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DIFFERENTIAL EQUATIONS WITH RANDOM INPUTS*

QIUQI LIf AND PINGWEN ZHANGH

Abstract. In this paper, we consider a variable-separation (VS) method to solve the nonlinear
partial differential equations (PDEs) with random inputs. The aim of the VS method is to get a sep-
arated representation of the Galerkin solution for nonlinear PDEs with random inputs. An essential
ingredient of the proposed method is the construction of the optimal stochastic basis functions. The
nonlinearity can affect the computation efficiency and may bring challenges for the construction of the
optimal stochastic basis functions. In order to overcome the difficulty, we develop the VS method such
that the optimal stochastic basis functions are generated in an incremental constructive man- ner. At
each enrichment step, a stochastic basis function is determined by the linearized equation deduced
from the nonlinear problems at hand. The computation of the VS method decomposes into an offline
phase and an online phase. The linearization of the construction for stochastic basis functions can
significantly improve the computation efficiency in both offline and online stages. We first describe
the VS method for nonlinear stochastic problems in a general framework. Then two nonlinear mod-
els with random inputs are considered to formulate the details and methodologies of the proposed
method, namely, the nonlinear elliptic equations and the steady Navier—Stokes equations.

Key words. variable-separation method, random inputs, nonlinear partial differential equations,
steady Navier—Stokes equation

AMS subject classifications. 65N99, 60H35, 35R60

DOI. 10.1137/19M1262486

1. Introduction. Many complex real-world models in science and engineering
usually involve nonlinear terms and often contain some uncertainties because of lack-
ing enough knowledge about the physical properties and measurement noise. The
uncertainties are often parameterized by random variables to explore the uncertainty
propagation for these models. Therefore, such complex models with uncertainties
can be described by the nonlinear partial differential equations (PDEs) with random
inputs (e.g., model coefficients and forcing terms). In this work, we consider the nu-
merical simulation methods for stochastic nonlinear problems and discuss the related
applications.

To quantify the effects of parameters and estimate unknown parameter values
from data usually require thousands to millions of realizations. This may bring chal-
lenges for numerical simulation, especially when quantifying nonlinear, multiphysics,
multiscale, or coupled biological phenomena. In order to overcome the difficulty, many
numerical methods have been proposed to construct the approximate solutions, i.e.,
surrogate models for the complex physical and engineering systems in recent decades.
Spectral stochastic methods (e.g., [23, 24, 33]) have been extensively investigated to
explore the uncertainty propagation in the last two decades. Most of these approaches,
such as L? projection [26, 32], Galerkin projections [2, 21, 31], regression [3], and
stochastic interpolation [1, 22, 36, 44, 45|, attempt to find a functional expansion
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for the random solution based on a suitable set of basis functions of random vari-
ables, which are independent of the models. Model reduction methods [33] have been
proposed to reduce the computation complexity especially when the original mod-
els are expensive to perform numerical simulations. These construct an approximate
model with lower dimensionality but still describes important aspects of the original
model. The reduced basis (RB) method is one of the model order reduction meth-
ods, arising from the field of structure mechanics, fluid dynamics. The RB method
usually provides an efficient and reliable approximation of input-output relationship
[4, 9, 10, 11, 12, 18, 27, 38, 39).

Another class of model reduction methods attempt to get a separated represen-
tation of the solution for stochastic problems in a systematic enrichment manner. As
an example, a proper generalized decomposition (PGD) method has been proposed
for solving stochastic PDEs [15, 33, 34, 35] in recent years. The PGD method is
devoted to constructing optimal RB from a double orthogonality criterion. To get the
separated representation of the solution requires that a few uncoupled deterministic
problems are solved by classical deterministic solution techniques, and some stochastic
algebraic equations are solved by classical spectral stochastic methods. In this paper,
we propose a new variable-separation (VS) method for the nonlinear PDEs with ran-
dom inputs to get a separated representation for the solution without iterations at
each enrichment step. There have been a few works investigating the model reduction
methods of parametric nonlinear models; see [9, 13, 18, 38, 40] for the RB methods,
and refer to [20, 34, 42] for the PGD methodologies.

The main idea of the VS method is to construct the quasi-optimal separated
representations

N
(1.1) u(z,w) ~ Zg(w)hi(a:)

in a systematic enrichment manner. At each enrichment step k, we need to solve a
deterministic problem induced by the original model with a fixed sample w;, to obtain
the deterministic functions hg(z). After that, the stochastic functions (;(w) can be
determined by an algebraic equation. For the VS method, each of the stochastic func-
tions (x(w) can be expressed explicitly by the previous functions {¢;(w)}F=!, model
coefficients, and forcing terms. In this context, the stochastic functions {(;(w)}¥,
can be seen as a set of optimal basis functions of random variables deduced from
the models. Compared with PGD, which requires many iterations with the arbitrary
initial guess to compute (;(w) and h;(z) at each enrichment step 4, no iteration is
performed at each enrichment step in the framework of the VS method. Moreover,
based on the explicit constructions of the stochastic functions, it is more convenient
to construct the separated representations (1.1) of the problems than with PGD. VS
shares the same merits as the RB method, and it has some differences such that (i)
the parameter sensitivities can be analytically computed by taking the partial deriv-
atives based on the explicit representation of the stochastic functions (x(w); (ii) for
the online computation of the VS, we can calculate the approximation straightfor-
wardly by the separated representation. Therefore, the VS method can provide an
efficient and reliable approximation, which is crucial for the many-query context such
as optimization, control design, and inverse analysis.

The VS method was first proposed in [29] for the linear stochastic problems, and
the extension to stochastic saddle point problems has been developed in [28]. In this
contribution, we develop the strategy of VS for the nonlinear parameterized PDEs. In
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the VS method, an offline-online computational decomposition is required to improve
efficiency. In the offline stage, to generate the RB functions {h;(x)}; and {¢;(w)}¥,,
we need to compute a set of snapshots, which are the solutions of the parameterized
PDEs corresponding to a set of optimal parameter samples. In the online stage, the
output is computed by the quasi-optimal separated representations (1.1) for many
instances of parameters, and the influence of the uncertainty is estimated. The VS
proposed in [29] for the generic multivariate function can provide a variable-separation
for a random field, and this can be used to get an affine representation for the model’s
inputs. The affine representation is crucial to achieve the decomposition of offline-
online computation for many queries to model’s outputs. In the framework of the VS
method, we are usually required to solve a couple of nonlinear deterministic problems
and nonlinear stochastic equations in the offline phase. This can affect the computa-
tion efficiency and bring challenges for numerical simulation, especially when identi-
fying the stochastic basis functions ( (w) in stochastic dimension spaces. To this end,
we construct the optimal stochastic basis functions in a systematic enrichment man-
ner based on the classic linearization techniques such as the Newton method. At each
enrichment step, the stochastic basis function {(w) is determined by the linearized
stochastic equation, which is deduced from the original nonlinear problems. Conse-
quently, the computation complexity can be significantly reduced in both the offline
and the online stage. We first describe the VS method for nonlinear stochastic prob-
lems in a general framework in this paper. Subsequently, the methodology is detailed
and tested based on two nonlinear stochastic models that fit in the general framework,
i.e., (i) the nonlinear elliptic equation, (ii) the steady Navier—Stokes equation.

