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Abstract We prove error estimates for the semi-implicit numerical scheme of sphere-
constrained high-index saddle dynamics, which serves as a powerful instrument in find-
ing saddle points and constructing the solution landscapes of constrained systems on the
high-dimensional sphere. Due to the semi-implicit treatment and the novel computational
procedure, the orthonormality of numerical solutions at each time step could not be fully
employed to simplify the derivations, and the computations of the state variable and direc-
tional vectors are coupled with the retraction, the vector transport and the orthonormal-
ization procedure, which significantly complicates the analysis. We address these issues to
prove error estimates for the proposed semi-implicit scheme and then carry out numerical
experiments to substantiate the theoretical findings.
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1 Introduction

High-index saddle dynamics [25] attracts increasing attentions in the last few years due to its
capability of effectively finding multiple high-index saddle points of complex systems [5, 27, 28].
Here the index of saddle point refers to the Morse index characterized by the maximal dimension
of a subspace on which its Hessian operator is negative definite [I7]. In particular, the high-
index saddle dynamics could be further combined with the downward and upward algorithms
[24] to construct the solution landscape, the pathway map consisting of all stationary points
and their connections [19], that arises several successful applications [10, [T}, 23] 22 (26 29} 30].
In practical problems such as the Thomson problem [I§] and the Bose-Einstein Condensation
[2], the state variable is constrained on a high-dimensional sphere, which leads to the more
complicated sphere-constrained high-index saddle dynamics for treating the sphere-constrained
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problems.

There exist extensive works about numerical analysis to algorithms of finding index-1 saddle
points [I1, B [ [6] [7, [8] 9, T3] [14) [16, [20], while the corresponding analysis for high-index saddle
point searchers is rare. In [3I], an explicit scheme for the unconstrained high-index saddle
dynamics was rigorously analyzed by overcoming the difficulties caused by the coupling of solu-
tions and the (nonlinear) orthonormal procedure of directional vectors in the numerical scheme.
The developed method was then extended to prove error estimates for the explicit scheme of
the sphere-constrained high-index saddle dynamics by accounting for the more complex dy-
namical form and additional operations in the numerical scheme such as the retraction and
vector transport in order to maintain the manifold constraint [21]. To improve the numerical
stability, a semi-implicit numerical scheme for the unconstrained high-index saddle dynamics
was recently analyzed in [I5], and various numerical experiments demonstrated that comparing
with the explicit scheme, the semi-implicit method could improve the convergence behavior,
admit much larger step size and reduce the number of queries for the model.

The current work is a continuation of the aforementioned sequence of investigations for nu-
merical analysis of high-index saddle dynamics, which will develop and analyze the semi-implicit
numerical method for the sphere-constrained high-index saddle dynamics. To achieve this goal,
not only do we need to accommodate the complicated nonlinear forms of this dynamical system,
the retraction of the state variable, the vector transport and orthonormalization of the direc-
tional vectors due to the manifold constraint, but novel techniques are required to overcome
the difficulties caused by the semi-implicit treatment. The derived results provide theoretical
supports for the numerical accuracy of discretization of sphere-constrained high-index saddle
dynamics and construction of solution landscapes for complex systems.

The rest of the paper is organized as follows: In Section 2 we present formulations of
the sphere-constrained high-index saddle dynamics and its semi-implicit numerical scheme. In
Section 3 we prove several auxiliary estimates, based on which we derive error estimates for the
semi-implicit scheme of sphere-constrained high-index saddle dynamics in Section 4. Numerical
experiments are performed in Section 5 to substantiate the theoretical findings, and we address
concluding remarks in the last section.

