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FULLY DISCRETE CONVERGENCE ESTIMATES FOR VORTEX
METHODS IN BOUNDED DOMAINS*

YING LUNG-ANt ANnD ZHANG PING-WENT

Abstract. In this paper the authors study vortex method for 2-dimensionsal Euler equations
of incompressible flow in bounded domains. To approximate the initial vortex field by a sum of vortex
blobs with arbitrary high accuracy, this field is extended smoothly to a small neighborhood of the
boundary. And the computation is carried out in the extended domain. To construct the velocity
field from vorticity, a second-order isoparametric finite element method is applied, and to solve the
characteristic equations, the explicit Euler’s scheme is considered. Optimal error bounds for this fully
discrete scheme are obtained.
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finite element method, Euler’s scheme
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1. Introduction. Vortex methods are efficient numerical techniques for simulat-
ing incompressible flow, especially flow with high Reynord’s number. The mathemati-
cal foundation of the vortex methods has been studied by many authors. By virtue of
a viscous splitting approach, the equations are decomposed into Euler equations and
pure diffusion equations. Thus the study of vortex methods for Euler equations is an
important part in the theory, and the most fruitful results have been obtained in this
direction.

The convergence of vortex methods for the initial value problems of Euler equa-
tions was first obtained by Hald [6]. Then the results were improved and different
proofs were given by several authors [2], [3], [4], [7]. Recently, the first author of this
paper considered the convergence problem for two-dimensional bounded domains [10]
and obtained optimal error estimates for a semidiscretization scheme, where it was
assumed that the equations for stream functions and the system of ordinary differ-
ential equations for partical trajectories were solved exactly. In [10] a finite element
approximation for the equations for the stream function was also considered and con-
vergence results were given, but constants in the error bounds depended on the vortex
blob parameters.

One purpose of this paper is to prove that the rate of convergence of the finite
element schemes can be independent of the vortex blob parameters, provided second-
order isoparametric finite elements are used instead of linear ones. The other purpose
is to give error estimates for fully discretized two-dimensional vortex methods for
initial-boundary value problems of Euler equations.

The paper is organized as follows. In §2, we recall a result in [10]. In §3, we prove
an error estimate for the combined effect of vortex discretization and finite element
approximation. In §4 we prove the error estimate for full discretization problems.

2. A convergence theorem for semidiscretization. Let Q) C R2 be a convex
and bounded domain, whose boundary 99 is sufficiently smooth. Denote by z =
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(z1,z2) the points in R2. We consider the following initial-boundary value problems

Ou 1
(2.1) §+(U~V)U+;Vﬂ'—f,
(2.2) v-u=0,
(2.3) u-n |zea0=0,
(2.4) u |t=0: uo,

where u = (u1, u2) stands for velocity, 7 stands for pressure, f = (f1, f2) is the external
force, the density p is a positive constant, n is the unit outward normal vector along
09, and the initial data ug satisfies

¥ - uo = 0,up - n |ag= 0.

If f,wuo are sufficiently smooth, then the solutions u and 7 are also sufficiently smooth
on the domain Q x [0, T], where T is an arbitrary positive constant.

Let w = — 7 Au,wp = — ¥ Auo, and 9 be the stream function corresponding to
u. Then (2.1)—(2.4) is equivalent to

(2.5) %—(:—%—u'vw:—V/\fEF,
(2.6) —AY=w,u=Y AP,
(2.7) ¥ lscon=0,

(2.8) W |t=0= wo.

We extend functions up and f, still denoted by up and f, such that they are
sufficiently smooth on R? and R2 x [0, T], respectively, and the supports of them are
compact. Let ¢ be any positive constant. We define

Qe = {z,dist(z,Q) < c}.

