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CONVERGENCE ANALYSIS OF BCF METHOD FOR HOOKEAN
DUMBBELL MODEL WITH FINITE DIFFERENCE SCHEME*
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Abstract. A convergence analysis of the Brownian configuration fields (BCF) method [M. A.
Hulsen, A. P. G. van Heel, and B. H. A. A. van den Brule, J. Non-Newtonian Fluid Mech., 70 (1997),
pp. 79-101] for the Hookean dumbbell model with finite difference scheme in dimension 2 or 3 is
given in this paper under the assumption that the continuous solution is smooth enough. An explicit
solution of the Hookean dumbbell model is obtained via deformation tensor. A large deviation-type
estimate for the error of polymeric stress E(QQ) is given, which is a key step in the proof. It is
shown that if the number of configuration fields N, the space stepsize h, and the time stepsize 6§t are
chosen appropriately, the convergence of second order in space and first order in time may be proved
after excluding a set of small probability. Simultaneous discretization of Monte Carlo and space and
the inverse inequality trick are essential for the proof.
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1. Introduction. The dumbbell model is the simplest model of polymeric fluids
that takes into account the microscopic behavior of the solute polymers [2, 4, 16]. It
models the polymers in dilute solution by dumbbells, each with two beads connected
by a spring. The configuration of the spring then specifies the conformation of the
polymer. Denote by u and p the velocity and pressure of the fluid and by @ the
configuration of the spring; then one has the following coupled macroscopic-kinetic
equations:

(1.1) du+ (u-Viu+ Vp=Au+ V- -E(F(Q)Q),
V-u=0,
dQ =(—u-VQ +rkQ — F(Q))dt + dW,

where F(Q) is the spring force, x = Vu” is the strain rate, W is the standard mul-
tidimensional Wiener process only in time, F(Q)Q is understood as tensor product,
and E is the expectation of random variables. Here all of the physical constants are
taken to be 1 for simplicity. In general, F(Q) = v(|Q*)Q, and v(|Q[?) > 0. The
corresponding initial and boundary conditions are supplied for different problems. In
the case of F'(Q) = @, the Hookean dumbbell model, the polymeric stress 7 = E(QQ)
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satisfies the well-known Oldroyd-B model

(1.4) T+ 1=1,

where I is the identity matrix and

(1.5) Ti= 0+ (u V)t — k-7 — 7KL

is the upper convective derivative [1]. In a general case one would not expect a closure
equation for the stress 7.

The system (1.1), (1.2), and (1.3) has its meaning in the multiscale simulation of
complex fluids. Usually a flexible polymer in the solvent is modelled as a connected
elastic dumbbell. In the dilute case, the probability density function f satisfies the
well-known Fokker—Planck equations which lie in a very high dimensional configura-
tion space. The direct deterministic discretization is not feasible for the huge compu-
tational effort. In the first successful multiscale simulation scheme—CONNFFESSIT
[11]—one may simulate these elastic dumbbells in the solvent numerically according
to a stochastic differential equation (SDE) such as (1.3), except that the convection
term d@ + u - VQdt is replaced by material derivative DQ. It is obviously a La-
grangian method. This algorithm suffers from the local concentration and sparsity
of the polymers, which makes the empirical average for polymeric stress lose accu-
racy. It is improved with Brownian configuration fields (BCF) [8] by introducing the
fields Q in (1.3) with an Eulerian viewpoint. Some deeper explanations and further
developments of BCF may be found in [3, 17].

Many mathematical issues for this type of problem have been considered in recent
years. The analysis for Hookean dumbbell F(Q) = Q in shear flow was first considered
in [9, 5]. In this simplified form the linearity and decoupling of one component of Q
to the other are sufficiently utilized. The mean square convergence after excluding
a set of exponentially small probability is obtained. The local well-posedness for

FENE model F(Q) = Q/(1 — Q—z) in shear flow is obtained in [10], where Qg is the

0
maximal extension of the spring. In this case, the force is singular when @ tends

to Qo. A delicate analysis for the nonexplosive behavior of @ is deduced. In a high
dimensional case, the local well-posedness is proved in [6] for the coupled system under
the polynomial growth condition of Q

(1.6) IVPF(Q)| <1+|QP (m=0,1,2,3,4)

for some positive real p. The most recent progress for the mathematical analysis of
complex fluids is reviewed in [12]. To the best knowledge of the authors, there are no
results concerning the convergence of the BCF methods for the dumbbell model in
the nonshear flow case, even for the Hookean spring, which is the main contribution
of this paper.

The basic approach we take is very similar to the shear flow case [5, 9] under the
assumption that the continuous solution is smooth enough. But a stronger result is
obtained for the analysis of the error of polymeric stress E(QQ). In order to exhibit
the essence of the proof, we take the finite difference MAC scheme (described in
section 2) for a model problem in a rectangular domain D with periodic boundary
condition; this is quite common in computational fluid mechanics. The proof would
be easily adapted to general boundary conditions. The first point of our proof is that
the space should be discretized. In this case the inverse inequality

_ _dy_ ~ 4, =
1@ e < h75 @z, 1Q g < BT 2]1Q Iz
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could be applied, where @, Q" are numerical solutions of the coupled system, h is
spatial stepsize, d is space dimension, and Ly° and L,% are the discrete L™ and L?
norms defined in (2.9) and (2.10). Then the discrete L norm of @” and Q" could
be bounded by the discrete L? norm and the high order convergence of the scheme.
This is essentially one part of Strang’s trick [19]. Let us consider the error of Q

E"=Q"" -Q"™, m=12,...,N,

only with time discretization, where the superscript m = 1,2,..., N represents N
different fields driven by N independent Wiener processes in BCF methods. Here
Qn’m means the numerical solution of @ with exact velocity u™ = w(t,). Their
rigorous definition is in (4.14) and (4.15). E™™ satisfies

~n+lm

(E’VH-L"L _ En,'rn) + a” - VEn-‘rl,m + e . VQ

~n+1l,m

_ 7nE7L+1,m + venQ

E

(1.7) =

n,m
_Ev ,

where e = u™ — 4" is the error of velocity, and " = (V™). The term

(18) / ,a” . VEn"rl,m . En-‘rlﬂndw =0
D
~ 1,
in the space continuous case. In order to estimate fD em .- VQ”+ m, E”+1’mdw, one
needs
~ +1’.
(1.9) V@™ P x|~ < Const.,

where (-)n is the empirical average with respect to m defined in (2.7), and “=<”
means “<” after excluding a set of exponentially small probability. This could be
very difficult. It is easier to obtain the following L2-type estimate:

~n+1,-

(1.10) {IV@Q

But it cannot be transferred back to the L norm. This difficulty could be overcome
by using the inverse inequality trick in the spatially discrete case.

Even if the space is discretized, the inverse inequality makes the estimate of the
mean square type in [9] inapplicable. This can be clarified by the following arguments.
Now the term @™ - VE™ ™! becomes @" - V, E" ™!, where V), is some kind of spatially
discretized derivative (for example, one of (2.1)), and we have dropped the subscripts
“i, 77 denoting spatial dependence of variables for simplicity. In this discrete case

I*Yn |22 = Const.

(111) Zﬁn . VhEnJrl,m . gprttm ?é 0.
ij
It has only the estimate

(112) Z,an . thn-i-l,m i E’VH-L"L < ||Vh’l_lzn||Lh°C ”En-l-l,m”L%L.
7]
One demands

(1.13) 6t[Vpu"||pge = Const.
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This could be transferred to the L? estimate by inverse inequality, but a convergence
result of the mean square type gives only

(1.14) E(étHVhﬂ"Hch : 1Ac) < Const.,

where A is a set of exponentially small probability. The expectation cannot be elim-
inated, which means a stronger result is needed.

The key point in this paper is to prove the following large deviation type for the
error of polymeric stress:

(1.15) E@Q") - @ Q" )l < e

where 0 < € < 1 is an arbitrary small positive real number. This goal is achieved by
observing that @ is a Gaussian process and the discrete Qn’m are independently and
identically distributed (i.i.d.) Gaussian random variables in section 4.