2 Problem formulation and semi-implicit scheme

In this section we propose the semi-implicit numerical scheme of the sphere-constrained high-
index saddle dynamics. Let E(z) be the energy function with z € R? and define F(z) =
~VE(z) and J(z) = —V2E(x) with J(x) = J(x)". The high-index saddle dynamics for an
index-k saddle point of E(z) constrained on the unit sphere S?~! was developed in [21]:

k
dx
i (I i QZ’U]"UJT>F(CL');
j=1

d’Ui
dt

(2.1)

i—1
= <I —zx| — v —2 Zvjv;-r) J(2)v; + zv] F(x)
j=1
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for 1 <i <k, equipped with the initial conditions
2(0) = 20 € ST, ;(0) = vio
such that U;ljoij)O = 0;; and :Z:OTUZ-,O =0forl<ij<k.
Here z represents a position variable and {v;}¥_, are k directional variables. It was proved in

[21] that a linearly stable steady state of (1) is an index-k saddle point, and the solutions
and {v;}¥_, to the dynamics (1)) satisfy for t > 0

z(t) € ST wi(t)Ta(t) =0, vi(t)Twi(t) =i, 1<i,j <k (2.2)

Throughout the paper we apply the following assumptions:
Assumption A: The F(z) could be represented as a sum of the linear part Lz and the
nonlinear part NV (z), that is, F(z) = Lz + N (z), and there exists a constant L > 0 such that
the following linearly growth and Lipschitz conditions hold under the standard {2 norm | - || of
a vector or a matrix

max{||.J(z2) = J(z1)[|, [ Lx2 — Laa ], [N (z2) = N(21)[I} < Ll — 24,
max{|[Lall, [N (@)} < LA+ [l2ll), 21,22 € RY.

To derive the semi-implicit discretization, let 0 = tg < t; < ---ty = T be the uniform
partition of [0, 7] with the step size 7 = T'/N, and let {x,,,v; , })__, be the numerical solution of
ZT). Then we discretize the first-order derivative by the Euler scheme and treat the linear and
nonlinear parts on the right-hand side of (2) via the implicit and explicit manner, respectively,
to obtain the semi-implicit scheme of 21 for 1 <n < N as follows:

k
T = Tn_1 + T<I -2 Zuj,n_lujfn_l) (LEn + N(n1))
j=1
— 7T 1%y 1 (LTp—1 + N (Tn1)),
S

i—1
~ T T -
Vi = Vin—1 + T<I —zpx, —2 E vj,nvj,n> J(@0)0in
j=1

— TV 103 1 I (T Vi1 + 7200, F (), 1<i<k.
f}i,n = 'Di,n - ﬁInznxna
Vin = GS(@z,nv {Uj,n}j';ll)a

Here the Gram-Schmidt orthonormalization function GS(0; », {vjn};;ll) generates the normal-

ized vector v; ,, from ¥; ,, that is orthogonal with {vjm}i_l that is,

j:la
7—1 1 i—1
N T ,_ N T
Vi ZN(%‘,n -5 (Uimvjqn)vj,") =y <Uz‘,n -> (Ui,nvj,n)vj,n>v
. .M .
j=1 ’ Jj=1

where A is the normalized operator and the normalized factor Y;, is thus defined as

i—1 1/2
_ (|| - Z(@Invj,w?) .

j=1

i—1

Bim = (0, 0jm)Vjn

j=1

}/i,n =
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The first and the third schemes in ([23]) are semi-implicit discretizations of the equations of x
and v; in (), respectively. The second equation of (23] represents the retraction in order to
ensure that =, € S9!, The last two schemes, which stand for the vector transport and the
Gram-Schmidt orthonormalization procedure, respectively, aim to ensure the rest properties of

22), that is,

vy =0, vl v =0y, 1<4,j<k 0<n<N. (2.4)

in

Different from the explicit scheme presented in [33], where all variables on the right-hand
side of (23] take their values at the previous time step ¢,_1, the orthonormal property of
the vectors {v; ,—1}¥_, at the time step ¢,_; could no longer be fully employed in ([Z3)) to
facilitate the numerical analysis as performed in [33] due to the semi-implicit treatment, which
complicates the error estimate. On the other hand, in the explicit scheme the vectors {@; , }¥_,
are firstly solved, and then their orthonormalization are independently performed. In the
semi-implicit scheme (23], the computational strategy is quite different in that the last three
schemes of directional vectors in (23]) are sequentially solved for 1 < ¢ < k. In this way, the
newly computed orthonormalized vectors {vjn}z;ll at the current time step ¢, are involved in
the scheme of v; ,,, which could be more appropriate than invoking the vectors at the previous
time step in the explicit scheme. However, this computational strategy leads to the coupling of
the schemes of directional vectors, the vector transport and the orthonormalization procedure,
which makes the numerical analysis more challenging.