The “blob function” is defined as follows, {(z) is a cutoff function, such that { = 0

for |z| > 1 and
1 s/
ela) = 3¢ (3)

With that notation, the semidiscretization scheme for (2.5)—(2.8) is

(2.9) we(m,t) = Y as(t)Ge(z — X5(2)),
JE€J1
daj ) . .
(2.10) T R*F(X5(t),t),25(0) = o,
dxXs
(211) o = 97 (X5(1),1), X5 (0) = X5,
(2.12) — D YE = wE, YE |aean=0,
(2.13) ut = 7 A e,

M
(2.14) g¢(z,t) = Z a;ue(z(,t),
=1
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where j = (jl,jz),Xj = (jlh,jzh),aj = h2w0(Xj), and J; = {], X; € Qd}, ifx € ﬁ,
then z(¥) = z, otherwise
z(® = (i +1)Y — iz,

where Y is the nearest point on 99 to z; the terms a; are the solutions of the system

M :

i=1

and € > 0,h > 0,d > 0 are mesh parameters. Equations (2.14) makes sense only if z(?)
belongs to 2, but it is proved in [10] that this fact is true provided d is small enough.
In this scheme the function g¢ plays the role of velocity, which is equal to u€ in the
domain and interpolated to the exterior part of 2. This is a natural way to deal with
blobs near the boundary. Using g¢ and a “slightly larger” domain 24 in computation,
all blobs move according to a uniform formula (2.11).

Now we state the convergence results. The notation Wm-P(Q) for conventional
Sobolev spaces and || - ||m,p for the norms of them are applied throughout this paper.
Let X;(t) be characteristic curves that satisfy

i)%fl = U(Xj(t),t),Xj(O) — Xj-

As a rule, we admit the value of u as an extension if X;(¢)€Q. Then set

Jo = {4; X; € Qcye N},
1/p

le@)lls = | h2 Y 1X;(0) - Xs(0)lp |, 1<p<oo,
JE€J2

where C) is a positive constant to be determined. The following theorem is proved in
[10].
THEOREM 1. If we have m > 1,k > 2, such that ( € Wm+Loo(R2) and

[ @ =1,

R2

(2.15) / zo((z)dz =0 VYa€N? withl<|a|<k-1
R2

and if there is a constant 5, such that

(2.16) C-lea < h < Celt5,

where a > 1+ E=1 and if the constant in expression (2.14), M > k, then for any
m

p € [1,00), there are positive constants do,Co,C1, and C2 such that if d < do, then
the solution of problem (2.9)—(2.14) satisfy

(2.17) | vus(z, b)) <C1,  zel,
(2.18) lw —ullop. + lle@llp < Coe*

fort €[0,T).
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For our later use, we need the following.
COROLLARY. Under the assumption of Theorem 1, let C3 > 0 be given. Then
there is a constant Cy, such that

(2.19) s (. Dlk-1p02,e < Car £ € [0,T).

Proof. 1t was proved in [10] that the points X; out of Q¢,. do not contribute to
the value of we in Q. Now we replace Cp by Cp + C3. Then the points X; do not
contribute to the value of w¢ in Qc,e.

By the proof of Lemmas 2, 3, and 4 of [10],

lw = wli1p.00,¢

h hm hNV
= C{sk + (1 + E) em+i-1 + eN+I-1

+§—l(1+§ne(t>no,m,h) le(t)llp + / le( s>npds}

where r € [1,2], 1_1) + ;11— =1, N >3, C is a positive constant, and
le(®)lloo = max 1X;5(t) — X5(2)].

Rl

(2.20)

By (2.31) of [10], we have

1
Je(®llo < el

for any p’ € [1,00). We take l = k, p/ > 4, N > m. Then we get the upper bound of
the right-hand side of (2.20). 0

3. Further discretization by finite element methods. Let C denote a
generic constant independent of mesh parameters. For simplicity we only consider
quadratic triangular isoparametric elements of Lagrange type here. Let a triangle K
be the reference element, and the set of six nodes consists of three vertices and three
midpoints of the edges. Denote by Fk the isoparametric mapping from K to each ele-
ment K. If K is an interior one, then we take Fi affine. If K is a “boundary” element,
the nodes of which is shown in Fig. 3.1 where ai2 i is the midpoint of a7 xaz k, the
node ai2,x belongs to 02, and di2 kai2,k is perpendicular to ai,xaz . The nodes
a13,k and ag3 g are simply midpoints. It is known that Fx is uniquely determined by
the nodes.

