=a H' (9, X)),
and
(2:22) 1911720 00ss s ) < IW0N2, s mi (0,20 (CT + CTM) - eCTHOMT,

By combining Lemmas 2.1-2.3, it follows easily that the map M : S(M,T") —
S(M,T’) is a compact operator if M is chosen sufficiently large and 7" is chosen
sufficiently small. In fact, by using (2.22), we know

190172 0.1, 3 (0, 20)) < 190l %3 0,20 (CT + CMT)eCT+eMT,

Thus

Il 2o, 7,82(0)) < CIV - 7L+ Flll 2o, m200)) < CIYl L2 (0,17, 52 (2,%0)) -
Then, from (2.17), we have

3 < 0.2 0y + 10 M 12 20,0715

2 4
< [||110||§13(Q) + [%oll7s (0 x0) (CT + CMT)eCTHEMT 4 C(K)]eCHTHERT
+ ||u0||§{3(9) + [ Yol 3 0, 20) (CT + CMT)eCT MY 4 C(K)T.
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1254 HUI ZHANG AND PINGWEN ZHANG
Now we choose
(2.23) M > 6”“0”%—[3(52) +2C(K)(2+Ty) + 120T0H1p0||§{3(9’%)),

In2 In2 1
2.24 T < Ty £ min , , .
(224) =70 {0(1 + M) C(K2 + K4 12C [%o[%s .2, }

’ ’ 2! 4/
Then ¢CT'+CMT' < 9 (CK*T'+CK'T" < 9 anq

CT/+CMT/MT/[1 + eCK2T/+CK4T/] < %’
CK2T’+CK4T/) + C(K)[T’ +eCK2T/+CK4T’]

C||¢0||§13(Q,Xo)e
[ao|fza ey (1 + e

’ ’ ’ ’ M
+ OH¢0||%13(Q7X0)60T +CMT MT'[1 + CK?T'+OK'T 1T < 5
Thus we have (2.12).
Since S(M,T") is clearly a closed, convex subset of L?([0,T], H3(2)) and is also
compact, by the fixed point theorem of Leray and Schauder [14], the conclusion of
Theorem 1.1 can be obtained.

3. Proof of lemmas.

3.1. Estimates of u. In this section we will give the proof of Lemma 2.1. Let
u't! = w, ¢ = p!*t!), and the fourth order tensor

(3.1) A(x,t) = (aijrs), where ajjrs(x,t) = / mimjmkmswl(x,m,t)dm.

|m|=1

(2.1) can be rewritten as

wt—l—(w-V)w—l—Vq:%Aw—i—f

(3.2) + L9 b Ay,

2Re
(3.3) V-w=0,

where f = A7-(V - 7! + F'). In the following we solve this problem to obtain
the existence and uniqueness of the solution by using the Galerkin approximation
similar to solving the standard Navier—Stokes equation [5, 24]. The difference here is

the appearance of the term ;I—{gv -[D: A(x,t)]. We can see that it is a good term
when we give a priori estimates because we will obtain —E_TZ Jo((D : mm)?)dx while
multiplying w to (3.2) and integrating it in Q. The high derivatives estimates are

obtained similarly. Thus we will obtain the result in Lemma 2.1 provided that

(3.4) fe L*([0,T]; H*()),
(3.5) A€ L>=([0,T], H3(Q)) N L*([0, T], H*(Q)).

The regularity of f and A can be easily obtained from the estimates of 7. and F' in
section 3.2 and ones of 1 in section 3.3, respectively. Why we need conditions (3.4)
and (3.5), for the aim of self-contained, will be answered in the outline of the proof
to Lemma 2.1 when n = 2 and n = 3 in the appendix. We also refer the readers to
[5, 24] for further details.
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3.2. Estimates of 7. and F.

Proof of Lemma 2.2. From the definition of 7, it is straightforward to obtain
its estimates from the assumption of . In fact,

Te=— /m_l(m X Ry)mypdm

:_/ {mx (lew—RU)]mwdm
Im|=1 (4

= —/ (m x R¢)mdm — (m x RU)mtpdm
|m|=1

|m|=1

=-I+ 3/ mmdm — (m x RU)mipdm,
|m|=1

|m|=1

where we used the property of operators R and f\m\:1 -dm (p. 293 in [6]),

(3.6) /| - G(m)R[F(m)]dm = — / F(m)R[G(m)]dm.

|m|=1

From the definition (2.7) of U,

1 _ o~/
U= a/ / =X (X X > |m x m’|*y!(x’, m’, t)dm’dx’
QJm/|=1 € €

1 _ ~/
- a/ / =X (X X > YH(x', m’, t)dm’dx’
Q ‘mllzl E g

-
(3.7) —amm : / / 8—13)( (X X ) m'm’y! (x', m’, t)dm’dx’;
QJ|m’'|=1

3

here e > 0 isin (1.5) and x(x) is a smooth kernel, and we can see that U € C>°(2x S?).
But the bounds of the derivatives of U with respect to x and m depend on ¢, denoted

by C(e).