Concerning these difficulties, we derive novel analysis methods to carry out error estimates
in subsequent sections. Throughout the paper we use () to denote a generic positive constant
that may assume different values at different occurrences.

3 Auxiliary estimates

We prove several properties of the numerical solutions to support the error estimates. By
lznll = ||vin] =1 for 1 <i<kand1<n <N, we could apply the Assumption A to derive
from the first and the third equations of the scheme (23] that

max{|[Zn |, [O1nll, - [0k} < Q (3.1)

for 1 <n < N for 7 small enough, which will be frequently used in the analysis.
Lemma 3.1 Under the Assumption A, the following estimate holds for T small enough:
||xn_!%n|| SQTQa 1§TL§N,

105, — Dinll = |0 p2n] < Q7% 1<i<k, 1<n<N. (3.3)

Proof. We employ the first equation of ([Z3)) to get

|Zn — Zn-1ll =

k
T <I -2y ujyn_lvjfn_l) (LEn + N (2n-1))

Jj=1

—Txp_1x,)  (Lxn_y +N($n—l))H <Qr.
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We then apply this to rewrite the first equation of ([23)) as

k
Tp = Tp_1 + T<I - 22’()]‘)71_1’();”_1) (E(in +N(1‘n_1))

=1
— Tp1y_y (L2p—1 + N (20-1))
k
= Tp_1+ 7'<I — :z:n_lzzrz_l — 221}%"—10;»”—1) (LZy + N(2p-1)) (3.5)

j=1

+ Txn_lx;';_lﬁ(:f:n — Tp_1)

k
=o,_1+ T<I —Zpqx) | — QZ”jm—lU;‘,rn—l) (LE, + N(2n_1)) +O(72).
j=1

We multiply =, _; on both sides of this equation and use (Z4) to obtain
z) B, =1+0(7?).
We then multiply ! on both sides of () and use x,})_jvj,-1 = 0 for 1 < j < k and

x) %, =1+ O(7?) to obtain

k
Jonl? = 1+ 73] = Ty =23 00 ) (€50 + M) +O)

j=1

k
=14 7(Zp — Tn_1) " (I -2 Z vj,n_lv;n_l> (Lip + N(zn_1)) + O(T?),

j=1

which, together with the Assumption A and the norm-preserving property of the Householder
matrix in the above equation, yields

Znll? = 1] < 7llEn — 2na |1 £80 + N (zn-1)|| + O(?)
< Q7||Fn — Ty | + 0(7—2)~

Combining this equation and [B.4]) we obtain
1Za]* = 1] < Q7%
which in turn leads to |||Z,|| — 1| < Q2. We apply this to reach (Z2):

N Tn
en — &al| = \

T2 = 1l = |1 = 121 < @7
[l | |
To derive ([B.3]), we combine ([B.2) and ([B.4) to obtain
|2n — Tno1l < l|2n — Znll + | Tn — 1] < Q. (3.6)

From the forth equation of [23]) we apply ||«,|| = 1 to obtain

||@i,n - f%m” = |’l~}z—|—nx7’b| (3.7)
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Furthermore, the relation |||Z,[| — 1| < Q72 leads to ||&,| > 1 — Q72 > 1/2 for 7 small enough.
Then we multiply the scheme of 7; ,, in (Z3) and the reformulated scheme of Z,, in ([B5) to get

k
B 1
{ET’Uzn = |Tp_1 +7( 1~ l'n_ll';[_l - 22’()]‘)71_1'[};”_1
[[Zn | =1 ’

.
(LEn + N(xn-1)) + 0(72)]

[vm_l + T< —znz, — 2 Z VjnVj, n) () 0im

— Tvl-,n_lv;rn_l J(@Xn)Vim—1 + T:Z?nf};rnF($n):|
i1

T T T T Z T T ~
= T= |:(:En—l — Tp_1Tndy — 2 xn—lvjanvj,n '](xn)vi,ﬂ

S =
) w0 F () — v,y (L3 +N(xn_1))} +0(r?), (3.8)
where we briefly write the second-order terms of 7 as O(72). We apply the splittings
:Z?I_l - xl_lil?nxl = (Tn-1— xn)T(I - :Ensz)

and
xl_lxnf);rnF(xn) — v;rn_l(ﬁin + N(zp-1))