The outline of the paper is as follows. In section 2, we give some preliminaries
and notation for the paper and collect some necessary facts on nonlinear stochastic
problems. In section 3, we first introduce the Newton’s method for nonlinear problems.
Then the VS method is presented for the nonlinear stochastic problems in an abstract
framework. Section 4 is devoted to describing the details of the VS method for the
nonlinear elliptic equation with random input. In section 5, we develop the VS method
for the steady Navier—Stokes equation with random input. Two numerical examples
are presented in section 6 to illustrate the performance of the proposed methods.
Finally, we make some conclusions and comments.

2. Preliminaries and notation. Let D denote a convex and bounded physical
domain with Lipschitz continuous boundary dD. V is a Hilbert space defined on D
with inner products (-,-)y. The associated norm is defined as || - |3 = (-,-)y. Let
(Q, B, P) be a complete probability space, where € is the space of elementary events,
B is a g-algebra on ), and P is the probability measure on 5. We denote the Hilbert
space of the random variables with second order moments by L%(), which is defined
by

2@ = {uw: v e 2wl € R [ wl?Pla) < o},

The inner product in L%(Q) is given by (w,v)2,0) = Jow(y)v(y)P(dy), which
induces the norm |w||3. = ||wH%%(Q) = (w,w) 2 ()

Let G : V x Q — V* (the dual space of V) be a mapping representing a nonlinear
PDE with random inputs. We consider the nonlinear stochastic PDEs defined on a
bounded physical domain. The problem can be read in an abstract form as, Given
w € Q, find u(z,w) € V such that

(2.1) Gu(zr,w)w)=0VaxeD, we,
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where w := (w1, ...,wy) is a sequence of d real-valued random variables, and u(z, w)
is the solution of the nonlinear SPDE. Let S(u(w);w) be the output of the model
(2.1), where S is a bounded functional over V.

The solution u belongs to Hilbert space L?(£2; V), which can be approximated by
the tensor product space ¥V ® L% (). Here ® denotes a tensor product for the Hilbert
spaces. For simplicity of notation, we will denote L% () by S in the rest of the paper.
Then the inner product in ¥V ® § is defined by

(w,w)ves = El(w, u)y] = /Q<w,u>vp<dy>.

Thus we define the norm as [|[ul/3gs = (u, u)vgs-
The weak formulation of problem (2.1) reads, Find u(x,w) € V such that

(2.2) gu(z,w),v;w)=0 Yov e,
where ¢(-, ;w) is defined as
g(w,v;w) = (G(w;w),v) Y w,ve.

Here we denote (-, ) as the duality pairing between V* and V. We assume that the
mapping G is continuously differentiable and denote its (partial) Fréchet derivatives
at (z,w) € VxQ by D,G(z;w) and D,G(z;w). Then, the partial Fréchet derivatives
of g(u, -;w) with respect to u at z € V are represented as

(2.3) dglz](w,v;w) = (D,G(z;w)w,v) Y w,v e V.

For the well-posedness of (2.2) (refer to [38]), dg[u(w)](-,-;w) is required to be inf-sup
stable, i.e., there exists a constant 5y > 0 such that

(2.4) B(w) := inf sup dglu(w)](w, v; w)

> BO Yw € Q,
weVpey  [wlvlvlly

and continuous, i.e., there exists a positive constant vy < oo such that

dglu(w)](w, v; w)

(2.5) ~(w) := sup sup <y Yw € Q.

weEV veEV [wllvllvllv

To ensure the existence of a local branch of nonsingular solutions to problem
(2.1), we use the following proposition.

PROPOSITION 2.1 (see [8, 38]). Let G:V x Q — V* be a C' map. Assume that
the following assumptions hold:

1. For some wy € Q, ug € V, G(ug;wp) = 0.

2. dgluol(-,-;wo) is continuous and satisfies the inf-sup condition, i.e., D, G(uo;
wp) 18 bijective.

Then, there exist ro,r > 0, and a unique u(w) € By(ug) NV such that

Gulw);w) =0 VYw e B, (wy)NQ,

where By.(ug) C V denotes the ball with center ug and radius r > 0, and B, (wp) C
is the ball with radius r, > 0, and centered at wq.

The proof of Proposition 2.1 is based on a straightforward application of the
implicit function theorem [14, 43].

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/17/22 to 218.70.255.162 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

VARIABLE-SEPARATION METHOD FOR NONLINEAR SPDEs AT27

3. A variable-separation method. Motivated by the VS approach proposed
in [29], we develop a VS method for the nonlinear PDEs with random inputs. The
VS method for nonlinear problems with random inputs is proposed based on the
Newton’s method [16, 30, 38]. Here we first present the Newton’s method for nonlinear
problems. Solving problem (2.2) by Newton’s method requires nonlinear iterations
with a linearized problem being solved at each step. For given w € 2, we initialize
up € V as an approximation of u. At step k (k = 1,2,---), we assume that the
solution ug4+1 can be written as

w1 (2) = un(2) + Su(z),
where du is a correction of ug(x). Then we seek du € V such as
(3.1) dglug(w)](du, v;w) = —g(uk(w),v;w) Yove.

We will stop the iteration procedure when ||dully is small enough. Provided that
dglug(w)](-, ;w) is locally Lipschitz continuous and wg is sufficiently close to u(w),
Newton’s method is quadratically convergent.

In order to evaluate the output S(u(w);w) of (2.2), we need to assemble and solve
N (iteration number) linear systems (3.1) on the fine grid for any w € Q. This leads
to a large number of calculations. Compared with the linear problems, it is more
necessary and meaningful to construct an efficient surrogate model for the nonlinear
stochastic problems. Therefore, we will introduce a VS method for the nonlinear
PDEs with random inputs.

Let = be a training set, which is a collection of a finite number of samples in
Q. Typically the training set is chosen by Monte Carlo methods, which is a straight-
forward method, and does not consider the property of the quantity of interest. It
requires that the samples in = are sufficiently scattered in the domain 2. The quasi-
random sampling using low-discrepancy sequences is a variant of random sampling
methods, such as a Halton or Sobol sequence, which tends to provide more equidis-
tributed samples in the parameter space. We note that |=| denotes the cardinality of
the set =.

3.1. The VS method for nonlinear stochastic problems in a general
framework. Let V, C V be a given finite dimensional approximation space. We find
the numerical solution to problem (2.1) under the form

(3.2) u(z,w) = uy(r,w) = Zci(w)hi(m),

where (; € S are stochastic functions and h; € V), are deterministic functions. In the
framework of the VS method, stochastic functions (;(w) and deterministic functions
h;(x) are generated by an incremental constructive manner.

Now we present the algorithm to obtain {h;(z)}¥, and {¢;(w)}Y; for the non-
linear problems (2.1). To this end, we initialize ¢ = 1, and wy is chosen randomly in
E. Then hi(z) is taken as the solution of (2.2) with w = w; by Newton’s method.
We take u(z,w) = (1(w)hi(z) and v = hy(x) in (2.2), and we have

(3.3) 9(C1(w)hi(z), hi(z);w) = 0.

Then ¢; (w) is given by solving (3.3) with Newton’s iteration method in practice.
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At step i > 2, we choose

w; 1= argmax A;(w),
we=

where A;(w) corresponds to the norm || ||y of the residual of the nonlinear equation at
parameter w, and the details for the definition of A,;(w) are described in Appendix A.
Let e(w) = u(w) — u;—1(w). By (2.2), we get

g(u(w) —uj—1(w) + ui,l(w),v;w) =0 Yv €& Wy,

that is,
g(ui—1(w) + e(w),v;w) =0 Vv €V,

where e(w) can be seen as a correction. By (3.1), we get
(3.4) dglui—1(w)](e(w), v;w) = —g(ui—1(w),v;w) YveV.

