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1. INTRODUCTION AND MAIN RESULTS

1.1. General methodology. Consider the classical elliptic problem
{ —div(a®(z)Vu®(z)) = f(x) r€DCRY

1) u(z) =0 x € 0D.

Here ¢ is a small parameter that signifies explicitly the multiscale nature of the
coefficient a®(x). Several classical multiscale methodologies have been developed
for the numerical solution of this elliptic problem, the most well known among which
is the multigrid technique [8]. These classical multiscale methods are designed to
resolve the details of the fine scale problem ([LT) and are applicable for general
problems, i.e., no special assumptions are required for the coefficient a®(x). In
contrast modern multiscale methods are designed specifically for recovering partial
information about u® at a sublinear cost, i.e., the total cost grows sublinearly with
the cost of solving the fine scale problem [I8]. This is only possible by exploring
the special features that a®(z) might have, such as scale separation. The simplest
example is when

(1.2) a®(x) = a(m, E),

€
where a(z,y) can either be periodic in y, in which case we assume the period to be
I =[-1/2,1/2]¢, or random but stationary under shifts in y, for each fixed z € D.
In both cases, it has been shown that [5], [36]

(1.3) [u"(2) = U()]|2(py — 0,
where U(z) is the solution of a homogenized equation:

{—ﬁﬂA@W@@D—f@) zeD,

(1.4) U(x)=0 x € 0D.

The homogenized coefficient A(x) can be obtained from the solutions of the so-
called cell problem. In general, there are no explicit formulas for A(z), except in
one dimension.

Several numerical methods have been developed to deal specifically with the case
when a(z,y) is periodic in y. References [3| [4, [7] propose to solve the homogenized
equations as well as the equations for the correctors. Schwab et al. [29][38] use mul-
tiscale test functions of the form ¢(x, x/e) where ¢(z,y) is periodic in y to extract
the leading order behavior of u®(z), extending an idea that was used analytically
in the work of [2, [15], B4, 44] for the homogenization problems. These methods
have the feature that their cost is independent of €, hence sublinear as ¢ — 0, but
so far they are restricted to the periodic homogenization problem. An alternative
proposal for more general problems but with much higher cost is found in |20} 25].

1.2. Heterogeneous multiscale method. HMM [I6, 17} 18] is a general method-
ology for designing sublinear algorithms by exploiting scale separation and other
special features of the problem. It consists of two components: selection of a macro-
scopic solver and estimating the missing macroscale data by solving locally the fine
scale problem.

For () the macroscopic solver can be chosen as a conventional Py finite el-
ement method on a triangulation 7y of element size H which should resolve the
macroscale features of a°(x). The missing data is the effective stiffness matrix at
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this scale. This stiffness matrix can be estimated as follows. Assuming that the
effective coefficient at this scale is Ag(z), if we knew Ap(z) explicitly, we could
have evaluated the quadratic form

/VV(J:) - Ap(2)VV () dx
D

by numerical quadrature: For any V' € Xy, the finite element space,
(1.5) Ag(V, V)~ ST IK] Y we(VV - AgVV) (),
KeTy oK

where {z,} and {w,} are the quadrature points and weights in K, |K| is the
volume of K. In the absence of explicit knowledge of Ay (z), we approximate
(VV : AHVV) (z¢) by solving the problem:

{ —div(a®(z)Voj(z)) =0 x € I5(xy),

(1.6) vE(z) = Vi(z) x € 0l5(xy),

where Is(z,) is a cube of size é centered at x¢, and V4 is the linear approximation
of V at x,. We then let

(1.7) (VV - AgVV)(zy) ~ (5% / Vg () - a®(x) Vg (x) d.
Is(we)

(CH) and ([L7) together give the needed approximate stiffness matrix at the scale H.
For convenience, we will define the corresponding bilinear form: For any V,W € Xg

Ag(V,W): = Z |5£d| Z Wy / Vi (z) - a®(z)Vwg (z) dz,

KeT, K
€lu € Is(ze)

where wf is defined for W € Xy in the same way that v; in (I6) was defined for
V.
In order to reduce the effect of the imposed boundary condition on 9l5(x¢), we

may replace (7)) by
1
(1.8a) (VV - ApVV) () ~

(6"

Iél(ml)

Vg () - a®(x) Vg (x) dz,

where 0’ < . For example, we may choose § = §/2. In (I6), we used the Dirichlet
boundary condition. Other boundary conditions are possible, such as Neumann and
periodic boundary conditions. In the case when a®(x) = a(z,z/¢) and a(z,y) is
periodic in y, one can take Is(z¢) to be xp + €I, i.e., 6 = € and use the boundary
condition that vj(x) — Vi(z) is periodic on I5.

So far the algorithm is completely general. The savings compared with solving
the full fine scale problem comes from the fact that we can choose Is(z;) to be
smaller than K. The size of I5(xy) is determined by many factors, including the
accuracy and cost requirement, the degree of scale separation, and the microstruc-
ture in a®(x). One purpose for the error estimates that we present below is to give
guidelines on how to select I5(z¢). As mentioned already, if a®(z) = a(x,x/e) and
a(x,y) is periodic in y, we can simply choose I5(x¢) to be xp + €I, ie., § = . If
a(x,y) is random, then § should be a few times larger than the local correlation
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length of a®. In the former case, the total cost is independent of €. In the latter
case, the total cost depends only weakly on e (see [31]).
The final problem is to solve

(19) i SAR(VV) = (£.V).

(] (]
(] [+]

FIGURE 1. Illustration of HMM for solving (II). The dots are the
quadrature points. The little squares are the microcell Is(z).

To summarize, HMM has the following features:

(1) It gives a framework that allows us to maximally take advantage of the spe-
cial features of the problem such as scale separation. For periodic homoge-
nization problems, the cost of HMM is comparable to the special techniques
discussed in [3] 7, 29] 35]. However HMM is also applicable for random prob-
lems and for problems whose coefficient a®(x) does not has the structure
of a(x, z/e). For problems without scale separation, we may consider other
possible special features of the problem such as local self-similarity, which
is considered in [19].

(2) For problems without any special features, HMM becomes a fine scale solver
by choosing an H that resolves the fine scales and letting Ay (x) = a®(z).

Some related ideas exist in the literature. Durlofsky [14] proposed an up-scaling
method, which directly solves some local problems for obtaining the effective co-
efficients [33] 40, 41]. Oden and Vemaganti [35] proposed a method that aims at
recovering the oscillations in Vu® locally by solving a local problem with some given
approximation to the macroscopic state U as the boundary condition. This idea is
sometimes used in HMM to recover the microstructural information. Other numer-
ical methods that use local microscale solvers to help extract macroscale behavior
are found in [26] 27].

The numerical performance of HMM including comparison with other methods
is discussed in [31].

This paper will focus on the analysis of HMM. We will estimate the error between
the numerical solutions of HMM and the solutions of ([CZl). We will also discuss
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how to construct better approximations of u¢ from the HMM solutions. Our basic
strategy is as follows. First we will prove a general statement that the error between
the HMM solution and the solution of (I'4)) is controlled by the standard error in the
macroscale solver plus a new term, called e(HMM), due to the error in estimating
the stiffness matrix. We then estimate e(HMM). This second part is only done
for either periodic or random homogenization problems, since concrete results are
only possible if the behavior of u® is well understood. We believe that this overall
strategy will be useful for analyzing other multiscale methods.

We will always assume that a®(z) is smooth, symmetric and uniformly elliptic:

(1.9) M<a® <Al

for some A, A > 0. We will use the summation convention and standard notation
for Sobolev spaces (see [1]). We will use |-| to denote the absolute value of a
scalar quantity, the Euclidean norm of a vector and the volume of a set K. For
the quadrature formula (), we will assume the following accuracy conditions for
kth-order numerical quadrature scheme [11]:

L
(1.10) ][Kp(m) dx: = ﬁK/p(x) dx = Zz:;wgp(xg) for all p(z) € Pak—a2.

Here wy > 0, for  =1,--- , L. For k = 1, we assume the above formula to be exact
for p € P;.

1.3. Main results. Our main results for the linear problem are as follows.

Theorem 1.1. Denote by Uy and Ungnmm the solution of (L4) and the HMM
solution, respectively. Let

e(HMM) = max |\ A(es) — Ap (o)l

KEETH

where || - || is the Euclidean norm. If Uy is sufficiently smooth and (LI0) holds,
then there exists a constant C independent of €, and H, such that
(111) ||U0 — UHMM”I < C(Hk + e(HMM)),
(112) HU() — UHMM”O < C(H]H_l =+ e(HMM))

If there exits a constant Cy such that e(HMM)|ln H| < Cy, then there exists a
constant Hy such that for all H < Hy,

(1.13) |Uo — Unnint|[1,00 < C(H" + e(HMM))|In H|.