= xz_lxnﬁjnF(xn) — v;':n_lF(xn_l) + v;':n_lﬁ(xn_l — Tn)
= (Tp_1 — :z:n)Txan;rnF(:z:n) + (Vin — vi,n_l)TF(:z:n)
01 (F(20) = F(zn-1)) + 0] 1 L(@no1 — &),
to bound the right-hand side of B.8) as

o ] < 207 o = - 1||+Z|x 10l

F 10in = vina | + [ F(zn) = F@n-1)| + 201 — jn||:| +0(7?). (3.9)

We then invoke the third scheme of (Z3)

T( —xnx 22 vjnvjn) (n)0im

<Qr, (3.10)

[9i0 — Vin—1ll =

- TUi,n_l’UiTn_l J(zn)Vin—1 + T:z:nf)iTnF(xn)

as well as @) _1vj, = (Tn—1 — n) " Vjn, |Enll > 1/2, @), B8) and the Lipschitz condition of
F in (33) to obtain
1—1
00 4@al < Q7[llen = @n-all + D llon-1 = Zallljn]
j=1
i = vin-all + 201 = Eall] + O(r?)
< QT(Hzn—l = Tl + 10,0 — Vi1l + [[Tn-1 — jn”) + 0(7'2) < Q7'2,
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which completes the proof. O

Lemma 3.2 For 1 <m < i<k and 1l < j <k, the following estimates hold for T small
enough:

m
1308l < QT 910 = vinll + Q7
=1

Jj—1
550 = 1] < QT Y l[itn — vinll + Q7.
=1

Proof. From the definitions of v;,, and ¥y, , we have

- T - T - T
VinUmmn =T (Umm—lj(xn)vz,n -z, Um,n—l'Uz,nJ(fEn) Tp
1—1

Sl T . T T
-2 ’Um,n—lvjmvj,n'](xn)vi,ﬂ +x, Um,n—lvi,nF(mn)
Jj=1

+177—7rz7n‘]($n)—rvi,n—l - zzvi,n_liﬁze](‘%n)ﬂm’n

m—1

-2 Z v;nvi,n_lv;nJ(xn)ﬁm,n + v;rn_lzz:nﬁ;l,;nF(xn)) + O(7?)
j=1

8
=Y K +0(r*).
=1

We apply 7, v;, =0 for 1 <i<kand1<n <N and [B8) to bound K + K, + K¢ + K3 as
||Ks + Ky + Ko + Kgl|

= TH - xlvm,n—lﬁi,nt](zn)—r

Tn + T Vmn—10; , F ()
—xzvm_lxIJ(xn)ﬁmm + v;rn_lxnf);nF(xn)H
= TH — (T = Tn—1) "Vmn—1ind (Tn) T 20
+(zp, — xn_l)Tvm,n_lﬂZnF(:z:n)
—(zp — xn_l)Tvi)n_lsz(xn)ﬁm)n
—|—U;rn_1(xn — xn_l)ﬁ,—;nF(xn)H < Q72

We then introduce the following triple splitting:
Vin—1 — Vi = (Vim—1 — Vin) + Oijn — Vi) + (Vi — Vin)-

The first right-hand side term is estimated by (3I0) and the second right-hand side term is
bounded by Lemma [31] which lead to

[Vi;n—1 = Vil £ QT + |05, — vinl- (3.11)
We invoke this to bound K- as
m—1
| K7 = |27y Z vjmvi,n_lvanJ(:z:n)f)m,n
j=1
m—1
= 27—7 (vg—l,—n - vg—'l,—n—l)vim—lvg—'l,—n’](xn){)myn
=1
! m—1

