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ABSTRACT ARTICLE HISTORY

The orientational elasticity of the uniaxial and the biaxial nematic phases is deduced earlier. For ~ Received 15 November 2016
bent-core molecules with hardcore interaction, we examine how the molecular shape affects the ~ Accepted 30 January 2017
elastic constants of these phases. The calculation is built on a tensor model based on the Onsager KEYWORDS

theory. The elastic constants are expressed by the coefficients in the tensor model, and these Elastic constants; bent—core

coefficients are derived from molecular parameters. We calculate the elastic constants of bent- molecules; star molecules;
core molecules as functions of the bending angle, concentration and thickness. We also examine uniaxial nematics; biaxial
the elastic constants of star molecules, where we focus on the effect of the extra arm. nematics

1. Introduction
regarded as identical to equilibrium, with the axis n

Elasticity is a significant property of homogeneous  varying in space. In this view, the elastic energy is a
nematic phases. In equilibrium, these phases show  functional of n(x). Up to second-order derivatives, it is

anistropy only orientationally. Their elasticity is exhib- ~ known as the Oseen-Frank energy [1],
ited by deformation in answer to boundary effects and
. . 1
extern.al forces. For ‘fhe cgmmon.ly .obse'rve(.i un'1ax1a1 Fop = Jdx- [Ky(V - n)? + Ky(n-V x n)?
nematic phase, the orientational distribution is axisym- 2

metric about a vector n. When the deformation is

K V x ) 1
slight, the local orientational distribution can be HHaln > (Voxm)f], )
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where three terms represent the energy of splay, bend and
twist, respectively. The above elastic energy is also incor-
porated in the Ericksen-Leslie hydrodynamic model [2].

The Oseen-Frank energy is significant for the mea-
surability of the elastic constants K;. By exerting an
external force, it is able to induce particular deforma-
tions. Then, by comparing the work done by the exter-
nal force and the elastic energy (1), we are able to
calculate K;. Measurements have been done for rod-
like molecules at an early stage [3-6]. In recent works,
the elastic constants have been measured for the uni-
axial phase formed by bent-core molecules [7-14], and
their analogues, including L-shaped molecules [15,16]
and T-shaped molecules [17].

Molecules of complex architectures may show other
nematic phases. The prediction of these phases is initiated
quite early [18], of which the biaxial nematic phase has
been verified for bent—core molecules [19,20]. The phase
transitions involving the biaxial nematic phase have been
studied extensively (see Ref. [21] and the references
therein). Since the orientational distribution is not axi-
symmetric, a local orthonormal frame is needed when
considering the deformation. The form of elastic energy
depends on the phase symmetry. For the biaxial nematic
phase, the form of second-order orientational elasticity
has been discussed in previous works and also built into
dynamic models [22-26].

Since the elasticity originates from molecular
interaction, it is significant to find out how the
elastic constants are affected by the molecular archi-
tecture. A clear understanding of this would be help-
ful to design materials of desired elastic properties.
For rod-like molecules, K; are calculated from the
concentration and the thickness in a recent work
[27]. The calculation is built on a tensor model
based on the Onsager theory. By assuming that the
eigenvalues of the tensor are identical to the equili-
brium values, the elastic energy can be reduced to
the Oseen-Frank energy, with the elastic constants
expressed by coefficients in the tensor model. Since
these coefficients are derived from molecular para-
meters, it finally establishes the relationship of mole-
cular parameters and the elastic constants.

In contrast to the uniaxial phase, no measurement of
the elastic constants for the biaxial nematic phase is
reported to our knowledge. Thus, it is more desirable to
build the relationship between the molecular parameters
and the elastic constants. A few theoretical calculations
have been done from a molecular perspective [28-30],
which focus on some general formulations. Only in Ref.
[29] is an ellipsoidal molecule examined, where the elastic
constants are calculated as functions of the temperature
while the effect of molecular shape is not studied.
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Analogous to the tensor model for rod-like molecules, we
have derived a tensor model for bent-core molecules from
molecular theory [31]. In particular, by assuming that a
molecule has two joint cylindrical arms, the coefficients in
the tensor model are computed from the Onsager theory.
We have obtained a phase diagram about molecular para-
meters in [31], which includes different types of uniaxial
nematic phases, as well as the biaxial nematic phase.
Hence, similar to rod-like molecules, we can obtain the
elastic constants of the uniaxial and biaxial nematic phases.
We examine how the elastic constants depend on the
bending angle, concentration and thickness. Moreover,
the tensor model is appropriate for rigid molecules with
the same molecular symmetry. Thus, we are able to apply
the same procedure to star molecules that possess an extra
arm compared with bent-core molecules. For the elastic
constants of star molecules, we will focus on how they are
affected by the length of the third arm.

The rest of the paper is organised as follows. In Section
2, we briefly describe the tensor model and the homo-
geneous phases. In Section 3, we describe the derivation
of the orientational elasticity and the calculation of the
elastic constants. The results are shown in Section 4. A
concluding remark is given in Section 5.

2. The tensor model

Here, we summarise the main points about the tensor
model and the nematic phase diagram and refer to Ref.
[31] for details.

In the tensor model, we adopt the molecular geometry
shown in Figure 1. A bent-core molecule has two iden-
tical arms, of the length //2 and thickness D, joint with an
angle 0. A star molecule has a third arm of the length /,
towards the arrowhead. The two molecules are fully rigid.
Thus, we can put an orthonormal frame (O; m;, m,, m;)
on the molecule to represent its position and orientation.
The frame m; can be represented by Euler angles
(v, ¢, y'), and the differential of the orthonormal frame
is denoted by dv = sin ¢ d¢ dy dy//8n?.