Therefore
(3-8) I7ell72(0) < CO A+ 191172(0,2,))

since ¢ € L?([0,T], H3(2, Xy)). Higher derivatives can be obtained similarly. Thus
(2.19) is obtained. By the same way we can obtain

(3.9) F=(Vu) = / (Vep +VU)dm € L([0,T); H*(Q))

|m[=1

since ¢ € L*([0,T], H3(2, Xp)). Hence (2.20) is obtained by using (3.9).

3.3. Estimates of 1. In this section we first review some results about the
Laplace-Beltrami operator on a compact Riemannian manifold which will be utilized
to show the existence of the solution of (2.9)-(2.10). Then we will give the regularity
estimates of the solution to (2.9)—(2.10).
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3.3.1. Review about the Laplace—Beltrami operator. We recall some
known results about the Laplace—Beltrami operator on a compact Riemannian man-
ifold (M, g); see (section 4 of Chap. 4) of [1] and [14].

LEMMA 3.1. Let v(Q,t) be a continuous function on M, x [0,t9]. Assume v >0
on M, x {0} and OM,, x [0,to]. Moreover, it satisfies

(3.10) Ov/0t > N, v+ b(Q, 1)0v + ¢(Q, t)v

with the b', ¢ bounded. Then we have always v > 0.

Proof. This lemma can be proved similar to the proof of the maximum principle
in p. 130 of [1]. Let Cp, = max,;, wp+ |c(Q,t)] and w = e~ (“m*Dty Then w and v
have the same sign. Since

ow/dt = e~ Cmt Dy /ot — (Cyp 4 1)0)],
we have
(3.11) Ow/ot > App, w4 b(Q, 1) 0w + [¢(Q,t) — Cpy — 1w

Assume w is negative somewhere and let (Q,¢) be a point where w achieves its min-
imum. Then Ay, w > 0,0;w = 0, and dw/dt < 0. Thus (3.11) implies w(Q,t) > 0,
which yields a contradiction. O

LEMMA 3.2. For every g € L>([0,to], LP(M,,)), there exists a unique

v e Wh([0, to], WP (M,,))
satisfying
(3.12) o' /Ot = Ay, v' + ai 97 + biv? + g,

for 1 < a <k and v(P,0) =0, P € M, where v'(i = 1,2,--- ,k) are k unknown
functions in M,, x [0,00) and g*(i = 1,2,--- , k) are k given functions on M, x [0, 00).
The coefficients aé- and b;- are supposed to be smooth.

Remark 3.1. In fact, the condition on the coefficients a* and b% in the above
lemma can be weakened to be bounded in L>(]0, to] X My,). The proot is analogous.

3.3.2. Estimate of 7.

Proof of Lemma 2.3. In this section we simply denote
(3.13) o(x,m,t) =Yl (x,m,t) W =U"
Then (2.9)-(2.10) can be rewritten as

o9 €
5 +u Vo= E[V -(I4+mm)Veo+ V- (I+mm)(¢pVIV)]

(3.14) +i[R~R¢+R~(¢RW)] R (mx k- mg),
(3.15) o(x,m,0) = p(x, m).

Here we still denote (Vu'(x,t))” by x. Equation (3.14) is a nonlinear differential-
integral equation. We first linearize (3.14) replacing W by U'~! and obtaining the
solution of this linear equation with the initial data (3.15). If now we transform
the Cartessian coordinates m to the local coordinates (6, ) of the unit sphere S? in
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R3 by m1(6, ) = sinfcosp, ma(0,p) = sinfsiny, and mz = cos ¢, the operator
R R is the Laplace-Beltrami operator on the unit sphere [4]. Thus the operator
A + 5 R R is also the Laplace—Beltrami operator. Moreover, the coefficients
of (3. 14) are all bounded and smooth when x is bounded, which is obtained from
u e L>([0,T); H3(Q)). Therefore we can utilize the above lemmas to show the exis-
tence and nonnegativeness of the solution to the linearized equation when the initial
data is nonnegative. In fact, using Lemma 3.2 and Remark 3.1 for v = ¢ — 9y,
we obtain that (3.14)—(3.15) possesses a unique global solution v € W1°°([0,T],
H2(Q, X)) N HY(Q, &) N L2(Q, Az)).  Therefore, ! € WL([0,T]; H*(Q, &) N
HY(Q,X1) N L?(, X)) for given T > 0. Now the coefficient of ¢ is g—iv -(I+
mm)VW + 2R -RW — R - (m x £ -m) and it is bounded since ¢'~! € L>([0,T7;
Nitj=sH (Q, X;)) and u' € L*°([0,T]; H3(2)). Then it follows that the positivity is
preserved by Lemma 3.1, and by integrating both sides of (3.14) we find that

/ / ¢(x, m, t)dmdx = / / ¢(x,m,0)dmdx = 1 for all ¢.
Q Jm|=1 Q J|m|=1

We can obtain the solution of (3.14) with (3.15) from the solution of the linearized
equation to construct a suitable Sobolev space and use the Schauder fixed point
theorem in the standard argument. So here we omit the detail.