<QTPH+QT Y vjm — djnll.
=1

<
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By U;mvjm = 0m,; We rewrite K3 as
i—1
T T -
Ky = _27—2Um,n—lvj7nvj,n‘](xn)vi7n
o (3.12)

i—1
=27 Z(vr—lw;,n—l - U;L,n)vjynv;,rn’](xn)ﬁiyn - 27—”7—'7;,11’](‘%”)51'»717
Jj=1

which leads to
Ki+Ks+K; = T(v;,n_lJ(:z:n)f)i,n — v;nJ(:z:n)f)ln)

+7 (17;7nJ(:z:n)Tvi,n_1 — v;LnJ(xn)me)
(3.13)

i—1
—27 Z(U;rrz,n—l — ’U;rhn)’l}jm’uznj(l'n)f}im =: B + By + Bs.
Jj=1

We then use (BI1]) to bound Bj as
|B1| = T|(U;,n—1 - U;,n)J(xn)f}Lﬂ < QT2 + Q7|0m,n — Vm,nll-

Bj could be estimated similarly:

i—1
|Bs| =27 Z(U;L,n—l - v;zm)vijjT,nJ(xn)ﬁim <Qr*+ QT[0mn — Vinl|-

Jj=1
We then apply the symmetry of J(z,) and Lemma Bl and (8I0) to bound B as

|Ba| = 7|(Tp, e = V)T (@)Vim 1+ V] (20) (Vin—1 — Bin)|
= T|(’D;L,n - ’011,71 + ’011,71 - U;’rrhn)‘](m")vi,"—l

+ U;,nj(xn)(vim—l — Vin)| < QTZ + Q|0m,n — Vim,nll-

We incorporate the preceding estimates to complete the proof of the first statement of this
lemma.
To derive the second statement, we apply the definition of ¢;,, in (Z3)) to get

j—1
”f}jﬂl”Q =1+427 (v;n—l - U.]Tn—lxnxz —2 ZU;TL—IUL”UITL) J(xn)f}jﬂl
=1

—QTvIn_lj(xn)vjm_l + QTvIn_lxnf)InF(xn) +0(1?),

that is,

1T5.)1* = 1| = 270 1T (20) (Fj0 — Vjin—1)

-7 <van_1 (xn, — xn_l)xz
j—1

+2 Z v;n_l(vz,n - 'Ul,n—l)'U[T,n) J(@0)0jn
=1
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Thus we incorporate [B.0), BI0) and [BIT) to get

j—1
M350l = 1] QT |01 — vimll + Q72

=1

which completes the proof. O

Lemma 3.3 For 1 <m <i<kand1l < j <k, the following estimates hold for T small
enough:

m
Hﬁz—,rnﬁm,nH < QOTZ ||ﬁl7n - Ul;n” + Q17—27

=1
Jj—1

195.0]1* = 1] < Qo7 ) 610 — vinll + Qa7
=1

Proof. For 1 <m <1 <k we get

. ST~ To o T-
Um.nVin = Um nVin = LpVindpy Um,n,
which, together with Lemmas B1] and B.2] leads to

m
AT A ~ 2 4
vm7nvi7n| S QT Z ||’Ul7n - 'Ul7n|| + QT + QT
=1

m
<QT Y |or — vl + Q7.

=1

We then apply Lemmas B3] and to the relation

[95.0ll* = 1 = 18501 = 220 050)* + (2 Tjn)* — 1

= 1Tj.nll* = 1= (25 8:n)?

to find
1501 = 1] < l[25nll* = 1] + |(2 75,0)? |
j—1
<QT Y |onn — vl + QT+ Qr*
1=1
j—1
< QT _Ninn — vinll + Q72
1=1
which completes the proof. O

4 Numerical analysis for semi-implicit scheme

We prove error estimate for the semi-implicit scheme (23) by performing a multi-variable
circulating induction procedure to gradually decouple the quantities of interest.
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4.1 Quantification of v;, — v;,

)

For G > Q3Q4 + kQ1 where Q1 and Q3 are introduced in Lemma B3] and Q4 > 1 represents

the bound of {ﬁj,n}f’zj\{)nzo (cf. (3I)), there exists an intermediate constant G > 0 such that

G > Q3Q4 + kG and G > Q.