Finally, the authors want to comment that our method may be generalized to the
finite element method in principle. But in the finite element method, the treatment of
the convection term must be very careful. Many more details will be involved, which
is beyond the scope of the current paper.

The rest of the paper is organized as follows. In section 2, we state some notation
and the main theorem. In section 3, we cite some lemmas for later use. An explicit
solution and some analysis for @ are given in section 4. The final convergence analysis
is given in section 5. Some technical details are included in the appendix.

2. Main results. In order to state the main theorem, we should introduce some
related notation and definitions first. The boundary condition is taken to be periodic
in space R?, where d = 2,3 is the space dimension. One period is the cube [0, 1]¢
denoted by D C R?. Without loss of generality, we will use only the two-dimensional
notations; the three-dimensional analysis is similar. We define the continuous solution

(u,p, Q) and the discretized solution (u,p, Q) as
u=(a',a%), Q=(Q"Q%,
where the superscript represents the coordinate components. The difference operators

to u! with respect to the z-direction are defined as

_ ul(x + Az, y) — ut(z — Az, y)

Dmul(x,y) = o |
Da;’u/1<;1;’y) — ul(x + A;’y)Axul(‘T _ %,y)7
Eyu'(z,y) = ul(z + Az, y) ;Ul(x - Am,y),
Bt (ny) o VT ) ;ul(x g

where Az is the space stepsize. Similar definitions are given to the y-direction and

u?-component. Correspondingly, the discrete gradient and Laplacian operators are

defined as

. ch — . Dm . 2 2
(2.1) Vi = ( Dy ) s Vi = < Dy ) s Ay = Dx + Dy.



CONVERGENCE OF BCF IN HIGH DIMENSIONS 209
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F1G. 2.1. Staggered grid for u', u2, p, and Q.

The staggered MAC grid is applied to (1.1), (1.2), and (1.3) spatially, and the
discretized variables will be denoted as %, p, and @, respectively. As in Figure 2.1,
let z; = iAz, y; = jAy be the subdivision points in the z-axis and the y-axis, where
we take Az = Ay = h to be the space stepsize for simplicity. The components of
fluid velocity ' is defined at the points (¢,j + 1) (i.e., the nodes labelled with “—7),
u? is defined at the points (i + %,j) (i.e., the nodes labelled with “1”), the pressure
p is defined at the points (i + 3,7 + 1) (i.e., the nodes labelled with “x”), and the
configuration vector @Q is defined at the points (4,5). For the sake of simplicity, we
will omit the subscript (i, 7) later. All of the discretized variables will be understood
at the corresponding nodes without confusion.

For the backward Euler to time and MAC scheme to space, we have the discretized
hydrodynamic equations

,al,n+1 _ ,ELIJL B B
(2.2) — at"Dya"" + E E,u*" Dyat™ + D,p" !
_ 1
= Apu" "t + DB+ DR at (zg + 2),
ﬂQ n+1 ,(22,?7, B B
(2.3) 5 + B, E,ut " Dya*™ + a* " Dyu®"™ + Dy,p"tt
_ 1
= Apu®"t + D, 72" 4 D, E, 75" at (z + 2,3‘),
1 1
(2.4) D,a""' + D, u*"t =0 at (z + 50+ 2),

where ub™ (I = 1,2; n = 0,1,...) are numerical velocity at time t,, = nét. The
polymer stress 7°™ will be defined after the discretization of Q.

For the equation of Q, we apply the Euler-Maruyama scheme to time, centered
difference to space, and the implicit scheme for the following convection term:

(2.5) Qlmontl _ glman _ (Eyﬂl’nDrQl’m,"+1 T Ex't_f’”Dle’m’”H)ét

_ (Dwa,al,an,m,n + Dyal,nQQ,m,n)ét _ Ql,m,nét 4 6W1,m,n’
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(2.6) O+l _ gZman _ (Eyal,anCQZm,n-‘rl + Emaz,nDsz,m,nH)&

_ (DmQQ,nQLm,n + DyEszQ,nQ’Q,m,n)ét _ QQ,m,n&t + 5w2,m,n
at (i,5), m=1,...,N,

where W™ are ii.d. N(0,6t) random variables, which are the discretization of
Wiener process. The superscript m in @ represents the mth replica induced by the
i.i.d. temporal Gaussian random variable §W%" "  That is one key ingredient in the
BCF method.

Now we state the definition of polymer stress 7+\"

N
1 _ _ _ _
2. =kln _ — k,m,n Al,m,n = < k,\n l,»,n>
(2.7) S P IR Qrengien)

which is the empirical average of Q¥Q'. Here k,1 = 1,2 and (f)n := % ZTJZ=1 f™ for
arbitrary N-array f. The superscript “” means to be taken for all possible choices.
Define the error of u

el,n _ ul,n _ al,n

2 ILn _

on corresponding nodes (i, j + %) or (i + %,j) for e! or €2, respectively, where u

u'(t,), and the notation for discrete

_ _1, _2,
(2.8) L norm [y = A"y (|ui;+%| + \uif%’j\),
(¥
2 — 2 d —1, 2 —2, 2
(2.9) L morm a7y = Y7 (@707 + @2 )?).
ij
- “1,n _2,
210 L momm e = ma{ | 1
and
(2.11) L2L3 notm "2, = 6t [[@"25,
n
(2.12) LY Ly norm  ||u"||peopge = mr?XHﬁn”Lan

where d is the space dimension.

The main results of this paper are as follows.

THEOREM 2.1. Under the condition u € C*([0,T] x D), the SDE
(2.13) dQ + (u-V)Qdt = (vQ — Q)dt +dW,,  Q(z,0) = Qy(x),

has the explicit solution in Lagrangian coordinates a defined in (4.1)

(2.14) Q(a,t) = e "Fla,t)Qy(a) + F(a, t) - /0 ST F N ays) - AW,
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where F(a,t) is the deformation tensor defined in (4.4). With the assumption that
Q,(x) is a constant Gaussian random field independent of Wiener process W, the
following large deviation-type estimate for its numerical solution Qn holds:

(2.15) IBQ"Q") — (@ Q" = s

after excluding an event A with probability

(P+d)T _py  dT _ne o d*T _nep,

Twast ¢ Twae® 7 T hast

if st = h?, N = h=% (a > 0), where b, B3, By are defined in (4.32), (4.36), and (4.42)
respectively, and 0 < € < 1 is an arbitrary fixed small positive number. The rigorous
definition of Q is in (4.14) and (4.15).

REMARK 2.1. The initial condition Qq(x) being a constant Gaussian random
field means that Qu(x) = (QF,Q3,...,Q%), and QY (I = 1,2,...,d) are indepen-
dent Gaussian random variables. This is reasonable when polymers are initially at
equilibrium [9].

THEOREM 2.2. Assume that

(2.16)

(2.17) w € C°([0,T] x D).

If &t = h?, N = h=%, a > d, where d is the space dimension (d = 2,3), then we have
the following error estimates of BCF methods for the Hookean dumbbell model with
finite difference method:

(2.18) le” ”ich,% = C<5t2 +ht+ Nl—e)
and

. 1
(2.19) the ’nH%gL% = C(‘StQ +ht+ Nle)

after excluding the same event A as that in Theorem 2.1, where C depends on the
norm HUHCS(DX[O,T])-

REMARK 2.2. The conditions 6t = h?, N = h™%, and oo > d are much more
stringent than those in the shear flow case [9]. But it is necessary for the current
proof because of the application of inverse inequality. In the shear flow case [9], the
choice of 6t, h, and N could be independent of each other, and the probability of
excluded event takes the form similar to %e*%d\”“ 8 It is easy to find that the
probability tends to 0 whenever 6t — 0 or N — oo and the other is fixed. It is still
an issue on how to remove the dependent condition on h, 6t, and N in the current
proof.