Next we will further prove the regularity of the solution v!(x, m, ) if the initial
data is more regular.

I. The estimate of ¢. Multiplying ¢ to (3.14) and integrating on S? with respect
to m and in 2 with respect to x yields

2dt/ /m 1|¢" dmdx+—/ /m B (IV]* + |m - Vo|?*)dmdx

—/ /m| R0 dmix

//m| 1 (I+ mm)pVIW - V¢dmdx——//m| (ORW - Redmax

+// m X k- m¢o - Rodmdx,
Q J|m|=1
where we used the periodic condition. Thus we can obtain the estimate,
i// |¢|2dmdx+i// (IVé|* + |m - Vo|?)dmdx
dt Jo Jim|=1 De Ja Jim|=1
% Sy fos 1P
+ — Ro|“dmdx
De Jq |m|:1| |
(3.16) < c// |¢|2dmdx+0|n|// |62 dmx,
Q J|m|=1 Q J|m|=1

where we used the fact that |x| is also bounded in € x [0,T] redefined by a set of
measure zero from (3.7) since u! € L>([0,T]; H3(2)) and |VW|, [RW| are bounded
by C(g). Therefore from (3.16) we obtain

(3.17) sup / / |2 dmdx < [[¢o[|72(q e TMT £ N,
te[0,T |m|=1
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De/ / /m| (V9P + |m - VP? )dmdxdt+— / / /m (RO dmxai

(3.18) < CNT +CMN,T £ Ns.
This shows that
¢ € L=([0,T); L*(2, Xo)) N L2([0, T); L*(, X)) N L*([0,T); H'(2, X))

provided that vy € L?(Q, Xp) and u! € S(M,T).

II. The estimate of R¢, V. Applying the operator R to (3.14) and multi-
plying Ré to (3.14) and integrating on S? with respect to m and in 2 with respect
to x, respectively, yields

// IR dmdx+—// ([VR¢|? + |m - VR|?)dmdx
2dt |m|=1 |m|=1

+—// R - Ro|*dmdx
De Jq |m|:l| |

|m|=1
De / /m » - (PRW)R - Rpdmdx +/ /ml ) (m X k- m@)R - Rpdmdx.

Thus, by using [VW|, |[V2W|, [VRW/|, |RW|,|R?W| are bounded for all x € Q and
m € S?, and |x| is bounded by redefined in a set of measure zero, we have

d 2
—// |R¢|2dmdx+€—// (|[VR¢> + |m - VR¢|?)dmdx
dt Jo Jim|=1 De Jo Jim|=1

+ = R - Ro|>dmdx
De Jo Jim|=1 | |
<C / / (RSP + [Vxdl? + 6%)dmdx
Q J|m|=1

(3.19) +0|/<|/Q/l (RO + 6P )dmx.

Similarly, differentiating (3.14) with respect to x, then multiplying V¢ and integrating
it, we obtain

d// 2 E2// 2 212
— Vo¢|“dmdx + — Ad|* + |m - V2¢|?)dmdx
i) v Be L, (000 + hm970p)

1
+E/Q/_1|VR¢|2dmdx
C V|2 + |Ro|? 2Ydmd
< /Q/.|_1(' 6% + [Re[? + |¢%)dmdsx

(3.20) +0|/<|/Q/l (V0P + o) dmix.
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Here we used that [VW|, |[V2W|, [RW|,|R?W| and & are bounded. Combination of
(3.16), (3.19), and (3.20) and application of the Grownwall inequality yields

Vo|? + R Ndmd
S“p]/g/m_l(' 62 + |RG? + [6[?)dmax

telo,T

< // (Vo | + [Rapo|? + [tho|?)dmdx eCTHEM £ N,
Q J|m|=1
2 T
e 9 9 5
—/ // (Vo> + |Ad)* + |[VRé|*)dmdxdt
De Jo Ja Jim=1

1 T
+ — / / / IVR¢|? + |R - Ro|*dmdxdt < CN3T + C M NsT.
De Jo Ja Jim|=1

This shows that

¢ € L>([0,t]; Niyj=15>0H (2, ;) and
(3.21) ¢ € L2([0,1]; Nitj=2,i, 520 H' (2, X))

provided that g € ﬂi+j:17i,jZOHi(Qv ;).