In particular, as Q4 > 1, we have G > Q3. Then for 7 small enough the following inequalities

hold: B
QotkG + Q1 + kG?72 <q

(1 — Qo7m3kG — Q372 — kG274)1/2 —
Q4(Q27kG + Q3 + kG?*72) + kG
(1 — Q273kG — Q372 — kG274)1/2 —
In subsequent proofs, we always choose sufficiently small step size 7 such that the condition
T is satisfied.

Theorem 4.1 Under the condition (f-1)), the following estimate holds for 1 <n < N:

(4.1)

A
Q

||Ui,n - '01,77,” < GTQ, 1<i<k.
Remark 4.1 The 9;,, on the left-hand side of the third equation of ([Z3]) could be split as
ﬁi,n = Vjn — ('Ui,n - f]z,n) - (f]z,n - 'Di,n)a

where the last two right-hand side terms are O(72) terms according to Lemma [3.1] and this
theorem. Thus we reach the following relation that plays a key role in error estimates:

'Di,n = VUin + O(T2). (42)
Proof. We prove this theorem by induction for the following two relations:

(A): max, |9, vmnll < GT% for some 1 <m < k —1;
m<i< ’

(B) : ||vjn — 0jn] < G2 for some 1 < j < k.
We first declare that if
(A) holds for 1 <m <m* —1 and (B) holds for 1 < j <m” (4.3)
for some 1 < m* < k — 1, then
(A) holds for m = m™ and (B) holds for j =m* + 1. (4.4)
To show this, we apply Lemma and the induction hypotheses (Z3)) to bound Y« by

m*—1 1/2
Yim = <|om*,n||2 S <@;*7nvg—,n>2)

j=1

m*—1 1/2 (4.5)
€ [1 + <QQT Z 61, — vin |l + Q3% + (m* — 1)G27'4)]
=1

€ [1+ (Q2(m* = 1)G7° + Q37> + (m* — 1)G*7*)] v
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We then invoke the induction hypotheses ([@3]), (@A), the condition [I]) and Lemma B3] into
the expression of @vam*,n to obtain for m* <i <k

m*—1
1
|’Oi,nvm*,n| = Y, @Inf’m*,n - Z (f}?—’rrz*mvj,")(ﬁ;rnvjan)
m*,n j=1
1 o .
< 7 (Qur o — ol + Qi + (o - 167
m*,n =1
Qon*C_v'—i—Ql + (m* — 1)G27’2 2

< _ < Gr?
S A= G (m —1G = 0y — (m — DG =T

which implies that (A) holds for m = m*. We then use Lemma B3 and (A) with 1 < m < m*
to bound Y, 41,5, in an analogous manner as ([4.3)):

Yiet1n € [1 + (ng*ér?’ + Q37 + m*G2T4)} 1/2, (4.6)
which implies
11— Yopgin] 1= Y2 1] < Qem*Gr® + Q37> + m*GP7™.
We invoke this and (A) with 1 <m <m* in vye11,n — Om41,n 10 get

”vm*-‘rl,n - ﬁm*-i-l,nH

1
Ym*+1,n

m*

(1 - Ym*-‘rl,n)@m*-i-lm - Z(@;*H,n“j,n)%n
j=1

< Q4(Q27'm*(_? + Q3 + m*G27'2) + m*GT2

- (1 _ Q27'3m*(_? _ Q37_2 _ m*GZ7—4)1/2
which implies that (B) holds for j = m* + 1. Therefore, the declaration (£3)-([@4) is correct
and we remain to show that (A) holds for m = 1 and (B) holds for 1 < j < 2 in order to start
the mathematical induction. We apply Lemma to obtain

(4.7)

< Gr?,

@l,n
[[01,nl

nmm—vum=\ uwum—1w<nmmW—ww<Qw2<é#,

which is the relation (B) with j = 1. Based on this, (A) with m =1 and (B) with j = 2 can be
proved following exactly the same procedure as (@A)-(@71), which completes the proof. O

4.2 Error estimate

We prove error estimates for the semi-implicit scheme (23] of sphere-constrained high-index
saddle dynamics (Z1)) by analyzing the following errors:

er i=a(ty) — T, e i =vi(ty) —vip, 1<n<N, 1<i<k.

n

Theorem 4.2 Under the Assumption A, the following estimate holds for the semi-implicit
scheme (2.3) for T sufficiently small:

(max {llexll llen'll, -~ llenll} <@, 1<n<N.