REMARK 2.3. Though we prove the convergence of the numerical scheme to the
continuous solution, this does mot imply another existence proof in the continuous
level. The proof relies heavily on the existence of a priori smooth solution, while this
could be proved for the nonlinear dumbbell model with polynomial growth condition in
local time [6]. The convergence does not hold only in local time; it is valid until the
solution loses its smoothness demanded in the proof.

Notation. We will use the shorthand a < b in the rest of this paper to denote
a < b, except for an event of small probability approaching zero exponentially as that
in the paper [14].
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3. Preliminaries and lemmas. Here we present some technical lemmas with-
out proof for later use.
LEMMA 3.1 (inverse inequality for spatial discretization).

_ _d_ _ —1 =
(3.1) @l <h™2 @iz, [Vaull; <h™alg,

where d is the dimension, and all the norms and variables are spatially discretized.
LEMMA 3.2 (discrete integration by parts).

(3.2) > u-Vip=-> pVi-a,
: ~

1j
(3.3) Ry Apu - = ~[IVhals-
ij

LEMMA 3.3 (discrete Gronwall inequality). Ifa; >0, ¢; >0 (i =0,...,n), which
satisfy

(3.4) an < (1+ epdt)an—1 + 6t°
and 5ty ¢; < Co, nét < T, then we have the following inequality:
(3.5) an < Crag + CobtP ™!,

where Cy = %0, Cy = Te 0.
LEMMA 3.4 (Cramér’s theorem). Let {X,}V be P-i.i.d. random variables with
common distribution p, assume the associated moment generating function M, satis-

fies
(3.6) M, (N = / e Mu(dr) < oo for all X € R,
R

setm = fR zp(dx), and define I, as the Legendre transform
I,(z) :=sup{dx —A,(\): A\€ R}, =z€R,

of Au(X), where A, (X) = log(M,(N)) is the logarithmic moment generating function
of u; then

(3.7 P((X)N > a) < e N@  for all a € [m,c0),
(3.8) P((X)N < a) < e Nl for all a € (—o0, m).

The proof of this lemma may be found in [20].

4. Analysis of QQ’s equation. In this section, we will give an explicit solution
for the equation of @Q and consider some numerical issues with the velocity term u
being exact deterministic variables.

4.1. An explicit solution of linear Hookean dumbbell model. Let us first
consider the linear Hookean dumbbell model (2.13) with « known. We assume the
initial value Qq(x) is as described in Remark 2.1 and the covariance matrix of Q is
0. We assume 3 is a symmetric positive definite matrix.

LEMMA 4.1. The SDE (2.13) has the explicit solution (2.14).
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Proof. Define the flow map

(4.1) W =u(z(a,t),t), =z(a,0)=a,
and let Q(a,t) = Q(x(a,t),t); then Q(a,t) satisfies
(4.2) 4Q = (vQ — Q)dt + AW, Q(o,0) = Qy(ev).

The smoothness and incompressibility of u(x,t) guarantee the flow map is a homeo-
morphism from R? to R?. Define the solution operator of the flow map F¢ : R? — R?,
ie.,

dFlx
dt

=u(Flz,t), Fixr=uwx;
then
(4.3) z(a,t) = Flo.

In order to give the explicit solution of (4.2), we define the deformation tensor

oz Oz

(44) F(a7t) = a, 1.e., F’L_] =

3

8aj

motivated by [13]. From the incompressibility condition of w and F(«,0) = I, we
have

(4.5) det F(a,t) =1,
and F, F~! satisfies

dF dF—1
(4.6) = = —F 1k,

respectively.
Define P(a,t) = e!F~! - Q; then

(4.7) dP(a,t) = (e'F71-Q —e'F' - kQ)dt +e'F~' - dQ = ' F1 - dW,

so we have the explicit solution of (4.2)

(4.8) Q(a,t) = e 'Fla,t)Qy(a) + F(a, t) - /ot ST F ey s) - AW,

Pushing forward to the Eulerian coordinates we will have the corresponding solution
(4.9) Q(z,t) = e 'F(x,1)Qy(x) + F(x,t) - /Ot ST (Fra,s) - AW .

From this explicit form and the assumption on Q((x) we have that Q(a,t) is a
spatially smooth Gaussian random field N (0, X(c, t)) and

(4.10) Y(a,t) =EQQT = e 2F . %, - FT

t
+ F(a, t) - / PR (o, s)ds - FT ().
0
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It is clear that X(a,t) is also symmetric positive definite. o
LEMMA 4.2. The spectrum of covariance matriz X(x,t) has the following uniform
bounds:

(4.11) 0 < co < Amin(B(2, 1)) < Amax(E(a, 1)) < Co,

where the constants Co and co depend only on |ullci(pxjo,r)) and Xo. Thus the
diagonal entry o?(xz,t) of X(x,t) has the corresponding lower bound co and upper
bound Cy.

Proof. From the Wieland—Hoffman theorem [7], the ith eigenvalue of any sym-
metric matrix is continuous with respect to the symmetric perturbations. Then from
expression (4.10) all of the eigenvalues of X(, t) are a continuous function of e and
t. Because (o, t) € D x [0,T] is a compact region, Amin achieves a lower bound ¢y and
Amax achieves an upper bound Cy. From the positivity of (e, t), ¢o is positive.

From the Courant—Fisher theorem, the diagonal entry o?(a, t) of ¥(cx, t) has the
same lower bound and upper bound. Pushing forward to the Eulerian coordinates
gives the desired results. 0

LEMMA 4.3. Ifu € C™ (D x [0,T]) and Q, € C™(D x [0,T], L*(2)), then

(4.12) v™Q € L>(D x [0,T], L*(Q))
for arbitrary m € NU {0}, and
(4.13) V™0,Q € L>°(D x [0,T], L*(2))

for arbitrary m € N.

Proof. From the explicit form of Q(x,t) and the smoothness of u and Q,, the
inequality (4.12) above is obvious by direct differentiation and It6 isometry [15]. In-
equality (4.13) comes from the SDE (2.13) and the fact that the spatial derivative of
W is 0; thus the most singular term vanishes.

Another estimating method is to differentiate both sides of (2.13) and perform an
energy estimate as in [6]. O

4.2. Time discretization of Q. For the analysis of the error of Q we define an
auxiliary random variable @ which obeys similar equations as (2.5) and (2.6), except
the velocity u is replaced by the exact u

(4.14) QU — QU — (Eyul DLQY Y + Byt Dy QL ot
= (DaByul QM 4+ Dyl Q3" )8t — QU st + s,
(4.15) Q2+l _ g2 (Eyul’”DxQQ’"H v Exuz’”Dsz’"“>6t
_ (Dgﬂu?’"c}lvn + DyEmu“Q?’")ét — Q2" 5t + SW2

This is nothing but the time discretization of Q.
Defining the error

El,n _ Ql,n . Ql,n’

we have the following lemma. ~
LEMMA 4.4 (mean square convergence of Q to Q).

