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Abstract. In this paper, we present a deep learning approach to tackle elliptic inverse

source problems. Our method combines Tikhonov regularization with physics-informed

neural networks, utilizing separate neural networks to approximate the source term and

solution. Firstly, we construct a population loss and derive stability estimates. Further-

more, we conduct a convergence analysis of the empirical risk minimization estimator.

This analysis yields a prior rule for selecting regularization parameters, determining the

number of observations, and choosing the size of neural networks. Finally, we validate

our proposed method through numerical experiments. These experiments also demon-

strate the remarkable robustness of our approach against data noise, even at high levels

of up to 50%.
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1. Introduction

Inverse source problems have attracted considerable interest in various scientific and

engineering domains, which arise in practical applications over natural phenomena such as

pollution source identification [4,5,10,45], dislocation problems [6] and inverse problems

of gravimetry [29]. Additionally, they have found extensive use in a range of biomedical

imaging techniques, including photo-acoustic and thermo-acoustic tomography, optical to-

mography [2], electroencephalography (EEG) [38], magnetoencephalography (MEG) [26],

and bioluminescence tomography (BLT) [60]. Of particular relevance to this paper is the

modeling of the seawater intrusion phenomenon [7,17], where the source term represents

the pumping wells of freshwater within the context of seawater intrusion.
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In this work, we aim at identifying the unknown source density in elliptic problems from

interior measurements. Let Ω ⊆ Rd (d ≥ 1) be a simply connected bounded domain with

sufficiently smooth boundary ∂Ω. Consider the following second order elliptic equation

with Neumann boundary condition:

−∆u+ V (x)u= f (x) in Ω,

∂nu= g(x) on ∂Ω,
(1.1)

where the potential function V and the boundary flux g are given. Further, the potential

function V has a positive lower bound, that is, V (x)≥ V0 > 0 for each x ∈ Ω. Let f † be the

ground truth space-dependent source density and u† be the solution of (1.1) corresponding

to the source density f †. The elliptic inverse source problems aim to recover the unknown

source density from finite number of random samples generated from the following noisy

model:

yδ(x) = u†(x) + ξ(x), zδ(x) =∇u†(x) + ζ(x), x ∼ U(Ω), (1.2)

where ξ(x) and ζ j(x), j ∈ [d] are noise terms, and U(Ω) represents the uniform distribu-

tion on Ω. Further, we assume that

‖ξ‖L∞(Ω) ≤ δ, ‖ζ j‖L∞(Ω) ≤ δ, j ∈ [d], (1.3)

where δ is known as the noise level in the context of inverse problems. Notice that H1(Ω)-

norm measurement in (1.2) is stronger than the usual L2(Ω)-norm measurement, the tech-

nical motivation for which is the necessity to establish stability estimates (see Theorem 2.1)

for reconstructions. However, H1(Ω)-norm measurement also makes sense, which has been

used in [36, 44]. For example, in the context of inverse problems of gravimetry [29], the

gravitational force ∇u† can be measured directly, and the measurement of gravitational

field u† can be perceived by the noisy measurement of gravitational force. Besides, if only

the L2(Ω)-norm measurement is available, the measurement of gradient can be obtained

by some numerical differentiation methods after pre-smoothing the raw noisy data of u†.

In addition, the provable H1(Ω)-norm estimation can also be obtained from noisy L2(Ω)-

measurements via the finite element method [28] or deep Sobolev regression [18].

There have been extensive study devoted to the uniqueness and stability of inverse

source problems [7,8]. The uniqueness can be obtained by means of Holmgren’s theorem

and the regularity of the forward problem, as it was done in [8]. Further, the Lipschitz

stability estimates for inverse source problems are proposed in [7].

Due to the ill-posed nature of inverse source problems [7, 21, 27, 56], constructing ac-

curate and stable numerical approximations can be challenging. Several reconstruction

methods have been developed to address this issue [1,28,39,40,45,58,61]. One popular ap-

proach involves reformulating the inverse source problem as an output least-squares PDE-

constrained optimization problem, complemented with Tikhonov regularization [14, 30].

By formulating it as an optimization problem, classical optimization algorithms can then

be employed for solution. In practical computation, one still needs to discretize Tikhonov

functional and the PDE constraint, which is often achieved by the Galerkin finite element
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method (FEM). However, the solution of PDE-constrained optimization problems neces-

sitates the development of complex optimization algorithms tailored to each case. Fur-

thermore, Galerkin approximation is mesh-dependent, resulting in exponential growth of

computational cost with dimensionality, commonly referred to as the curse of dimension-

ality (CoD). Therefore, a simple yet effective approach is to convert the PDE-constrained

optimization problem into an unconstrained problem by introducing an augmented objec-

tive functional that incorporates a penalty inspired by physics-informed neural networks

(PINNs) [55]. By employing neural networks to approximate the unknown source den-

sity and the solution, and discretizing the objective functional using Monte Carlo methods,

a mesh-free approach can be achieved, which is easy to implement and has the potential to

alleviate the curse of dimensionality.

In this study, we present a novel approach based on neural networks for identifying the

source density in elliptic equations using interior measurements. We also conduct a com-

prehensive analysis to determine the convergence rates of the reconstructions with respect

to the noise level. To begin with, we establish stability estimates that serve as the basis for

determining an appropriate regularization functional. Subsequently, we employ the Monte

Carlo method to discretize the population risk. By minimizing the empirical risk within

pre-specified neural network classes, we obtain reconstructions of the source density and

solution. To analyze the convergence rates of the reconstructions, we demonstrate that the

population risk is influenced by several factors. These include the approximation error, the

generalization error, the error arising from data noise, and a regularization term controlled

by the regularization parameter. Notably, we observe that while the approximation error

decreases as the size of the neural network increases, the generalization error exhibits an

opposite trend. Consequently, by striking a balance between approximation power and

generalization ability, we can select neural network classes that offer optimal performance.

By combining the analysis of population risk error with the aforementioned stability esti-

mates, we derive the convergence rates of the reconstructions in relation to the noise level.

Furthermore, our study provides valuable a priori guidance for selecting appropriate reg-

ularization parameters, determining the number of samples, and choosing the size of the

neural networks. Finally, through a series of numerical experiments, we demonstrate the

remarkable stability of our method against data noise.

In recent years, there has been an increasing interest in neural network-based methods

for solving ill-posed problems [9,19,35,36,47,55,62,63]. These approaches typically for-

mulate a loss function tailored to the specific problem and use neural networks to approx-

imate unknown functions. The population risk is then discretized using the Monte Carlo

method. By adopting a mesh-free strategy, methods in this line offer a promising approach

for addressing high-dimensional problems. One particularly notable and widely recognized

framework within these works is physics-informed neural networks (PINNs) [55]. The orig-

inal PINNs scheme has been applied to recover constant coefficients in PDEs [55] and to

estimate derivative orders in fractional PDEs [25,53]. Additionally, [50] utilized PINNs to

solve Cauchy problems and data assimilation. For reconstructing non-constant coefficients

in PDEs, a natural approach is to approximate both the solution and the unknown coefficient

function using two neural networks. These networks are then coupled through a loss func-
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tion that combines a least-squares data-fitting loss with a physics-informed loss. The idea

can be traced back to its initial mention in [9], where coupled PINNs were compared with

inverse weak adversarial networks (IWANs) [9] in numerical experiments. Subsequently,

this methodology has been extended and applied to a variety of inverse problems, includ-

ing holography inverse-design problems [47], parabolic inverse source problems [64], and

current density impedance imaging [19]. The most relevant works are [62, 63], where

the source term is recovered from measurements of the solution in partial domains, using

the modified deep Galerkin method. In addition, [37] employed PINNs to solve elliptic

distributed optimal control problems, which closely relates to the inverse source problem

addressed in this study.

While PINNs-based approaches have shown promising empirical performance in previ-

ous studies, most of them lack rigorous theoretical guarantees. A comprehensive theoretical

understanding of a reconstruction method should address two important questions:

1. What are the convergence rates of the population risk of reconstructions?

2. How does the error of reconstructions converge as the population risk decreases?

Answering these questions would provide convergence rates for the reconstructions. The

first question pertains to the statistical learning theory, while the second question relates

to stability estimates for inverse problems. Unfortunately, to the best of our knowledge,

none of the existing theoretical analyses of PINNs-based reconstruction approaches provide

a complete answer to these two questions. In a recent work by [19], a convergence rate of

the population risk is derived by considering the trade-off between the approximation error

and the generalization error. However, due to the lack of stability estimates, this analysis

does not specifically provide a convergence rate for the reconstruction itself. Other works

such as [50, 63] primarily focus on the generalization error in their analysis, overlooking

the approximation power of neural networks. As a result, these studies cannot fully address

the first question and do not provide guidance on how to select the size of neural networks.

To answer the second question, [50, 63] utilize conditional stability estimates for elliptic

inverse source problems, assuming the unknown source density to be analytic. Conversely,

the stability estimates established in our work require weaker regularity conditions for the

ground truth source density.

1.1. Contributions

The contributions of this paper are summarized as follows:

1. Within the framework of Tikhonov regularization, we introduce a loss function for el-

liptic inverse source problems using physic-informed neural networks. Subsequently,

we establish stability estimates that provide a solid theoretical foundation for the

validity of our method.