We take h;(x) as the solution of (3.4) with w = w;. We rewrite e(w) := h;(z){;(w)
and take v = h;(x) in (3.4). Then (;(w) is further determined by the following linear
equation:

(3.5) dglui—1 ()] (hi(2)Ci(w), hi(z); w) = —g(ui1 (W), hi(z); w).

Remark 3.1. In order to reduce the computational complexity, we can take (3 (w)
as the solution of a linearized system corresponding to (3.3) instead of solving (3.3)
directly. Some numerical examples will be provided in section 6 to show that the
proposed VS method can still give rise to a good approximation when determining
¢1(w) by a linearized system with regard to (3.3).

To present the VS method for the nonlinear stochastic problems more clearly, we
will present two examples that fit in this abstract framework, i.e., (i) the nonlinear
elliptic equation and (ii) the steady Navier—Stokes equation, and introduce the details
of VS methods for all of them.

4. Nonlinear elliptic equation. We consider the nonlinear stochastic elliptic
equation

(4.1) -V - (k(u; w)Vu(z,w)) = f(r,w) in D,

subject to the homogeneous boundary condition, and f(z,w) € L?(D) for any w € €.
The diffusion coefficient x(u;w) depends on the unknown solution w. For well-
posedness of (4.1), we assume that x(u;w) is a well-behaved positive function. Typi-
cally, k(u;w) is a polynomial in u or can be approximated by a polynomial in u.

Let V = H}(D). The weak formulation of (4.1) reads, Vw € Q, we find u € V
such that

(4.2) a(k(uyw), u(w),v;w) = f(yyw) YveV,

where the bilinear forms a(-, I w) and functional f(v;w) are defined by
a(k(u;w), u(w), v; w) :z/ k(u; w)Vu(w) - Vode,
D

flosw) = [t
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We assume that the linear functional f(-;w) is affine with respect to w such that

my
(4.3) fow)=> a'(w)f'(v) WweV, YweQ
i=1
Here, for i = 1,...,my, each o' is a stochastic function, and each f*:V — Ris a

continuous functional independent of w.
To fit into the general framework, the mapping G : V x Q — V* can be defined
by

(4.4) G(w;w) = =V - (k(w, z,w)Vw) — f(z,w) Ywe.

Then the weak formulation of problem (4.4) reads

(4.5) (G(w;w),v) = g(w,v;w) := a(k(w,z,w), w,v;w) — f(v;w) Vw,v € V.
Its Fréchet derivatives with respect to w at z € V can be defined as

(4.6) dg[z](w, v;w) = a(mw(z,x,w)w,z,v;w) + a(ﬁ(z,x,w),w,v;w) Y w,veV,

where (2,2, w) denotes the Fréchet derivatives of k(w,z,w) with respect to w at
z € V. Let V, CV be a given finite dimensional space. By (3.1), (4.5), and (4.6), we
have the Newton method of (4.2) such that for a given initial guess wug, at step k, we
seek du € Vy, satisfying

a(l-@u(u, T, w)ou, u, v;w) + a(li(u;w),éu,v;w)

7
(4.7) = f(v;w) — a(k(y; w), u(w),v;w) Vv €V,

and then we have ugy1 = ug + du.

4.1. The VS method for stochastic nonlinear elliptic PDEs. Now we
present the VS method for the nonlinear stochastic elliptic equation to construct an
approximation in the form (3.2).

Let e(w) = u(w) — uk—1(w), and let r(v;w) € Vi (the dual space of V) be the

residual
oy [T, T
r(vi€): = f(iw) —a(k(up—1, 2, w), up_1 (W), v;w), k>2.

By (4.7), we get

(4.8) a(ﬁu(uk,l)e,uk,l,v;w) + a(m(uk,1),e,v;w) =r(v;w) Yv € V.
According to Riesz representation theory, there exists a function é(w) € Vj, such that
(4.9) (é(w),v)v =r(v;w) Yv € V.

Consequently, the dual norm of the residual r(v;w) can be evaluated as follows:

(4.10) Ap(w) = |r(v;w)| 7(v; w)

Ve 1= sup = [le(@)[lv-

vev [[ollv

For the computation of the error estimator ||é(w)l||y, we apply an offline-online pro-
cedure presented in [39, 29].
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At step k, we choose

chosen randomly in Q, k=1,
Wk arg max [|é(w) ||y, k> 2.
we=

Let ep(x) be the solution of (4.8) with w = wy, and we take hi(z) = ep(x) in
(3.2).

We note that when x(u;w) is a polynomial in u, £(ur—1;w) and K, (uk—1;w) can
be rewritten as the following affine representations:

uk 17 E K’l
u(Up—1;w E ”2

otherwise, we can use the VS approach for the multivariable function presented in
[29] to get affine expansion approximation for x(ug_1;w) and Ky, (ug—1;w).
Let e(w) 1= ep(x)es(w) in (4.8). By (4.3), (4.8), and (4.11), we have

(4.11)

k—1 M,
D) Gilw)rb(w)a(y(z)en (), )+ Z w1 (w z),en(z),v)
(4.12) N
my k—1 My
=S ai@) i) - 3. 3 Glw)r] (@)all (), hix), v).
=1 =1 1

=1 j=
We take v = ep(x), i.e., v = hi(z) in (4.12); then it follows that
r(hg(x),w)

(4.13) ee(w) = (@) £ (@)’
with
My _
=3 W(@)alt(2). hi(@). hi(2)),
j=1
k—1 Mj,
= 35 Glw)R@)all @) (@), hi@), hi(@)),
o k—1 M,
Za ) (@) = 303 Glw)d (w)all (@), o), hi (@),
=1 j=1

Then we take ((w) = e¢(w) in (3.2).

Algorithm 1 describes the procedure for the VS method to solve the stochastic
nonlinear elliptic equation. For practical simulation, we can take a small sample set
= in Algorithm 1.

Remark 4.1. For the first step, take hy(z) as the solution of (4.2) with w = wy
by Newton’s method. Letting u(x,w) =~ (; (w)hi(z) and v = hy(z) in (4.2), we have

(4.14) a(k(CL(w)hi(2),w)), C(w)ha (), hi(z);w) = f(ha(2); w).
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Algorithm 1. VS for nonlinear elliptic equations with stochastic influence.

Input: The stochastic nonlinear elliptic equation (4.1), a set of samples = € ,
and the error tolerance eg.
Output: The separated representation uy(x,w) = Zf\;l hi(x)¢ (w).
1: Initialize the iteration counter k = 1, a random w; € Z;
1.1: Calculate hq(z) by solving (4.2) with w = w; by Newton’s method;
1.2: Determine (3 (w) by (4.14);
1.3: Update E with Z = 2\ wy, and take the approximation u;(z,w) as
ur(z,w) = hi ()G (w);
2: Update k — k + 1, take wy = arg max,e= Ag(w), and take the residual
re(v;w) i= f(v;w) — a(k(ugp—1, 2, w), up—1 (W), v;w);
Calculate hy(z) by solving (4.8) with w = wy, and (x(w) by (4.13);
Update = with = = 2\ wy, and take uy(z,w) := Z?:l hj(z)¢;(w);
Take ef := max,ez Ak (w);
Return to step 2 if e, > ¢, otherwise terminate.
N =k.