E|E" |2, < C(6 + ),
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where C' depends on ||ulc4(pxjo,))-

Proof. In order to prove the convergence theorem above, we integrate both sides
of Q’s equation from t,, to t,41 and in the rectangle [z;_1,2;41] X [yj—1,¥;j41]; then
we have

Ti+1 Yji+1 Ti4+1 Yji+1
/ Q(z,y, tny1)dydx —/ Q(x,y,tn)dydw

Yji—1

Ti41 Yji+1 n+1
/ / / —u-VQ + kQ — Q)dtdydx + 4h* - sW™.
y 'n

Here W™ are i.i.d. N(0,6t) random variables in R<.
We rewrite the above equations with the similar form as (2.5) and (2.6); then we
will have the following equations and the remainder terms:

(4.16) QUM — QM — (Eyul’”Dle’"“ + Emu2’"DyQ1’"+1)6t
(4.17) Q¥+l _2n (EyuLnDIanﬂ + Emu2,nDyQ2,n+1>6t
= (D" Q" + Dy Epu® Q2" Yot — Q2"6t + SW" 4 R

at (i, j),

where Q"1 = Q!(t,41), | = 1,2. The truncation errors R"™ are analyzed in the
appendix in detail. Defining R" = (RY™, R*"), we have from the appendix

(4.18) R" = R' + Rj.
R} satisfy the following estimates:
(4.19) E|R} |2, < C18F%,  E|R3|2 < Cadt?(h* + 812),

where C; and Cy are positive constants depending on ||u|/cs(px[o,77), and

n

(4.20) ER}-E =0

by independence.
Subtracting (4.16), (4.17) and (4.14), (4.15), we have

@2y B - B (ButmD,ENH 4 ButnD, BN et
= (DaByutm B 4 Dyl B2 Yot — EM"6t + R
(4.22) E2ntl _ B2 (Eyul’"DxEQ’M'l + EmuZ"DyEQ»"“)ét

= (Do BV 4 D, B B2 ) st - E27st 4 B2,
Timing both sides with E-"! and taking summation on the nodes, the term

~ln ~ln ~ln n+1 ~n ~n+l1 ~n
So(Ebnt = by et = (1R, BT, + 1B - BT,

35,1
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The second term can be controlled as follows through summation by parts:
= = o 1
Z (Eyul,nDIEl,n+1 + EIUQ’nDyEl’nJrl) El n+1 < ||vhun||LOo ||En+ ||L’2 )
ijil '
The third term can be controlled as follows through Cauchy’s inequality:
Z (DmEyul,nEl,n + Dyul,nEZ,n) . El,nJrl + <Dmu2’”E~’1’”
ij
= = +1
+ DyBputm B2 - B2 < |V | | B2, + 1B

The fourth term is standard:

n n n+1 ~n
S Bt Bt < (1B, 4 BT,

ij,l

The term R™ - E"™" can be estimated by

~n ~n ]_ ~n =n 1
R"E"" <R E +5(B "B %)+ 5 1R

and R"-E'=R} E"+R} - E",

=n

1 “n
E < —|R?]?+ 6tE |
_%tl 5" + Ot E|

X
N3

Combining all terms together and taking expectation, by using the important identity
(4.20) we have

BIE" |2, < (14 Cubt) E|E"|2 + Cubt(52 + 1),

where C3 > 0 depends only on [|ul|c1(px[o,77), and Cy4 > 0 depends on [|ul|ca(px[o,17)-
By the discrete Gronwall inequality we obtain the desired result.
LEMMA 4.5 (mean square convergence of V,Q to V,Q).

E|VAE" |} < Ot +h),

where C' depends on |[ulcspxjo,))-
Proof. The procedure is almost the same as Lemma 4.4. Note that for any two
arrays f and g, we have

Dz(fg)ij = (Daf

Dy(fg)ij = (Dyf
We take D, D, to both sides of (4.21
DyEl’"; then

)ij - Giv1,5 + fic1,j - (D2g)ijs
)ij - Gij+1 + fij—1 - (Dyg)ij-
) and (4.22) and define F'* = D, Eb", Gb™ =

(4.23) Flmet — Fln — (E up™ D FY T 4 Bl DR "*1)&

i—1,7 i—1,7

n Hl,n+1 7~ nAln+1 1,n n n
+ (DaByul " FLTS + DaBpu® G Yot = (DaByuly ;B 4 Dyl F2" )t

n ml,n n m2,n n B l,n
+(DD Eu" BN+ DDyt EZHJ)&—FL 8t + Dy RM™,

(4.24) PRt — Fn — (E up™ D FP T 4 Bl D F* "*1)&

i—1,5 i—1,7

n m2,n+1 M 2,n~¥2,n+1 2n 1,n r2,n
+ (DaByul " FEYS + Dy B G ot = Dy B 4 Dy Byl P20 ot

+<D D u2nE1n

L 4+ DDy Eu* B ])& — F2n6t + D, R>™,
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and élin satisfies similar equations, which we will omit here. The new remainder
terms D, RM™, Dle’" are analyzed in the appendix.

Timing both sides with F5"*! (or G4+ for G4"+1’s equation) and taking sum-
mation on the nodes, we have the following estimate with similar arguments as
Lemma 4.4:

_ o~ 1 _ o~
E|IViE"" |2, < (1+C16t) E|[VAE"||2, + Cabt(6t2 + hY),
where C > 0 depends only on [|u||c1(px[o,r7), and C2 > 0 depends on [|u||cs(px[o,17)-
The discrete Gronwall inequality gives the desired result. ]

~ 4.3. Large deviations related to Q For the analysis of the error caused by
Q in BCF methods, we introduce N i.i.d. duplications of (4.14) and (4.15)

(@25)  QumetZ Gimn (Bt D, QU 4 Butn D,Ghme Yot
= (DaByut QU 4 Dyl QR ot — QL ot + SW,
(@26)  Qrmnt = Qi (Bt DGR 4 Bt D, QR )y
= (DzUQ’"Ql’m’" + DyExuz’"@’m’")ét — Q¥ St 4 W

where m = 1,2,...,N. §WH™" are i.i.d. N(0,6t) random variables.
LEMMA 4.6. If the space time stepsize satisfies

ot 1
(4.27) HUHCO(DX[O,t])E <2

then (4.14) and (4.15) are solvable, and the random variables Q' are Gaussian
random variables with mean 0. ~ i

Proof. We can define a large vector @,, whose components are Q ~ at node points
and rewrite (4.14) and (4.15) in matrix form. Simply denote it as

Ay - Qn+1 =B, - Qn + 6Wn7

where A, B, are deterministic matrices, and §W,, are random vectors formed by
SWH™. The diagonal of matrix A, is 1, and each row of A, has 2d off-diagonal
elements, each of which can be bounded by ||ullco(pxjo,q)5t. Thus A, is strictly
diagonally dominant; i.e., A,, is invertible. We have

Q71+1 = (An)ian : Qn + (An)iléwn

By induction, we have that Qn are Gaussian random variables because Qo and W,
are i.i.d. Gaussian. Taking expectation shows EQ,, = 0 immediately. [

LEMMA 4.7. Suppose the random variable Q ~ N(0,52); then Q% obeys large
deviation theory with rate function

T 1 1, 0

4.28 I(z)= — — =4+ -1ln—
(4.28) @ =2 337
for x > 0. o R

LEMMA 4.8. Suppose the random vector (Q*, Q%) ~ N(0,X), where

= o o
(o 012 )
021 022
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Y is symmetric positive definite. Then Q1Qs obeys large deviation theory with rate
function

for x € R, where A(x) satisfies

(4.29) G12 + A(z) det () -
. 1 —2\(x)G12 — A2(z) det(X)

and
(4.30) A = _% In(1 - 22515 — A det(5) ).

The proofs of the two lemmas above are deferred to the appendix.

For later use, we have the following estimates of large deviation type after ex-
cluding a set of exponentially small probability.

LEMMA 4.9. We have the following bounds hold for all Il = 1,2 and 0 < n < %
if &t = h2, N = h™%, and h is small enough such that (4.27) is satisfied and the
following probability of excluded set is less than 1:

(4.31) Q™ )Nl = B, [(IVRQ" " *) I < Ba,

after excluding a set with probability %e‘l\/b, where b is defined in (4.32), By =

A(EQ* || = (px[o,ry) + 1), and Bz = 4(|[E|VQ|*|l = (px[o,r)) +1)- o
Proof. According to Lemma 4.6, the random variables Q“™" and V;,Q"™" are
i.i.d. Gaussian random variables with mean 0. From Cramér’s theorem (Lemma 3.4)

P((Q""*)n 2 257) < exp(—N - 1(257))

where 67 is the variance of Q'", and the rate function is shown in Lemma 4.7. We
have

1
(1-1n2):=b> 0.