Let 75 = {K} and Q= Uker, K, where ¢ is the size of the largest diameter of
elements. We assume that the partition is regular and quasiuniform. Then we define
the finite element space

Vo = {v e Hy(2%); vlx € P(K) o Fg'},
where P,(K) is the space of all polynomials of degree < 2 and Q¢ is the interior of
ﬁé. We consider in this section the following scheme:

(3.1) wh(z,1) = D ad(t)C(z — X7 (1)),
JEL
(3.2) M =RF(X(t),t),  a(0) = ay,
dX‘S
(33) O _gsxse,  x20) = x;,

dt
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a2 K

a2, K

as,K
Fic. 3.1
¥ € V4, and
(3.4) / Tyl - yudz :/ whudr Yv € V9,
Qs Qs
where

M
gé(x’ t) = Z aiué(xfsl)a t)
=1

As before rgi) =zifzx € ﬁé, and otherwise

2® = (i +1)Y; — iz,

where Y is the nearest point on 9Q¢ to z. Ys is not necessary unique; we pick up an
arbitrary one. Now g% is no longer continuous, so (3.3) is satisfied in a generalized
sense; see [10]. Here (3.4) and (3.5) are just the definition of a weak finite element
solution to (2.12). Since € is arbitrary, spacial discretization is needed in solving
(2.12). We will prove convergence and get error estimates for it.

Since % ¢ Q we need to extend some functions from Q to the whole space R2.
Since 99 is sufficiently smooth, there exists a strong m-extension operator £ on (2,
such that [1]

IEY|lkpre < Clldllkp.0,

(3.6) YO<k<m, 1<p<oo, oeWmpQ).

In this section, we take m large enough, and extend the stream function ¢, still
denoted by ¢, then set u¢ and we to be the corresponding velocity and vorticity, all
of them now defined on R2 x [0, 7.

We are now in a position to estimate u¢ — u® and X5(t) — X ]‘5 (t). We define

14

le@lls = [ 22D 1X5(0) - X2(t)lP |
M
lle(t)lloo = max | X5 (t) — X7 (2)].

JEJ
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LEMMA 1. Under the assumptions of Theorem 1,

195,0) = 93 Ol < €8240 (14 et ) el

t
+ [ etolhs
0
provided 6 < Cse, where p > 2, ’% + % =1.
Proof. We define two operators: If 1€ corresponds to we on the basis of (2.12),
then we define 9 = A~1we, likewise (3.4) defines an operator 1% = A; 'w®. Then

. A—l( S e (1)l - X;(t))) - A.;l( S @ (1) - X;(t»)

JEJ JEN

= ¢1+ @2 + @3,

(3.7)

on the domain Q¢, where

$1 = A—1< D (1) (G- — X5(t) = Ge(- — X;’(t))),
jed1
a1 ( T30 - et - x50)).
]6.]1

g3 = (A1 = A7) 3 al(0)(- - XE(1).

j€J1

Proceeding in a manner similar to [10], we have

(3.8) 161, )1 p < 0(1 ; gne(t)nw) el
(3.9) 620 )10 < C /0 le(s)llpds,
and

Jo5:8) = 05 Ol ptye < 5{ (1+ He®lle) el

# [ letslpas

Inequality (3.10) and the Corollary of Theorem 1 yield

(3.10)

2
c 1 a
o5 Olhacye < €+ 5{ (14 L@l ) Tetol

+ [ letslpas

To estimate ¢3, we define a function %1 that solves

(3.11)

Ay =wb, z€Q, Y1 |reo0=0.
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Then function ¢ determined by (3.4) is the finite element approximation of ;.
An abstract error estimate of the isoparametric finite element method shows (see
5, Thm. 4.4.1])

lY1 = ¥|l1,05 < C( inf |41 — vy s
veVS
(3.12)

vev?e ||U||1,Q<s
v=0

+ sup | fos V1 - Vudz — [ w5vd:c|>.

Integrating by parts and using the Holder inequality gives

/ vy - Vvd:c—/ whvdzx
06 Qs

= '—/ (A1 + wd)vdz
Qs

/ (A1 + wd)vdx
Q5\Q

2
<A1 + whllo6.00\0llvllo,6,00\0 - (meas(Q28\ 2))3.
It will be shown in the Appendix that

meas(Q26 \ Q) < Cé3.