At this stage, no assumption on the form of a®(x) is necessary. Uy can be the
solution of an arbitrary macroscopic equation with the same right-hand side as
in (LI). Of course for Ugy to converge to Uy, i.e., e(HMM) — 0, Uy must be
chosen as the solution of the homogenized equation, which we now assume exists.
To obtain quantitative estimates on e(HMM), we must restrict ourselves to more
specific cases.

Theorem 1.2. For the periodic homogenization problem, we have

if Ls(iw) =uxy+el,

€
HMM) <
( )< {C(% + 6) otherwise.
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In the first case, we replace the boundary condition in ([LH) by a periodic bound-
ary condition: v; — V; is periodic with period €I. For the second result we do not
need to assume that the period of a(z,-) is a cube: In fact it can be of arbitrary
shape as long as its translation tiles up the whole space.

Another important case for which a specific estimate on e(HMM) can be ob-
tained is the random homogenization. In this case, using results in [43], we have

Theorem 1.3. For the random homogenization problem, assuming that (A) in the
Appendiz holds (see [43]), we have

I K

CX&)(S) d=3,
Ee(HMM) < ( remains open d=2,

e\ 1/2
cxn)(g) d=1,

where
_ 6—12y
T o5 8y

for any 0 < < 1/2. By choosing v small, k can be arbitrarily close to 6/25.

The probabilistic set-up will be given in the Appendix. To prove this result, we
assume that (I-8a)) is used with 6’ = §/2.

1.4. Recovering the microstructural information. In many applications, the
microstructure information in u®(x) is very important. Upnm by itself does not
give this information. However, this information can be recovered using a simple
post-processing technique. For the general case, having Ugn, one can obtain
locally the microstructural information using an idea in [35]. Assume that we are
interested in recovering «® and Vu® only in the subdomain {2 C D. Consider the
following auxiliary problem:

{—dw@%@va%@)—f@) z € £,

(1.14) (z) = Unvm () € 0Ll

where (2, satisfies 2 C 2, C D and dist(942, 942,)) = n. We then have

Theorem 1.4. There exists a constant C such that
. /2 C
(1.15) ( ][ V(e —a)Pde) < = (10— Uil (o, + 1o = Uoll=(a,)).
n n

For the random problem, the last term was estimated in [43].

A much simpler procedure exists for the periodic homogenization problem. Con-
sider the case when k = 1 and choose Is = xx + eI, where x is the barycenter of
K. Here we have assumed that the quadrature point is at xx.

Let 4° be defined piecewise as follows:

(1) a®|r,= v, where v5 is the solution of (L8 with the boundary condition
that v — Unmw is periodic with period eI and fls (¢ — Upnmm) (z) dz = 0.
(2) (115 — UHMM) |k is periodic with period eI.
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For this case, we can prove

Theorem 1.5. Let u° be defined as above. Then

(1.16) (X 19 -a93.) " <o(ve+ ).

KeTy

Similar results with some modification hold for nonlinear problems. The details
are given in §b.

1.5. Some technical background. In this subsection, we will list some general
results that will be frequently referred to later on.
Given a triangulation 7y, it is called regular if there is a constant ¢ such that

H
—Kga for all K € Ty
PK

and if the quantity

H = max Hg
KeTy

approaches zero, where H is the diameter of K and pg is the diameter of the
largest ball inscribed in K. 7Ty satisfies an inverse assumption if there exists a
constant v such that

igy for all K € Ty.

Hg
A regular family of triangulation of 7y satisfying the inverse assumption is called
quasi-uniform.

The following interpolation result for the Lagrange finite element is adapted from

[T0]. Here and in what follows, for any k > 2, V¥v is understood in a piecewise
manner.

Theorem 1.6 ([I0]). Let IT be kth-order Lagrange interpolate operator, and assume
that the following inclusions hold:

(1.17) WkHLP(K) < ¢O(K) and WHFLP(K) — W™I(K).
Then
Hk+1
(1.18) v — 0|, qx < CIE[MIVP =Lyl k.
K

If Ty is regular, we have the global estimate
(1.19) [0 = IT| g p < CHFFImmAmI{0dQ/a=1/P)} g 5

Inequality (IIR) is proven in [I0, Theorem 3.1.6], and (LI9) is a direct conse-
quence of (LIX) and the inverse inequality below.

Using (LI9) with p =g =2 and m = 2,k = 1, we have |jv —ITv||2,p < C||v||2.p-
Hence
(1.20) [Tvll2,p < |[v = v]l2,p + [[v]l2,p < Cv]]2,D-

We will also need the following form of the inverse inequality.
Theorem 1.7 ([I0, Theorem 3.2.6]). Assume that Ty is regular, and assume also

that the two pairs (I,7) and (m,q) with Il,m >0 and r,q € [0, 00] satisfy
I1<m and  Pp(K)Cc WH(K)nW™Y(K).
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Then there exists a constant C = C(o,v,1,7,m,q) such that
(1.21) [Vlm,g ¢ < CHy ™) e

for any v € P(K).
If in addition Ty satisfies the inverse assumption, then there exists a constant
C =C(o,v,l,7,m,q) such that

1/ ) 1/r
(1.22) ( Z |’U|$n7q,K) q < CHlfm+m1n{0,d(1/Q71/T)}< Z |’U|{,T‘,K)

KeTy KeTy

for any v € Xy and r,q < oo, with

. Va
max |v|mco,x  replacing ( Z |v|zan) , if g =00,
KeTy yq,
KeTy

1/r
max |v];.00,x  replacing ( E |v|lrrK> , if 7= o0.
KcTy ’ T
KeTy

The following simple result will be used repeatedly.

Lemma 1.8. Let Ai(z) and Az(x) be symmetric matrices satisfying [LI). Let ¢4
be the solution of

(1.23) —div(A1(z)Ver (z)) = div(fll (z)VFi(z)) x € 12,

with either the Dirichlet or periodic boundary condition on 9£2. Let @2 be a solution
of [L23) with A1, A1 and Fy replaced by Az, Ay and Fs, respectively, and let o
satisfy the same boundary condition as p1. Then

AV(p1 = @2)llo,0 < gleagl(fil — A2)(@)| [V Fillo,e + max|(A; — A2)(@)] [Vez]lo,e

(1.24) + max| Ay (2)| | V(Fy — F2)]|o.0-
e
Proof. Inequality (L24)) is a direct consequence of

AV (e1—¢2)l5.0 < /V(sol—@z)-((Az—fh)VFlJr(Az—Al)V<p2+AQV(F2—Fl)).
(9]

O
The following simple result underlies the stability of HMM for problem (I-1]).
Lemma 1.9. Let ¢ be the solution of
—div(aVe) =0 n 2 C RY,
(1.25) 1V(a gp) in
=V on € 912,

where Vp is a linear function and a = (aij) satisfies
M <a< Al

Then we have

1/2 1/2
(126) [VVillo.o < IVello.o  and (/w.aw) g(/vw-avw)
(%} (%}
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Proof. Notice that ¢ = V; on the edges of {2, using the fact that VV} is a constant
in {2, and integration by parts leads to

/Vw—WX@Vw@Mx:Q
N

which implies

/ V()2 dz = / Vi) da + / V(i — Vi) de
(] 2 2

This gives the first result in (L26). Multiplying (I.28) by ¢(x) — Vi(z) and inte-
grating by parts, we obtain

/Vw@%avwwdz+/VWPW®@%an—vD@Mx

02 2

:/vw@wavwmwx

This gives the second part of ([L26). O

Remark 1.10. For this result, the coefficient a = (aij) may depend on the solution,
i.e., (L2H) may be nonlinear.

Remark 1.11. The same result holds if we use instead a periodic boundary condi-
tion: ¢ — V} is periodic with period (2.

2. GENERALITIES

Here we prove Theorem [[L1. We will let Uy = Ugnu for convenience.

Since Uy is the numerical solution associated with the quadratic form Ay, Uy is
the exact solution associated with the quadratic form A, defined for any V € Hg (D)
as

AV, V) = / VV (@) - A@@)VV () da.

To estimate Uy — Uy, we view Ay as an approximation to A, and we use Strang’s
first lemma [10)].
Using (L26) with 2 = I5(z¢) and (L3), for any V € Xy, we have

WV, V) =X > K] ZW][ |VVi(x)* da

KeTy  meK 15 (we)

=) Z |K| Z w€|VV(l‘g)|2

KeTy oK
(21) AV
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Similarly, for any V. W € X, we obtain

An(vw)| < 3 1K S w(f

1
-
KeTy  weK Is(ze)

<A DKL D wl VV (o) [VW ()]

KeTy €K

=AD" /K|VV(x)||VW(x)|dx

KeTy
(2:2) < AIVV]jo|[VW]|o.