(4.32) 1(267) = 3

Because the estimate above is only for one node point in D, we should prove that
52 has a uniform upper bound for all node points. By triangle inequality and inverse
inequality

57 = B(Q"")? < 2(E(Q"")? + E(E™")?)
< 2(||EQ2||LW(DX[O,T]) + Ch (8t + h4))
< 2(|[EQ?|| L= (px[o,r)) + 1)-
So the estimate
Q" ™ *)nllLze = By

is obtained after excluding a set of probability

dT
m exp(be)
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Similarly as above
P((VAQ" "2 = 20%) < exp(~N - 1(207)),

where 67 is the variance of V5,Qb". The uniform upper bound of o7 is estimated
through inverse inequality and Lemma 4.5:

6_l2 — E(@th,n)Q < 2(E(@th,n)2 + E(@hENwl,n)Z)
< 2(IBIVQI L= (xfomy + Ch=(8 + b))
< 2(|[EIVQP* |l (pxo,1)) + 1)-

Thus we have
(V@ ") NllLg = B2

after excluding a set of probability % exp(—Nb). d
LEMMA 4.10. We have the following estimates hold for k,l =1,2 and 0 < n < %
if &t = h%, N = h™%, and h is small enough such that (4.27) is satisfied and the

following probability of excluded set is less than 1:

(4.33) IB(Q"" Q") — (@ Q" ™) nl7~ = k=12,

N1-—€’

; ; g dT ~N°gi— | d*T ,—N°B
after excluding a set with probability ;35€ 2By + o€ 4, where Bs, By are

defined in (4.36) and (4.42), respectively. 0 < € < 1 is an arbitrary fized small
positive number. 5
Proof. First consider k = [ case. Suppose E(Q')? = 57. From Cramér’s theorem

P(<(Q”"”)2>N > 67 + 6) < exp(—N - I(32 +6)),
P(((Q""))n <57 — ) < exp(~N - 157 — 0))
for 0 < § < &7, where I(x) is the rate function for (Q')2. Taylor’s expansion gives
1
(4.34) I(6} £6) = I(67) £ I'(67)6 + 5I”(§)52,

where £ =67 + 06, 6 € [—1,1]. From Lemma 4.7 we have

1
(4.35) I(6}) =0, I'(6G}) =0, I"(x)= 5.5
Taking 6 = N~ "2° and noting that

B2
(4.36) €2 <25 42N"179 < 71 +1:= Bj,

we have

1

H]E(Qk’nél’n) - <Qk"’nQ~l’v’n>N”2Lz0 ﬁ F
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for k = [ after excluding a set of probability

drT 1
L exp —N— ).
hdst eXp( 233)
For the k # [ case, the idea is the same. We will take k = 1, [ = 2 as an example;
then we have E(Q'Q?) = 612 and 64, = 67 (k = 1,2). The only thing left is to prove
the uniform positive lower bound of I" (), where £ = 515 + GN_%, 0e[-1,1].

It is not difficult to find that I(z) is smooth for &;; and x from its concrete
expression. We have Taylor’s expansion

(4.37) I"(G12 +y) =I"(G12) + 1" (&),

3

where € = 615+ 0y, 6 € [0,1], y € [-N~"2",N~2"]. Thus

(4.38) I"(612 + 1) > I"(612) — max [I”(§)|N~"=".

§, Gij

It is not difficult to obtain

1 1
4.39 I"(619) = = = ——=5
(439) (012) det X +262, (1+p?)ai53

where p is the correlation coefficient for Q'™ and Q™ and p € [—1,1]. The uniform
positive upper bound and lower bound for 57 and ¢ are easily proved from Lemmas
4.2 and 4.9. Thus I"”(G12) has a uniform positive lower bound by. The function
I"(612 + 0y) may be viewed as a function of variables

1

(4.40) (p,61,52,0,y) € [~1,1] X [b11,b12] X [ba1,bag] X [0,1] x [N~ 2", N~

1—e

=],

where by1,b12,bo1, b are fixed positive real numbers independent of N, h, and 6t.
From the uniform continuity of I'”(-) for these variables,

(4.41) max [ (€)] < bs.

&, Gij
Thus when N is sufficiently large,

bo

1—

262

(442) I/I(f) > by — bsN™ = By > 0;

thus we obtain

~p ~ ~ 1
IE(@5"QM) — (@5 QY ") n i = =
for k # [ after excluding a set of probability % exp(—N€By). d

REMARK 4.1. In the rest of the paper, all of the excluded events are the union of
the excluded sets indicated in Lemmas 4.9 and 4.10. We will denote it as A. All of
the inequalities with notation “=<" in the following sections mean that they hold after
excluding event A.

5. Convergence analysis. After the preparations in the last section, the con-
vergence analysis is relatively standard and easy with the inverse inequality trick.
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5.1. Truncation error for u. For the exact solution u, we have the truncated
equations under the assumption u € C%([0,T], C*(D))

I B R W) B _
(51) T —‘rul’nDIUl’n +E$Eyu2’"Dyu1’” + prn-‘rl
_ 1
= Apu'"t + D B, 7' 4+ Dyt 4 O(8t + h?) at (z] + 2),
U2’n+1 _ u2,n _ _
(52) T + EzEyul,nDqu,n 4 u2,nDyu2,n 4 Dypn-‘rl
_ 1
= Apu®™ 4+ D727 4 DyE, 7" + O(8t + h?) at <z + 2,j>,
1 1
where

=l (ty), T =E(QF(t.)Q (tn)),  tn = nét,
and they take values at corresponding nodes as in (2.2), (2.3), and (2.4).
Because D,u'"* + D u?" ! = O(h?) in (5.3), which will bring trouble to the
analysis, we need the following lemma [18].
LEMMA 5.1. There exists up(x,t), such that

(5.4) up(z,t) = u(zx, t) + O(h?)

and Vy, - up =0, where Vy, - u(z,t) = Dyut(z,t) + Dyu?(z,t).
Proof. Note that in two dimensions u = (-0, 05%), where ¢ is the stream
function, so we define

up = (_Dy'@[]ame)
It is obvious that
up =u+O0(h?), and Vj-uy=0.

A similar case will be in three dimensions. O

Replacing the velocity w with uy, in (4.14), (4.15), (4.16), (4.17), (5.1), (5.2),
(5.3), the order of the truncation error will not be affected. We still abbreviate uy, as
u for the simplicity in what follows.

5.2. Analysis of the error of u. Define
n v -n klon _ _kl,n —kl,n lm,n _ Al,m,n Al,m,mn.,
¢ =p"—p", ET"=7""-—700  EVT=Q Q™"

then by subtracting (2.2), (2.3), (2.4) and (5.1), (5.2), (5.3), we have

61,n+1 1,n

—e _ _ _ _
1,n 1,n —1,n 1,n 2,n 1,n —2.n 1,n
+e"Dyu" +u " Dye" + By Eye®" Dyu" + E B u”" Dye

ot

(5.5) + D,q"t = Ape'" ™ + D, E,EX" + D, E?N™ + O(8t + h?),
2n+1 _ 2)n _ _ _ _

(& + Ewael,anuZn 4 Ewaal,aneQ,n 4 62,nDyu2,n + ﬂz’"Dyez’"
(5.6) + Dyg"t = Ape*"tt + D,EP" + D, E,E**™ + O(6t + h?),
(5.7) Dpe"" 4 Dyt = 0.
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In order to apply the inverse inequality trick to control the Ly°® norm of related
variables, we define the “blow-up” time

Q"

k

1@ ¥z < llullcowxpry +1, 66 Y IVaa Iz < Tlwlgpwory) + 1,
=0

2>N||L;° <2(By +1),

T
(5.8) Mmax ‘= maX{O <n< "

iy 1 .
S Vaw F e < 7,0t VhaF |7 =2

1
SaOSkgn}7

where Bj is defined in Lemma 4.9.