Then (; (w) can be determined by the nonlinear system (4.14), and we need to solve
the nonlinear system (4.14) in the space of the random variables S to obtain (;(w),
which will bring some computational complexity. Here we can take (;(w) as the
solution of a linearized system corresponding to (4.14). For nonlinear elliptic equations
with stochastic influence, we take x(u,w)) = k(h1(z)), u(z,w) ~ {1 (w)hi(x), and
v = hi(z) in (4.2). Then we have the following linearized problem with regard to
G(w):

(4.15) a(r(hy (@), G (w)hi (@), b (2);w) = f(h(2);w).
By (4.3) and (4.15), (1 (w) can be given by
) - Z @) (i @)

a(k(ha(@)), b (2), ha(x))
Therefore, to reduce the computational complexity, we can choose ¢;(w) as the solu-

tion of (4.15) at step 1.2 of Algorithm 1.

Remark 4.2. We note that, for each step k, we can write (;(w) in a matrix form
such that

Fra(w) — ¢*(w) ATk} (w)

(416) W) = ) AR (@) + atkf ()’
where
alw) = [al(w), o,a™ ((.‘J)]T7
F* = [ (h(@), ..., S (ha(@))],
¢F(w) = (@), -, Geor ()],
K (@) = [k} (@), ..., k) ()],
k(@) = [kh(@), .., mp ()],
and,
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For k = 1,...,N, the matrixes A} and A¥ and the vectors F¥, a¥ are indepen-
dent of parameter w, their computation is once and in the offline phase. The online
computation is to calculate (3.2) for any w € €. This is efficient because the online
computation only involves the separated representation (3.2).

5. Steady Navier—Stokes equation. We consider the following steady Navier—
Stokes equations with uncertain parameters: Vw € Q, we find the velocity u(z,w) :
D — R? and the pressure p(z,w) : D — R such that

(5.1) {—V.(u(w)vu(x, w)) +u-Vu+ Vp(z,w) = f(z,w) in D,

V-u(z,w)=0 in D,

with the boundary conditions on 9D given by u = . Here v(w) denotes the random
viscosity. For simplicity, we consider the case of the homogeneous Dirichlet velocity

boundary condition. Let X := (H{ (D))2 and @ := L?(D); then the weak formulation
of (5.1) reads, Vw € Q, we find {u(w),p(w)} € X x @ such that

(5.2)
a(u(w),viw) + c(u(w),u(w), viw) + b(v,p(w);w) = f(viw) VveX,
b(u(w),q;w) =0 VqeaQ,

where the bilinear forms a(-, -;w), b(-, -;w), the trilinear form c(~,-,-;w), and the
functional f(v;w) are defined by

a(u(w), v;w) = /Dz/(w)Vu(w) : Vvdz,
b(v,p(w);w) := f/Dp(w)V'vda:,
c(u(w), u(w), viw) = / (u(w) - Vu(w)) - vde,

D

fviw) = [ tw) v

We note that the bilinear form a(-,-;w) is affine with respect to w such that
(5.3) a(w,v;w) = v(w)a’ (W7V) Vv,we X, Vw € Q,

where v(w) is a stochastic function, and a® : X x X — R is a bilinear form inde-
pendent of w. We assume that the linear functional f(-;w) is affine with respect to
w such that

(5.4) fviw) = Zai(w)fi(v) YwveX, VweQ,

where {a’(w)};~, are stochastic functions, and each f*: X — R is a continuous
functional independent of w.

Now we cast the steady Navier—Stokes equation into the general framework. In
this case, we let V = X x @ and define the mapping G : V x  — V* as

(G(w;w),v) = g(w, v;w) :a(w,v;w) + c(w,w,v;w) + b(v,r;w)

+b(w,q;w) —fviw) Ywvel,
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where w = (w,r) and v = (v, q). Then its Fréchet derivatives with respect to w at
z = (z,s) € V can be defined as

dg[z](w, v; w) :a(w,v;w) + c(w,z,v;w) + c(z,w,v;w) + b(v,r;w)

—|—b(w7q;w) Y w,v € V.

We note that dg[z](w,v;w) is independent on s due to the Navier—Stokes equations
being linear with respect to the pressure variable.

Let X;, € X and @), C @ be the given finite dimensional approximation spa-
ces. We can refer to [19, 37] for the details about the finite element approximation
of the Navier—Stokes equation. As we know, the pair of finite dimensional spaces
{Vh,Qn} are required to satisfy the inf-sup condition (2.4). This will increase the
computational complexity. However, the difficulty can be circumvented by modifying
the variational problem, i.e., regularization or the penalty method [7, 19]. Here we
attempt to regularize the variational problem for the Navier—Stokes equations.

Let d(-,;w) : Qp X Qn — R be a continuous and coercive bilinear form for w € Q.
We assume that d(-, -; w) is affine with w such that

d(q, p;w Zkl )d'(q,p) Vp,q € Qn, Yw € Q.

For a small penalty parameter ¢ > 0, we rewrite the problem (5.2) as, Vw € Q, we
find {u(w),p(w)} € X x Qp such that

(5.5) a(u(w),v; w) + c(u(w), u(w),v;w) + b(v,p(w);w) = f(v;w) VveXp,
b(u(w), ;w) —ed(p(w),¢;w) =0 YV q€Qp,

The penalty solution of (5.5) converges to the solution of the nonpenalized problem
(5.2) as € approaches zero [5, 6, 25, 41].

The Newton method of (5.2) reads, For an initial guess (u’, p°), at step k we seek
(0u, dp) € Vy, such that

a(éu,v;w) + c(uk,éu,v;w) + c(éu, uk7v;w) + b(v,ép;w)
(5.6) ¢ = f(viw) —a(ug, v;w) — c(ug, up, viw) —b(v,pr;w) VveXp,
b(du, ¢;w) — ed(dp, q;w) = ed(pk, g;w) — b(uy, g;w) Vg€ Qp,

and then we have (ugy1, pr+1) = (ug + ou, pr + 0p). We note that the solution of the
corresponding Stokes problem is a typical selection for the initial guess.

5.1. VS method for stochastic steady Navier—Stokes equation. Now we
present the VS method for the stochastic steady Navier—Stokes equation to find the
numerical solutions under the form

u(z,w) ~ uy(r,w) = ZC“
(5.7)

ple,w) = py(z,w) ZCP
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where ¢ € S and (¥ € S are stochastic functions, and u’ € V, and p’ € V), are
deterministic functions. We note that the Stokes problem corresponding to (5.2)
reads, Vw € Q, we find {u(w),p(w)} € X x @ such that

(5.8) {“(“(“’)7"?‘*’) +b(v,p(w)iw) = f(viw) VvEX,

b(u(w),q;w) =0, YgeQ.