The existence and the uniqueness of the solutions to (8] follow from (ZTI)
and (Z2) via the Lax-Milgram lemma and the Poincaré inequality.

To streamline the proof of Theorem [[1l we introduce the following auxiliary
bilinear form Aj.

Ag(V,W) = > Ag(V,W) with Ax(V,W) = K| > w (VW - AVV)(x).

KeTy oK

1
W, - aEVWg) :
Is(xp)

Classical results on numerical integration [I1} Theorem 6] give for any V,W €
XHv

(2.3) |Ag(V,W)— /vw CAVV da | < CH™ ||V | g [VW loxg 1< m < k.
K

Moreover, for any V,W € Xp, if ||V||k4+1 and ||W]|2 are bounded, we have [11]
Theorem 8],

(2.4) A (VW) = AV, W) < CH V[ [ W2

Proof of Theorem [[1l Using the first Strang lemma [10, Theorem 4.1.1], we have

. Ar(V,W) — A(V, W)
— < f — .
Vo~ Unl <€ iaf, (106 = Vi + sup )

Let V = IIUy and using ([LIY) with m = 1,p = ¢ = 2, we have

: i - < - < CHF*.
(2 5) Vlen)gH ||U0 V||1 < HU() HUO||1 < CH

It remains to estimate |Ag(V,W) — A(V,W)| for V. = IIUy and W € Xy.
Using (2.3)), we get

|Au(V,W) = AV, W)| < [Ag(V,W) = Au(V,W)| + [Au (V, V) — A(V, W)

(2.6) < (e(HMM)[|[VV [lo + CH"||V[[&) [VW [o-
This gives (LI

To get the L? estimate, we use the Aubin-Nitsche dual argument [T0]. To this
end, consider the following auxiliary problem: Find w € H}(D) such that

(2.7) A(v,w) = (Uy — Ug,v) for allv € HJ(D).
The standard regularity result reads [24]
(2.8) [wll2 < Cl|Uo = Usllo-
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Putting v = Uy — Uy into the right-hand side of (27), we obtain
|Uo = Unllg = A(Uo — U, w — ITw) + (Ag (U, Hw) — A(Ug, Hw))
=AUy — Uy, w — Hw)
+ (Ag(Up — IIUy, Hw) — A(Uy — IIUy, Tw))
(2.9) + (A (ITUy, Hw) — A(ITU, ITw)).

Using (2.6) with £ = 1, we bound the first two terms in the right-hand side of the
above identity as

|[A(Uo — Un,w — ITw)| < C[|Uo — U |l1]|w — Hw|y < CH||Uy — Ug/||1]|lw|2
and
|Ag(Un — Uy, HTw) — A(Ug — ITUy, HTw)| < (e(HMM)+CH)||Uy — U1 || w1
The last term in the right-hand side of (2.9) may be decomposed into
A (ITUy, Tw) — A(ITUy, Tw) = (A (I1Uo, Hw) — A (ITU,, Tw))
+ (Ag(I1Uy, ITw) — A(ITU,, ITw)).
It follows from (Z4]) that
| Ay (11U, ITw) — A(ITUy, Hw)| < CH*™ Ul eg1 w2
By definition of e(HMM) and using (L20), we get
|Ag (ITUy, Hw) — Ag (ITUy, Hw)| < Ce(HMM)||[VITU||o||w]|2.

Combining the above estimates and using (2:8) lead to (L12).

It remains to prove (LI3)). As in [37], for any point z € D, we define the
regularized Green’s function G* € H}(D) and the discrete Green’s function G%; €
Xy as
(2.10) A(G*, V) = (4,,0V) forall V € H}(D),

' A(G3,V) = (06,,0V) forall V € Xy,
where J, is the regularized Dirac-¢ function defined in [37]. It is well known that
(2.11) IG* = G5%llia <C and |Gyl < ClnH|.

A proof for (ZI1]) can be obtained by using the weighted-norm technique [37]. We
refer to [9, Chapter 7] for details. Using the definition of G* and G%, a simple
manipulation gives

(
A(G? — G%,Uy — TUy) + A(G%,Up — Up)
= A(G* = Gy, Uy — IUy) + Ag(Un,Gy) — A(Un, Gg)
A(G* — G5,Uy — ITU,) + (AH(HUO, G3) — AUy, qu))
+ (A (Uy — ITU,, Gy) — A(Up — Uy, G5)).
Using (ZI1), we obtain

[Uo = Unll1,00 < Cl|Uo — 1Upl|1,00 + [A(IIU, G) — Ar (11Us, G )|
AU — ITU, Giy) — An(Ust — U, G-
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Using (2.4)), we get
|A(ITU, G3y) — A (ITUQ,Gp)| < (e(HMM) + CH®) >~ | ITUo |1,k [ VGirllo, x
KeTy
< C(e(HMM) + H*) 3 [[TUo|lkoo VGl (x6)
KeTy
< C(e(HMM) + H*)|In H| || U k41,004

where we have used the inverse inequality (L2T]).
Similarly, we have

\A(Un — Uy, G) — Au(Ust — ITUG, G)|
< (e(HMM) + CH) > ||Ug — HUo|1.x|VGifllo.x
KeTy

< C(e(HMM)-i—H) Z ||UH_HU0||1,OO,K||VG;I||O,1,K
KeTy

< C(e(HMM) + H)|In H]||Uy — Upr 1,00
+ C(e(HMM) + H) [In H| H*||Up|| 541,00

A combination of the above three estimates yields

[Uo — Ug]|1.00 < CH* + C(e(HMM) + H) I H| U — Us 1.0

+ C(e(HMM) + H’“) I H | |Uols1.00-
If e(HMM)|In H| < Cp: = 1/(2C), then there exits a constant Hp such that for all
o < HO)
C(e(HMM) + H) InH| <1/2+ CH|In H| < 1.
We thus obtain ([.I3) and this completes the proof. O

Combining the foregoing proof for the L? and W1> estimates, using the Green’s
function defined in [39], we obtain

Remark 2.1. Under the same condition for the W 1> estimate in Theorem [Tl we
have
|Uo — Unt|| 1= < C(e(HMM) + H**)|In H|.

3. ESTIMATING e(HMM)

In this section, we estimate e(HMM) for problems with locally periodic coef-
ficients. The estimate of e(HMM) for problems with random coefficients can be
found in the Appendix.

We assume that a®(z) = a(x,z/¢), where a is smooth in = and periodic in y
with period I. Define x = |§/¢|, and we introduce V; as

(31) V(o) = Vita) + ox* (e, 2) W),

8l‘k
where {\/ ?:1 is defined as: For j = 1,--- ,d, x’(x,y) is periodic in y with period
I and satisfies

0 (. OX _ 9, : j _
62 (g ) @) = goey(y) in 1 / V() dy = 0.
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Given {yJ ?:17 the homogenized coefficient A = (A;;(x)) is given by

J

Ix
Aij(x) = ][1 (aij + az‘ka—yk) (z,y)dy.

Note that {x?}9_; is smooth and bounded in all norms.

First let us consider the case when Is(zy) = x; + €I, and (CH) is solved with
the periodic boundary condition. Denote by 0 the solution of (L6) with the
coefficients a°(z) replaced by a(x¢, x/c). v7 may be viewed as a perturbation of
v§. Using Lemma [[.8] we get

(3-3) V(g =37)]lo,1. < Cel[VVilo,r..

Observe that 9; = Vi. A direct calculation yields
(VW - (Ag — AVV)(2¢) = ][IEVwZ . [a(x, g) - a(xg, g)}ij dx

€ T € N E
+ ][IEng : a(xg, E)V(vg — ;) dx.

Using B3)), we get
(34) e(HMM) < Ce.

Next we consider the more general case when [ is a cube of size § not neces-
sarily equal to . The following analysis applies equally well to the case when the
period of a(z, -) is of general and even nonpolygonal shape. This situation arises in
some examples of composite materials [30]. We will show that if ¢ is much larger
than e, then the averaged energy density for the solution of (L) closely approxi-

mates the energy density of the homogenized problem. We begin with the following
observation:

(VW - AVV) (z¢) = VWi(z) - A(z0)VVi()
(3.5) = ][ VW - a(xg, E)VV@ dx.
Te(xe) €
We first establish some estimates on the solution of the cell problem (L6). We
will write I5 instead of I5(xy) if there is no risk of confusion.

Lemma 3.1. There exists a constant C independent of ¢ and & such that for each
2

(36) 1900 <O((5)" + ) 19Vl .