Here Q is independent from 7, n and N.
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Proof. To bound e%, we derive the reference equation from the first equation of (Z]) via the
forward Euler discretization

x(tn) = x(tn-1) + T<I — 2ty 1)x(tn_1)"
k
—23 w10y (tn_lf)F(x(tn_l)) Lo,
j=1

We then apply B2) and [B4) to reformulate 1) as

Ty = Tp—1+ (xn - xn)

k
+ T(I —Zp gz =2 Zvj)n_lv;n_l) (LE, +N(20_1)) +O(T2).
j=1

=Tp-1+ (xn - xn)

k
+ T(I — xn_lx;:_l -2 ZUj,n—lv;,rn_l) F(wy-1)
j=1

E
+ T(I — xn_lxz_l -2 Zvj,n_lv;n_l)/l(i:n — 1) +O(T?).

j=1
k
=Tp-1+ T<I R AN QZUjm—lUIn_l)F(an—l) +0(1?).
j=1

By this means, the original semi-implicit scheme of 2 in ([23)) is converted to the explicit scheme
to facilitate the analysis. Based on the above two equations, we follow the same derivations in
[33, Theorem 4.2] to obtain

n—1 k
lesll < @7 > > el +Qr, 1<n<N. (4.8)
m=1 j=1

To estimate e, we derive the reference equation from the third equation of (ZI]) via the
backward Euler discretization for 1 <i < k:

Vi(tn) = vi(tn—1) + 7'<I —z(tn)x(tn) | — vi(tn)vi(tn) "

-2 i v; (tn)v; (tn)T) J(@(tn))vi(tn) + Tx(tn)vi(tn)TF(x(tn)) + 0(7—2)
j=1

=vi(tn_1) + T<I — z(ty)x(t,) T —2 Z_: v;(tn)vj (tn)T> J(z(tn))vi(tn)
=1
—TUi(tn_l)’Ui(tn_l)TJ(ZZ?(tn))’Ui (tn—l)
+72(tn)vi(tn) T F(2(ty)) + O(1%) + A,

where

An = 7(vi(tn)vi(tn) " T (2(tn))vi (En)
_'Ui(tn—l)vi(tn—l)TJ(x(tn))'Ui(tn—l)) =0(r).
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We then apply ([£2) to rewrite the third scheme of [23)) as
Vi = Vin—1 + (Vin — Vin)
i—1
+ 7 (I — xnx:; -2 Z Uj7nU;n> J(xn)(vi,n + 0(7'2))
j=1
— TV p—1 v;':n_lJ(xn)vm_l + T2 (Vi + 0(72))TF(xn)
1—1
=Vip-1+T <I — xnxz -2 Z Uj,ntT,n> J(@0)Vin
=1
— Tvi,n_lvzn_lJ(xn)vi,n_l + TxnvInF(zn) +0(7%).

Based on the above two equations, we follow almost the same derivations as [33] Theorem 4.2]
to derive the estimate of e as

k
S el < @,
i=1
and we invoke this in (8] to complete the proof. O

5 Numerical experiments

We carry out a simple numerical experiment to test the convergence rate (denoted by CR)
of the scheme ([23). A detailed comparison between semi-implicit and explicit methods for
unconstrained high-index saddle dynamics could be found in [I5], which has already indicated
the advantages of the semi-implicit method. We apply the Rosenbrock type function

E(x1, 0, x3) = a(V3zy — 322)% + b(V3z; — 1)2 + a(V3xs — 322)% 4 b(vV3zy — 1)2.