2. We establish a rigorous convergence analysis for reconstructions ‖u−u†‖H1(Ω) = O (δ)
and ‖ f − f †‖L2(Ω) = O (δ1/2), which also provide a priori guides for the selection of
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hyper-parameters such as the regularization parameter, the number of samples and

the size of neural networks.

3. Our reconstruction method is easy to implement and performs well on recovering

both smooth and non-smooth source densities. It also shows remarkable robustness

against data noise in numerical experiments, remaining highly accurate in presence

of up to 50% noise.

1.2. Preliminaries and notations

Definition 1.1 (Fully-connected neural networks). A fully-connected neural network ψ :

R
N0 → RNL+1 is a function defined by

ψ(x) = TL

�
̺(TL−1(· · ·̺(T0(x)) · · · ))

�
,

where the activation function ̺ is applied component-wisely and Tℓ(x) := Aℓx+ bℓ is an affine

transformation with Aℓ ∈ RNℓ+1×Nℓ and bℓ ∈ RNℓ for ℓ= 0, . . . , L.

Throughout this paper, we consider the case N0 = d and NL+1 = 1. The parameter of

the neural network ψ is defined as the collection of all its weights θ = {(Aℓ, bℓ)}Lℓ=0
. The

positive integer L is the depth of the neural network and S :=
∑L
ℓ=1(‖Aℓ‖0 + ‖bℓ‖0) is the

total number of nonzero weights. Moreover, we denote by R the bound of nonzero weights

in absolute value, that is, R = max0≤ℓ≤L max{maxi, j |Aℓ,i j|,maxi |bℓ,i|}. Finally, we define

the function class N̺(L,S,R) as the collection of ̺-neural networks with at most L layers,

at most S nonzero weights and each weight are bounded by R. The approximation property

of tanh-neural networks have been established as follows.

Lemma 1.1 (cf. Gühring & Raslan [24, Theorem 3.8]). Let d , s, k ∈ N+ such that 0≤ k < s.

Let ̺ = tanh andHs,d = {g : ‖g‖Hs((0,1)d ) ≤ 1}. Then it holds that

sup
g∈Hs,d

inf
ψ∈N̺(L,S,R)

‖ψ− g‖Hk((0,1)d ) ≤ ǫ,

provided that L = c log(d + k), S = Cǫ−d/(s−k−µ) and R = Cǫ−(9d+2k+4µ)/(2(s−k−µ))−2, where

c,µ > 0 are absolute constants and the constant C depends on s, k, d and µ.

To measure the complexity of the function class, we next introduce Rademacher com-

plexity [12], which plays an important role in generalization analysis [12,51].

Definition 1.2 (Rademacher Complexity). Let Ω ⊆ Rd (d ≥ 1) be a bounded domain and

let µ be a measure on X . Suppose that G is a family of functions mapping from X to R and

{x i}mi=1
is a set of samples i.i.d. drawn from µ. Let σ = {σi}mi=1

be a set of i.i.d. Rademacher

variables and independent of {x i}mi=1
. Then the empirical Rademacher complexity of G with

respect to the sample set {x i}mi=1
is defined as

ÒR{xi}mi=1
(G ) = Eσ
�

sup
g∈G

1

m

m∑

i=1

σi g(x i)

�
,
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where Eσ[·] = E[·|{x i}mi=1
]. Further, the Rademacher complexity of G is the expectation of the

empirical Rademacher complexity over all samples of size m drawn according to µm, that is,

Rm(G ) = E{xi}mi=1

�
ÒR{xi}mi=1

(G )
�
.

The rest of the paper is organized as follows. Section 2 introduces the loss function

for source recovery in elliptic equations and discusses stability estimates. In Section 3, we

present a data-dependent oracle inequality (Section 3.1) that characterizes the population

risk of reconstructions. Moreover, convergence rates for reconstructions are derived in

Section 3.2. To complement our theoretical analysis, a series of numerical experiments

is presented in Section 4, demonstrating the exceptional stability of our method in the

presence of data noise. The proofs of the theoretical results are provided in Section 5. The

conclusions and discussions are summarized in Section 6.

2. Reconstruction Methods

We will study in this section the stability estimates, based on which we propose a neural

network-based method for the recovery of unknown source density in the elliptic system

(1.1). Throughout this section, we assume that V ∈ L∞(Ω), f ∈ L2(Ω) and g ∈ H1/2(∂Ω)

in (1.1).

In view of the ill-posedness of elliptic inverse source problems, researchers usually em-

ploy Tikhonov regularization to transform (1.1) and (1.2) into an optimal control problem

min
(u, f )

Jλ(u, f ) = ‖u− yδ‖2
L2(Ω)

+ ‖∇u− zδ‖2
L2(Ω)

+λR( f )

subject to

¨
−∆u+ V (x)u= f (x) in Ω,

∂nu = g(x) on ∂Ω,

(2.1)

where λ > 0 is the regularization parameter andR is the pre-specified regularization func-

tional. Inspired by physics-informed neural networks (PINNs), instead of putting a hard-

constraint in the optimization, we treat the PDE constraints in (2.1) as a soft-constraint,

which leads to the following unconstrained optimization problem:

�
uδλ, f δλ

�
∈ arg min

(u, f )

Lλ(u, f ) = Jλ(u, f ) + Rint(u, f ) + Rbdy(u), (2.2)

where

Rint(u, f ) = ‖ f +∆u− Vu‖2
L2(Ω)

, Rbdy(u) = ‖∂nu− g‖2
L2(∂Ω)

.

In addition, the functional Lλ(·, ·) is called the population risk. The following theorem

demonstrates that reconstructions converge to the ground truth as excess risks decrease,

when we choose appropriate regularization functional.

Theorem 2.1 (Stability Estimates for Elliptic Equations). Under the noise model (1.2). LetR
be the squared H1(Ω)-norm — i.e. R( f ) = ‖ f ‖2

H1(Ω)
. Suppose that (u†, f †) ∈ H2(Ω)×H1(Ω)
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satisfies (1.1), and let the population risk Lλ(·, ·) defined as (2.2). Then for each (u, f ) ∈
H2(Ω)×H1(Ω) the following inequalities hold:

‖u− u†‖H1(Ω) ≤ L
1/2

λ
(u, f )Cδ,

‖ f − f †‖L2(Ω) ≤ C
�
1+λ−1/4 L

1/4

λ
(u, f )
��

L
1/4

λ
(u, f ) +δ1/2
�
,

where C is a positive constant only depending on Ω, ‖V‖L∞(Ω) and ‖ f †‖H1(Ω).

Remark 2.1 (Convergence Rates in Population Level). With the aid of Theorem 2.1, we

can establish convergence rates of (uδ
λ
, f δ
λ
) defined as (2.2). In fact, it is apparent that

Lλ(u
δ
λ
, f δ
λ
) ≤ O (δ2) + O (λ). Under the parameter choice λ = O (δ2), we have the conver-

gence rates ‖uδ
λ
− u†‖H1(Ω) = O (δ) and ‖ f δ

λ
− f †‖L2(Ω) = O (δ1/2).

Since there is no way to calculate expectations and integrals in (2.2) directly, we employ

Monte Carlo methods to approximate them by empirical averages. Let {xΩi }mi=1
and {x Γi }mi=1

be sets of independently and identically distributed samples drawn from U(Ω) and U(∂Ω),

respectively. Then we define the empirical objective functional by

bJλ(u, f ) =
|Ω|
m

m∑

i=1

�
u
�
xΩ

i

�
− yδ
�
xΩ

i

��2
+
|Ω|
m

m∑

i=1

∇u
�
xΩ

i

�
− zδ
�
xΩ

i

�2
2
+λ ÒR( f ),

where

ÒR( f ) = |Ω|
m

m∑

i=1

�
f 2
�
xΩi

�
+
∇ f
�
xΩi

�2
2

�

is the empirical counterpart of the squared H1(Ω)-norm of f . Therefore the empirical risk

is given by
bLλ(u, f ) = bJλ(u, f ) + bRint(u, f ) + bRbdy(u), (2.3)

where the empirical physics-informed penalty terms are defined by

bRint(u, f ) =
|Ω|
m

m∑

i=1

�
f
�
xΩ

i

�
+∆u
�
xΩ

i

�
− V
�
xΩ

i

�
u
�
xΩ

i

��2
,

bRbdy(u) =
|∂Ω|

m

m∑

i=1

�
∂nu
�
x Γ

i

�
− g
�
x Γ

i

��2
.

It is straightforward to verify that EbLλ(u, f ) = Lλ(u, f ) for each fixed (u, f ). We next select

two classes of neural networks U ⊆ H2(Ω) and F ⊆ H1(Ω), namely hypothesis classes.

Minimizing the empirical risk (2.3) with respect to (u, f ) ∈ U ×F yields an estimator of

(u†, f †) as follows: �
buδλ, bf δλ
�
∈ arg min
(u, f )∈U×F
bLλ(u, f ), (2.4)

which is called the empirical risk minimizer (ERM). See Algorithm 2.1 for more details.
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Algorithm 2.1 Recover the Unknown Source in Elliptic Equations.

1: Sample point sets {xΩ
i
}m

i=1
⊆ Ω and {x Γ

i
}m

i=1
⊆ ∂Ω.