Here u!(z) and p!(z) are taken as the solutions of the corresponding Stokes problem
(5.9) such that

(5.9) {a(ul(x)’V;wl) +b(v,pl(z);w1) = f(viwr) Vve Xy,

b(u'(2),¢sw1) — ed(p' (), ;w1) =0V q € Qn,
with w; being selected randomly. We take u(w) = ul(z)(¥(w), p(w) = p'(z)} (w),

v = ul(z), and ¢ = p'(z) in (5.9). Then (!(w) and (¥ (w) are given by solving the
following linear system:

an (w)¢i (w) + arz(w)(f (w) = 3 o (w) f/(u' (2)),
(10 {am(mmw) Fan(@)(w) =0,
where
a1 (w) = u(w)ao(ul(l’),ul(z))7
arz(w Zb(ul(l‘ pl(l’)),

At the step k > 2, we let
eu(w) = u(w) — w1 (@), ep(w) = plw) — pri ().
Based on (5.6), we take m (v;w) € X} and r2(q;w) € @}, as the residual such that

(5.11)
{ﬁ(V;w) = f(v;w) — a(up—1,viw) — c(up—1, up_1, viw) — b(v, pp_1;w),

ra(q;w) := —b(up_1, ¢ w) + ed(pr—1, ¢ w),
and by (5.6), we get

(5.12)

a(emv;w) + c(uk,l, eu,v;w) + c(eu,uk,l,v;w) + b(v, ep;w) =r(v;w),
b(euw, g;w) —ed(ep, g;w) =r2(qsw) Vv e Xy VqeQy.

By the Riesz representation theory, there exist éy(w) € X}, and é,(w) € Qy, such that

(5.13)

(éu(w),v)X =ri(v;w) Vve Xp,
(ép(w),q), =r2(@;w) Vq € Qn,
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and we can evaluate the dual norm of the residual r{(v;w) and ry(¢; w) by

r1(v;w) R
[ (v w)lx- == SUp o= [€u(w)llx
(5.14) Ve
ra(gw)
||T2(q;W)||Q* = Seug ”qH = ||€p((.d)||Q
q h

The error estimator for the solution of (5.6) is defined by

(5.15) Ap(w) = /Ieu(@)lk + llép()]-

Then, we choose

Wi —argmaXAk( ).
wEE

Let e, (7, wy) and e,(z,wy) be the solutions of (5.12) with w = wy. Then u®(x) and
p¥(x) in (5.7) are obtained by taking u*(z) = e, (r,wy) and p*(x) = e,(z, wy).

We take e,(w) = uf(z)(#(w) and e,(w) := pF(z)(}(w) in (5.12). For any
v € Xy, and for any ¢ € Qp, we have

a(uk(x)g}c‘(w),v;w)Jrc(uk Lw), u®(z)¢ (w ,Viw)
(5.16) < + c(u® (2) ¢ (w), up—1 (W), viw) + b(v, p* (2)F (w);w) = )
b(u" ()¢ (W), s w) — ed(p*(x )Ck( ), q;w) = (q, )-

By taking v = u*(z) and ¢ = p*(z) in (5.16), and combining (5.7), (5.3), and (5.4),
we get the linear system with regard to (}(w), and (} (w) as follows:

a11 (W) (w) + a12(w)¢p (w) =1 (uk(ﬂﬁ); w),
17
47 {agl(w)g’j(w) + ag(w)(p (w) =12 (pk(x);w),

where
u¥,uk) + S G w) (c(ut, uk, uk) + e(uf, ul, uh)),

PH(E),  ao(w) = arp(w),

and
my k—1
(U (@);w) = Yol (w)f (uF (@) = Y vw)¢ (w)a(u'(x), u*(2))
i=1 i=1
k—1k—1 ‘ .
=D ) W) w)e (' (x), v (x), uk (x))
i=1 j=1

k—1
=Y CFlw)b(u(x),p"(2)),
r=1
k—1 k—1
To (pk(x); w) =— Z gg‘(w)b(ui(x),pk(ﬂc)) +e¢ Z (f(w)d(pi(x),pk(x)).
i=1 =1

Therefore, (*(w) and ¢} (w) can be solved by the system (5.17).
We describe the main procedure for the VS method to solve the stochastic steady
Navier—Stokes equation in Algorithm 2.
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Algorithm 2. The VS method for the stochastic steady Navier—Stokes equation.
Input: The stochastic steady Navier—Stokes equation (5.1), a set of samples = € €,
and the error tolerance eg.

Output: The separated representation uy (z,w) := Zfil CH(w)ul(z),

and py (2, w) == N | (P(w)p(x).

1. Initialize the iteration counter k = 1, a random w; € Z;

1.1: Calculate u'(z) and p!(x) by solving (5.9) with w = w; by Newton’s method;
1.2: Determine (}'(w) and ¢} (w) by the linear equation (5.10);
1.3: Update = with Z = 2\ wy, take the approximation of u;(z,w) as

w1 (2,0) = u} (@) (w), and pi(,w) i= P (w)p(@);

2: Update k — k + 1, and take wy = arg max,e= Ag(w); Then take the residual
ri(viw) = f(v;w) — a(uk_l,v;w) — c(uk_l,uk_l,v;w) — b(v,pk_l;w) and
ro(q;w) := —b(up_1, g w) + ed(pr—1, ¢; w);

3: Calculate u®(x) and p*(z) by solving (5.12) with w = wy, then determine
((w) and (¥ (w) by the linear equation (5.17);

4: Update E with 2 = 2\ wy, and take ug(z,w) := Zle (M (w)ut(z) and
(e, w) = 30, (w)p'();

5: Take g := max,ez Ag(w);

Return to step 2 if e, > g, otherwise terminate.

7. N=k.

>

6. Numerical results. In this section, we describe two specific examples to
illustrate the performance of the proposed VS methods. In section 6.1, we consider a
nonlinear elliptic equation with random variables to illustrate the performance of the
VS method. In section 6.2, a stochastic steady Navier—Stokes equation is considered
to present the performance of the proposed method.

6.1. A nonlinear elliptic PDE with random variables. In this subsection,
to illustrate the performance of the proposed numerical Algorithm 1, we consider the
following nonlinear model for numerical computation:

—div(k(u, w)Vu(z,w)) = f(z,w) in DxQ,
(6.1) u(z,w)=0 only,

K(u, w)Vu(z,w) -n=0 on other boundaries.
Let k(u,w) : D x @ — R be a diffusion coefficient function, which is defined by
(U, w) =1+ wiu® 4 1043,

Then its Fréchet derivatives with respect to u can be defined as

Ko (1, w) = 2wiu + 3e¥10u?,
Here we choose the physical domain D = (0, 1)? and Dirichlet boundary I'; = (0,1)x1,
and n denotes the outward unit normal vector on dD \I'y. The source term f(z,w) is
taken as a random field, which is characterized by a two-point exponential covariance
function cov[f], i.e.,

2 a2
covlf](z1,y1; 22, y2) = 0" exp | — L 2332\ - o zyQ‘ )
202 IH
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where (z;,y;) (i = 1,2) is the spatial coordinate in D. Here the variance 02 = 2 and
the correlation length I, = [, = 0.2. The random source term f(z,w) is obtained by
truncating a Karhunen—Loeéve expansion, i.e.,

8
(6.2) f(a,w) == Elf] + Y v/ibi(2)w;.

i=1

Here E[f] = 1 and the random vector w := (wy,ws,...,ws) € R%. We assume that
each w; (1 =1,...,8) is uniformly distributed in the interval [—1, 1].