This fact and the conclusion of the embedding thorem, H!(2¢) — L6(2¢), shows that
the second term of the right-hand side of (3.12) is bounded by

C82([|wdlly g6 + 1¥1lls,08) < CE [Py sn-

An interpolation error estimates theorem [5, Thm. 4.3.4] gives the same bound for the
first term; therefore,

%1 = ¢[00 < CO|wlll100,e -

By the L estimate [8], we have

Y1 = ¥01l1,00,08 < CO2|wPl|1,00,00,¢ -
Then the Stampachia interpolation inequality gives

1 = 9Nl p0s < CO|?l1p.00,e
that is,
(3.13) 8ll1,p,00 < CE2|w?l1p.00,e-

Finally (3.8), (3.9), (3.13), and (3.11) yield (3.7). 0
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LEMMA 2. Under the assumptions of Theorem 1 with k > 3,

tro1 R\ ?
el <cez+c [ (1+ flelea ;)

{2+ (14 Hets ||oo) o + / o)l s,

provided 6 < Cse, and d is small enough, where p > 2, = =1.
Proof. We define

(3.14)

g% (z, 1) Z a;us (z ),t
Then taking (2.11) and (3.3) into account, we have

dXs(t) dX5(t)
dt dt

=1+ I, X<(0) — X2(0) =0,
where

I = g5(X5(1),t) — g0 (X2 (1), 1),
I = g°5(X5(t),t) — g5(X2 (1), 1).

By (2.17) and the definitions of functions g¢ and g¢4, we obtain

] < Cl(Xs(t)® - (x2)]
<o(x5 1)@ — (x2) 1+ 012 - (X2 )P

Since {2 is convex, the first term is bounded by C|X5(t) — X_f(t)|,a,nd we will prove in
the Appendix that the second term is bounded by C'é2; therefore,

(3.15) |1 < CIX5(t) — X3 (t)] + C62.

Now we estimate Iz, denoted by K; @) the element to which the point (X2t ))(1)
belongs. Then

M
|I2| < C’Z e (s 2) = w8 D)l o e

_CZW)E - |100K(')

Let I: C(K) — Pa(K)oFg! be the interpolation operator associated with the nodes.
We have

W;s(.’t) - ¢6("t)|17001[(](’) < |¢€('>t) - I"’["E(',t)ll’oo’}{](’) + II¢€("t) - wé(”t)il,w,f(](’)'
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By the interpolation estimate for isoparametric elements and the Corollary of Theorem
1, we obtain

[e(-t) — st('vt)llyoo,}(](') < 0(52|7,Z)5(',t)|3,oo,KJ(,)
< C&ype(-, t)l3,00,02
< Cé2.

Using the inverse inequality gives

[T (-, 8) = 8 ()], et < O 7 [T (,8) = 3 ()], oo

Therefore M
_z2
|| < C62+ > 67| Tye(-,t) — O
=1

In conjunction with (3.15), this gives

€ [
dxs(t)  dXi(1)
dt dt

<C82 + C| X3 (t) — X(8)]

(3.16) M
+ CZ&‘% | Tvpe (-, t) — 8 (-, t)”1,p,KJ""

=1

Before summing up (3.16) with respect to j, we should estimate the number of points
(Xf(t))?) which lie in one single element K. First of all, let us estimate card {j €
J1;X]§(t) € K}. We define

Consider the initial value problem

d

d—zt/ =9°(%:1),  ylt=0o=1yo € B;

and define B;(t) = {y(t); for all yo € B;}. It is easy to see that
measB; < CmeasBs(t), diamB¢(t) < Ch.

Because the distance between X¢(t) and X¢(t) is less than [e(t)|, if X(t) € K,
then Bj(t) lies in a disk with center in K and radius 6 + ||e(t)||co + Ch. Since Bj(t)
do not overlap each other, we have

(6 + |le(®)|loo + C’h)2‘

(3.17) card{j € Ji; X{(t) € K} < C B

Secondly, let us estimate card{j € Ji; (Xf(t))gi) € K,X5(t) ¢ 56}. If (Xf(t))f;) €K,
then similar to (3.15) we have

02 — (X5 ()] < |X2(t) — X)) + €82,
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Let o be any point on K N 2. Then
[(X5(8)® —zo| <6+ |X5(t) — Xo()] + C82.

If d is small enough, then the correspodence z — z() is one-to-one. Let yo ¢ Q and
o = (yo)('). Then

1X5(t) —yol < C(8+ |X5(t) — X7 (t)] + 62).
By the same argument we obtain an analogue of (3.17):

(6 -+ lle(®lloo + 1)?