2: Construct neural networks (u(θ), f (φ)) ∈ H2(Ω)×H1(Ω).

3: Initialize parameters (θ ,φ) randomly.

4: for k = 1 : num_epochs do

5: Compute the empirical risk defined by (2.3)

bLλ
�
u(θ), f (φ)
�
= bJλ
�
u(θ), f (φ)
�
+ bRint

�
u(θ), f (φ)
�
+ bRbdy

�
u(θ)
�
.

6: Back propagation: (gθ , gφ) =∇(θ ,φ)
bLλ(u(θ), f (φ)).

7: Update (θ ,φ) by a SGD-type algorithm (θ ,φ)← SGD{(θ ,φ), (gθ , gφ),α}.
8: end for

Output: Estimator (u(θ), f (φ)).

3. Convergence Analysis

Up to now, we have proposed convergence rates of our method in population level (see

details in Remark 2.1). However, the rate of convergence of the reconstruction (buδ
λ
, bf δ
λ
)

is what we are really interested in. We will study in this section the oracle inequality and

convergence rates of methods proposed in Section 2 for the recovery of the source density in

the elliptic system (1.1). Throughout this section, we assume that V ∈ L∞(Ω), f ∈ L2(Ω)

and g ∈ H1/2(∂Ω) in (1.1).

3.1. Oracle inequality

In this section, we present an oracle inequality that decomposes the population risk of

the reconstruction into four components: approximation error, generalization error, regu-

larization term, and noise term. Oracle inequalities have been extensively studied in the

field of non-parametric regression, as evidenced by previous works such as [13,16,22,34,

42,43,52,57]. In addition, several works have specifically proposed oracle inequalities (in

the expectation form) for PINNs-type methods, including [19,31,48].

Before proceeding, we introduce some notations as follows. Suppose BU ≥ 1 and

BF ≥ 1 are two constant defined as follows:

BU = sup
u∈U∪{u†}

¦
‖u‖L∞(Ω) + d max

j∈[d]
‖∂ ju‖L∞(Ω) + d max

j∈[d]
‖∂ 2

j j
u‖L∞(Ω)

©
,

BF = sup
f ∈F∪{ f †}

¦
‖ f ‖L∞(Ω) + d max

j∈[d]
‖∂ j f ‖L∞(Ω)

©
.

Further, for simplicity of notation we define the function classes ∂ jU = {∂ ju : u ∈ U },
∂ 2

j j
U = {∂ 2

j j
u : u ∈ U }, ∂nU = {∂nu : u ∈ U } and ∂ jF = {∂ j f : f ∈ F}, and also define

ÒR(2){xΩ
i
}m

i=1

(U ) = ÒR{xΩ
i
}m

i=1
(U ) + d max

j∈[d]
ÒR{xΩ

i
}m

i=1
(∂ jU ) + d max

j∈[d]
ÒR{xΩ

i
}m

i=1

�
∂ 2

j j
U
�
,
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ÒR(1){xΩ
i
}m

i=1

(F ) = ÒR{xΩ
i
}m

i=1
(F ) + d max

j∈[d]
ÒR{xΩ

i
}m

i=1
(∂ jF ).

For the population risk proposed in (2.2), we now derive a distribution-free oracle in-

equality in the high-probability form.

Theorem 3.1 (A Data-Dependent Oracle Inequality). Let (buδ
λ
, bf δ
λ
) be the reconstructions

defined by (2.4). Then for each λ ∈ (0,1) and τ ∈ (0,1), the following inequality holds with

probability at least 1− (13+ 7d)τ:

Lλ
�
buδλ, bf δλ
�
≤ CEapp(U ,F ) + CEgen(U ,F , n) + 2λ‖ f †‖2

H1(Ω)
+ Cδ2,

where the approximation error Eapp and the generalization error Egen are defined as

Eapp(U ,F ) = inf
u∈U
‖u− u†‖2

H2(Ω)
+ inf

f ∈F
‖ f − f †‖2

H1(Ω)
,

Egen(U ,F , m) = (BU + BF +δ)
n
ÒR(2){xΩ

i
}m

i=1

(U ) +ÒR(1){xΩ
i
}m

i=1

(F )
o

+ BUÒR{xΓ
i
}m

i=1
(∂nU ) +
¦

B2
U + B2

F +δ
2
©√√ log(1/τ)

2m
,

and C is a positive constant only depending on d ,Ω, ‖V‖L∞(Ω) and ‖g‖L∞(∂Ω).

Remark 3.1 (Approximation Error). Lemma 1.1 shows that if we choose neural network

classes (U ,F ) with sufficiently large depth, number of non-zero samples and weight ra-

dius, the approximation error Eapp in Theorem 3.1 can be arbitrary small.

Remark 3.2 (Generalization Error). Observe from Theorem 3.1 that the generalization

error is dominated by empirical Rademacher complexities, which only depends on data

sets {xΩ
i
}m

i=1
and {x Γ

i
}m

i=1
(data-dependent).

Remark 3.3. The oracle inequality shown in Theorem 3.1 demonstrates that the population

risk achieved by the reconstructions is nearly as small as the summation of the optimal risk

(noise term) O (δ2) and the regularization parameter O (λ). This means that Lλ(buδλ, bf δ
λ
) =

O (δ2)+O (λ), when we choose appropriate neural network classes (U ,F ) and sufficiently

large number of samples m.

3.2. Convergence rates

The oracle inequality proposed in Section 3.1 shows that for fixed noise level and reg-

ularization parameter, the population risk is dominated by the approximation error and

generalization error, which depend on the selection of neural network classes (U ,F ).
Lemma 1.1 shows how the approximation error decreases as the size of neural networks

increase. The generalization error shall be discussed in this section.

We first estimate the bounds of function classes associated with (U ,F ).



Recovering the Source Term in Elliptic Equation via Deep Learning 469

Lemma 3.1. Let the activation ̺ be set as ̺ = tanh. Let the neural network classes (U ,F )
be U =N̺(LU ,SU ,RU ) and F =N̺(LF ,SF ,RF ). It follows that

BU ≤ RU SU + dR
LU
U S

LU
U + 2dR

2LU
U S

2LU
U ,

BF ≤ RFSF + dR
LF
F S

LF
F .

It remains to consider Rademacher complexities of function classes defined in Theo-

rem 3.1. How to compute Rademacher complexity of a neural network class has been

widely discussed in the literature on statistical learning theory [3, 51]. However, there is

no uniform method for calculating Rademacher complexity of the derivative class of neural

networks because the derivative operator is not Lipschitz continuous. We employ a sim-

ilar argument to [19, 32, 35–37] to calculate Rademacher complexity of the tanh-neural

network and its derivative class as follows.

Lemma 3.2. Let the activation ̺ be set as ̺ = tanh. Let the neural network class U be

U =N̺(LU ,SU ,RU ). It follows that

sup
{xΩ

i
}m

i=1

ÒR{xΩ
i
}m

i=1
(U )≤ c

√√
S3
U R2
U LU log(SU RU )

log m

m
,

max
j∈[d]

sup
{xΩ

i
}m

i=1

ÒR{xΩ
i
}m

i=1
(∂ jU ) ≤ c

√√
S2L+1
U R2L

U LU log(SU RU )
log m

m
,

max
j∈[d]

sup
{xΩ

i
}m

i=1

ÒR{xΩ
i
}m

i=1
(∂ 2

j j
U )≤ c

√√
S4L+1
U R4L

U LU log(SU RU )
log m

m
,

sup
{xΓ

i
}m

i=1

ÒR{xΓ
i
}m

i=1
(∂nU ) ≤ c

√√
dS2L+1
U R2L

U LU log(SU RU )
log m

m
,

where c is an absolute constant.

It is straightforward to obtain the following Rademacher complexity estimates corre-

sponding to neural network class F .

Corollary 3.1. Let the activation ̺ be set as ̺ = tanh. Let the neural network class F be

F =N̺(LF ,SF ,RF ). It follows that

sup
{xΩ

i
}m

i=1

ÒR{xΩ
i
}m

i=1
(F ) ≤ c

√√
S3
FR2
F LF log(SFRF )

log m

m
,

max
j∈[d]

sup
{xΩ

i
}m

i=1

ÒR{xΩ
i
}m

i=1
(∂ jF ) ≤ c

√√
S2L+1
F R2L

F LF log(SFRF )
log m

m
,

where c is an absolute constant.
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Remark 3.4. It is worth noting, based on Lemmas 3.1, 3.2, and Corollary 3.1, that the

generalization error, signifying the discrepancy between the population risk (expectation)

and the empirical risk (finite average), is influenced not only by the sample size but also

by the size of neural networks. In contrast, the generalization bounds presented in [63,

Theorem 3.3] merely quantify the convergence with respect to the sample size, without

considering the impact of the size of neural networks. As a result, the findings in [63,

Theorem 3.3] fail to provide a theoretical understanding of how the size of neural networks

affects the error.

Remark 3.5 (Trade-Offs Between Approximation and Generalization). It is apparent from

Lemma 3.2 and Corollary 3.1 that as the depth, the number of non-zero weights, and

the bound on weights become larger, the generalization error will become larger, while

Lemma 1.1 states that the approximation error will decrease. Therefore, there exists a trade-

off between the approximation and generalization errors.