We use 200 x 200 uniform grid for the partition of spatial domain to compute
the reference solution and solve (4.8) in the offline phase. The Newton iteration
method is used to compute the reference solution based on the bilinear )1 element
(bilinear basis functions). We apply the VS method to get the variable separa-
tion representation of the solution for the nonlinear elliptic PDE. Given gy = 107°
and |Z| = 80 samples selected from random domain {2, the separated representation
un(z,w) = YN Gi(w)hi(x) with N = 20 is obtained by Algorithm 1.

For the case of nonlinear initialization, (;(w) is obtained by solving nonlinear
system (4.14) using Newton’s iteration method. Now we take (; (w) as the solution of
a linear system (4.15) and provide some numerical results to show that the proposed
VS method can still render a good approximation. Given the same £y = 107° and
|Z| = 80 samples, then we get the corresponding separated representation as

20
an(z,w) = Z Ci(w)hi(z).

For this numerical example, we choose the error estimators as

max [lu(w)|v, k=1,
(6.3) epi=1Q “€°
max [lu(w) — ug—1(W)[lyv, k=>2.

we=

Based on the two cases, we depict the error estimators versus the different numbers
of the separated terms in Figure 6.1. By the figure, we find that (1) the curves of

10 - .
—#+— Linear initialization
—=— Nonlinear initialization
S 1072
< 10
£
k7]
[}
S
m 10
10°° ‘
o] 15 20

5 10
Numbers of the separated terms

F1G. 6.1. The error estimator corresponding to the numbers of the separated terms k in the VS
method for the nonlinear elliptic PDE.
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the error estimator are nearly identical for the two cases; (2) the error estimator
decays gradually in the first few steps and then speedily when the iteration number
k increases.

We choose 10° samples {wl}zlf1 randomly; the relative error is defined as follows:

M i ~ i

where M = 10° and @(z,w ) is the solution by the VS method, and u(z,w®) is
the reference solution solved by the Newton iteration method on the 200 x 200 grid.
Based on the two representations upy(x,w) and iy (z,w), we compute the relative
errors defined by (6.4). Then we depict the mean of the relative errors with error bars
([(mean — standard deviation) (mean + standard deviation)]) and the average relative
errors in log scale (Figure 6.2(b)) corresponding to the numbers of the separated terms
k in Figure 6.2. From the figures we can see that (1) as the number of separated
terms increases, the approximations become more accurate for the two cases; (2)
Figure 6.2(a) shows that the error bars of the relative errors become more compact
as the number of separated terms increases; (3) by Figure 6.2(b), we can see that the
VS method with (3 (w) determined by nonlinear system (4.14) always achieves better
approximation than the VS method with ¢; (w) determined by a linear system (4.15);
(4) the VS method for the two cases can render the robust and accurate approximation
for the nonlinear elliptic PDE. Consquently, we have the following conclusion that the
proposed VS method can still achieve a good approximation when we choose (;(w)
as the solution of a linearized system (4.15).

In Table 6.1, we list the average relative errors in Table 6.1 along with the average
online CPU time based on the 10° random samples. From the table, we can conclude
that (1) as the number of separated terms increases, the average online CPU time by
the VS method is added slowly first, and then increases distinctly; (2) the magnitude
of average online CPU time by the VS method is much smaller than that of the
reference method; (3) the approximation obtained by the VS method achieves a good
trade-off in both approximation accuracy and computation efficiency.

0.12 T 10

¢ Linear initialization —— Linear initialization

o 0.1F * Nonlinear initialization —A— Nonlinear initialization
] 2
-S 0.081 10
g S
(5] =
< 0.06] o
S 2 10™
5 004 3
2 ©
5] o

0.02f : 3
S { { 10
Q
= o $oe0006060060000

-8
10 ; ; ;
~0.02 ; ; ;
0 5 10 15 20 0 5 10 15 20
Numbers of the separated terms Numbers of the separated terms
(a) Relative errors with error bars. (b) Relative errors in log scale.

F1G. 6.2. The mean of the relative errors with error bars and the average relative errors (log
scale) corresponding to the numbers of the separated terms k for the nonlinear elliptic PDE.
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TABLE 6.1
Comparison of the CPU time and average relative errors for the reference and VS methods with
different numbers of separated terms.

Strategies Average error ¢ | Mean online CPU time
N=2 4.49 x 102 1.62 x 10~ %s
N=4 1.41 x 10—2 1.88 x 10~ %s
— -3 —4
VS method N=71 1.72 x 10 1.95 x 10~ 4s
N =10 4.79 x 106 2.29 x 10~ 4s
N=15 9.06 x 10~7 7.46 x 10~ %s
N =20 8.74 x 10~7 2.81 x 10735
Reference method \ 7.86s
1 1 0.12 1 0.02
0.2
08 08 01 08 0.01
06 015 gg 008 06 )
04 04 04 006 04
-0.01
0.2 0.2 004 02
0.05 002
% 0.5 1 % 05 1002 % 05 1
(a) hi(z) (b) h2(z) (c) hs(z)
1 001 1 L x10
2
08 1 08
0 ' L] .
0.6 05 06
0.5 ol . )
001 y° 04 o
- 0.2 05 02 . ‘ -1
0 002 0 s K 0 ‘ -2
0 05 1 0 05 1 0 05 1
(d) he(x) (e) hio(x) (£) haz(z)

FIG. 6.3. Spatial structure of the modes u’(z) for velocity u(w) of the VS method in z-axis
direction.

In Figure 6.3 we depict the spatial structure of some modes h;(x) of u(x,w) ob-
tained by the VS method, which show that the first mode hq (z) represent the coarsest
information of u(z,w), and the last few modes capture the fine-scale information. Fig-
ure 6.4 demonstrates the mean and variance profiles of solution u(x,w) for reference,
and the VS method with the number of the separated terms N = 15. By the figure,
we can see the mean profiles for the two methods are all nearly identical. Based on the
reference and the VS method, Figure 6.5 depicts the probability density estimate of
u(z,w) at the single measurement location where the variance of u(#,w) is maximal
(left) or minimal (right) for all z € D. The figure shows that the VS method renders
the same probability density as the reference solution.

6.2. Numerical results for a steady Navier—Stokes equation with ran-

dom viscosity and random forcing term. In this section, we consider a steady
Navier—Stokes equation with the homogeneous Dirichlet velocity boundary condition.
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0.1 0.1
0.08 0.08
0.5 0.5
0.06 0.06
0.04 0.04
00 0.5 1 0.02 00 0.5 1 0.02

(a) The mean of u(w). (b) The mean of u(w).
3 -3
1 x 10 1 x 10
2 2
0.8
0.6 15 15
0.5
0.4 1 1
o 05 05
0 0
0 0.5 1 0 0.5 1

(c) The variance of u(w). (d) The variance of u(w).

F1c. 6.4. The mean and variance of the pressure and vorticity profiles. The first column are
the reference solutions, the second column are the solutions by the V.S method with the number of
separated terms N being 15.

The probability of u

0.8
Reference 0.8 R R Reference
0.7 * VS * VS
0.7
0.6 2
c 0.6
0.5 =
% 0.5
0.4 8 o04
o
0.3 o 03
[=
0.2 0.2
0.1 0.1
0 0,
-2 -1 0] 1 2 3 -2 -1 0 1 2
The solution: u The solution: u

Fic. 6.5. Probability density of u(xo,w) for reference, and the VS method with the number of
the separated terms N = 15, where the variance of u(xo,w) is mazimal (left) or minimal (right)

Yz € D.