Proof. We still denote by 0 the solution of (I.€]) with the coefficient a ©(x) replaced
by a(z¢,z/€). Using Lemma [, we get

3.7) V(v = 07)llo,1; < COlIVVello,z,-
Define 05 = o5 — Ve, which obviously satisfies
: T\ pe
- d1v<a<xg, E)VHZ (:c)) =0 x € Is(zy),
) Ve
3 8.1%

(3.8)

05 (z) = —exF (:L‘z, (x) x € 0Is(xq).
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Note that 67 is simply the boundary layer correction for the cell problem (LG [5].
It is proved in [45], (1.51) in §1.4], using the rescaling ' = x/0 over I5 and &’ = £/¢.

(3.9) 1967 0.0 < €(5) " IVVellos.
This together with (3.7) gives

.- en1/2
(3.10) 1905 = Vollos <C((5) " +8)IVVello.ss:

A straightforward calculation gives
N e\ 1/2

(3.11) IVVelloanre <C(5) 19 Vellous:
which together with (3:I0) leads to

IV llo,rs\ 1w < IVVello g + IV = Vo)llo,15\ 1.
<NVVello,z\1oe + IV (05 = Va)llo,1,

<o((5)" + )19Vl

]
This gives (B.6). d
As in ([B8), we also have
(3.12) IVeilloantn. <C((5) " +8)IVVallots:
Theorem 3.2.
€
(3.13) e(IMM) < 0(5 + 5).

Proof. Note that v; = (vj —v7) +6; + Vy. We have
(VW - (Ag — AVV)(z¢) = Iy + I + I,

where
e E g _ nE — g, E £
L = ISng a(ﬂc, 5)V(W Og)dz, Iy IéVw@ a(m, E)VHE dx,
T N
=1 vus. a(x, g)vw dz — VWy - A(ze)VV.
Is

Using (B20) and ([22), we bound I; as
11| < ATV (0 = 07) o151 Ve o,z
< C8 UV Velloz, [V Wello.1; = CO|VVe| [VWi.

Using the symmetry of a¢, I, = 7615 vo; - a(:c, %)sz dx and

I, = ][ISV(HKE +exF (xg, g) g—Z(l - ps)) . a(x, g)VwZ dx

— ][L;V(EXk (xz, g) S—Z(l — ps)) . a(x, g)VwZ dz,
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where p°(z) € C§°(I5), |Vp®| < C/e, and

> 2
0 if dlst(x,8I5) <e

Using (CH) and 67 +ex (a:g, 6) Ve (1 — p°) € H}(Is), integrating by parts makes

azk
the first term in the right-hand side of I> vanish; therefore we write I as

B ow; 8)(’“ oVe R Owg 1, Vi 9p°
L= —][Iéa” (x ) ox; 8yj 8fck( — ) dx +€][Iéa” (x ) 0x; X Oz 5‘:5] du

Using (B.12), we bound I, as

— 3
1I2] < CT V0 ot . [V Velloutirte . < C(5 +82) VWl [VViL

Using (B.2) and integrating by parts, we obtain

Iévw a(mg, )vwda:_ VWiea (xg, )Vde

which together with (38) gives

I3 :][Lngz {a(ﬂc, g) (J:g, )}VV@ dr
1

/ VW, - a(mg, g)VVz dz + (ke /8] — 1)VIWy - A(ze)VV.
I(S\IKE

The last term of I3 is bounded by
[ Ine/01" = 1| VWi - Alae)VVi| < C5[VViI VWil
where we have used | |ke/6|¢ — 1| < Ce/s. Using BT, we get

/ YW, - (xz, )vwdx <C

Ié\Ina

Sl 9l rovr I9Wello o,

€ 2
< - .
< 0(5+0)Ivvillvwe
Consequently, we obtain
(15| < O3V lo,1s [V Vallo.s + C (5 + 8 ) [V Vil VWi
< = .
< O(5+9)IVVilIvwi|
Combining the estimates for I7, Is and I gives the desired result (BI3). O

Remark 3.3. An explicit expression for vj is available in one dimension, from which
we may show that the bound for e(HMM) is sharp.
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4. RECONSTRUCTION AND COMPRESSION

4.1. Reconstruction procedure. Next we consider how to construct better ap-
proximations to u® from Upy. We will restrict ourselves to the case when k = 1.

Proof of Theorem Subtracting (LI from (TI4)), we obtain
—div(a®(z)V(a® —u®)(x)) =0 x € (2,
(0° —u)(z) =Un(z) — u’(x) x € 042y.

Using classical interior estimates for elliptic equation [24], we have
~ € € C ~ € €
V(@ —u)lo,e < 5”“ —ulo, 2,

Using the Hopf maximum principle, we get

1 ~ & g C ~ € g C g
W][n (@ —uf)()]* da < gl (e, < el Ll Un L~ (00,

< 2 (I = Unli oy + 07 = Vol
A combination of the above two results implies Theorem [T.4l ([
Proof of Theorem Denote I (zx) = vk + eI and define 4° as the solution of
(4.1) —div(a(mK, g)VﬁE(x)) =0 in L(zx)

with the boundary condition that &€ — Ugy is periodic on 0I.(xk) and

/ (@f — Up)dz = 0,
I.(zx)

where xx is the barycenter of K.
It is easy to verify that 4° takes the explicit form

Note that the periodic extension of @° — Up is still ex” (xK, %) %Zf (). This means
that @° is also well defined for the whole of K and takes the same explicit form
as ([£2).

Using [, x"(zx,y)dy =0for k=1,--- ,d and that VUy is a piecewise constant
on K, we obtain

(4.2) a%(z) = Un () + ex* (xK, g) %Z’:

(4.3) / (@° — Up)(z) da = / (o, g)%(gg) dz = 0.

I (zk) I (zk)
As in (B), we have
IV(@® = a%)llo,r.(ar) < CelVUH|lo,1.(2x)-
From the construction of % ¢, we have for any x; € K,
IV(@® = @%)llo,r.(21) = IV(@" = 2%)lo,1. @)
Since VUy is constant over K, we get

(4.4) V(@ =a%)o,x < Ce|VUnlo,x-
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Adding up for all K € Ty and using the a priori estimate |VUg|lo < C||fllo, we
obtain
1/2
(4.5) (X V@ =a9ix) " < Cell VUl < Ce.
KeTy
Using (E2), a straightforward calculation gives
ous  oU ox* ou
u-_ H i X ( : f) H.
ox; ox; 8yi Oxy,

Define the first order approximation of u® as

x\ U
ui() = Vo +ex* (. 2) 2.
where {x*}¢_, is the solutions of B2). Obviously,

o=t (s ) D5 e ()

€
Oz; Oy
A combination of the above estimates leads to

IV(@® —ui)lox < CIIV(UH = Uo)llo,x + Ce|Us|1,x

m 8)( ( )) Uy
8yl E By T 2)) oy
< ClUy = Unlr,x + C(e + H)||Uol|2, k-
Summing up for all K € 7y and using Theorem [l for £ = 1 and Theorem [1.2 for
the case Iy = xx + €l, we get

1/2
(X V@ —u)i ) <CE+m),
KeTy
which together with (@8] and the classical estimate for u® — u§ [, [32, 45], i.e

[u —uils < CVE,

+ Ce|Usl2,k
0,K

gives
1/2 . 1/2
(X IV =a9)3x) < —uil+ (D IV - a9l x)
KeTy KeTy
1/2
+ (X Iv@s-a9lix)
KeTy
C(Ve+ H).
(I
Corollary 4.1.
(4.6) |l@® —ullo < C(e + H?).