With the aid of Theorem 3.1, Lemmas 1.1, 3.1, 3.2 and Corollary 3.1, we finally achieve

the following convergence rates of reconstructions of source density in elliptic equations.

Theorem 3.2 (Convergence Rates of Population Risk). Let δ ∈ (0,1),α ≥ 1 and ̺ =

tanh. Suppose that (u†, f †) ∈ Hα+2(Ω) × Hα+1(Ω). Set U = N̺(LU ,SU ,RU ) and F =
N̺(LF ,SF ,RF ), where

LU = O (1), SU = O
�
ǫ−d/(α−µ)�,

RU = O
�
ǫ−(9d+4+4µ)/(2(α−µ))−2

�
,

LF = O (1), SF = O
�
ǫ−d/(α−µ)�,

RF = O
�
ǫ−(9d+2+4µ)/(2(α−µ))−2

�
.

Suppose that the number of samples m is larger than O (ǫ−4−c((d+1)/(α−µ)) log(d+2)). Then the

following inequality holds for each λ ∈ (0,1) with probability at least 1− (13+ 7d)τ:

Lλ
�
buδλ, bf δλ
�
≤ O
�
ǫ2 log1/2

�
1

ǫ

��
+ O (λ) + O (δ2) + O

�
ǫ(d+4(α−µ))/(2(α−µ)) log1/2

�
1

τ

��
.

By combining Theorem 3.2 with stability estimates (Theorem 2.1), we obtain the fol-

lowing convergence rates of reconstructions.

Corollary 3.2 (Convergence Rates of Reconstructions). Let δ ∈ (0,1), α≥ 1 and ̺ = tanh.

Suppose that (u†, f †) ∈ Hα+2(Ω)×Hα+1(Ω). Set the regularization parameter as λ = O (δ2),

and set U = N̺(LU ,SU ,RU ) and F = N̺(LF ,SF ,RF ), where the hyper-parameters are

given by LU = O (1), SU = O (δ−d/(α−µ)), RU = O (δ−(9d+4+4µ)/(2(α−µ))−2), and LF = O (1),
SF = O (δ−d/(α−µ)), RF = O (δ−(9d+2+4µ)/(2(α−µ))−2). Suppose that the number of samples m

is larger than O (δ−4−c((d+1)/(α−µ)) log(d+2)). Then for τ > 0 with probability at least 1− (13+

7d)τ, the following inequalities hold:

buδλ − u†


H1(Ω)
= O
�
δ log1/4

�
1

δ

��
+ O
�
δ(d+4(α−µ))/(4(α−µ)) log1/4

�
1

τ

��
,

bf δλ − f †


L2(Ω)
= O
�
δ1/2 log1/8

�
1

δ

��
+ O
�
δ(d+4(α−µ))/(8(α−µ)) log1/8

�
1

τ

��
.



Recovering the Source Term in Elliptic Equation via Deep Learning 471

Remark 3.6 (High-Probability Form). For a fixed τ, the last term O (ǫ(d+4(α−µ))/(2(α−µ)))
in Theorem 3.2 is strictly smaller than the first one O (ǫ2). Let ι = log(1/τ), then with

probability 1− (13+7d)exp(ι) the following estimate holds, Lλ(buδλ, bf δ
λ
)≤ O (ǫ2)+O (λ)+

O (δ2) + O (ǫ(d+4(α−µ))/(2(α−µ))ι1/2). This shows the probability that this estimate does not

hold decays exponentially as the last term increases. This analysis also holds for Corol-

lary 3.2.

Remark 3.7 (Overcome CoD Under High-Regularity). In Theorem 3.2 and Corollary 3.2,

for a fixed regularity index α, the number of non-zero weights and the bound of weights

depend exponentially on the dimension d , namely the curse of dimensionality (CoD). How-

ever, if the ground truth (u†, f †) have high-regularity, that is, α = Ω(d), the number of

non-zero weights and the bound of weights could be dimension-independent. It is worth

noting that in the literature, other dimension-free rates are based on the assumption that

the target function is in Barron-type class [20,46,49]. According to [11, (15) in Section IX],

functions with derivatives of sufficiently high order belong to Barron class. More precisely,

if the partial derivatives of g(x) of order α= ⌊d/2⌋+2 are continuous, then g is in Barron

class. In this sense, the analyses we give follow a similar path as previous results in the

literature.

4. Numerical Experiments

In this section, we present numerical reconstructions using method proposed in this pa-

per. The accuracy of reconstructions are measured by the relative L2-errors err(u), err(∂ ju)

and err( f ) defined as

err(u) =
‖u− u†‖2
‖u†‖2

, err(∂ ju) =
‖∂ ju− ∂ ju

†‖2
‖∂ ju

†‖2
, err( f ) =

‖ f − f †‖2
‖ f †‖2

.

Given a ground truth source density f † and a potential function V , the ground truth solu-

tion u† is generated by solving the following elliptic equation with zero Dirichlet boundary

condition:
−∆u+ Vu = f in Ω,

u= 0 on ∂Ω.
(4.1)

Then the boundary flux can obtained by g(x) = ∂nu†(x) for x ∈ ∂Ω. And the noisy mea-

surement data set {(x i, yδ
i

, zδ
i
)}m

i=1
can be generated from (1.2).

All the numerical experiments in this paper have been done on the supercomputing

system with RAM 128GB ECC 2400MHz DDR4, Intel Xeon E5-2640v4 2.4GHz (CPU) and

NVIDIA Tesla V100 16GB NVLink (GPU). The partial differential equation (4.1) is solved

by the PDE toolbox of MATLAB 2023b, and our method was implemented with Python 3.9

on PyTorch 1.13 [54].

We approximate the unknown solution and source density using two neural networks,

both of which have two hidden layers, each layer containing 64 units. In this paper, we use

the Adam [41] optimizer with a learning rate 1.0 × 10−4. We use 100000 sample points

and set the batch size as 2048. In all experiments, we set the number of epochs as 50000.
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In the first test, we consider an elliptic system with an unknown smooth source density.

Example 4.1 (Smooth Source Density). Let Ω= (0,1)2 and V (x) = 1 for each x ∈ Ω. The

ground truth source density f † are given as follows:

φ1(x1, x2) = exp
�
−9× (x1 − 0.3)2 − 25× (x2 − 0.7)2

�
,

φ2(x1, x2) = exp
�
−25× (x1 − 0.7)2 − 9× (x2 − 0.3)2

�
,

f †(x1, x2) = 25φ1(x1, x2) + 36φ2(x1, x2).

The Table 1 presents the relative L2-error of the reconstructions in Example 4.1 for

various noise levels. It is evident from the table that our method maintains a high level of

accuracy even as the noise level increases. Notably, acceptable reconstruction accuracy is

achieved even with noise levels as high as 50%. This observation is further supported by

Fig. 1.

Table 1: The relative L2-error of reconstructions under various noise levels in Example 4.1.

λ= 1.0× 10−8 Noise level δ

0% 1% 10% 20% 50%

err(buδ
λ
) 5.25× 10−4 7.50× 10−4 1.13× 10−3 2.15× 10−3 3.06× 10−3

err(∂1buδλ) 3.50× 10−3 3.90× 10−3 4.15× 10−3 5.42× 10−3 7.50× 10−3

err(∂2buδλ) 3.31× 10−3 3.92× 10−3 3.97× 10−3 5.78× 10−3 7.62× 10−3

err(bf δ
λ
) 1.14× 10−2 1.39× 10−2 1.47× 10−2 1.86× 10−2 2.80× 10−2
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Figure 1: The ground truth source density f † (top), the recovered source density bf δ
λ

(middle), and the
relative point-wise absolute error of the reconstruction |bf δ

λ
− f †|/‖ f †‖∞ (bottom) with regularization

parameter λ= 1.0× 10−8 under different noise levels in Example 4.1.
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Furthermore, both Table 1 and Fig. 2 demonstrate that the reconstructed solution buδ
λ

approximates the ground truth solution u† not only in terms of the L2-norm but also in the

H1-semi-norm. This finding supports our stability estimates (Theorem 2.1) and the analysis

of convergence rates (Corollary 3.2).

To further investigate the impact of explicit regularization on the reconstruction, we

present numerical results with different regularization parameters λ under the noise level

50%, as displayed in Table 2 and Fig. 3. The experimental results illustrate that the re-

Table 2: The relative L2-error of reconstructions with various regularization parameters in Example 4.1.

δ = 50%
Regularization parameters λ

1.0× 10−5 1.0× 10−6 1.0× 10−7 1.0× 10−8 0.0

err(buδ
λ
) 1.10× 10−2 3.63× 10−3 7.96× 10−3 8.77× 10−3 4.78× 10−3

err(∂1buδλ) 2.72× 10−2 7.68× 10−3 6.94× 10−3 7.11× 10−3 7.97× 10−3

err(∂2buδλ) 2.33× 10−2 7.74× 10−3 7.09× 10−3 7.20× 10−3 7.92× 10−3

err(bf δ
λ
) 6.58× 10−2 2.68× 10−2 2.63× 10−2 2.62× 10−2 2.99× 10−2
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Figure 2: The ground truth solution (u†,∂1u†,∂2u†) (top), the recovered solution (buδ
λ
,∂1buδλ,∂2buδλ)

(middle), and the relative point-wise absolute error of the reconstruction (|buδ
λ
− u†|/‖u†‖∞, |∂1buδλ −

∂1u†|/‖∂1u†‖∞, |∂2buδλ − ∂2u†|/‖∂2u†‖∞) (bottom) under the noise level δ = 10% in Example 4.1.
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Figure 3: The ground truth source density f † (top), the recovered source density bf δ
λ

(middle), and
the relative point-wise absolute error of the reconstruction |bf δ

λ
− f †|/‖ f †‖∞ (bottom) under noise level

δ = 50% with different regularization parameters λ in Example 4.1.

construction accuracy is insensitive to the selection of regularization parameter. Notably,

the method exhibits high accuracy within the range of regularization parameters from

1.0× 10−6 to 1.0× 10−8.