III. The estimate of R2¢, V2¢, and VR¢. Similar to that in section II, we
can obtain the following estimates:

2

i// |VR¢|2dmdx+i// (|ARG? + jm - V2R ¢[?)dmdx
dt Jo Jim|=1 De Jo Jim|=1

1

+—// VR - R¢|*dmdx

De Jo Jim|=1
<C [ [ (VRGP + V2P + (V6P + RO + [ofdmix

Q J|m|=1

822+ 0l [ [ (R + RO + ol yma,

2
i// |R2¢|2dmdx+i// (VR - RoJ + [m - VR26|2)dmax
dt Jo Jim|=1 De Jo Jim|=1

1
+ — R(R - R¢)|*dmdx
Defg/m_l' (R Ro)

<c / / (IR26]% + RO + |Vo[2 + VRS + |¢[2)dmax
Q J|m|=1

829 +Cll [ [ (R 4 R ¢ o).
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2
i// |v2¢|2dmdx+i// (IVAGP + |m - V3¢|?)dmdx
dt Jo Jim|=1 De Jo Jim|=1

7 o RO
+ = RAxP|“dmdx
De Jq \m\:1| |

<c / / (IV261% + [V + [Re[2 + VRS + |¢[2)dmax
Q J|m|=1
C 2 2 2 d d
4 C|VH] / /|m|_1<|7z¢| 1 1V6P + 6?)dmadx
3.24 C VRo|? + |Vo|?)dmdx.
(324)  + |/-e|/9/m_l<| 6> + |Vo[2)dmdsx

Combining the above estimates and applying the Gronwall inequality with |Vk| €
L2([0,T], H4(€)), we can obtain

(CTHOMT & N

)

||¢H%oo([o,t];mw:z,i,jzom(Q,xj)) < ||¢0H%M:NJZOH%Q,XJ-)
H<l5||2L2([o,t];miﬁ:_g,i,jzom(Q,Xj)) < ONyT + CMN4T.

This implies that

¢ € L([0,t]; Niyj=2.ij>0H (2, &;)) and
(3.25) ¢ € L*([0,t]; Niyj=3,i >0 H (€, X))

provided that g € ﬁi+j:2)i7j20Hi(Q, Xj)

IV. The estimate of R¢VIi¢(i + j = 3). Analogously to that in section III,
we can obtain the following estimates:

2
i// |R3¢|2dmdx+i// (VR |2 + |m - VR 6[2)dmdx
dt Jo Jim|=1 De Jo Jim|=1

1 / / 4,2
+ — R*¢|“dmdx
De Jq \m\:1| |

<C R3 2 RQ 2 R 2 2
<o [ [ (RP 4R + R + I
+ |[VR?¢|> + [VR|? + |V¢|?)dmdx
(326) + Clrl / / (IR + [R29[ + R + |¢[?)dmdx,
Q J|m|=1

d 2
—// |VR2¢|2dmdx+i// (IV2R26[2 + |m - V2R26[2)dmdx
dt Ja Jim|=1 De Jo Jim|=1
1// 3 12
+ R3V |2 dmadsx
De Jq \m\:1| |

<c / / (V2RO + V26 + |VR26P + VR
Q J|m|=1

+ Vo> + [R?*¢| + | ¢|?)dmdx

(3.27) +0|/-;|// |V¢|2dmdx+C|Vf<:|// 62dmax,
Q Jm|=1 Q J|m|=1
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d 2 2 e 3 2 3 2
—// V2Ro| dmdx+—// (IV5Re[2 + [m - VR &[2)dmdx
dt Jo Jim|=1 De Jo Jim|=1

]‘ // 22 112
+ = VR ¢|"dmdx
De Jq |m|:1| |
<C / / (IV36]% + [V2Ro[2 + VRS + [Ro)?
Q J|m|=1
+ [V2¢? + |Vo|? + |¢]?)dmdx

+0|,<;|// (V6P + [VRA|® + [V2Re[2 + |VR26[2)dmdx
Q Jjm|=1

(3.28) +0|w|/9/ R + VRO + [ROP + o) dmx,

d // 3412 e // 412 4,2
— V°o|“dmdx + — V| + Im - V*¢|?)dmdx

1 / / 35 112
+ = V°Ro|“dmdx
De Jq \m\:1| |

<C [ [ (V6P 4 TP 4 V6P + [0 )dmax
Q J|m|=1

+C|/€|// |v3¢|2dmdx+0|w|// |V2¢|>dmdx
Q J|m|=1 Q J|m|=1

TP / IV 2dx + C|[ V252 / / (V262 + |Vo[)dmdsx
Q Q Jjm|=1

2 2 2 2
(3.20)  +C|V K;||L2/Q/|ml_l(|v¢| + |6[2)dmadx.