Proof. Using the definition of @ ¢, we have fIE(xK)(zls — Ug)(z)dx = 0. Together
with (£3]), we have
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An application of the Poincaré inequality gives

13 = @%[lo, 1. are) < CEIV(@T = @)o,1. (o) < CIVUnlo,1. (210

As before for any I.(x1), [|2° — 0 %[|o,1.(z,) = [|%° — @ %]|o,7.(2x), NOte that VU is
a constant on K. We obtain
(4.7) 12 — a0,k < C?||VUk| o,k

On each element K, we have

[0 = Unllo,x < Ce||VUn||o,x-
Combining the above and summing up for all K € Ty, we get

[a° = Unllo < Ce||[VUr|lo < Ce,
which together with

[u = Unllo < [lu® = Uollo + [Uo = Un[lo < C(e + H?)
leads to (H.0]), where we have used the estimate for Uy [5], 32, [45], i.e.,
||[u® — Ugllo < Ce. O

4.2. Compression operator. The compression operator (denoted by Q) maps the
microvariables to the macrovariables [16]. It plays an important role in the general
framework of HMM, even though for the present problem HMM can be formulated
without explicitly specifying the compression operator beforehand. Typically the
compression operator is some spatial/temporal averaging, or projection to some
slow manifolds. It is of interest to consider the error bound for Qu® — Uy. We first
list some natural properties of the compression operator.

e Forany ¢ € X, Q¢ € Xp.
e There exists a constant C' such that

1Q4llo < Cl|llo-
e For any k > 1, if ¢ € H*1(Q) N H}(Q), then
l¢ — Qgllo < CH*|¢[1s1-

Theorem 4.2. Assume that Q satisfies all three requirements and Uy € H*1(D)
for any k > 1. Then

(4.8) |Qu — Unllo < C(e + H*),
Moreover, if Ty is quasi-uniform, then
€ € k
. — < — .
(4.9) 1QuE — Uglly _C(H+H)

Proof. We decompose Qu® — Uy into
(4.10) Quf — U = Qu® — Up) + (QUo — Upy) + (Up — Un).
Using the fact that Q is bounded in L2, we obtain
1Q(u® = Uo)llo < Cllu” = Upllo < Ce.
Using the third property of @, we have
1QUy — Upllo < CH* 1.
Using Theorem [[.T] and the first estimate in Theorem [T.2], we have

1Uo = Unllo < C(e + H*).
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A combination of these three estimates implies (£8), which together with the inverse
inequality (cf. Theorem [[T) leads to (4.9). O

It remains to give some examples of the compression operator. The following
two types of operators meet all three requirements:

e the L2-projection operator onto Xp,
e the Clément-type interpolation operator [12].

Remark 4.3. Notice that in one dimension, the standard Lagrange interpolant does
not meet the second requirement. However, it is still possible to derive (9) via
another approach. Moreover, a careful study of one dimensional examples shows
that the term ¢/H in (£9) is sharp.

5. NONLINEAR HOMOGENIZATION PROBLEMS

5.1. Algorithms and main results. We consider the following nonlinear problem
which has been discussed in [6, [23]:

(5.1) —div(a®(z,u*(z)) Vs (z)) = f(z) x €D,

' u(z) =0 x € 0D.

In this section, we define X: = Wy ?(D) with p > 1 and Xy is defined as the Py,
finite element subspace of X.

We assume that a®(x, u®) satisfies

MEP < af&8 < Al for all € € RY,

with 0 < A < A. Moreover, we assume that a(x, z) is equi-continuous in z uni-
formly with respect to x and e.
The homogenized problem, if it exists, is of the following form:

LUy: = —diV(A(:L‘, Uo(:L‘))VUo(iC)) = f(:L‘) xz €D,
Uo(:L‘) =0 x € 0D.
If we let
A(v,w) = (A(x,v)Vv, Vw) for all v, w € X,
then
(5.2) A(Ug,v) = (f,v) forallve X',

where X’ is the dual space of X.
The linearized operator of £ at Uy is defined for any v € H} (D) by

,Clin(Uo)’U = — diV(A(iC, Uo)V’U + .Ap(x, Uo)VUo ’U),
where A,(z, 2): = V, A(x, 2). Liin induces a bilinear form through
Alu;v,w): = (A(z, u)Vv, V) + (Ap(z,w)Vuv, Vw)  for all v,w € Hj(D).

Our basic assumption is that the linearized operator Ly, is an isomorphism from
H}(D) to H*(D), so Uy must be an isolated solution of (5.2).
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To formulate HMM, for each quadrature point z;, define v; to be the solutions
of
(5.3) —div(a®(z,v§) Vg (z)) =0 z € I5(xy),

' vg(x) = Vi(z) x € 0ls(zy).
We can define wj similarly.
For any VW € X, define

VW (z¢) - A (e, V(20)) VV (24) = ][1 ( )Vw?(x) -a®(z, v} (x)) Vg (z) dx

and

Ag(VoW)i= D K| Y wiVW (xe) - Ag (e, V(o)) VV ().
KeTy oK
The HMM solution is given by the problem:

Problem 5.1. Find Uy € Xy such that
(5.4) Ag(Ug, V)= (f,V) forallV € Xy.

For any v, vy, w € X, define

(5.5) R(v,vg,w): = A(vg,w) — A(v,w) — A(v;vg — v, w).

It is easy to see that for any v and vy satisfying [|v]1,00 + |V |1,00 < M,

(5.6) |R(v, v, w)| < C(M)(llenll§ 2p + e Verllop) | Vewllog

for eg: = v — vy and % + % =1,p,q >1 (see [42, Lemma 3.1] for a similar result).
Therefore we have

Lemma 5.2. Uy € Xy is the solution of Problem [21 if and only if

A(Uo; Uy = Upn, V) = R(Uo, Un, V)

(5.7) +Ag(Un,V)— AUy, V) foralV € Xg.

For any VW € X, define
(5.8) E(V,W): = VW (x¢) - (Ax — A) (e, V() VV ().

Define e(HMM) as

|[E(V,W)|

. HMM) = _

(5.9) el ) e KR ETy VYV VW]
VeXunWh>= (D), WeXy
The existence and uniqueness of the solution of Problem [5.1] are proved in the

following lemma.

Lemma 5.3. Assume that Uy € W2’p(D) with p > d and Ly, is an isomorphism
from H}(D) to H=Y(D). If e(HMM) is uniformly bounded and there exist constants
Hy > 0 and M1 > 0 such that for 0 < H < Hy and
(5.10) e(HMM)2[In H| < My,
then Problem 2] has a solution Uy satisfying

Uz — ParUp|l1.0o < e(HMM)Y2 4 H1=4/P,

|Uo = Unt||1,00 < C(e(HMM)'2 4 H'=4/P),

(5.11)
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where PgUy € Xg is defined as

(512) A(Uo; PHU(), V) = A(Uo; U(), V) fOT‘ allV € Xy
Moreover, if there exists a constant n(M) with 0 < n(M) < 1 such that
(5.13) DIK Y wlB(V, Z2) = EW, 2)| < n(M)|[V = W[ Z]x

KeTy €K

for al V,\W € Xy NWL°(D) and Z € Xpg, satisfying |V]1.00 + |[Wll1,00 < M,

then there exists a constant Hy > 0 such that for 0 < H < Hy, the HMM solution
Uy satisfying (B10))1 is locally unique.

Proof. Since Ly, is an isomorphism from H} (D) to H~1(D), there exists a constant
C such that

sup  AOET) S vy, foranv e my(D).
WeH (D) HWHl

Using [42] Lemma 2.2], we conclude that there exists a constant Ho > 0 such that
for 0 < H < Hs,

AU
(5.14) sup A0V, W)

> (O V|1 forallV e Xg.
o WL Ivi

Therefore there is a unique solution PgUy € Xp satisfying (EI12) and
(5.15) |Us — PrUp|l1,00 < CH&™/P,

Moreover, let G‘fq be the finite element approximation of the regularized Green’s
function associated with A(Up;-,-). Using [42, equation 2.11], or using (BI4),
similarly to (ZI1I), we have

(5.16) 1G% )11 < Cln H|.

Define a nonlinear mapping 7: Xy — Xy by

A(Uo; T(V), W) = A(Uo; Up, W) = R(Uo, V, W) + A(V, W) — A (V, W),
for any W € Xg. Obviously T is continuous due to (5:14) and (E.6).
Let
B:={VeXg||V-PulUre <e(HMM)/2 4 HI=4/P}

We next prove that there exists a constant Hy > 0 such that for all 0 < H < Hy,
T(B) C B.
Notice that

A(Uo; T(V) = PylUs, W) = —=R(Us, V, W) + AV, W) — Ag (V, V).

Taking W = G% in the above equation, using (5.16) and (5.6), we obtain, for
Vill1eo <M,

IT(V) = PrUs|l1,00 < C(M)||[Uo = V|7 o[ H| + C(e(HMM) + H) In HI[|V 1,5
< C(M)([Uo = PuUoll} o + [[PuUs — VI[{ o) IIn H| + CM (e(HMM) + H) In H|
< O(M)(e(HMM) + H?>2/?)In H| + CM (e(HMM) + H)|In H|.
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Since V € B and e(HMM) is uniformly bounded, e.g., e(HMM) < M, we have
IVl100 < IV = Pulolh,o0 + [|PaUolh,00 < C(Uo) + e(HMM)'/?

(5.17) < C(Uo) + M? = : M.
Combining the above two estimates, we obtain
IT(V) = PuUoll1,00 < C(Mo)(e(HMM) + H*~24/? + H)|In H|.
Define My: = 1/C(My). Using (BI0), we obtain
IT(V) = PrrUll1,00 < e(HMM)'? + C(Mo) (H*> Y7 + H)|In H|.