The second test consider the non-smooth source density.

Example 4.2 (Non-Smooth Source Density). Let Ω= (0,1)2 and V (x) = 1 for each x ∈ Ω.

The ground truth source density are given as follows:

φ(x1, x2) = exp
�
−16× (x − 0.6)2 − 16.0× (y − 0.4)2

�
,

f †(x1, x2) =






8, φ(x1, x2) ∈ (−∞, 0.25],

32φ(x1, x2), φ(x1, x2) ∈ (0.25,0.75],

24, φ(x1, x2) ∈ (0.75,+∞).

It is worth noting that the ground truth source density in Example 4.2 is not smooth,

which does not align with the conditions outlined in the theoretical results (Theorem 3.2

and Corollary 3.2) presented in Section 3. However, the excellent performance of our

method in non-smooth situations is evident from Table 3 and Fig. 4.

Similar to Example 4.2, our method demonstrates robustness against data noise, as

high reconstruction accuracy is maintained even with noise levels of up to 50%. Further-

more, it is important to note that the reconstructed error is primarily concentrated at the

discontinuities of the source density.
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Table 3: The relative L2-error of reconstructions under various noise levels in Example 4.2.

λ= 1.0× 10−8 Noise level δ

0% 1% 10% 20% 50%

err(buδ
λ
) 2.22× 10−3 1.87× 10−3 2.34× 10−3 3.27× 10−3 4.88× 10−3

err(∂1buδλ) 1.20× 10−2 1.01× 10−2 9.96× 10−3 1.11× 10−2 1.38× 10−2

err(∂2buδλ) 1.02× 10−2 9.35× 10−3 1.18× 10−2 1.33× 10−2 1.70× 10−2

err(bf δ
λ
) 5.71× 10−2 4.96× 10−2 5.41× 10−2 5.90× 10−2 6.95× 10−2
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Figure 4: The ground truth source density f † (top), the recovered source density bf δ
λ

(middle), and the
relative point-wise absolute error of the reconstruction |bf δ

λ
− f †|/‖ f †‖∞ (bottom) under different noise

levels in Example 4.2.

5. Proofs of Lemmas and Theorems

5.1. Proofs of stability estimates

Proof. [Proof of Theorem 2.1] It is obvious from (1.2) and (2.2) that ‖u− u†‖2
H1(Ω)

≤
Lλ(u, f ), which implies the first inequality of stability estimates. We next consider the sta-

bility estimate for the source density. Let ψ ∈ H1(Ω) and (u, f ) ∈ H2(Ω)×H1(Ω). Applying

the trace theorem, we have that ‖Tψ‖L2(∂Ω) ≤ C‖ψ‖H1(Ω) for some positive constant C

only depending on Ω. As a consequence, it follows that

〈 f − f †,ψ〉(H1(Ω))∗,H1(Ω) = ( f − f †,ψ)L2(Ω)

= ( f +∆u− Vu,ψ)L2(Ω) +
�
∆(u† − u),ψ
�

L2(Ω)
+
�
V (u− u†),ψ
�

L2(Ω)

= ( f +∆u− Vu,ψ)L2(Ω) +
�
∇(u− u†),∇ψ
�

L2(Ω)
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+ (g − ∂nu, Tψ)L2(∂Ω) +
�
V (u− u†),ψ
�

L2(Ω)

≤ C
�
‖ f +∆u− Vu‖L2(Ω) + ‖u− u†‖H1(Ω) + ‖∂nu− g‖L2(∂Ω)

�
‖ψ‖H1(Ω),

where C is a positive constant only depending on Ω and ‖V‖L∞(Ω). Here the first equality

holds from (1.1), the second equality used Green’s formula, and the inequality is due to

Cauchy-Schwarz inequality and the trace theorem. Then according to the definition of the

dual norm, we find that

‖ f − f †‖(H1(Ω))∗ ≤ C
�
‖ f +∆u− Vu‖L2(Ω) + ‖u− u†‖H1(Ω) + ‖∂nu− g‖L2(∂Ω)

�

≤ C L
1/2

λ
(u, f ) + 2Cδ,

where the second inequality holds from the triangular inequality and (1.3). On the other

hand, it follows from (2.2) that

‖ f ‖H1(Ω) ≤ λ−1/2 L
1/2

λ
(u, f ).

Then we obtain that

‖ f − f †‖2
L2(Ω)

≤ ‖ f − f †‖H1(Ω)‖ f − f †‖(H1(Ω))∗

≤ C‖ f †‖H1(Ω)

�
1+λ−1/2 L

1/2

λ
(u, f )
��

L
1/2

λ
(u, f ) +δ
�
,

which completes the proof.

5.2. Proof of the oracle inequality

Define the population excess risk of (u, f ) as

Eλ(u, f ) = ‖u− u†‖2
H1(Ω)

+λ‖ f ‖2
H1(Ω)

+ Rint(u, f ) + Rbdy(u).

It is apparent that Lλ(u, f ) = Eλ(u, f ) + 2(1 + d)δ2. For ease of notations, we define the

functional Gλ(·, ·) as

Gλ(u, f ) = λ‖ f ‖2
H1(Ω)

+ Rint(u, f ) + Rbdy(u).

Further, define its empirical counterpart bGλ(u, f ) based on {xΩ
i
}m

i=1
and {x Γ

i
}m

i=1
by

bGλ(u, f ) = λ
|Ω|
m

m∑

i=1

¦
f
�
xΩi

�2
+
∇ f
�
xΩi

�2
2

©
+ bRint(u, f ) + bRbdy(u).

Throughout this section, we introduce the following notations:

B
(0)
U = sup

u∈U∪{u†}
‖u‖L∞(Ω), B

(0)
F = sup

f ∈F∪{ f †}
‖ f ‖L∞(Ω),

B
(1)
U =max

j∈[d]
sup

u∈U∪{u†}
‖∂ ju‖L∞(Ω), B

(1)
F =max

j∈[d]
sup

f ∈F∪{ f †}
‖∂ j f ‖L∞(Ω),

B
(2)
U =max

j∈[d]
sup

u∈U∪{u†}
‖∂ 2

j ju‖L∞(Ω).

Proof of Theorem 3.1. We divide the rest of the proof into two steps.
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Step 1. Relate the population excess risk with its empirical counterpart. Define a function

φ(0)u for each sample {xΩ
i
}m

i=1
⊆ Ω as

φ(0)u

��
xΩi

	m
i=1

�
= sup

u∈U

�
‖u− yδ‖2

L2(Ω)
− |Ω|

m

m∑

i=1

�
u
�
xΩi

�
− yδ
�
xΩi

��2
�

.

For a point x
Ω,′
k
∈ Ω such that x

Ω,′
k
6= xΩ

k
, we have

φ(0)
u

��
xΩ

i

	m
i=1

�
−φ(0)

u

��
xΩ

i

	k−1

i=1
∪
�

x
Ω,′
k

	
∪
�

xΩ
i

	m
i=k+1

�

≤ sup
u∈U

� |Ω|
m

�
u
�
xΩ

k

�
− yδ
�
xΩ

k

��2
− |Ω|

m

�
u
�
x
Ω,′
k

�
− yδ
�
x
Ω,′
k

��2�
≤ 4|Ω|

m

�
B
(0)
U +δ
�2

,

then it follows from McDiarmid’s inequality (Lemma A.1) that for each τ ∈ (0,1), the

following inequality holds with probability at least 1−τ:

φ(0)u

��
xΩi

	m
i=1

�
≤ E{xi}mi=1

�
φ(0)u

��
xΩi

	m
i=1

� �
+ 4|Ω|
�
B
(0)
U +δ
�2
√√ log(1/τ)

2m
. (5.1)

We next bound the expectation in the right-hand side by the technique of symmetrization.