In the last estimate we used the following estimates:

J

< [ 19kl VRl ey

<V2&lls@ IVl L2 @2l Lo @) 1 VPRl L2 (s2) | 20
< V35| V8l 22y L1 @) VPR 2 s2)ll L2(0)
IVl @ l10l 2,20 I VPRS| L2s2) [ 22 ()

(3.30) < iHVBRQbH%?(Q,XO) + C(De)|allFa oy lol 2 00,20 -

Combining the above estimates and applying the Gronwall inequality by using
u € L%([0,T], H4(2)), we can obtain

V25| |V¢||V3R¢|dm] dx

|m|=1

H? ()

IN

CTHOMT & N

”d)HL°°([0775];ﬁi+j:3,i,joni(Q7Xj)) < (10| Nigjms,i,j>0H (Q,X;)€
91 L2((0, 0504 j—ai sso I (.25)) < ON6T + CMNGT.

)

This implies that

¢ € L([0,]; Nij=s,ij>0 H' (R, X)) and
(3.31) ¢ € L*([0,1]; Niyjmai >0 H' (2, X))
provided that g € ﬂH_j:g?i)joni(Q, Xj).
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Up to now, we have completed the proof of Lemma 2.3.

4. Global solution. In this section, we will show that the local solution obtained
in Theorem 1.1 is actually defined for ¢ € R™ if the Deborah and Reynolds numbers
are small enough. To this end we derive some a priori bounds, satisfied by that
solution. Notably, C7 in this section denotes different constants depending only on n
and €.

4.1. Some a priori estimates. Recall that the local solution (u,)) obtained
in Theorem 1.1 satisfies (1.24) and (1.25) together with (1.14) and (1.16). Now we
give the detail of a priori estimates for the case n = 3. For n = 2, it can be similarly
obtained.

For (1.14), the inequality (A.36) in the appendix implies that there exists constant
C such that
(4.1)

1
5l + (7 = ¢ = 55 ) Nulle < S5 + Dl +

+ [l + 1915 @) + 1207 QXO>+|W||H3QXD>+|W||H39XD>] (n=3).

Here in the left side of the above inequality we omit the term ;_TZ Jo(lmm : V3D[?)dx
since it is positive. The main difficulty to obtain (4.1) is to estimate

/ V3 <D :/ mmmszﬁdm) Viu|dx
Q |m|=1

Now we will use the following inequalities:

/Q|V2D - mmmmVdmV*u|dx
< Cil Vil 2 VD 22 [ Ve Lo (0, x0)
< Cillull g [V2DI 2 Vel 0,x0)
< OlHu||H4||uHH3+2 9112 (02,20)
< Cll\u||H4||uH§14||uH§pWllH (2,%0)
(4.2) < 6||‘1HH4 + _Hu||H1|W||H2 Q,X0)"

where € is a positive constant and will be chosen later. Here we used the Holder
inequality ([, labeldx < [lal|p2lal|zs]lc]|Ls), Sobolev embedding theorems (H'(Q2) C

L5(Q), HY2(Q) ¢ L3(Q) for n = 3), the interpolation inequality (all sz <Ca ||u|\;4

[ul|§:), and Young’s inequality (ab < ea'?/* + 1b12), respectively. Similarly, we have

/|VD/ mmmmV?dmV*u|dx
Q m|=1

Cq
< elullf + ?HUH%P 1911 523 (0, 20
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Further, a different estimate from the above two is

/ D / mmmmV?)dmV*u|dx
Q m|=1

< GVl 2 D] s V21l 10, x)

< Callull s [P 196 3 e

< Cillullgelull e 10 5 Xo)nwn S

12
i1

5
= [P S L M A

<e [nunmnwnm o] + —||u|| 211139 .20)

Ge
(4.3) < 11||u||H4+ ||1/)||H4QXD>+ “ a1 13 0,20

For the convect term we used the same estimate in [24]

C4
/| V)uAPulde < e|ju| . + —||u||Hlv

and by using the results of Lemma 2.2 we have

Cy

Cy
[ 193 ulax < el + el < il + 2100

Cl 1
[ IV EV i < il + P < el + annifsmm

Combination of all yields (4.1). For the equation of ¢, we can obtain the following
estimates:

1d, e? 1 5e 9
§d—||¢||H3(Q,XO) + <D — de — —) 19134 0, x0) + (De ﬁ) 1155 00,20

56 Ch
||u||H4 + _[HUHHS + ||u|| 2+ ||u||H2 + ||¢||H3(Q Xo) T ||¢||H1(Q Xo)

(4.4) + ||¢|| v 11 E2 .0 + 1908 0,x0))-

Here the difficulties are the estimates to the nonlinear terms u-Ve¢ and R-(mx £-ma))
in the equation. To overcome them we use the following inequalities similar to (4.2):