The model is defined in the spatial domain D = (0,1)2. Here we take X := (H{(D))",

2

Q = L?(D), and V := X x Q. The random viscosity v is given by

v(w) = v + vV (w),

where v/(w) has a log-normal distribution, and coefficient of variation C,, = 1.5.
Then the random viscosity is taken as

_ log C,/

v(w) = ve +exp (owr), o: 585
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where v, = %, and

N
1 v

6.5 wp = Wi
(6.5) o ;:1

Each w; (i =1,...,N,) has a normal distribution with zero mean and unit vari-
ance, i.e., w; ~ N(0,1). wr is in turn a normalized, centered, Gaussian random
variable. The forcing term in (5.1) is also random (see, e.g., [42]). We take the verti-
cal component of the rotational of the force field as a stochastic field ®(z,w), which
is characterized by a two-point exponential covariance function cov|[®], i.e.,

2 2
T — Y1 — Y
(6.6) cov[®](z1,y1; 2, y2) = 0 exp —| - B 2 - (2 B 2 )
202 23
where (z;,y;) (i = 1,2) is the spatial coordinate in D. Here the variance 02 = 2 and
correlation length I, = I, = 0.2. Without loss of generality, we may assume that the
random field ®(z,w) admits a Karhunen-Loeéve expansion, i.e.,

Ny
@(1’7(.0) = ®y + ZWN,,Jri(I)ia

i=1

where &g = 1 and the random vector w := (w1,ws, ... ,le,-s-Nf) € RV*+Ns . Each w;
(¢t =N,+1,...,N,+Ny) has a normal distribution with zero mean and unit variance,
ie, w; ~ N(0,1). Then f(z,w) is defined by

Ny 0
f(z,w) ~ V7 (2, w) = fo(x)—kaNVHfi(m), fi(z) =V A 0 ,
i=1 ¥i(x)

where 1; is the solution of the following Poisson equation:
Y;(z) =0 in OD.

Here we set N, =9 and Ny = 9 for the numerical simulation. This implies that the
solution depends on N, + Ny = 18 random variables.

For partition of the spatial domain, we apply 100 x 100 uniform grid and the
stabilized rectangular elements @1 — @1 (bilinear basis functions for both velocity
components and pressure) to compute the reference solution and solve (5.16) in the
offline phase. Here, we utilize the approach suggested by Dohrmann and Bochev [17]
to stabilize rectangular elements Q1 — @1, where the penalty term in (5.5) is defined
as

d(p,q;w) = (p — Op, q — g w),

where IT denotes the L? projection from the actual discrete pressure space @Q; into the
piecewise constant function space Py. For this penalty method, we take e = 1 in (5.5).
Note that this projection is defined locally, that is, Ilq is taken as a constant function
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in each element. Let u(x,w) and p(x,w) be the reference solutions for velocity and
pressure, respectively, solved by the Newton iteration method based on the system by
penalty. Let uy(z,w) and py (z,w) be solved by the VS method proposed in section
5.1. Then the relative mean errors for velocity and pressure are defined, respectively,

by
M (@)Y _ (Y12
(6 8) - iz Hu(z,w ) uH(wi )HL2(D)
| M @ e,
M ()Y _ (@)Y]12
(6 9) - i ||p(x,w ) pH(wi )HLZ(D)
' TM i1 ||p(wi(i))||2Lz(D) .

We utilize the VS method proposed in section 5.1 to get the separated represen-
tations of the solution for this numerical example. We take g = 10~% in Algorithm 2
and select |Z| = 60 samples from the random domain . Then {(*(w), u’(z)}¥,; and
{¢F(w),pi(z)}Y, are obtained by Algorithm 2 with N = 30.

In Figure 6.6, we depict the error estimator e; defined by equation e :=
maxeg Ag(w) versus the number of the separated terms k for the VS method. From
the figure, we can see the error estimator decays fast as the iteration number &k in-
creases.

Figure 6.7 shows the spatial structure of some modes u’(z) in the z-axis direction
obtained by the VS method, and Figure 6.8 shows the spatial structure of some modes
u’(z) in the y-axis direction. From the figures, we find that, for both the velocity u
and pressure p, the first mode u'(x) represent the coarsest information, and the last
few modes capture the fine-scale information.

Based on the representations (5.7), we select 105 samples {wl}zlfl randomly and
compute the relative errors defined by (6.8) and (6.9). In Figure 6.9, we show the mean
of the relative errors with error bars ([(mean — standard deviation) (mean + standard
deviation)]) for the VS method with different numbers of separated terms k. From
the figure, we have two observations: (1) as the number of separated terms increases,
the mean of the relative errors for both velocity u and pressure p decays distinctly;

Error estimator

[
o

—2|

-3 L L L L L
0 5 10 15 20 25 30
Numbers of the separated terms

10

F1G. 6.6. The error estimator € corresponding to the numbers of the separated terms k in the
VS method for the steady Navier—Stokes equation.
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F1G. 6.7. Spatial structure of the modes u*(z) for velocity u(w) of the VS method in z-axvis
direction.
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F1G. 6.8. Spatial structure of the modes u*(z) for velocity u(w) of the VS method in y-axis
direction.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/17/22 to 218.70.255.162 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

A744 QIUQI LI AND PINGWEN ZHANG

u p
0.6 2
o 051 [%]
I g 15
o L o
§ 0.4 §
3 s 1
< 03f =
S H
s oz S os
5] 5]
s 0.1f =
[} ] 0 EiE L L R
= oF B R R LR =
-0.1 -0.5
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Numbers of the separated terms Numbers of the separated terms

Fic. 6.9. The mean of the relative errors with error bars corresponding to the numbers of the
separated terms k in the VS method for the steady Navier—Stokes equation.

(2) for velocity u, the error bars of the relative errors become more compact; for
pressure p, there are some special cases, but on the whole, the error bars become
more compact as the iteration number increases; (3) the VS method can provide a
robust and accurate approximation for the steady Navier—Stokes problem with random
influence. Let u = (ug,, Uy, ). Here the two-dimensional vorticity (scalar) variable £ is
defined by

 Oug,  Oug,

T 81)1 83?2 ’

which acts in a direction orthogonal to the zy plane. In Figure 6.10, we depict the
mean and variance of the pressure and vorticity profiles. From the figure, we can see
that the VS method with the number of the separated terms being 15 gives almost
the same mean profiles for velocity, vorticity, and pressure for the example.

To illustrate the efficiency of the proposed VS method, we compute the realiza-
tions corresponding to the 10° parameter samples. In Table 6.2, we list the mean
of the relative error, CPU time (online CPU time 7o, offline CPU time Tog, total
CPU time Tiot, and average online CPU time 7o) needed for the VS method with
the number of the separated terms being 8, 15, and 25, and average CPU time for the
reference and VS methods. From the table, we can conclude that (1) as the iteration
number k increases, the average relative errors become smaller, the CPU times (online
CPU time 7oy, offline CPU time Tog, total CPU time 7o, and average online CPU
time Ty, ) needed for the VS method increase steadily too; (2) the average online CPU
time by the VS method is much smaller than that of the reference method; (3) the VS
method achieves a good trade-off in both approximation accuracy and computation
efficiency for the stochastic steady Navier—Stokes equations.