Let { x̃Ω
i
}m

i=1
be a set of independent copies of xΩ and be independent of {xΩ

i
}m

i=1
. Further,

suppose that {σi}mi=1
is a set of i.i.d. Rademacher variables independent of {xΩ

i
}m

i=1
and

{ x̃Ω
i
}m

i=1
. Then it follows from Jensen’s inequality that

E{xΩ
i
}m

i=1
sup
u∈U

�
ExΩ

��
u(xΩ)− yδ(xΩ)

�2�− 1

m

m∑

i=1

�
u
�
xΩi

�
− yδ
�
xΩi

��2
�

= E{xΩ
i
}m

i=1
sup
u∈U

�
E{ x̃i}mi=1

1

m

m∑

i=1

�
u
�
x̃Ω

i

�
− yδ
�
x̃Ω

i

��2
− 1

m

m∑

i=1

�
u
�
xΩ

i

�
− yδ
�
xΩ

i

��2
�

≤ E{xΩ
i

, x̃Ω
i
}m

i=1
sup
u∈U

�
1

m

m∑

i=1

�
u
�
x̃Ωi

�
− yδ
�
x̃Ωi

��2
−
�
u
�
xΩi

�
− yδ
�
xΩi

��2
�

= E{xΩ
i

, x̃Ω
i

,σi}mi=1
sup
u∈U

�
1

m

m∑

i=1

σi

��
u
�
x̃Ωi

�
− yδ
�
x̃Ωi

��2
−
�
u
�
xΩi

�
− yδ
�
xΩi

��2�
�

= 2E{xΩ
i

,σi}mi=1
sup
u∈U

�
1

m

m∑

i=1

σi

�
u
�
xΩ

i

�
− yδ
�
xΩ

i

��2
�

= 2Rm

��
x 7→
�
u(x)− yδ(x)
�2

: x ∈ Ω,u ∈ U
	�

.

Combining this with Ledoux-Talagrand contraction inequality (Lemma A.3), we have

E{xΩ
i
}m

i=1

�
φ(0)u

��
xΩi

	m
i=1

��
≤ 8|Ω|
�
B
(0)
U +δ
�
Rm(U − yδ) = 8|Ω|

�
B
(0)
U +δ
�
Rm(U ). (5.2)
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Notice that changing one point on {xΩ
i
}m

i=1
changes ÒR{xΩ

i
}m

i=1
(U ) by at most 2B

(0)
U /m, that

is, for each k ∈ [m]
ÒR{xΩ

i
}m

i=1
(U )−ÒR{xΩ

i
}k−1

i=1
∪{xΩ,′

k
}∪{xΩ

i
}m

i=k+1
(U )

≤ Eσk

�
sup
u∈U

�
1

m
σku
�
xΩ

k

�
− 1

m
σiu
�
x
Ω,′
k

���
≤ 2

m
B
(0)
U .

Then according to McDiarmid’s inequality (Lemma A.1), with probability at least 1−τ the

following holds:

Rm(U ) ≤ ÒR{xΩ
i
}m

i=1
(U ) + 2B

(0)
U

√√ log(1/τ)

2m
. (5.3)

According to (5.1) to (5.3), for each τ ∈ (0,1), the following inequality holds with proba-

bility at least 1− 2τ:

φ(0)u

��
xΩi

	m
i=1

�
≤ 8|Ω|
�
B
(0)
U +δ
�
ÒR{xΩ

i
}m

i=1
(U ) + 20|Ω|
�
B
(0)
U +δ
�2
√√ log(1/τ)

2m
. (5.4)

By the same arguments, we have that the following inequality holds with probability at

least 1− 2τ:

∂ ju− zδj

2
L2(Ω)

− |Ω|
m

m∑

i=1

�
∂ ju
�
xΩi

�
− zδj

�
xΩi

��2

≤ 8|Ω|
�
B
(1)
U +δ
�
ÒR{xΩ

i
}m

i=1
(∂ jU ) + 20|Ω|
�
B
(1)
U +δ
�2
√√ log(1/τ)

2m
.

Then summarizing with respect to j ∈ [d] and using (5.4) yield that the following holds

with probability at least 1− 2(1+ d)τ:
�
‖u− yδ‖2

L2(Ω)
− ‖∇u− zδ‖2

L2(Ω)

�

− |Ω|
m

m∑

i=1

��
u
�
xΩi

�
− yδ
�
xΩi

��2
+
∇u
�
xΩi

�
− zδ
�
xΩi

�2
2

�

≤ 8|Ω|
§�

B
(0)
U +δ
�
ÒR{xΩ

i
}m

i=1
(U ) + d
�
B
(1)
U +δ
�

max
j∈[d]
ÒR{xΩ

i
}m

i=1
(∂ jU )
ª

+ 20|Ω|
n�

B
(0)
U +δ
�2
+ d
�
B
(1)
U +δ
�2o
√√ log(1/τ)

2m
. (5.5)

In order to estimate the generalization error corresponding to the regularization term, we

define functions φ
(0)

f
,φ
(1)

f
: Ωm→ R as

φ
(0)

f

��
xΩi

	m
i=1

�
= sup

f ∈F

�
‖ f ‖2

L2(Ω)
− |Ω|

m

m∑

i=1

f
�
xΩi

�2
�

,

φ
(1)

f

��
xΩ

i

	m
i=1

�
= sup

f ∈F

�
‖∂ j f ‖2

L2(Ω)
− |Ω|

m

m∑

i=1

∂ j f
�
xΩ

i

�2
�

,
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and notice that

φ
(0)

f

��
xΩi

	m
i=1

�
−φ(0)

f

��
xΩi

	k−1

i=1
∪
�

x
Ω,′
k

	
∪
�

xΩi

	m
i=k+1

�
≤ |Ω|

m

�
B
(0)
F
�2

,

φ
(1)

f

��
xΩi

	m
i=1

�
−φ(1)

f

��
xΩi

	k−1

i=1
∪
�

x
Ω,′
k

	
∪
�

xΩi

	m
i=k+1

�
≤ |Ω|

m

�
B
(1)
F
�2

.

As a consequent, we have that for each τ ∈ (0,1), the following inequality holds from

McDiarmid’s inequality (Lemma A.1) with probability at least 1−τ:

φ
(0)

f

��
xΩi

	m
i=1

�
≤ E{xΩ

i
}m

i=1

�
φ
(0)

f

��
xΩi

	m
i=1

��
+ |Ω|
�
B
(0)
F
�2
√√ log(1/τ)

2m
, (5.6)

φ
(1)

f

��
xΩ

i

	m
i=1

�
≤ E{xΩ

i
}m

i=1

�
φ
(1)

f

��
xΩ

i

	m
i=1

��
+ |Ω|
�
B
(1)
F
�2
√√ log(1/τ)

2m
. (5.7)

Moreover, it follows from the technique of symmetrization that

E{xΩ
i
}m

i=1

�
φ
(0)

f

��
xΩ

i

	m
i=1

��
≤ 2|Ω|Rm

��
x 7→ f (x)2 : x ∈ Ω, f ∈ F

	�
≤ 4|Ω|B(0)F Rm(F ),

E{xΩ
i
}m

i=1

�
φ
(1)

f

��
xΩi

	m
i=1

��
≤ 2|Ω|Rm

��
x 7→ ∂ j f (x)2 : x ∈ Ω, f ∈ F

	�
≤ 4|Ω|B(1)F Rm(∂ jF ),

where ∂ jF = {x 7→ ∂ j f (x) : x ∈ Ω, f ∈ F} and we used Ledoux-Talagrand contraction

inequality (Lemma A.3). By combing above two inequalities with (5.6)-(5.7) and using

McDiarmid’s inequality (Lemma A.1) like (5.3), for each τ ∈ (0,1), the following inequality

holds with probability at least 1− 2(1+ d)τ:

‖ f ‖2
H1(Ω)

− |Ω|
m

m∑

i=1

¦
f
�
xΩi

�2
+
∇ f
�
xΩi

�2
2

©

≤ 4|Ω|
§

B
(0)
F ÒR{xΩi }mi=1

(F ) + dB
(1)
F max

j∈[d]
ÒR{xΩ

i
}m

i=1
(∂ jF )
ª

+ 9|Ω|
n�

B
(0)
F
�2
+ d
�
B
(1)
F
�2o
√√ log(1/τ)

2m
. (5.8)

It remains to investigate two physics-informed terms. Define a function φint : Ωm→ R by

φint

��
xΩi

	m
i=1

�
= sup
(u, f )∈U×F

�
Rint(u, f )− bRint(u, f )

�
.

Denote by V̄ = ‖V‖L∞(Ω). It is straightforward to verify that

φint

��
xΩi

	m
i=1

�
−φint

��
xΩi

	k−1

i=1
∪
�

x
Ω,′
k

	
∪
�

xΩi

	m
i=k+1

�
≤ |Ω|

m

�
B
(0)
F + dB

(2)
U + V̄ B

(0)
U
�2

,

which implies from McDiarmid’s inequality (Lemma A.1) that for each τ ∈ (0,1), the fol-

lowing inequality holds with probability at least 1−τ:

φint

��
xΩi

	m
i=1

�
≤ E{xΩ

i
}m

i=1

�
φint

��
xΩi

	m
i=1

� �
+ |Ω|
�
B
(0)
F + dB

(2)
U + V̄ B

(0)
U
�2
√√ log(1/τ)

2m
. (5.9)
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Denote h(x) = f (x) +∆u(x)− V (x)u(x). Then Rint(u, f ) = E[h(x)]. By the similar argu-

ment mentioned above, we have that

E{xΩ
i
}m

i=1
sup

(u, f )∈U×F

�
ExΩ

�
h(xΩ)2
�
− 1

m

m∑

i=1

h
�
xΩi

�2
�

≤ E{xΩ
i

, x̃Ω
i
}m

i=1
sup

(u, f )∈U×F

�
1

m

m∑

i=1

h
�
x̃Ω

i

�2 − 1

m

m∑

i=1

h
�
xΩ

i

�2
�

= E{xΩ
i

, x̃Ω
i

,σi}mi=1
sup

(u, f )∈U×F

�
1

m

m∑

i=1

σi

�
h
�
x̃Ωi

�2 − h
�
xΩi

�2�
�

= 2Rm

��
x 7→ h(x)2 =
�

f (x) +∆u(x)− V (x)u(x)
�2

: x ∈ Ω,u ∈ U , f ∈ F
	�

≤ 4
�
B
(0)
F + dB

(2)
U + V̄ B

(0)
U
�¦

Rm(F ) + d max
j∈[d]

Rm

�
∂ 2

j jU
�
+ V̄Rm(U )
©

,

where

∂ 2
j j
U =
¦

x 7→ ∂ 2
j j

u(x) : x ∈ Ω,u ∈ U
©

.