Cy
||u||H3||¢||H2(Q o)

/Q / VT s < ol +
1
/ / . 1|Vuv2w4wdmdx§e||w||%{4m,%>+—||u||%p||w||%ls<g,%>,
m

/ / . 1|uv3w4¢dmdx<e||¢||H4<M)+ a2 020 e
m

For the other term [, f‘m‘:l V2R - (m x k- my)V4)p|dmdx, we used the estimates
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obtained similar to (4.3):
/ / |V RV Aip|dmdx
Q J|m|=1

€ €
< _Hw”iﬂ(ﬂ,k‘g) + a7 + || ||H1||¢||H1 Q,x1)
11 11
/ / |k V2RV ip|dmdx
Q J|m|=1

€ €
< ﬁ”iﬁ”%ﬂ(m%) + ﬁ||¢|\12r{3(9,xl) +— ||u|| 2[00 (0,200

C
S IR R s < s+ I

Now from (4.4), we see that it is necessary to estimate Hib”%,g(ﬂ x;)- But it is not
difficult to obtain the following inequality in the similar way with the estimate (4.4).

1d g? 1
5&”%&”%12(9,251) + <D_e - 46) 191 20y + D—e||¢|\%12(n,x2)

Ol 16
(4.5) < — [IIUHilqs +lull gz + llallEg + 1902 @) + 1018 @) + 11200 | -

For the case n = 2, we can obtain a priori estimates by using similar approaches,
and we omit the details and give the results directly as follows:

1d 9¢ Ch
3l + (7 =3¢ = 56 ) Nullre < JellBrocomy + Ol + il
9
(4.6) + ||¢||H2(Q x0) T ||¢||§13(Q7X0)]a (n=2).
The a priori estimates for v are

1d, e? 9e 1 e 9
el + (52 — 56— 32) 1 + (e~ 15) ¥l

o

< 16|| ulf + — [Ilulle +lull3 + lallF + Jualli

(4.7) + ||¢||H1(Q ) T ||¢||H1(Q ) T ||¢||H3(Q,XO)]'

2. Global existence. In this subsection we will give the proof of Theorem
1.2. Let

(4.8) Y(t) = lullfrs oy + 191,20 + 1911 H20,2,)-
Combining the above estimates (4.1), (4.4), and (4.5) we have

1d Y 2

5V () + (7 = 6¢) [l
2 66 ]. 56 2

+ (D— — e — —) 191174 00,200) + (D—e - ﬁ) 1915 .2)
2

+ D_e _46) ||¢||H3 QX1)+ ||¢||H2(Q Xs)

(4.9) <

-~

Y24y vy 47yt 4 v24Y).
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Now we choose

2
Cmin{ € _ G
(4.10) E_mm{ﬂi’e’?De}’ and f= =

Since Y (t) < [[ullfs + ¥l (0,20) + 10117 ,2,)> (4.9) implies
(4.11) Y () +2Y () <282 +Y"Y + Y + Y 4+ Y2 4Y).

LEMMA 4.1. Let Y be a nonnegative, absolutely continuous function satisfying
inequality (4.11). Let B be a positive constant and 0 < B < By, where By is the
unique positive solution of
(4.12) B”+Bg+BG+B3+B+1—%—0.

If Y (0) < B, then Y (t) is bounded by B for all t > 0.

Proof. We will prove it by contradiction. Suppose that there exists a t such that
Y (t) > B, and define t* = inf{t € R",Y (¢t) > B}, then Y (¢*) = B and Y’(t*) > 0.
However from (4.11) and the hypothesis made on B we deduce

Y/(£) € =26V () + 26[Y 11 (#7) + YOO ) + YT () + YA() + Y2(#) + Y ()

€
< —2eB+2Bf— = —-eB <0
< —2e¢B+ 625 eB <0,

which contradicts the above statement. Therefore Y (t) < B for all t € RT. O

Proof of Theorem 1.2. We have seen in subsection 4.1 that a specific norm of the
local solution obtained in Theorem 1.1 satisfies an inequality with the form (4.11),
where C; depends on the domain € and n while € depends on 7, Re, 2, De from
(4.10). Lemma 4.1 shows that there exists a constant By, depending on initial data
such that

Y(t) < B, fort e RT, if Y(0)< B < By.