LEMMA 5.2. For alln < npax we have the estimate
1 . . : ) 1 .
(5.9) 5 (e — e 2, + et — e 3, ) + S Tae "2,

. . 1 )
< Cille x"”%i + Csolle ,n-&-l”%i + gHVhe n

1
|72 + §||E'T’n||2L§ +0(68° + h'),

where Cy > 0 depends on ||ullcr(pxjo,r)), and Ca > 0 depends on ||ullco(pxo,r))-
Here

2
1B = D 1B |7,
k, I=1

and

5.10 B2, < 20 oy 4t O ?

(5.10) 1B 7 = +Ca(6t” + 1) + ([ ") x|,
h

lee
A, |2 |2
+ H<‘Q | >NHL;€)<”E ‘Li>N’

where C3 is positive and depends on ||u||ca(px[o,17)-
Proof. Taking inner product to both sides of (5.5) and (5.6) with e""*! and taking

summation, we will consider term by term for (5.5).
The first term at the left-hand side of the equation can be estimated as

1
(et —elmy ettt = ~(Jle 2y — [le |2, + e — e, ).
2 h h h

ij,l

The second to fifth terms can be estimated by Cauchy’s inequality, so they can be
bounded by

_ . = . 1 .
(1+ 8@ le ™13 + 90wz le ™13 + 51 9he 2.

The sixth term at the left-hand side of the equation will be 0 by summation by parts
and (5.7). The first term at the right-hand side can be estimated by (3.3). The second
and third terms can be estimated by summation by parts and Cauchy’s inequality, so
they can be bounded by

1 _ -
SIVhe ™ HLs + SIE s
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Finally, by using
IVau|[Tee < llullEn pxior)

and the condition ||ﬁ”|\2Lﬁ.o < lullco(pxjo,ry) + 1, we have the inequality (5.9).
For the error of polymeric stress we have

||Ekl’"||igy = [(@""Q"™) — @k"’"Ql"’")NH%g
HQE"Q"Y™) — (@M QM™)|172 + (@M QM) — (@ " QY ™) wZs

+ Q™ "QM ") Ny — <Qk"’an"’n>N||2Lg
(5.11) =P+ P, + Ps,

IA

where P; accounts for the discretization error with u exact, P> accounts for Monte
Carlo discretization, and P3 accounts for the discretization error with w replaced by w.
We have

(512) P <|E@Q"IzEIE"3; + IEQ")mEIE"|7; < C(6° + h')
by Lemmas 4.4 and 4.9,

2d
Nl—e

(5.13) Py =
by Lemma 4.10, and

(@ @by — (@ QM|
< ‘<Qk,~,an:,n>N _ <Qk,-Lan,~,n2N| + ‘<Qk,~,an,~,n>N _ <Qk,~,n@l,~,n>N|
< QM MIEN ™)+ (IBFIQN ) s

thus by Cauchy’s inequality we have

(5.14) Py < (H(IQ’“"’”I2>NHL? + H(IQ“’”I2>NHL?)<\\E-,.,nlliﬁ>N'

The proof of Lemma 5.2 is complete. O

5.3. Analysis of the error of Q. Subtracting the discretized equation (2.5),
(2.6) of Q and (4.25), (4.26) of Q, we have

(5.15) Bl = gt - (Bt D, QU 4 Byt D, BN
+ Eye*" D, Qb 4 Emaz’”DyELm’"“)ét + (DzEyelv”QLm’” + D,E,a'"Eb™"
+ Dyl QT 4 Dy B 5t — BN,
(5.16) B2t = pRonn (Bt D, QR 4 Byt D, B2
+ Bye® D, Q¥ 4 By Dy B )t 4 (Dyet QU 4 Dyt Bl

+ DyEer,nQNQ,m,n + DyEwﬂ2’nE2’m’n)6t _ E2,m,n6t'

Timing both sides with E-"™"*! and taking summation on all grid points, we will
obtain the discrete norm estimate. Because the whole procedure is tedious, we will
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pay attention to the convection term at first. For simplicity we define P™"*! for the
convective terms

Pm,n+1 B Eyﬂl’anEl’m’nJrl + Ex,a2,nDyE1,m,n+l
- =1,m 2 1 =2,1 T 2 1
Eyu 771DIE ym,n+ + Ezu 7nDyE ym,n+

and Pl-l]’-m’"Jrl for its Ith component at corresponding node (i + 3, j) or (i, j + 3); then
we have the following lemma.
LEMMA 5.3. Considering the discretization effect of convection term

Pil,;n,nJrl . E;,T,n+1 _ E%,m,n+1 . E ﬂl,n (El mn+1 El m, n+1)/2h

y @i g i+1,5 i—1,j
Elmn+1 E _2n (Efﬁ_rlz+1 Ezl;n;hLl)/Qh7
we have the estimate
(5.17) [Pt BY Y L < [V e | BT

Proof. Summation by parts shows that

Zlen+1 El m,n+1 Z(E ﬂ11 . Eyflljn)El ,m, n+1Elmn+1/2h

i—1,7
2%
_2n 72n lnLn+1 l,m,n+1
+ZE upl | — Eyuy ) E;T T E N 2h,

Then the standard inequality

Lmn+l plmntl lLm,n+1 1, 1y
B < (B + (B 2
and summation with respect to [ give the estimate (5.17). ad
LEMMA 5.4. For alln < npmax and 6t < 1 5, we have the following estimate for the
error E:

ot

(5.18)  (IE-"3,) < (IE""I3) +Cuétlle™ |2, + TIVae I3

+ Cybt(1+ ||Vhﬁ"”|\%;;o)<||E""n”%%>w’

where C1 depends on By, and Cy depends on By.
Proof. For simplicity we define

Gmfﬂ'i‘l B ( Eyel,anQl,m,n-i-l +Ew€2’nDyQ1’m’”+l >
- 1Lnp H2 1 2,0 )2 1
Eye )nDzQ ,m,n+ —I-Eme ,nDyQ ym,n+

for the rest of the convective terms and
Hm,nJrl _ DIEyelanI,m,n + DIEyal,nEl,m:n + DxelanQ,m,n j— Dwal,nEQ,m,n
Dme2,nQ1,m,n + Dza2,nE1,m,n + DyEm€2’nQ2’m’n + DyEI,L—L2,nE2,m,n

for the terms related to - Q. W define Gi»’jm’nﬂ, Hf;mmﬂ for their Ith components
at corresponding node (i + %, ) or (i, + ). Timing both sides of (5.15) and (5.16)
with Eb™n+1 we will consider each term with the following abbreviations:

(519) El,m,n-{-l o El,m,n _ 6t(Pl,m,n+1 + Gl,m,n-‘rl +Hl,m,n+1 _ El,m,n).
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We can obtain the following estimate after minor manipulations:

1<(El,m,n+1)2 _ (El,m,n)2 + (El,m,n—i-l o El,m,n)2)

2
ot
328,

ot

)
ot

(Hl,m,n+1)2 4 5(El,m,n)2 _’_(%(1 +8B1)(El’m’n+1)2

(Gl,m,n+1)2

+
+ 6tPl,m,n+1 . El,m,n—i—ll
We have
l,m,n+1 = Al,n -n n
(5.20) hd<Z(Gi,j * )2> < KIVRQY ™ ) wllnielle |72 = Balle |7
ij,l N
by Lemma 4.9. For the s - Q term we have

hd<Z<Hf:;”’"“>2> <4(@-
N

i,

Nl Ve ™ 7s + 8IVaa " 1| B> "7,

(5.21) < 4B Ve 3 + SIVaE " B2

by Lemma 4.9. The term 6tPL™"+1 . pbmntl can be estimated by Lemma 5.3.
Combining all the estimates above we have

(622) 5((IE )~ (1B 13) -+ (1B =B i) )

Byot

=<

ot
|2 i S n|2 TR .. n4112
= 5 llelizy + g IVie™llz; + ot(IVau"| s +1+831)<||E HL§>N

2 T2
e ) (18 )

Moving the E>"""! term to the left-hand side and dividing the coefficient

||Vh’l_l,"n

e
2" 4B,

1 —26t(|[Vpa" " L2 + 1+ 8By)

to both sides, the only term causing trouble is 1 — 26t||V,u""™
n < Npax We have

|- By condition

(5.23) 1< (126t V"

L)t 2146t (2| Vaa " e +1) 2 2.