(3.18) card{j € Ji; (X°(1)){) € K, X3(t) ¢ W'} < C e

Inequalities (3.16)—(3.18) imply that

t
le@)ly <C82 +C [ lle(e)lds + O
(3.19) C 01 .
P o2
(G e 1) 5 R 8) = 93l e,

Using the interpolation theorem and Lemma 1, we obtain

IlI"’["E('»S) - wé('vs)nl,p,ﬂé
< wess) = 92(, s)llipae + 119E(-,8) — ¥ (, 8) 1 p.0s

<cs+c { (1 T gne(s)uw) " le(s)ll + / ’ ||e(s>||pdr}

+ C82[pe(, 8)l3 ps-

(3.20)

By the Corollary of Theorem 1, |[4¢(:,s)|3, s is bounded, thus substituting (3.20)
into (3.19) gives (3.14). 0

THEOREM 2. If the assumptions of Theorem 1 hold with k > 3 and do is small
enough, and if § < Cse and there are constants b > 0 and Cs > 0 such that

C516b < h < Cs6,
then
(3.21) el + 14 (- &) = w(, o 0 < C62
for any p € [1,00).

Proof. 1t will suffice to prove the conclusion for large number p. If |le(t)]|, < Cé2,
then the factor in (3.14),

1 h le(s)lle | R
1+ = ot = <1422l =
+gllelloo+ 5 1452 4 %

<1+C6"% +Cs
SC)



354 YING LUNG-AN AND ZHANG PING-WEN

provided 1 — 2 > 0. Since § < Cse, the factor (1 + %I|e(t)||00)% is bounded too. We
have |le(0)||, = 0. Thus by using Gronwall inequality and a continuous argument it
is easy to prove that |le(¢)||, < C62 holds for ¢ € [0,T]. Finally the proof of (3.21) is
complete by using Lemma 1. a

4. Full discretization. For simplicity we assume f = 0 in this section. The
forward Euler scheme is applied to the ordinary differential equations (3.3). The full

discretization scheme for solving u&t, wft, and Xft is the following:

(4.1) WAtz nAt) = Y ajC(z— X (nAt)),

I
(4.2) XPH(+1) At) = XD n A t) + Atght X P (n At),n At),
(4.3) X7H0) = X3,

P&t (n At) € V4, and

(4.4) /6 TYAt - gude = /l5 whtydr Vv e V4,
(4.5) ! ubt(n At) = VQ/\ YAt (n At),
where At is the length of time step, and
M
gAt(z,t) = Z aium(xf;), t).
i=1

Now we estimate the error X; — X jA and us — ult. Let

3 =

lenll, = [ 82 D XAt - Xn AP |
JE€J3
llen]loo = max | X (n A t) — X;(n At)),
jeds

where
J3:{j; XjeanQ2Co(s+6+At%)}'

LEMMA 3. There exists a constant Cg such that
dX
(4.6) |X((n+1)At)—X(nAt)—AtE(nAtﬂSC’eAtQ.

Proof. Since u is sufficiently smooth, (4.6) obviously follows. 0
LEMMA 4. Under the assumptions of Theorem 1,

Y=

B2 S Jus((XPHn A1), n A1) —u((X;(n A L), n AP
JE€J3
(4.7)
< C(ek + 82 + [lenlp),
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where p > 2.
Proof. We have

us (X4 n A1), n A1) = u(X;(n & 1), n A D)
<Jus((XP A )P n A1) = us(X5(n A1), n A1)
+ue(X(n AP n A L) —us((Xj(n A1), n A )
+us((Xj(n A))D,nAt) —u((Xj(n At)D nAt)
+lu((Xj(n A 1)), n A L) —u((Xj(n A )P, n A
By (2.17) and the Appendix, we get

ue (XA A1), n A1) —us((X;(n A1), A )]
<CUXE A )Y — (XA 6)P)
<O(I(XP At — (XD nAt) D)

1 (0 A )O = (X5 (n A )] +1(X;(n &) = (X;(n & 1))

<C8+CIXPHn At — Xi(n DY),

lus((X;(n A ), n At) — us((Xj(n A 1), n At
< Ol(Xj(n A1) — (Xj(n A 1)D)
S 062,
and
u(X;(n & 8)D,n A t) — u(Xj(n A1), n AL
< Cl(Xj(n &) — (X;(n A1)
< Cé2.

Then, we have

JEJ3
<082 + (h2 D lus((X(n A 1)D,n A )
JE€J3

- u((XAnAt»m,nAt)w) " 4 Clenl.