But By is the unique positive solution of (4.12). From (4.12), we can easily see that
(4.12) possesses a unique positive solution if and only if

(4.13) 1— % <0,

which implies from (4.10) that
2

¥ €
4.14 Re < and De < ————.
( ) 7204 7v2C4
This completes the proof of Theorem 1.2 for n = 3. d
Denoting

Z(t) = |lullzs o) + 1911 0,20
)

the addition of (4.6) and (4.7) yields

(4
1d v 2
5_Z(t) + (5 — ) ulf

1 4e
( = 06 Il + (35 = 15 ) 91z
(4.15) — (29 + Y44+ Y44 Y?) forn=2.

By the same way the result of Theorem 1.2 for n = 2 can be obtained.
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Appendix A. Proof of Lemma 2.1. Now we solve (3.2)—(3.3) with the initial
value u(x,0) = ug by using the Galerkin approximation. Let V be the space of all
divergence-free vector in H'(Q), and let {w'|i € N} be a basis for V. We seek an
approximation to w of the form

(A1) W™ (x,8) = TN ()" ().
The function w” satisfies, instead of (3.2) and (3.3)
wl + (wV V)wN = RiAwN +f
1-—
(A.3) w™ (x,0) = PNuo(x),

where Py is the orthogonal projector in H} onto Wy = Span{w’,i =1,---,N}. The
existence and uniqueness of a solution wy to (A.2)-(A.3) with periodic boundary
conditions defined on some interval (0,Tx),Tn > 0, is clear; in fact, the following
estimate shows that Ty = T for n = 2 and Ty suitably small for n = 3.

Multiplying w to (A.2) and integrating it, we get

-7

5o (DY : mm|*)dx

d
Sl + L Ve 3+ =2

N =

v
A4 <
(A4) ~ 2Re

This implies that

w172 + —HfH%H.
2

d y Re
(A.5) 03 + Ve < 1
It shows that

T
(A.6) / IV (6)[22dt < K,
0

where
¥ Re Re [T
(A7) Ky =Fy (w. [, T) == <||uo||L2+7 IIf(t)II?{Idt)

For 0 < s < T, by (A.5),

(A-8) [w™ ()72 < Ko,
where
Y B
A9 K:K( ,,—,T):—K.
(A.9) 2 2 (uo, f Re et
Multiplying Aw® by (A.2) and integrating it, we get

1—

N
2R <|VD : mm|?)dx

2dt|\V NIIL2+ ||v2 MZ: + 55
< 1T HVwNIILer—Hinz
1-
(A.10) +/|(wN- wN AwN |dx + == ST /|DNVAAwN|dx
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Now the following a priori of [ |(w" - V)w" Aw!N|dz are different, depending on the
dimension. We use the relation [24]

(A.11) / |(w - VywAw|de < Cllw| 2| Aw| 2 Vw2, (n=2),
(A.12) / (w - V)wdwlde < Cllw| ot Aw| 5[ Vwl 2, (n=3),
and the estimates

(A.13) /|DNVAAwN|dx < Ol Aw™ |32 V2A| 2 |V |12, (n = 2),

(A.14) /|DNVAAwN|dx < O Aw™ 32| V2 A 2 | VN 357, (n = 3).

By Young’s inequality (A.lO) implies

2Re
IIV NIz +1 5 e Tl awV |2 < —||fHL2
(A.15) = Clle 190 + NP AIL T [, (n=2),
2Re
GV I+ 5 A < ZE A1
(A.16) +C||wN||Lz||Vw 132 + CIV2 Al LIV |72,  (n=3).

Since ¢! € L>=([0,T], H3(Q, Xp)), we can obtain
(A.17) |V A(z,t)| € L=([0,T); H*()).

Then by the same way as the a priori estimate of Theorem 3.2 in [24] we can get for
n = 2 in virtue of (2.14) and (3.1)

(A.18) sup ||V |2, < K3,
te[0,T)

where
v T
Ky = K (uo,f, E,T) = <||uo||’j’q1 + C/ ||f(t)||§2dt> exp(CK Ky + CK3T).
0
And
T
(A.19) / 1AW |2adt < Ko,
0
where

T
Ky = Ky(uo, f, %, T) = Cxy <||u0||§,1 + C/ I f)]|22dt + CKoK3T + CK3K3T> .
0

For n = 3, we will estimate in the following from (A.16). Let y(t) = |[Vw™ |2, +
1,a(t) = CHwN||L2, b(t) = C||V?A||}2, and c(t) = 2—},35||f|\%2 Then from (A.16), we
have the inequality

dy

(A.20) s < Ja(t) +b(t) + c(t)]y?,
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and
T

(A.21) / [a(t) + b(t) + c(t)]dt < T(CKs + CK® + CK?),
0

where we used the condition of (2.14) and the estimate (3.8) and above estimates.
Then they imply that for ¢t € [0,7] and T < 1/[(CKy + CK* + %K2)y3(0)] 2Ty

(A.22) y(t) < y(0) 2 K.