Therefore there exits a constant Hjz such that for 0 < H < Hj, we have
IT(V) = PiUoll1,co < e(HMM)Y/? + H' =47,

Let Ho: = min(Hg, H3). Then for 0 < H < Hy, we have T'(B) C B. An application
of Brouwer’s fixed point theorem gives the existence of a Uy € B such that T'(Ug) =
Up. By definition, Uy satisfies (5.110);. Together with (B.15) it yields (BIT)s.

To prove uniqueness, assume that both Uy and U o are solutions of (5.4]) satis-

fying (5.11));. Using (5.14), we obtain

. AU Upy — Ugg, W) dt
ClUn — Unlly < sup Jo AU Un = Uit W)

wekn WL
< AW W) — AT W)
Wekn W

where U}, = (1 — t)UH + tUpg. Note that
AUy, W) = AUy, W) = (AU, W) — Ag (U, W))
— (A(Uy, W) — Ag(Un, W)).
Since both Uy and Uy sit in the set B, we can use (5I7) to get ||[Uglli.0o +
1Ukl|1,00 < 2Myp. Using (513)), we obtain
1Us = Unlly < (n(2Mo) + CLH) U = Ut |-
If we choose Hj such that
77(2M0) +C1H; < 1,

then if H < H;, we have Uy = Upg. Therefore the HMM solution is locally
unique. [l

From here on, when we talk about the HMM solution, we are referring to this
particular solution that satisfies the condition in Lemma [5.3.
Based on the above lemma, we prove a nonlinear analog of Theorem [[.1]

Theorem 5.4. Under the assumptions in Lemmal[5.3, let Uy and Uy be solutions
of (52) and (G4, respectively. Assume in addition that Uy € W*+1:°(D). Then
there exist constants Hy and M7 such that if 0 < H < Hy and My < M3, then

(5.18) |Uo = Unr < C(H" 4 e(HMM)),
(5.19) |Uo = Unt|l1,00 < C(H" + e(HMM)) In H|.
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Proof. Note that Uy € W*t1:°°(D) and from (5.14)), we have

(5.20) |Uo — PuUs|y < CHF, |Us — PuUp||1,00 < CH*.
Using (51) with V = PgUy — Ug and (5.14) and (23], we obtain
(5.21) |1PUo — Un |y < C\Uo — Un|lf 4 + C(H" + e(HMM)).

Using the interpolation inequality
100 = Un |l 4 < |Uo = Un|h||Uo = Ut [|1,00
together with (B20) and (B17) gives
| PrUo — Ugll1 < C1 (e(HMM)Y2 + H'=U/?)|| PyUy — Ug||x
+ C(H" + e(HMM)).
Let V = G% in (5.7). Using (5.1I6), we obtain
[PeUo — Us||1,00 < C2(e(HMM) + H) In H||| PuUo — Ugr||1,00
+C(||Uo — Ugll} oo + e(HMM) + H")|In H|.
Since (B.I0) holds, using (5112 and (220)2, we obtain
| PrUs — Ug|1,00 < Ca(e(HMM)Y2 + H'=4/?)|In H||| PyUp — Usr 1,0
+ C(e(HMM) + H*)[In H|.

Now we choose

20, 720,
and Hy such that e(HMM)'/2|ln H| < M, and therefore

M7= min<|1nH| 1 )

1 _
Cr(e(HMM)Y? 4+ ' 2/7) < o - CyHy ™7 < 1,

Co(e(HMM)Y2 4 H'=4/P)In H| < % + CoHPIInH| < 1.
Thus we obtain
| PuUo — Ugllr < C(H* + e(HMM)),
|1 PuUo — Ugt|l1,00 < C(H" + e(HMM))|In H|.

Using (520) once again gives (5.1R) and (5.19).
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5.2. Estimating e(HMM). It remains to estimate e(HMM) and verify assump-
tions (510) and (5I3). We assume that a®(z,u®) = (ai;(z,z/e,u¥)), and for
1 <i,j < d, the coefficients afj(x,y, z) are smooth in z, z and periodic in y with
period I. These types of problems, among others, have been considered in [5}[6], 23].

The homogenized coefficient A = (Aij (, p)) is given for any p € R by
o’
Aij(z,p) = ][1 (aij + aika—yk) (z,y,p) dy,
where {x*}¢_, is defined for any p € R by

(5.22) 9 ( !

0
a_yi aika—%>(x7y7p) - 8_yiaij(xvy7p)7
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with the periodic boundary condition in y and f[ X*(z,y,p) dy = 0. It is clear that
A(z,p) is also smooth in x and p and satisfies [6, Proposition 3.5]

2
(5.23) M<A< AT I.

Using Lemma [[9 and Remark [[LT0] for the solution of (G3), we have

(5.24) IVVello,zs < IVVEllo,rs < V/A/AVVello,rs-

This gives a bound for Ag:

2

which together with (5:23]) implies
(5.25) e(HMM) < 242/,

This shows that e(HMM) is uniformly bounded.
To simplify the presentation, we will show how to estimate e(HMM) when (5.3)

is changed slightly to
{ —div(a®(z, V(z¢)) Vi (z)) =0 x € Is(xzy),

(
(5.26) c(z) = Vi(x) x € Ol5(xp)

v

and Ay (V, W) is changed to

Ag(Vw) = > K| Y M][ Vw(z) - a (2, V(2e)) Vo () da.

KeTy 2K Is(xe)

If § = &, we replace the Dirichlet boundary condition in (B26) by the periodic
boundary condition, i.e., vj(x) — Vi(z) is periodic on OI (x¢).

Theorem 5.5. If (\/€/0 + 8)|ln H| is sufficiently small, then (ZI0) and (EI3)
hold and

e\ 1/2
. < —= .
(5.27) c(HMM) < C((5> + 5)
In the case of 0 = ¢, if e|ln H| is sufficiently small, then (BI0) and (BI3) hold
and

(5.28) e(HMM) < Ce.

In what follows, we concentrate on the first case. The second case when § = ¢
will be commented on.

Let us first fix more notation. Denote by v/ the solutions of (5:28]) with the
coefficient a(:c,x/s,V(xg)) replaced by a(:cz,x/s, V(:cz)). Similarly we define wj
to be the solution of (5.26) with V replaced by W € Xpg. Also, w; can be defined
in the same way and wj and w; can be viewed as the perturbations of v; and 9,
respectively. Moreover, we define

G/V(x[) = a(.ﬁ[,%,V(x[)), G/W(J)g) = a/(x€7§aw(x€))7
av(z) = a(z,L,V(ze)), aw(x) = a(z, L, W(x)).
Observe that 97 and w; also satisfy (5.24)), and using Lemma [[.8 we have
(5:29) 1905 — 0 )o.ts < O8IVVilloursr IV (w5 — 98 oz, < COITWello.s
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Lemma 5.6. We have

IV (07 = wf)lo.2s < C(I(V = W)(@)(IVVillo,zs + IV Wello,z,)
(5.30) IV (Ve = Wo)llo.ss).
Proof. Observe that
— div(av(xg)V(ﬁf - Vg)) = div(av(m)VVg),
— div(aw(xg)V(wf - Wg)) = div(aw(xg)VWg).
Both 9 — V; and w; — Wy vanish on dI5(x,). Using Lemma [[.§, we obtain
AV (g = Ve =g +Wello,1; < AV (Ve = We)llo.1,

+max|(av — aw)(zo)|(IVVllo.r; + V(@7 = Wo)llo.z,)-
Using (5:24)) for w;, we obtain
IV (g =Wo)llo,rs < IV llozs + [VWello,z; < C(1+ A/ N)[VWelo, 15,
which together with max ey, |(ay — aw)(xe)| < C|(V — W)(z¢)| gives B30). O

Next we establish the estimate for (v§ — ;) — (wj — ;). Let ¢5: = v — 0 and
7= wj — ;. Clearly, 7,97 vanish on 015(x¢) and satisfy

—div(ay (z)Vy;) = div((av (@) — av(2)) V7))  x € I5(xe),
—div(aw (2)V45) = div((aw (z) — aw (20)) Vi) x € I5(xe).
Lemma 5.7. We have
IV (7 = 99)llo,rs < CO((V = W) (@) |1V Vello,z5 + IV Wello,15)
(5.31) +[IV(Ve = Wo)llo,1,)-
Proof. Using Lemmal[l8, we have
MV (G =)oz, < max|ay (x) — av (z¢) = aw (2) + aw () [ IV lo.15
+ ercneaglav(x) — aw ()] |V 0,15
+maxjaw (2) — aw (zo) [ IV (07 —©7) o,z
Using
(5.32) maxlay () — av (z¢) — aw (2) + aw (z¢)| < Co|(V = W)(ze)],

and using (5.30), we obtain (5.31]). O

Define

from (29)s, we have | Ve5i o, < CO|[VWello.r,. Collecting the above estimates

Vi) = Vile) + ext (a0, £, V(o)) oot o),

oW,
8—3%(%),

where {x}§}4_, are the solutions of (522) with coefficient replaced by a;;(z¢,y,p).