By (2.25), (2.26) of [10],

(h2 3 (X (n A 1)O,n A1) — u(X;(n A1), n A t)|P)

J€J3
< C(llu — ullo,p.0 + hlu — ul1p0)
< Cek.

=

(h2 S e (X n A1) n A ) —u((X;(n A1), n A t)|P)

Y=

355
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Thus (4.7) is obtained. a
We will prove by induction that

(4.8) lletllp < Cr(ek + 62 + At)

holds for a suitable C7 and all I. Since ||e0||, = 0, we assume that (4.8) is valid for
0<ilI<n.

From now on we assume that all the hypotheses of Theorem 2 are satisfied. Since
only large p is needed to be taken into consideration, we may assume the constant a
in (2.16) satisfies a < §. Also we assume

(4.9) At < Cg6?, ek-1 < Cgé.

Again by (2.31) of [10] and (2.16) we have

2

P

z lle!lp-
EP

O]}

]

1
(4.10) lletloo < h_g”el“P <

Then (4.8) and 6 < Cse yield

2a

el < Cleb-1 45+ Ath)el .
Noting k > 3, we get
- letlloo < €+ 6 + At}

for sufficiently small e.
LEMMA 5. If the hypotheses of Theorem 2 and (4.9) hold, and (4.8) holds for
Il =n, and if € is sufficiently small, then

924, n At) —ge(,n At)ly pas < Cob?

1 n i Ot e
+Cg<1+g”8 ||°o) hZZ|Xj (nAt)=Xs(nAYP|

Jj€J3

where p > 2,% + % = 1, and the constant Cy is independent of C7.
Proof. The proof is almost the same as that of Lemma 1. Now

'(!16_1/)5:(1)1""4527

g1 = A1 (Z o (Ge(- = X5(n A1) = el = Xft(nmm) ,

JjE€I

g2 =(L"1= AN Y (- — X (nAY)).

je€N

Inequality (4.11) implies

=071 3 a5l = Xs(nA) - Gl - XD t)))) .

JEJ3
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Using the same argument we can estimate ¢1 and ¢s2. o
LEMMA 6. If the hypotheses of Theorem 2 and (4.9) hold, and if € is sufficiently
small, then

10

(h2 D g (X (n At),n At) — g2 X (n At),n A t)|P)

(4.12) j€ds

<0 (14 gllenllo ) 62 + 15, &6 = 624 A1) )
Proof. Like the proof of Lemma 2, we can get
(4.13) (19 (st) = e (s )11 00,08 < OO (5 E) 3,000 < C62,
(L12) e 0) = 8 D), oo < O5F e, 0) = 9O oo
Then

lgAUX T (n A t),n A1) = g8 (X[ (n A L), n A )|
M
< Z lail - flue — uAtllo,oo,K;n

g7

= Z las] - ”"/)E - "/’Atlll KJ(’)

=1

<C62+C6F Z i - [Tye(on A t) =2 A, -

i=1
For any K € 75, we also have

(6 + llenloo + R)?
h? ’

card{j € J1,XjAt(nAt) eK}<C

and therefore

14

(h2 ST 1gAHX P (nAt),nAt) - g (X (n At),n A t)|P)

J€Js
1 2
14
<08+ (14 Hlenlo ) I0e(n 850 = 9840 A )y

In view of (4.13) we obtain (4.12). 0
LEMMA 7. Under the hypotheses of Lemma 5,

2
1 a 1 P
o1ty <lerty+ Cro 8¢ (14 2lenller ) (14 el
- (ek + 82+ At + lenlp),

(4.15)

where the constant C1p is independent of Cr.
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Proof. By Lemma 3 and (4.2) we obtain

(4.16)

We have

where

I =

I, =

Sélail(
+Zlaz|(

(-

YING LUNG-AN AND ZHANG PING-WEN

llen+tlp = (

<ller|lp+ C At2 +At<

JE€J3

JEJ3

JEJ3

M

=1

M

i=1

J€J3

J€Js3

>a

=1

>

JEJ3

W2 XD (n+1) At) -

Jj€J3

(X;(nA)D nAt) — ul

h2 ) " gAX P n A t),n At)

JE€J3

—u(Xj(nAt),nA t)|P>

(h2 D lgrt X (n At),n At) —u(X;(n At),n At)|p

(h2 Do 1gAHXT (A, n At) — g5 (XD At),n AP

S a(u (XD n AP n At —u(X;j(nAt),nAt))

Xi(nAt),nAt))

Xi((n+1)At)lr )

1

1

S ai(us((XPH(n A D), n A ) — u((X;(n A1), n At))
M .