For (a,b) = (—1,5.5), the point

1
. =N(1,1,1) = —=(1,1,1
( ) \/g( )
is an index-1 saddle point of the Rosenbrock type function, while for (a,b) = (—0.5,1.5), z, is
an index-2 saddle point. We apply the semi-implicit scheme ([2Z3)) to compute the saddle points
for these two cases under 7' = 10 and different initial conditions

, V1,0 =N
y V1,0 = N
y V1,0 = N
y V1,0 = N

1,-0.4,—0.4);

~1,1,0);

1,-0.4,-0.4), va0=N(0,1,-1);
~1,1,0), woo=N(-0.7,-0.7,1).

a) o

N(0.8,1,1
b) xo (

N(1,1,1.4
N(0.8,1,1
N(1,1,1.4

I
S~— ~—
—~

~—
—~

C) o

(
(
(
(d) zo

~—
—

As the exact trajectory of the constrained high-index saddle dynamics (2.)) is in general not
available, we use the numerical solution computed under 7 = 27!3 to serve as the reference
solution. Numerical results are presented in Tables[TH4l which indicates the first-order accuracy
of the semi-implicit scheme (2.3]) as proved in Theorem
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Table 1. CR of computing the index-1 saddle point under the initial condition (a).

T  max, |[eX]] CR max,|e2] CR
270 1.65E-02 9.95E-02
27 8.29E-03  0.99 4.47E-02 1.16
278 4.09E-03 1.02 2.08E-02 1.10
279 1.98E-03 1.04 9.83E-03 1.08

Table 2. CR of computing the index-1 saddle point under the initial condition (b).

T maxy, |[eZ]] CR max,|e2] CR
2-6 1.03E-02 2.02E-02
277 4.84E-03 1.09  9.53E-03 1.08
278 232E-03 1.06 4.59E-03 1.05
279 1.11E-03  1.06 2.20E-03 1.06

Table 3. CR of computing the index-2 saddle point under the initial condition (c).

T maxy, |eZ]] CR max,|le?] CR max,|e2] CR
275 1.67E-03 6.06E-02 6.06E-02
2-7  7.90E-04 1.08 2.87E-02 1.08 2.87E-02 1.08
28 3.80E-04 1.05 1.38E-02 1.06 1.38E-02 1.06
279 1.82E-04 1.06 6.60E-03 1.06 6.60E-03 1.06

Table 4. CR of computing the index-2 saddle point under the initial condition (d).

T max, |eX]] CR max,|e?] CR max,|e?]| CR
26 2.65E-03 3.53E-02 3.52E-02
27 1.28E-03 1.05 1.69E-02 1.06 1.69E-02 1.06
28 6.22E-04 1.04 8.21E-03 1.05 8.18E-03 1.05
29 2.99E-04 1.06 3.94E-03 1.06 3.93E-03 1.06

6 Concluding remarks

In this paper we prove error estimates for the semi-implicit numerical scheme of sphere-constrained
high-index saddle dynamics, which ensures the accuracy of performing the saddle dynamics in
finding saddle points and constructing the solution landscape for constrained problems. The
main difficulties we overcome lie in the semi-implicit treatment on the schemes and the cou-
pling among the dynamics, the retraction, the vector transport and the orthonormalization
procedure. Numerical experiments are performed to substantiate the theoretical findings.
There are potential extensions of the current work that deserve further exploration. For
instance, the dimer method [12] could be used in (Z1) to approximate the product of the Hessian
matrix and the vector for efficient computation and storage, which leads to the shrinking-dimer
sphere-constrained high-index saddle dynamics as the unconstrained case [32]. Then the semi-
implicit method could be applied to improve the numerical stability that remains to be analyzed.
Furthermore, the ideas and techniques could be employed and improved to analyze the
semi-implicit numerical scheme for high-index saddle dynamics constrained by m equalities [21],
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Equation 24]:

k
dx
i (I - QZvjv;-r)F(x),
=1

dvi _ (7 -T—zf vl ) H(x)[vi] (6.1)
a0 v;V; v;v; (2)[v;

j=1

T 1 2.0 4% ' ;

—A(z)(A(z) " Az)) \% c(x)ﬁ vy, 1<i<k.
Here ¢(z) = (c1(x), -, cm(x)) = 0 represents the m equality constraints and

A(z) = (Ver(x), -+, Ven(x)).

The sphere-constrained high-index saddle dynamics ([2) is a special case of (6.1) with one

equality constraint

ci(z) = [lz =1 =0.

In the generalized constrained saddle dynamics (GII), H(x) refers to the Riemannian Hessian

[21], which is difficult to compute and approximate in practice that we will investigate in the

near future.
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