W) = Wela) + ext (e, 2, W(ar))
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Denote 0; = 07 — Vg and éf =w; — Wg. Observe that

—div(ay(z,)V; (z)) =0 x € I5(zy),
oV,
9[5(13) = —exif(l‘g, g, V(J?g))a—xz x € 8[5(.13[),
and
— div(aw (z0)VOF () =0 x € Is(x),
05 () = —exb (w0, =, W (a ))% x € 8I5(x)
Y/ - Xv I2) 67 4 afEk s\&Le)-

Similarly to (3.9), we have

c e\ 1/2 ~ e\ 1/2
(5:33) V67 loa; <C(5) IVVellosss  I90Floss < C(5) " IVWellous-

Let p© be defined as in (3I4) and define

aVy
— k f 1— p¢
Pp ¢ +€X[ (xlv Eav(xg)) xk( P )7
o oW,

S = O +ext (@, 2, W ae)) S (1 — po).
©y T EXy (xb o’ (l‘g)) c%ck( P )

Observe that ¢f and ¢§ vanish on 0I5(x,) and satisfy
—div(ay (2¢)Vei(z)) = div(av (z,)V(g; — 07)(x)) x € Is(xg),
—div(aw (z¢) V@i (2)) = div(aw (20) V(5] — éf)(:c)) x € Is(zy).
Lemma 5.8. We have

1/2
<c(z) (Ve = Wo)llo.s,

(5.34) + 1V = W)@ Vel + 19 Wello.r,))-

€ ne €
V(67 = 0)lloss < C(5

Proof. Using Lemmal[I.§, we obtain
MV (e = @o)llo.1; < maxjay (zy) - aw (20)| (IIV (95 = 09) 0,15 + IV &7 llo,15)
+maxaw (z0)| [|V(ef — 07 — &7 + 07 )lo,15-
A direct computation gives that
1 1
£\ 2 I £\ 2
IV 5 =08)l0.5s < O(5) IV Velloss and [V(@E=89)louss < C(5) IV Wello.ss

which together with (5.33) gives

~ ne ~e ne e\1/2
19 llo.t5 < 190 louts + 1V =00 llo.rs < C(5) IV Willoss-
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Note that
0p—0; —¢p + é; =e(1- PE)(Xf (W z V(W)) - XIZ (W = W(W))) %
) 57 ) 67 8$k
x 0]
1= p)xG (20, =, W (20)) m— (Ve — W7).
+e(1 = p*)xi (2, o (J?z))axk( v — W)
Using the continuity of {Xf}gzl, a direct computation gives
€ e_ = ne £\1/2
IV (07 =07 =35 +07)lo.is < C(5) (17 =) @IV Villoss + IV (Ve=We) o,z )-
Adding these up, we obtain (E.34). O

In the next lemma, we shall prove that E(V,W) has certain continuity with
respect to V.

Lemma 5.9. For any V.W,Z € Xy satisfying [|[V|1,00 + [Wli,ec < M, there
exists a constant C(M) such that (513) holds with n(M) = C(M)(\/€/d + J).

Proof. Using the definition of v; and noticing that v = (v — 07) + 67 + Vy, we
obtain

][ Vzs -ay(x)Vo; de = ][ VZy-ay(z)Vv; dx
Is Is
=VZ- (][Iaav(x)(V(w —0f) + V5 +VV) dx),
which together with jflw VZ,- av(xg)VVg dx =VZ(xg)  Alxe, V(xe))VV (24) gives
EV,Z)—EW,Z)=:11 + Is + I3,
with

L =VZ- [][I (av () V(05 — 0F) — aw () V(wf — ) de].

L=V [ ][ av (z)VOF — aw (z)VE§ dx},
Is
and

Iy =V7,- [][ ay (2)VV; da —][ av (x¢)VV; da
Is I

KE

—][ aw(x)VWz dx+][ aw(gcz)VWz dx}.
Is I

KeE

I; can be decomposed into
I, =VZ,- {][ (av(z) — aw (2))V(v; — 0;) dz +][
Is

Using (E29) and (53T), we bound I; as
I11] < C3(|V (Ve = Wo) | + (V= W) @) (VVil + [TWe) ) [V Zel.

aw (2)V(6; — ) da.

Is

Similarly, using Lemma [.8, we bound I as

< 0(2) " (190G - Wl + (v - W)@ |((Vil + [VWil)) |V 22l
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I3 can be rewritten as

I3=VZ,- ][I ((av(x) — av(:cg))VVg — (aw(x) — aw(xg))VWg) dz

1 1
— VZ[ . (W 5d) /(av(xg)vw - aw(xg)VWg) dx
Is
1 N R
=V / (a (20)V Vi — aw (20) V) da
Ié\Ims

As in I and using (£32)), we bound I3 as
1] < O (5 +8) (IV(Ve = Wo)l + [(V = W) @)V Vel + VW) ) [V Zd].
Adding these up, we get
B, 2) - 5W.2) <0540+ ()7 (19 - wa)
(5.35) 1V = W) (@) [(IVVel + VW) ) IV Zel.
Consequently we obtain

e\1/2
2) IV = W)lloxc 9 Zllo.x

K| Y wil BV, 2) = B, 2)| < C(3+ (5

oK
+C(64(5) IV = Wil 9V llouse + VW llo, 1) [V 2] o.c-
Using the inverse inequality (C2I)) on each element, we obtain

IV = Wleoe () IVV o, < CHR 2|V = Wllo,x Hi 2 IV V|| oo 1)
= C|IV = Wllo,x IV V| 1= (x6)-

Similarly ||V — W{|pe () |[VW o, < C||V — W||0 K||VW||Loo(K) A combination
of the above estimates gives (5.13]) with n(M )(\/e/0 + 9). O

Proof of the first case in Theorem[5.3 Let W = 0 in (5.35) and note that V €
Wh°°(D). We obtain (5.27). Therefore if (1/2/ + 6)|ln H| is sufficiently small,
then e(HMM)l/2 |1n H| can be smaller than any given threshold; this verifies (510).

Next let n(M (\/_—i— §). Then if (\/2/6+6)|In H| is sufficiently small,
we have n(M) < 1 thls verifies (5.13). O

Remark 5.10. Compared to the linear case, the upper bound for e(HMM) for
the case when d/e ¢ Z degrades to /¢/d. This is due to the fact that Ay is
nonsymmetric.

In the case of § = €, note that 97 = V, and Wy = W,. So a direct calculation
gives Lemma for this case. Lemma [5.7is also valid with § replaced by €. We
also have 6 = 0 and ;7 = 0. Observing that for any V, Z € Xy,

][ Vzg - ay(z) Vg de = ][ VZy- Alx, V(xe))VVe de,
I (x[) K
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we may rewrite E(V, Z) as
E\V,Z) = ][ Vzg -ay(x)V(v; —97) dx —l—][ Vz - (av(z) — av (z)) Vo] da.
I I

Consequently, (5.13)) holds with n(M) = C(M)e.
Proof of the second case in Theorem[5.3. Let W = 0 in (5:35) and note that V
€ Whe(D). We obtain (5.28). Therefore if ¢|ln H| is sufficiently small, then
e(HMM)'/2|In H| can be smaller than any given threshold; this verifies (5:10).

Next let n(M) = C(M)e. Then if |ln H| is sufficiently small, we have n(M) < 1.
This proves ([I3). O

APPENDIX A. ESTIMATING e(HMM) FOR PROBLEMS
WITH RANDOM COEFFICIENTS

Here we estimate e(HMM) for the random case. Our basic strategy follows that
of [43].

Denote a probability space by (2, F, P) and let a(y,w) = (aij (y,w)) be a ran-
dom field whose statistics are invariant under integer shifts and which satisfies the
uniform ellipticity condition that there exist constants A and A such that

>‘|£|2 é aij(va)gigj é A|£|2a
for almost all y € R? and w € Q. For j = 1,--- ,d, denote by ¢,(y,w) the solutions
of the cell problem:

(A1) Lypj: = —divy(ai;(y,w)Vyp;) = divy(ai; - €;),
where {ej}?zl are the standard basis in R%. Vy; is required to be stationary

under integer shift. The existence of ¢; is proved in [28, [36]. In general ¢; is not
stationary. The homogenized coefficient A [28, [36] is given by

A= (a(l+Vp)).