S ai(u((Xi(n A ) 0 AL — u(Xj(n A1)D,n At))
=1

M

> ai(u((X;(n A)O,n At) —u(X;(n At)),n At))
i=1

W2 3 s (XD (n A )Y, n At) —u((X;(n A ), n AL)

h2 3 u((Xi(n A1), n At) — u((Xj(n A )D,n At)

P

1G]

) <I + I,

(h2 D Ig(X P nAt),n At) —u(X;(n At),n A t)|P> :

1
P)p

)

)
1)

)
)
!

Q=

o =
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Using Lemma 4, the fact that u is smooth enough, and Taylor’s formula, we get
I, < C(ek + 62 + |len||p).

The term in (4.16) with respect to I can be estimated by using Lemma 6. Then we
get

2
1 P
e 1l < ferly+ € & 2+ C &t (14 gllenlo )

. (62 + ||1r/)6() nA t) - d’At(', nA t)“l,p,Q‘S)
+ C At(ek + 82+ |lem|p).

(4.17)

By Theorem 1

1
W2 IX() - X5(t)P | < Ca(2(e + 6+ At))k < Cek.
Jj€J3

Hence Lemma 5 implies

2
1 q
584 80 = 5 & Ol s < €82 +.C (14 Henllo )" 65 + ).

Substituting this into (4.17) gives (4.15). o
THEOREM 3. If the hypotheses of Theorem 2 and (4.9) hold, then

(4.18) lenllp + lus (-, A ) = ubt(,n A b)llg pas < C(ek + 82 + A,

where n At <T.

Proof. It will suffice to prove (4.18) for large p and small . We have assumed
that (4.8) is valid for 0 < I < n. From (4.10) and the relations among ¢, §, and At,
we get

%uenuoo < CCE(ek + 82 + At)e 3 6-1 < Cuy,

for € < g9, where g9 depends on C7 but Ci; is independent of C7. Analogously we
can estimate 1[le"|lco. Then (4.15) becomes

len+tllp < lenllp + Ciz & t{es + 82 + At + lenly)

for £ < €g, where Ci2 is independent of C7.
We set C7 = C12TeC12T, Then we determine g9 according to C7. It is easy to
verify that
llen|lp < Cr2eCr2ndt(ck + 82 + At)n At

for e < g9 and all n,n At < T. Thus the estimate for ||e”||, is obtained, and the
estimate for u¢ — u®t follows from Lemma 5. o

Remark. The extension of convergence proof to higher order schemes for time
stepping is straightforward. A numerical example was given to show the accuracy of
this method [11].
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Appendix. Let domains 2 and Q¢ be the above. We prove

(A.1) meas(26 \ Q) < C83
and
(A.2) |z — 2| < C62 vz € Qq,

provided d is small enough.
Introducing local coordinates, ¢ is the quadratic interpolation of Q. Thus we
have (Chapter 2 of [9], for example)

sup inf |z —y| < C§3
zealgzﬁ yeo I yl - '

from which (A.1) follows.
Let us consider (A.2). If z € Q, then (A.2) is trivial, so we assume = ¢ Q. From
Fig. 3.1 it is clear that
la12,x — d12,x] < C82.

Qs

asK
a12,K

a3, K

Fic. A.1

Let Y;* be the intersecting point of line zYs and 02, I1 be the tangent line of 8
through Yy, lo be the tangent line of 90 through Y3, and I3 be the parallel line of
Iz through Y;* (Fig. A.1). The angle between /1 and [; is less than C62. We draw
the vertical line of /1 through point z. Let A be the foot of perpendicular and B be
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the intersecting point of A with I5. Then Y lies in the triangle Y AB. The angle
ZY¢ z B is equal to the angle between [; and I5. Now = € {4, hence |zY*| < Cd. Then

[YzY| < |YyB| < Cd- C62 < C62.

Consequently,
[YsY| < |YsY |+ Y'Y | < C83 + Cé2 < C62.
By definition, '
la§) — 20| = (i + 1)[Y5Y] < €2,

which proves (A.2) if Y5 is not a node. Conversely, if Y is just a node, say a1, then
we consider the two triangles containing a; . The argument is similar.
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