Finally, we investigate the case that the viscosity parameter v(w) depends on
the different numbers of random variables. Given the same error tolerance gy =
1072 and the same set of samples = with |Z| = 60, here we consider the steady
Navier—Stokes equations (5.1) with N, = 6,9, and 15 in (6.5), and get the separated
representations with N = 25 by Algorithm 2. In Figure 6.11, we depict the average
relative errors for velocity u and pressure p versus the different iteration number for
the three different models with N, = 6,9, and 15. The figure shows that the viscosity
parameter v(w) depending on the different numbers of random variables have little
impact on the performance of the VS method for the stochastic steady Navier—Stokes
equations.
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Fi1G. 6.10. The mean and variance of the pressure and vorticity profiles. The first column is
the reference solutions, and the second column is the solutions by the VS method with the number
of the separated terms N being 15.
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TABLE 6.2
Comparison of average relative errors and the CPU time for the reference and VS methods with
the number of the separated terms being 8, 15, and 25, based on 106 parameter samples.

Strategies The VS method Reference method
N=38 N=15 N=25

Eu 7.31 x 10—5 3.19 x 1078 | 4.10 x 10~10 \

ep 8.69 x 1072 | 1.70x 1073 | 4.68 x 10~6 \

Toft 384.64s 572.94s 840.455 \

Ton 32.31s 54.14s 68.59s \

Tiot 416.95s 627.08s 909.04s 5.02 x 10%s
Ton 3.23x 107 %s | 541 x 107 %s | 6.86 x 10~ 4%s 5.02s

10 10
B —+— Nv=6
S
—a—Nv=9 _
102 f\'\a\.} 10"
\ Nv=15

Relative error
Relative error
=
(=}

0 5 10 15 20 25 [ 5 10 15 20 25
Numbers of the separated terms Numbers of the separated terms

Fic. 6.11. The mean of the relative errors corresponding to the numbers of the separated terms
k in the VS method for the steady Navier—Stokes equation.

7. Conclusions. In the work, we proposed the VS method for the nonlinear
problems with random inputs to get the separated representations of the solutions.
The proposed VS approach is devoted to constructing a low rank approximation of
the Galerkin solution for nonlinear problems in a systematic enrichment manner.
Compared with proper generalized decomposition, no iteration is performed at each
enrichment step. To obtain the efficient and reliable approximation (1.1) for the non-
linear problems, we combined the VS method with the classic linearization techniques
such as the Newton method to avoid solving nonlinear problems directly in the offline
phase. At each enrichment step, the stochastic basis function (i (w) was determined
by the linearized stochastic equation, which is deduced from the original nonlinear
problems; simultaneously, we also obtained the deterministic basis function by solving
a linear equation. We note that the computation efficiency was dramatically improved
by storing the stochastic basis functions in matrix form such as (4.16) and making
best use of the precalculated terms. Specifically, for given w € 2, we calculate (x(w)
by (4.16) with the concrete numbers {¢;(w)}*=!, which have been calculated previ-
ously. Therefore, in this work, no stochastic approximation methods, such as the
sparse low rank tensor approximation method used in [29], were performed to remove
the mutual dependance of the stochastic basis functions. For the nonlinear problems
with random inputs, the VS method was presented in an abstract framework. After
that, we described the details of the VS method by two nonlinear models that fit in
the abstract framework. Finally, we applied the proposed method to two numerical
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examples with random inputs and performed some careful numerical analysis for these
numerical examples.

In the future, we will apply the proposed methods to the inverse problems with
nonlinearities. It is desirable to explore rigorous convergence analysis for the VS
method. Ongoing works are also focused on the extension to nonlinear unsteady
problems. In addition, we will pay more attention to the applications of the pro-
posed method to some models in dynamical systems, especially for some biological
systems.

Appendix A. The definition of Ag(w). An effective error estimator Ag(w)
is crucial for both the efficiency and the reliability of the VS method. Here we will
describe two ways for the definition of Ag(w). First, people usually utilize the Riesz
representation to define the error estimator, e.g., (4.10) and (5.15), as presented in
sections 4.1 and 5.1. For the computation of the error estimator Ag(w), we can utilize
an offline-online procedure presented in [39, 28].

Now, we take the stochastic steady Navier—Stokes equation as an example to
present the details of the offline-online procedure. By (5.3), (5.4), (5.11), and (5.12),
we get

k—1k—-1 k—1
(Eu(@),v)y == D D (@) w)e(u'(2), W (2),v) = ) v(w)G (w)a(u'(z),v)
i=1 j=1 1=1

+Zo/(w ZC” (@) Vv e Xy,
-
(ép(w),q)Q:fZCf(w)b( Z +5ZCP )vquh

This implies that

Za .7:1-1-2
k 1k 1

(A1) D) W) w) X + Z@’(w)Bm

i=1 j=1

Zcu 7>+sZ<p

where F* is the Riesz representation of fi(v), i.e., (F',v)x = f'(v) for any v €
Xy, L; is the Riesz representation of —a(u’, v) , (Li,v)x = —a(u’,v) for any
v € Xj, &/ is the Riesz representation of —c(u (x),u](;v)7v), Le, (X/,v)x =
—c(u (x),uj( ),v) for any v € X3, B, is the Riesz representation of —b(v,p"(z)),

e., (BT,V)X = —b(v,p"(x)) for any v € X;, P; is the Riesz representation of
—b(u?, q), i. (73 ,q)Q = —b(u q) for any ¢ € Qp, and C; is the Riesz represen-
tation of d( ),4q), i. = d(p'(x), q) for any g € Q. Then (A.1) gives rise
to
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k—1
e HX—Za )3 " @ )+ Y veie)

n’/=1
(22(1 )(F" £X+Z £1,£)>
+chg(w)<u <2Za )(F XD x
(A'Z) o k—1 k-1
+22y WLin, X)x + > Y CiH(w X;)X>
i’ i'=1j'=1
k—1 ’ k—1
+> Pw <2Za )(F™Br)x +2 3 v(w)(H(w)(Li, Br)x
T:kl—l k—1 o
+2) 03 GHw) G (w)( X+Z<3’, )(By, Br)x )
i'=1j'=1 r'=1
k—1k—1 k—1
lep@)1B =D GHw)GHW)(PLP g + Y (P(w)
(A3) 1=11=1 =1
<2Zgu )(P;,Cs) Q+Zc” )(Cir,Ci)o )
i'=1

In the offline stage, we compute F™, L;, Xj, Bi, C;, and P;, where 1 < i,j <k—1
and 1 < n < my. We store all of the inner products used in (A.2) and (A.3) for the
online stage. In the online stage, we use (A.2) and (A.3) to compute ||é,(w)| x and
lép(w)|lq for any w € E, and then obtain Ag(w) by (5.15).

By (A.1) we can find that, to evaluate the error estimator Ag(w) by (A.2) and
(A.3) rapidly, ms 4+ 4(N — 1) + (N — 1)? linear problems are required to be computed
on the fine grid. Therefore, the error estimator Ay (w) can be defined as the error in
V-norm directly, that is,

w) = /@) = w1 @)% + p(@) = pe-1 (@)1,

when my +4(N — 1)+ (N —1)? > |=|.
Similarly, we can define the error estimator Ay (w) for the nonlinear elliptic PDEs
with random influences as

Ap(w) = [lu(w) — ug—1(w)|lv-

To identify the sample w; = argmax,ecz A;(w) quickly at each iteration step, the
solutions {u(w);w € =} can be calculated and stored first.
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