Here and in the following, we use the notation

(1= [ fway
[0,1]¢

and )

. _ d

fiml == [ f@)d,
[0,m]4
where E denotes the expectation in the probability space (2, F, P).
As in [43], we will consider the following auxiliary problem:

(A.2) Lu+ pu = f,
for any p > 0, where f is of the form
d
f=Y _Djgi+h,
j=1
with g;, h € pc which is defined as
pa={v | ([Y]*) < G?},

and 1 is a random field whose statistics are stationary with respect to integer shifts.
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The solution of (A.2) can be expressed with the help of a diffusion process 7
generated by the operator L.

For each fixed realization of {a(y, -) }, denote by 7,, the diffusion process generated
by £ and starting from z at ¢ = 0, and denote by M, the expectation with respect
to 1. Let

N = [ sy de

0

Then it is well known [21] that the solution of (A22)) is given by
u(z) = M,T'(c0).

The following results are either standard or proved in |28 [43].

Lemma A.1. If u is the solution of (A2)), then there exists a constant C inde-
pendent of p such that

2 2 2 1,
(A3) (Vul?) +ptet) < O (%) + 2 (1)),
2
(A1) (M,T(s0))? )2 < 0,
o
(A.5) (M, (T(c0) — T(s))2) < 076*2@.

Because of the lowest order term pu, the Green’s function associated with the
operator L1 + pl decays exponentially with rate O(,/p). To make this statement
precise, we define the norm ||z||: = max;|z;|, and

1\ 3ln(1/p)]?
= d < |- .
@ ={ze® el < (3) }

Let 7 be the first exit time of @, starting at x € Q,. Let ¢,(x) = M,I'(7).
Lemma A.2 ([43]). If p is sufficiently small, then

(A.6) E / lp(z) — ()| da < CGQe*CIIH(l/p)P’
lz[|<10
(A7) E / Voo (x) — Vg ()| de < CG2e=CMI/PI,
llz] <1

To prepare for the discussion on the consequence of the mixing condition, we
mention

Lemma A.3 ([43]). Let {ai;,g,} and {a;j,G;} be two sets of data such that

{ai;(v), 95 ()} = {ai; (v), g;(y) }

fory ¢ B, where B is a domain in R?, and let v, and @, be the solutions of (A.2)
associated with {ai;,9;} and {a;j, G;}, respectively (with h =0). Then

—~x2xg 2 2)|? x) dx
(A.8) mew %m|d<pgk:+w%unh<m,

where Ip is the indicator function of the domain B.
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Now we introduce the crucial mixing condition [22]. Let B be a domain in
RY. Denote by F(B) the o-algebra generated by {a;;(y,w),y € B}. Let &,n
be two random variables that are measurable with respect to F(B;) and F(Bz2),
respectively. Then

[BEn — EEEn]
(EE2)/2(En?)t/2 — ’

where g = dist(By, Ba), A > 0 is a fixed constant.

(A)

Lemma A.4. Under condition (A), we have

(A.9) E[g,; m)? <C<C;2<Iln(ll/#)l2) +efc<1n<1/p>>2).

Proof. For { = (1, ,44) € Z9N [O,m) =z, denote by I* the cube of size 1
centered at £+ 1 = (6 + 3,-- b4+ 3), and let <p = [, ¢p(x) dx. Then

[pp;m] = W > ¢t
Lezd,

We first estimate E(pf@*). If |¢ — k| < Cp~'/2|In(1/p)|?, then

G2

E(p'¢") < (@) (@) < O
If |[¢ — k| > Cp~/?|In(1/p)|?, then let By: = £ + B(p~'/?In(1/p)|?) and By: =
k4 B(p~'/?[In(1/p)|?), where B(s) is a ball of size s in the norm | - ||. Denote by

@1(z) the solution of (A2) in which the coefficient (a;;(y,w)) is modified in R\ By
such that it is measurable with respect to F(Bj), and similarly denote by @a(x)
the solution of (A:2) in which the coefficient (a;;(y,w)) is modified in R™\ By such
that it is measurable with respect to F(Bz). The modified coefficients (;;(y,w))
should still satisfy the condition on a;; listed in the beginning of this subsection.
From ¢; and (s, we can similarly define ¢{ and @5. Using (A.6]), we have

E(@{ _ 956)2 < CGQe—CUn(l/p)\z’

E((ﬁ]f _ @k)Q < CGZQ_Clln(l/p)‘z.
Since

E(p'e") = B(0'G") + E(¢" — ¢1)75 + EA1 (0" — ¢5)
+E(p" — @1)(0" — @5)

and

IE@. |, [E@s| < CGe=CM/o)l,
|E95{<P]2€| < C(G—efcufk\ + GQe*C\ln(l/p)P)’
P

we thus have

G?
|E<p |<C( ; e~ Cle=kl | o2, C|1n(1/p)\2).
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Hence
1
Blewiml® = 2 > Eofet
0,keZd,
L ¢k .
- m2d( > Ee‘o* + 3 Bot)
|6—K|<p—1/2|In(1/p)|2 o k|> 173 In(1/0) 2
1 /G2 4
= 2 (de(fwﬂn(l/p)lz) 4+ m2d@2e=Cn(1/p)I®

G? —Cle—
% - Z e Clt k|>

|e—k|>p=1/2[In(1/p)|?

G (W(U/D\ . ot
<0 lIn(1/p)*
=¢ p ( pl/2m ) te

O

Proceeding along the same line as in [43] Theorem 2.1], using condition (A), we
have

Lemma A.5. For any 0 < v < 1/2, under condition (A), there exists a constant
C such that
d—2—24
+d

(A.10) A= (a(l+Vx,))| <Cp 7

where X, = {Xk.p}2_,, and Xk, is the solution of (AI) with g = (ak1,- -+ ,akd)-

Now we are ready to estimate e(HMM). Define m = % and denote by ¢ the

solution of (A) on I, = [0,m]? with the boundary condition that ¢7"(y) = 0 on
Ol,y,, and let ™ = (p7*,--- ,¢"). Then

e(HMM) = |A — [a(L + V)|l
Define ¢, ¢} similarly. We have
e(HMM) < By + B3 + Ej,

where
By =[A-[a(I +Vp)]ml,
Ey = [a(I + V) —all + Ve )lml,
B3 = |[aV(e) — ¢™)lml.
Obviously,

Ey = A~ (a(I + V) + []ml,
with ¢ = (a(I + Vi,)) — a(I + V,). It was proved in [43, Lemma 2.5] that

; 112 \1/2 [In(1/p)[*\ /2
E|[f]nl < (BIOL)"* < (= 5a0)
The above inequality together with Lemma [A 5 gives
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To estimate Fs, denote by 7, the first exit time for the domain I5,,. Then
2™ = M,I'(7,,). For any s > 0,
oo = 93" = | My (T(00) = T(7m))]
< M {|T(o0)| + [T (7m)]; T < s}
+ Ma{e™*" My()[T(00) = T(7m)|; Tm > s}
1/2
< C(Mm((f‘(oo)z + F(Tm)2)) (Py(7m < 8)Y/2 + e},
Since
Po{rm < s} < e /s,
we get
G2

(e—sz/s + e—sp) 2.
p

Efle, — SOme|2]2m <C

Optimizing in s, we get

m G* o2
Efle, — Sﬁi *lam < C?e Cmp™'™,
Using standard interior estimates, we have
1z _C 12 CG? e
BB, < (BIV(ey ¢ )Phn) < - (Bllop =@ Plan) < S e O

As for Ej3, proceeding along the same line as in the estimate of F1, we get

BB, < 0(62 " + (M)d”),

o1/2m

To sum up, we have

|1n(1/p)|2>d/2 . CG? efcmp1/2>,

Ee(HMM) < C(G2p—“_42+_f +( 1
pt/?m mp

Optimizing in p with respect to the first two terms, we get pg = m™ s with
a=(d—2—2v)/(d+4). Hence

Inm|?  CG% _,,. 12 Inm|?
. < _t — P < (C———
(A.11) Ee(HMM),C( e ),C -
with
/2 1
T darna "0ty
d—2—2y

Obviously, the |Inm|? factor in (A1) can be absorbed into the factor m~". This
proves Theorem for d = 3.

Remark A.6. The estimate (AT is unlikely to be optimal. If d = 1, a direct
calculation gives

Ee(HMM) < C(%)m,
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whereas the estimate (A1) does not apply for d = 1 and d = 2. We may use the
techniques in [I3] to derive improved bounds for e(HMM) if the magnitude of the

oscillation in the coefficients (a

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

g

ij) is sufficiently small.
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