Some simple manipulations give inequality (5.18). a
LEMMA 5.5. For all n < npa.x we have

-n Rl 1
(524) ||6 ’ +1||2L?L + <||E T L+1||%%>N =Cs ((%2 + h4 + N1€>
and
n+1 1
(5.25) kz IVhe*I72 < Cs (&2 +ht+ Nl_e),
=0

where C3 depends on ||[ul|ca(pxjo,r)), C1, and Cy in Lemma 5.4.
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Proof. From Lemma 5.2, we have

(5.26)  lle"" 72 + 6tl|Vie " TH7. < (14 C6t) e |7, + 5 IVhe” 172
+ 8t B2 72 + C(88% + h)ét.

From Lemma 5.4, we have
. . , 5t .
(5:21) (1B ) =< (IE"5,)  +Cétlle™ |3 + TIVie I3

2 em||2
2e) (1B "13,)

From the error estimate of stress (5.10) and assumption, we have

+C8t(1+ [[Vyu"

2d

(5.28) 1B 12 <~

+ C(6t% + h*) + C<||E 7”||L2>

Summing up all the inequalities, we obtain

HewnJrlH%}% +6t||Vhe""+1||2Lﬁ + <||E-,',n+1||i’21>N = (1 + C(St(”Vhﬁ,n ‘%go + 1))

(5.29) - (||e’ 72 + 6t Vie |72 + <||E " H%;L>N) +C(6t2 +ht+ Nl_g)ét.

By the discrete Gronwall inequality and the condition n < nyay, we have

le™* Y7z +<||E” *1\|i%>N 5C<6t2+h4+ N1—€>

and

n+1

. 1
kz_o IVhe 1722 < C<6t2 +ht 4 Nle).

The proof is complete. a

5.4. Inverse estimate. The final job is to prove np.x = % by a continuation
technique with inverse inequality. We have the following lemma.

LEMMA 5.6. Wzth the error estimate in Lemma 5.5, the following inequalities
hold for all 0 <n < I 577 1-€., we have npax = %.
[G@ ™), 2B+ D, e 2 lulleooxiom + 1,

, StVaE e <

N
| =

‘%Z ||Vh'a"'n||2L;° = THu”él(Dx[O,T]) +1, 6t Viu e =

Proof. We have for all n < npax
A nt1 Aoontl /0 sn+1 ~ntl
(@ (H By . +]|0@ m@\)a
Lye L§e

= (e NH wo)a
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and
2
B, < (), < (L))
h N

(o AN <N1 +6t2+h4)

If we choose 6t = h?, N = h~?, in order to ensure convergence, we need
h=4(h*1=9 £ pt) — 0 as h — 0,
ie., a(1 —¢€) > d, which is equivalent to
a > d.

That is the condition we need in Theorem 2.2.
For ||a~"*!|| L= we have

@+ | e < @™ = w e+ Y e < € pee + [[ullco(px (o)
and
e g < BTl 2 < ATE(NTE 48t +h%) — 0

as h — 0.
For 6t Y740 || Vaa *kHLoo we have

n+1 n+1 n+1
St IVhuF T <6t Ve T + 6t D> [IVhu |7~
k=0 k=0 k=0
n+1
—d Sk
<h %ty ||Vae ||2L%L + TlullBn (pyo,m:-
k=0

In a similar argument as that for [|@ " !|| e, we have

n+1

h=46t Y | Vie

k=0

2, —0

as h — 0.
For (5t||Vhﬁ""+1||2Lﬁ.o, we have

StIVha " [T < 26t Vie " [T + 26t Viu T L
< 2096t Ve " 7a + 26t |ul o (px o1 -

In a similar argument as above, it is quite clear 6t||V a1 ||%zo — 0. The reason for
6t| Vi "t Lo is the same.

By continuation technique, we know np.x = FTt in (5.8); thus the proof is end-
ed. ]



228 TIEJUN LI AND PINGWEN ZHANG

6. Conclusion. The convergence analysis for the BCF method with MAC
scheme in dimension 2 or 3 for the Hookean dumbbell model is performed in this
paper. It is shown that if the number of configuration fields N, the space stepsize h
and the time stepsize 6t are chosen appropriately, the convergence of second order in
space and first order in time is obtained after excluding a set of exponentially small
probability. The inverse inequality trick is the key step for the numerical analysis
of the coupled system. The explicit large deviation estimates for (Q*)? and Q*Q'
for the empirical polymeric stress are the central issue. Further investigations on the
convergence analysis for nonlinear dumbbell models are needed in the future work.

Appendix A. Proof of Lemma 4.7. The proof is obtained by a direct com-
putation. First, consider the logarithmic moment generating function

1 2

oY e x 1
AN = InErQ” = ln/ A e 55z dy = —5 (- 2X52).

o V2152
Then from 8%[)@ — A(N\)] =0, we have
52
S vy
The existence of exponential moment needs
1
262"

00, 557), € (0,+00), and A’(X) > 0, then there exists only one

1-2X%2>0, ie.,

But when X\ € (—

1 1
Y =
(z) = 202 2z
for arbitrary x € (0, +00). Thus
1 1. &2
I(z) = — +-mZ

The proof is complete.

Appendix B. Proof of Lemma 4.8. The proof is obtained by a direct com-
putation. First, consider the logarithmic moment generating function

AQ\) = InEr91Q> = / / Aﬂwe—%XTi’lxdxdy
OO27rdet

ln/ / 71 —ixT(=- +/\S)dedy
s 21 det(X)2

=5 ln(l — 20612 — A2 det(X)),

where X = (z,9)7, § = (% ). Then from 2 [Az — A(A)] = 0, we have

_ 012 + A det(i)
1—2X\510 — A2det(X)’

The existence of exponential moment needs

1—2X\510 — A2det(2) > 0, ie, A <A< A,
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where Ay = "12idvef(1;+det . But when A € (A_,A4), z € (—00, +00), and A’/(A) >

0, then there exists only one A(x) for arbitrary x € R.

Appendix C. Estimate for remainders in Lemma 4.4. Let us first consider
the expressions and estimates for remainder terms R“™ in (4.16) and (4.17). We will
consider only R>™ here; a similar case will be for R%™. Finally, we will obtain the
decompostion

R"=R! + R}.
R} satisfy the following estimates:
BIR{I3, < Cior®, EIRSIG < Cob?(ht + 612),

where C7 and Cs are positive constants depending on ||u||ce(pxjo,7)), and Ry is the
martingale part which satisfies E(RY - E ") = 0. The concrete expressions of R} are

composed of P, PPy, and PP in (C.1), (C.2), and (C.3). Now we have

1
RQ’”:W~(71+II+IH+IV+V)

i+1 y]+1
I :/ / l’ y7tn+1) - Q2(Q?i,yj,tn+1))dyd$
Tj—1 Yji—1
Tit1  Yj+1 Y
Ti—1 Yj— Yj
Tit1 Yj+1
- / / ( / / Q2. By, tus1)didE + / / Q2 (@7, nH)dydy)dydm
Tit1  [Yj+1
H=/ [ (@t) = @yt duda
ZTi—1 Yji—1
Tit1 i+ Yy
= / < (Z,y, ta)dE + | Qp(xs,7,tn)d] >dydw
Ti—1 Yi— Yj
$z+1 Yi+1 - Yy oy - ~
- / ( Q. Gytdids s [ Qiy(sci,y,mdydg)dydx.
Yji—1 Yj YYj
So we have

Tit1 Yj+1 tn41 ~
/ / </ / / 2 (Z,y,s)dsdidi
Y;

j—1

n41 B B
/y // iys(xi,y,s)dsdydy>dyd3§.

From this formula and Lemma 4.3, we obtain E|I — IT| < Ch*ét.