Using McDiarmid’s inequality (Lemma A.1), we have that the following inequalities hold

with probability at least 1−τ:

Rm

�
∂ 2

j jU
�
≤ ÒR{xΩ

i
}m

i=1

�
∂ 2

j jU
�
+ 2B

(2)
U

√√ log(1/τ)

2m
. (5.10)

Combining (5.9) with (5.10), we have that for each τ ∈ (0,1), the following inequality

holds with probability at least 1− (3+ d)τ:

Rint(u, f )− bRint(u, f )

≤ 4|Ω|
�
B
(0)
F + dB

(2)
U + V̄ B

(0)
U
�¦
ÒR{xΩ

i
}m

i=1
(F ) + d max

j∈[d]
ÒR{xΩ

i
}m

i=1

�
∂ 2

j j
U
�
+ V̄ÒR{xΩ

i
}m

i=1
(U )
©

+ 9|Ω|
�
B
(0)
F + dB

(2)
U + V̄ B

(0)
U
�2
√√ log(1/τ)

2m
. (5.11)

Define a function φbdy : (∂Ω)m→ R by

φbdy

��
x Γ

i

	m
i=1

�
= sup

u∈U

�
‖∂nu− g‖2

L2(∂Ω)
− |∂Ω|

m

m∑

i=1

�
∂nu(x Γ

i
)
�
− g
�
x Γ

i

�2
�

.

Denote ḡ = ‖g‖L∞(∂Ω). It is apparent that

φbdy

��
x Γi

	m
i=1

�
−φbdy

��
x Γi

	k−1

i=1
∪
�

x
Γ ,′
k

	
∪
�

x Γi

	m
i=k+1

�
≤ |∂Ω|

m

�p
dB
(1)
U + ḡ
�2

,

consequently, for each τ ∈ (0,1), the following holds from McDiarmid’s inequality (Lem-

ma A.1) with probability at least 1− τ:

φbdy

��
x Γi

	m
i=1

�
≤ E{xΓ

i
}m

i=1

�
φbdy

��
x Γi

	m
i=1

� �
+ |∂Ω|
�p

dB
(1)
U + ḡ
�2
√√ log(1/τ)

2m
. (5.12)
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On the other hand, we find that the following inequality holds with probability at least

1−τ:

E{xΓ
i
}m

i=1

�
φbdy

��
x Γ

i

	m
i=1

� �

≤ 2|∂Ω|Rm

��
x 7→
�
∂nu(x)− g(x)
�2

: x ∈ ∂Ω,u ∈ U
	�

≤ 4|∂Ω|
�p

dB
(1)
U + ḡ
�
Rm(∂nU )

≤ 4|∂Ω|
�p

dB
(1)
U + ḡ
�
ÒR{xΓ

i
}m

i=1
(∂nU ) + 8|∂Ω|

�p
dB
(1)
U + ḡ
�2
√√ log(1/τ)

2m
,

where

∂nU =
�

x 7→ ∂nu(x) : x ∈ ∂Ω,u ∈ U
	
,

TU =
�

x 7→ Tu(x) : x ∈ ∂Ω,u ∈ U
	
.

Combining this with (5.12) gives that for each τ ∈ (0,1) the following inequality holds

with probability at least 1−τ:

Rbdy(u)− bRbdy(u) ≤ 4|∂Ω|
�p

dB
(1)
U + ḡ
�
ÒR{xΓ

i
}m

i=1
(∂nU )

+ 9|∂Ω|
�p

dB
(1)
U + ḡ
�2
√√ log(1/τ)

2m
. (5.13)

By using (5.5), (5.8), (5.11) and (5.13), we have that for each τ ∈ (0,1), the following

holds with probability at least 1− (9+ 5d)τ:

Lλ
�
buδλ, bf δλ
�
≤ inf
(ū, f̄ )∈U×F

Lλ(ū, f̄ ) + CEgen(U ,F , n)

≤ inf
(ū, f̄ )∈U×F

Eλ(ū, f̄ ) + 2(1+ d)δ2 + CEgen(U ,F , n). (5.14)

Step 2. Approximation error. In this part, we will prove the following inequality:

inf
(ū, f̄ )∈U×F

Eλ(ū, f̄ ) ≤ C inf
u∈U
‖u−u†‖2

H2(Ω)
+(1+2λ) inf

f ∈F
‖ f − f †‖2

H1(Ω)
+2λ‖ f †‖2

H1(Ω)
, (5.15)

combining which with (5.14) yields the desired result. Since (u†, f †) satisfies (1.1), it

follows that

Rint(u, f ) =
( f − f †) +∆(u− u†)− V (u− u†)

2
L2(Ω)

≤ ‖ f − f †‖2
L2(Ω)

+ (1+ V̄ )‖u− u†‖H2(Ω),

and using the trace theorem gives that

Rbdy(u, f ) = ‖∂n(u− u†)‖L2(∂Ω) ≤ C‖u− u†‖2
H1(Ω)

,

where C is a constant only depending on Ω. On the other hand, we have that ‖ f ‖H1(Ω) ≤
‖ f − f †‖H1(Ω)+‖ f †‖H1(Ω). Combining this with above two inequalities and taking infimum

with respect to (ū, f̄ ) ∈ U ×F implies (5.15). This completes the proof.
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5.3. Proof of convergence rates

The proof of [15, Lemma 3.6].

Lemma 5.1. Let ̺ = tanh and G =N̺(L,S,R). Then it follows that

B
(0)
G ≤ RS, B

(1)
G ≤ RLSL , B

(0)
G ≤ 2R2LS2L,

and

sup
x∈X

��g(x ,θ)− g(x ;θ ′)
�� ≤ κ(0)‖θ − θ ′‖∞,

sup
x∈X

max
j∈[d]

��∂ j g(x ,θ)− ∂ j g(x ;θ ′)
�� ≤ κ(1)‖θ − θ ′‖∞,

sup
x∈X

max
j∈[d]

��∂ 2
j j g(x ,θ)− ∂ 2

j j g(x ;θ ′)
�� ≤ κ(2)‖θ − θ ′‖∞,

where κ(0) = RLSL,κ(1) = 2R2LS2L and κ(2) = 10R3LS3L .

Proof of Lemma 3.1. A direct conclusion of Lemma 5.1.

Proof of Lemma 3.2. We first consider the Rademacher complexity of the function

class U . According to Lemma A.6, we have that

sup
{xΩ

i
}m

i=1

ÒR{xΩ
i
}m

i=1
(U )≤ ε+ B

(0)
U

√√2H(ε,U , L∞(Ω))
m

≤ ε+ B
(0)
U

√√√2H(ε/κ
(0)
U ,Θ,ℓ∞)

m

≤ ε+ B
(0)
U

√√√2SU log(3RUκ
(0)
U /ε)

m
,

where the second inequality is due to Lemma A.7 and the last one holds from Lemma A.8.

Combining this with Lemma 5.1 and setting ε = B
(0)
U /
p

m yield

sup
{xΩ

i
}m

i=1

ÒR{xΩ
i
}m

i=1
(U )≤ 3SURU

√√SU (LU log(SU RU ) + log m)

m
.

By a same argument, we can obtain Rademacher complexities of other function classes. One

more thing we need to note is that for each fixed {x Γ
i
}m

i=1
, it holds from Cauchy-Scharwz

inequality that

ÒR{xΓ
i
}m

i=1
(∂nU )≤ ‖n‖1 max

j∈[d]
ÒR{xΓ

i
}m

i=1
(∂ jU ) ≤
p

dÒR{xΓ
i
}m

i=1
(∂ jU ).