- §/1 — (CKy + CK4 4 B 2)3(0)T

Therefore, when T' < T, we have

(A.23) sup [|[Vw™|[72 < K5
s€[0,T]
and
T
(A.24) / |Aw™N |2 .dt < K,
0
where

T
K¢ = Kg(uy, f, %,T) -C <||u0||§,1 + O/O I f®)|22dt + CK KT + OK4K5T> .

Multiplying A2w™ by (A.2) and integrating it, we get

;jtllvz M7 "’ ||V3 NIE. + 14RA/ (VD" : mm|?)dx
< Vo N|\Lz+0||Vf||L2
+ 12 7o [ IDYV2AVAWY| + VDY VAVAWY ||de
(A.25) + / |(w™ - V)w™ A% |d.

In the following we will estimate (A.25). In virtue of the inequality (p. 31 [24])
(A.26) / @ V)N AreNde < 22wV G+ Ol [F - (n=2),
(A.27) / @ V)N AT de < 22w G+ Ol [F2 (0 =3).
And the estimates
/ IDYV2AVAwN |dx < O V3wV || 2 | VA| LI VP AL V20N e, (n=2),
/ IDYV2AVAwN |dx < O V3w || 2 [ VA| LI VP AL V20N e, (n=3),
1/3

/|VDNVAV3wN|dx < C|VPWN PRIV A| 2| VN 115, (n=2),

/|VDNVAV3wN|dx < O V3N |1 V2 A 2 | Vo |35". (n = 3).
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Thus, we have

w3 + ;; ™3 < Cllw™ |13 + —e||f||%p
(A.28) + CIAN Al 1w 32 + CL A5 ||wN||H2, (n=2),
|| N3 + ;; lw™3s < Cllw™ |13 + —||f||%p
(A.29) + CAIENANZ 1w 13E + C||A||H2||wN||H1, (n=3).
Similarly we can obtain the following estimates: for n = 2,

(A.30)

2 6
ol lw™ ()2 < [CK3T+CKKT+C| fl 720,70 + 00l F2]e TR £ Ky,
tel0,T

and

(A.31) /OT [ ()t < K,
where

Ks=C (OK;?T + O 2e oz + Iol3z + CK2K-K\ T + CK6K7T) .
While for n = 3,

(A.32) sup ||wN(t)||§12 < Ko,
t€[0,T]

where
_ 5 8 & 2 2 CK?T
= |CK;T + CK K, + 5 1A 220,10y + 100l 72 | € :
Further, we have

T
(A.33) / ™ (0)||%dt < Ko,
0

where

Kip=C (OK?T + Ol f 120,101y + w0l F2 + CKP KL\ T + OKQKQT) .
This shows for T' given,
(A.34) w™ € L°°([0, T]; H2(Q)) N L*([0, T]; H*(Q))

provided that f € L([0,T]; H*(Q)) and A € L>([0,T]; H3(2)) N L2([0, T); H*()).
Similarly we can obtain the estimates

d 1Ly Re
gl s + 5 e o™ s < Cllw™ g + =11 e
+ Ol A% 1w 21 + ClLAN e 0™ | 2
4/9 14/9
(A.35) + CAI AN N 122, (n=2),
1 s Re
|| Mz + 5 el < Cllw™ i + =1l
+ Ol A2 llwN 120 + CllA| s 0™ 13
1/3 5/3
(A.36) + OIAL AL wN 2, (n=3).
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From (A.35), for n = 2 we have

(A.37) sup ||wN(t)||§13 < K11,
t€[0,T]

where
Re 4
K1 = ||Juoll3s + 7||f||%2(O,T;H2) + CK3T + CK'Ky + CK Ky | e“ 7.
Furthermore, we have

T
(A.38) / ™ (0)|[%dt < Ky,
0

where
Kiy=C (||u0||§13 + CIf2ago ey + CKST + CK*K\T + CK? K T + OK2K7T) .

Thus we know that ¢1(K, T) = K12 + K11 for n = 2.
From (A.36), for n = 3 we have

(A.39) sup [|w (8)|[ s < K,
te[0,T)

where
K1z = [[luolls + Cllf 720,102y + CKZT + CK P K3T + CKAK3T)eCK°T

Moreover,

T
(A40) | 10 Ot < Ko,
0

where
Ky = c(||u0||§{3 + Cf 720,002y + CKST + CK P K3T + CK' KT + OKQKlgT).

Thus we know that ¢1(K,T) = K14 + K13 for n = 3.
Therefore, this implies that for T' given,

(A.41) w™ € L°°([0, T]; H3(Q)) N L2([0, T]; H4(Q))

provided that f € L2([0,T]; H*(Q)) and A € L>([0,T], H3(2)) N L2([0, T], H*(2)).
Passing N — oo, we can obtain the estimate (2.16).
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