Tit1  LYj+1 tny _
II] = / / / (_u . VQ2 + Eyul’anQ2’"+1
Ti-1 Yj—1 tn

+ Emuz’"DyQZ"“)dtdydx =III +1II,.
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Here

Tit1 Yji+1 tn+1
HHh = / / / <_u1Qi +Eut"Ql — Byt Q7
T

i—1 Yj—1 tn

+ Eyul’"DwQQ’"H) dtdydx

Ti41 Yji+1 n+1 —
/ / / ( —u' + But™MQ2 - But™(Q2 - DxQ2)>dtdyda;
y TI

=P —

From this formula, we obtain E|P;| < Chét.
For P», we have the following estimate:

Tit1 Yj+1 tnt1 _
Py = Ejut™ / / / (Qi — DmQ2’”+1)dtdydx
Ti—1 JYj t

j—1 n

1 Yj+1 tn41 ) )
u n/ / ((Q (Tiy1,y,t) — Q (in+1,yj>tn+1))
Yj—1 tn

- <Q2(‘Ti—17yat) - Qz(xi—layj,tn_i,_l)))dtdy

Yi+1  plnta Y [ Titl
Yj—1 tn Yj v T

n+1 Tit1
/ st(‘r y]7 )dxds) dtdy

Yji+1 nt1 i1 LY - ~
=E, ut / / </ / xyy(x 7, t)dydzdy
Yj—1 tn Yj v

tnt1 Ti+1
T / Qis (fE, Yj, S)d:[,‘ds) dtdy
t —1

=Py1 + Pop.

From this formula, we obtain E|Py 1| < Ch*6t, E|Ps 5| < Ch?6t2.
Similarly for 1115, we have

ZTit1  LYj+1 fplatr
I1I, = / / / (—uQQj + E,u" Q) — Eyu®" Q)
Ti—1 Yj—1 t

n

+ Exuz’"DyQZ’"H) dtdydz

ZTit1  LYj+1 platr _

:/ / / <(_u2 —|—Ewu2’")Q§ _ EZUQ,n(QZZI _ DyQQ’n+l))dtdydl‘
Ti—1 Jyj—1 Jin

= P3 - P4.

From this formula, we obtain E|P;| < Ch*6t.
For P4, we have the following estimate:

Tit1 Yji+1 tn+1 B
Py = Eyu®" / / / <Q§ = DyQQ’”“)dtdydx
Ti—1 Yj—1 tn
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) Tit1 tn+1 ) )
= Eu "/ / ((Q (z,y511,t) — Q (xi,yj+1,tn+1)>
Ti—1 tn

- (Qz(ﬂf,yj—l,t) - Qz(%,yj—l,tnﬂ)))dtdz

it+1 n+1 Yj+1
= FEu® / / (/ / wa?y, t)dydz
Ti—1 Yj—1

tn

tn41 Yj+1 9
+ Q2 (@, s )dxds) dyat

Yji—1

Ti+1 n+1 Yji+1
= E,u? / / (/ / / me Ty, t)didyds

ntbl  [fYi+1

+ / st (xia Yy, S)dde) dydt
t Yj-1

= P41+ Pyp.

From this formula, we obtain E|Py 1| < Ch%6t, E|Py 2| < Ch?6t2.

Tit1 Yj+1 tn+1
IV = / ( 2Q" +u) Q% — DuP QM — Dy Eu®"Q ”)dtdxdy
Ti—1 Yj—1 2%

=1V +1Vs.

Here

Tit1l  LYj+1 flata
IV, = / / / (uin — D,u?"Q' + Dyu?mQt — Dwu2’"Q1’") dtdxdy

Ti—1 Yj—1 tn

Tit1l LYj+1 flata
_ / / / ((ug _ Dxu“)Ql + D" (Q1 _ Ql’")>dtd:cdy
Ti—1 j—1 tn

Yi—

=P+ P

From this formula, we obtain E|Ps| < Ch%6t.
For Py, we have the following estimate:

Tit1  LYi+1 et
Ps = Dyu? / / / (Q1 QY ”) dtdzdy
T Yj—1 tn

Tit1  [fYj+1 7,+1
a D u / / / LU y7t) Ql(xuyja ))dtdxdy

) i+l LYl n+1 " ~ y . R ~
=D,u n/ / / (/ Q,(Z,y,t)dz + Qy (i, 7,t)dy
1 T; Yj

Yj—

/Q Zi, Y5, S )ds)dtdydx

i+l Yj+1 n+1 ~
= D u®* / / / (//Qmi"y, t)dzdz
Yi-1 Jtn

+ / / Qb (i i + | Qi s)ds) dtdyds
Yj JYj tn
=Fs1+ FPs2+ Ps 3.
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Tit1 Yj+1 tn41
/ / / Q (xi,y;, s)dsdtdydx
X4 tn
Li41 Yji+1 n+1 t
/ / / (/ u~VQ+KQ—Q)1ds+/ dW;)dtdydm
T, t

- P6,3+P6,3'

We have

Here (—u-VQ +kQ — Q)* means the first component of the term in the parentheses,
and

Tit1 Yji+1 tn+1
(C.1) PB, = / / / / AW Ldtdydz
Yji—

is one part of RY. From this formula and Lemma 4.3, we obtain
E|Ps,1|, E|Ps2| < Ch'6t, E|Pgs| < Ch*6t?, E|PF|* < Ch*st?.

Similarly for I'Vs, we have
Tit1 Yj+1 tn+1
IV2 / / / ( 2Q2 D E ’LL2 7LQ2+D E u2 nQ2
y TL

— DyEqu’"QQ’"> dtdydx

Tit1 Yji+1 tn41 B ) PO
u DyE,u*")Q* + DyE,u*"(Q* — Q dtdydz
T Yj—1

—P7+Ps-

From this formula, we obtain E|P;| < Ch*6t.
For Py, we have the following estimate:

B Tit1  LYj+1 tny
Ps=D,E u2"/ / / (Q2 Q% ") dtdxdy
Ti—1 Yji—1

tn

Tit1  LYj+1 fLind )
/ / / Q(w,y,t) — Q (xi,yj,tn))dtdxdy
_ Ti41 Yj+1 tnt1
= D, Eyu" / / / ( / Q2(#,y,t)di
1 tn

Yji—

Q (i, 9t dy+/ Q% (i, yj, 8 )ds)dtda:dy

i1 Yj+1 tn41
= Dy, E, u* / / / (//mey, t)dzdiE
tn

+ / T Q2 (@i, A + / Q21,5 s)ds> dtdudy
y; JY; tn
= P11+ P2+ Pss.

Here Py 3 can be estimated similar to FPs 3. We denote

Tit1 Yj+1 tn+1
(C.2) PP = / / / / dW 2dtdydz
Yji—
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and then Pf; is one part of RT. We have
E|Ps1|, E|Ps2| < Ch*6t, E|Pgs| < Ch*8t?, E|PS|* < Ch*sts.

Finally, we have the equation for the Q? term:

/:M / o / o <Q2 Q*(xi,y;,t ))dtdydm
:/%M /“/+ </ QL(%,y, t)dz

Yi—

Q (1715:% dy+/ Q Iz,yj, )ds)dtdydx

/ / / ( / / Q2, (3, y, t)didi

+ / / Q2 (w05 )i + [ Qi s)ds) dtdydz
Yj JYj tn
=Py + Pya+ Pys.

Here Py 3 can be estimated similar to Fs 3. We denote

i+1 Yj+1 n+1
(C.3) Py = / / / / dW 2 dtdydx
Yj—

and then Py’ is one part of RY. We have
E|Py 1|, E|Py2| < Ch*6t, E|Ps%| < Ch*8t?, E|PSs|* < Ch*sts.

Combining all the results above, we obtained the error estimates for remainder
terms.

For V,R", the analysis is almost the same, only with the deference quotient
replaced by integral average. Furthermore, the R} terms will disappear after this
difference quotient manipulation, which makes the analysis easier. The details are
omitted for the lengthy statements.
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