This completes the proof.
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Proof of Theorem 3.2. According to Lemma 1.1, it holds that

inf
u∈U
‖u− u†‖H2(Ω) ≤ |Ω|‖u†‖2

Hα+2(Ω)
ǫ2,

inf
f ∈F
‖ f − f †‖H1(Ω) ≤ |Ω|‖ f †‖2

Hα+1(Ω)
ǫ2,

(5.16)

where

U =N̺(LU ,SU ,RU ) and F =N̺(LF ,SF ,RF )

with

LU = c log(d + 2), SU = Cǫ−d/(α−µ), RU = Cǫ−(9d+4+4µ)/(2(α−µ))−2,

LF = c log(d + 1), SF = Cǫ−d/(α−µ), RF = Cǫ−(9d+2+4µ)/(2(α−µ))−2.
(5.17)

Here c,µ > 0 are absolute constants and the constant C depends on α, d ,Ω and µ. On the

other hand, we find from Lemma 3.1, 3.2 and Corollary 3.1 that

Egen(U ,F , m) ≤ C
¦

R4L
U S4L
U + R2L

F S2L
F +δ

2(log m)2
©√√

SU LU log(SU RU )
log m

m

+ C
¦

R4L
U S4L
U + R2L

F S2L
F +δ

2(log m)2
©√√

SF LF log(SFRF )
log m

m

+ C
¦

R4L
U S4L
U + R2L

F S2L
F +δ

2
©√√ log(1/τ)

2m
, (5.18)

where C is a positive constant only depending on d ,Ω, ‖V‖L∞(Ω) and ‖g‖L∞(∂Ω). Plugging

(5.17) in (5.18) yields that

Egen(U ,F , m) ≤ C
¦
ǫ−c((d+1)/(α−µ)) log(d+2) +δ2(log m)2

©

×
�
ǫ−d/(2(α−µ))
√√ log m

m
+

√√ log(1/τ)

2m

�
. (5.19)

Combining (5.16) with (5.19) yields the desired result.

6. Conclusions and Discussions

We have proposed a method based on Physics-Informed Neural Networks (PINNs) for

identifying sources in elliptic equations. By employing neural networks to approximate

the unknown source term and solution, and minimizing the empirical risk using a stochas-

tic gradient descent (SGD)-type algorithm, we are able to recover the source density and

solution. To assess the effectiveness of our method experimentally, we apply it to vari-

ous examples with different noise levels and regularization parameters. These experiments

highlight the remarkable robustness of our method when encountering data noise. Further-

more, we provide theoretical analysis by presenting convergence rates of the reconstruction
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in relation to the noise level. This analysis yields valuable insights a priori for determining

appropriate choices for regularization parameters, the number of samples, and the size of

the neural networks.

The proposed method is applicable to high-dimensional problems and can be integrated

with adaptive sampling methods, as described in [33]. Moreover, the approach of combin-

ing Tikhonov regularization with PINNs can be extended to address parameter identifica-

tion problems involving partial differential equations other than the one considered in this

study. The analytical strategies developed in this work hold great promise for establishing

convergence rates in future investigations of various inverse problems.

Appendix A. Supplementary Definitions and Lemmas

Definition A.1 (Gaussian Complexity). Let X ⊆ Rd (d ≥ 1) be a bounded domain and let

µ be a measure on X . Suppose that G is a family of functions mapping from X to R and

{x i}mi=1
is a set of samples i.i.d. drawn from µ. Let σ = {σi}mi=1

be a set of i.i.d. standard

Gaussian variables and independent of {x i}mi=1
. Then the empirical Gaussian complexity of G

with respect to the sample set {x i}mi=1
is defined as

ÒG{xi}mi=1
(G ) = Eσ
�

sup
g∈G

1

m

m∑

i=1

σi g(x i)

�
,

where Eσ[·] = E[·|{x i}mi=1
].

Definition A.2 (Covering Number and Metric Entropy). Let (H ,ρ(·, ·)) be a pseudo-metric

space and G ⊆H . A set Gε ⊆H is called a ρ(·, ·) ε-cover of G if for each g ∈ G , there exists

gε ∈ Gε, such that ρ(g, gε)≤ ε. Then the ε-covering number of G is defined by

N
�
ε,G ,ρ(·, ·)
�
=min
�
|Gε| : Gε is a ρ(·, ·) τ-cover of G

	
.

Moreover, the ρ(·, ·) ε-metric entropy of G is defined by H(ε,G ,ρ(·, ·)) = log N (ε,G ,ρ(·, ·)).

Lemma A.1 (McDiarmid’s Inequality, cf. Mohri & Rostamizadeh [51, Theorem D.8]). Let

{x i}mi=1
⊆ X be a set of m independent random variables and assume that there exists {ci}mi=1

⊆
R+ such that g :X m→ R satisfies the following condition:

| f (z1, . . . , zk, . . . , zm)− f (z1, . . . , z′k, . . . , zm)| ≤ ci ,

for each k ∈ [m] and each points z1, . . . , zm, z′
k
∈ X . Then for each δ > 0, the following

inequalities hold:

Pr
�

f (x1, . . . , xm)−E[ f (x1, . . . , xm)] ≥ δ
�
≤ exp

�
− 2δ2

∑m
i=1 c2

i

�
,

Pr
�

f (x1, . . . , xm)−E[ f (x1, . . . , xm)] ≤ −δ
�
≤ exp

�
− 2δ2

∑m
i=1 c2

i

�
.
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Lemma A.2 (cf. Giné & Nickl [23, Theorem 2.1.20]). Let {X t : t ∈ T} be a separable centred

Gaussian process such that Pr(supt∈T |X t | <∞) > 0. Then σ := supt∈T (EX 2
t )

1/2 <∞ and

E[supt∈T |X t |] <∞. Furthermore, the following inequality holds:

Pr

��� sup
t∈T
|X t | −E[sup

t∈T
|X t |]
��> δ
�
≤ 2 exp

�
− δ

2

2σ2

�
.

Lemma A.3 (Ledoux-Talagrand Contraction Inequality, cf. Mohri & Rostamizadeh [51,

Lemma 5.7]). Let {φi}mi=1
be m L-Lipschitz functions fromR toR, and {σi}mi=1

be Rademacher

random variables. Then for any hypothesis set G of real-valued functions, the following in-

equality holds:

E{σi}mi=1

�
sup
g∈G

1

m

m∑

i=1

σiφi ◦ g(x i)

�
≤ LE{σi}mi=1

�
sup
g∈G

1

m

m∑

i=1

σi g(x i)

�
= LÒR{xi}mi=1

(G ).

Lemma A.4 (cf. Bartlett & Mendelson [12, Lemma 1]). Let X ⊆ Rd and {x i}mi=1
⊆ X .

Let G be a finite set of functions mapping from X to R. Then it follows that ÒG{xi}mi=1
(G ) ≤

2
p

log mÒR{xi}mi=1
(G ).

Lemma A.5 (Massart’s Lemma, cf. Mohri & Rostamizadeh [51, Theorem 3.7]). LetX ⊆ Rd

and {x i}mi=1
⊆ X . Let G be a finite set of functions mapping from X to R. Suppose that

‖g‖L∞(X ) ≤ BG for each g ∈ G . Then it follows that

ÒR{xi}mi=1
(G ) ≤ BG

√√2 log |G |
m

.

Lemma A.6 (Dudley Inequality). Let X ⊆ Rd and {x i}mi=1
⊆ X . Let G be a set of functions

mapping from X to R. Suppose that ‖g‖L∞(X ) ≤ BG for each g ∈ G . Then it follows that

ÒR{xi}mi=1
(G ) ≤ ε+ BG

√√2H(ε,G , L∞(X ))
m

.

Proof. Let Gε be an L∞(X ) ε-cover of G , that is, for each g ∈ G , there exists gε ∈ Gε,
such that ‖g−gε‖L∞(X ) ≤ ε. Further, suppose that |Gε| = N (ε,G , L∞(X )). Then it follows

from the convexity of suprema that

ÒR{xi}mi=1
(G ) ≤ Eσ
�

sup
g∈G

1

m

m∑

i=1

σi

�
g(x i)− gε(x i)
�
�
+Eσ

�
sup

gε∈Gε

1

m

m∑

i=1

σi gε(x i)

�

≤ ε+ÒR{xi}mi=1
(Gǫ),

where the last inequality holds from Hölder’s inequality. According to Massart’s lemma

(Lemma A.5), we completes the proof.

The following lemma shows that the covering numbers of parameterized classes of func-

tions that are Lipschitz in the parameter can be controlled by the covering numbers of the

parameter space.
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Lemma A.7 (Metric Entropy of Parametric Classes). Let G be a parameterized class of func-

tions, that is, G = {x 7→ g(x ;θ) : x ∈ X ,θ ∈ Θ}. Suppose that there exists a positive constant

κ, such that |g(x ;θ)− g(x ;θ ′)| ≤ κ‖θ − θ ′‖∞. Then it follows that

H
�
ε,G , L∞(X )
�
≤ H(ε/κ,Θ,ℓ∞).

Proof. Let Θδ be an ℓ∞ δ-cover of Θ with |Θδ| = N (δ,Θ,ℓ∞). Then for each θ ∈ Θ,

there exists θδ ∈ Θδ such that ‖θ − θδ‖∞ ≤ δ. Denote by Gδ = {x 7→ g(x ;θ) : x ∈ X ,θ ∈
Θδ}. It is apparent that |Gδ| = |Θδ|. Then for each θ ∈ Θ, there exists θδ ∈ Θδ, such that

|g(x ;θ)− g(x ;θδ)| ≤ κδ,

which means that Gδ is an L∞(X ) κδ-cover of G , and thus N (κδ,G , L∞(X )) ≤ |Gδ|.
Setting ε = κδ and taking logarithm on both sides of the inequality yields the desired

result.

Lemma A.8 (Metric Entropy of Finite-Dimensional Norm-Balls, [59, Lemma 5.7]). Let BR

be a ball with respect to the metric ‖ · ‖ with radius R, that is, BR = {x ∈ RS : ‖x‖ ≤ R}. Then

it holds that H(ε, BR,‖ · ‖)≤ S log(3R/ǫ).
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