Figure 1. A bent-core molecule and a star molecule with their
body-fixed orthogonal frames.
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We use two symmetric second-order tensors and a
vector,

Q = <m1m1>,

to express the orientation. The components of p and
Q, are denoted as p; and Q,;. Here, () = [dv(\)f

denotes the average about the Boltzmann distribution

Q, = (mymy), p=(m),

1
f= Zexp(b ~my + By mymy + By mymy), (2)
over all the orientations, where Z is the normalisation
factor,
Z = Jdvexp(b -mp + B1 cmymy + B2 : mzmz).

The vector b and the matrices B; and B, are
uniquely determined by p, Q; and Q, (see Ref. [31]).
The free energy is written as follows:

Bent-core molecules and star molecules can exhibit
the uniaxial and biaxial nematic phases, where p = 0.
They are characterised by the eigenvalues of Q;. For
convenience, we also consider the tensor
Q; = (mym3) =1 — Q; — Q,. In the uniaxial nematic
phase (N;), each Q; is uniaxial with the same axis,
that is,

I .
Qi:Si<nn_§>+§7 1:172737 (5)

where s; + s, + 53 = 0. It always holds that only one
of s; is positive. If s; is positive, the phase is denoted
as N;, in which m; gathers near the axis n, while the
other two m; accumulate near the plane perpendicu-
lar to n. In the biaxial nematic phase (B), the tensors
can be written as

Q; = quniny + qipnan; + qiznzns. (6)

of logf + % (COI|P|2 + ca|Qi|” + €03 Qs + 204Q; : Q,)

FIQ;,Q,,p] _J
ksT dx

S

+c2 (e11pj0iQuij + c12p;01Qaif)
2|VQ|* + s |VQ,|* + 26240/Qux0:Qajk ) 3)
+ 7 | +2¢270ipi0ipj + 2¢280;Quik 9 Qujk

+2¢290;Qaik 0 Qujk + 4¢2,100; Qi 05 Qujk

where c is the concentration, kg is the Boltzmann constant
and T is the absolute temperature. The sum over repeated
indices is assumed, and ]Q1|2 = Q; : Q = Qy;Qy;- The
first index k of a coefficient cy; represents the total order of
derivatives in that term.

The coefficients are derived as functions of molecu-
lar parameters. They satisfy the scaling property c; o
I3 and depend on dimensionless parameters: the
bending angle 0, the ratio # = D/I, and for star mole-
cules also /1. For bent-core molecules, we use the
dimensionless parameter a = cI*D to express the con-
centration, representing the number of molecules in a
cuboid with edges of the lengths I, I and D. For star
molecules, we use « = cl(I + ,)D. The calculation of ¢;
is based on the hardcore molecular interaction.

Each homogeneous phase corresponds to a minimi-
zer of the bulk energy,

Fouk[Q1, Qa, p]

=b- B, : B,: —log Z
VksT b-p+B;:Q +B,:Q, —log

c
+E (C01|P|2 + €02 Qi [* + €03 Qa | + 2c04Q; : Q).

(4)

Here, (ny,n,,n3) is the shared eigenframe of three
Q;. The principal eigenvector of each Q; is different.
Thus, we can permute #; to let g;>q;j (j#i), that is, let
n; be the principal eigenvector of Q;. Note that the Q;
in the uniaxial phase can also be expressed by (6). For
the N; phase, we let n = n;, then

(25 +1) (1 =s)
qki = 3 y Gkj = 3 ; 7)
k=1,2,3, j#i.

In homogeneous systems, the frame (ny,n,,ns)
represents the macroscopic axes and does not affect
the free energy. When deformation exists, it can be
described by the spatial variation of (n;).

The phase diagrams of bent-core molecules and star
molecules about the molecular parameters are given in
Ref. [31]. With an intermediate «, bent—core molecules
show N, B, N; successively as 0 decreases from . It is
also the case for star molecules as I,/ increases from
zero. The twist-bend phase also occurs in the phase
diagrams, but we are not going to discuss it in this
work.



3. The elastic constants
3.1. The form of orientational elasticity

For the uniaxial phase, the Oseen-Frank elastic energy is
appropriate. But for the biaxial phase, an alternative elas-
tic energy is needed. In the following few paragraphs, we
briefly review the derivation of the orientational elasticity
in Ref. [22]. The derivation is based on the symmetry of
the orientational distribution, and the elasticity includes
both bulk and surface terms. In what follows, we only
retain the bulk terms and will discard surface terms.

First, we discuss the derivatives of the frame
(n1,n2,n3). Consider the directional derivatives of n,.
The derivative of n, along the direction n, is written as
(my - V)n,. We write down its components in the frame
(n1,m3,n3). Its v component is expressed as ,;1);0;n,;.
Using the equality n,;n,; = d,,, we have

nvjn)\,-ainpj = —l’lpjl’l)\iaﬂ’lvj.

From this equation, we know that Vnﬂ has nine
degrees of freedom, denoted as

D11 = mynyiOinzj, Dy = nyngiOimyj, Dz = nyngoing;,
Dy = myinyiOinzj, Doy = nynziOimyj, Doz = npingiOing;,
D3y = n3imyiOinzj, D3y = nainziOinyj, D3z = n3ingiOing;.

(8)

The orientational elasticity is given by polynomials
of Dj;. The biaxial nematic phase requires the n; — —n;
symmetry. Therefore, each n; must appear even times,
making the first-order terms vanish. Generally, a quad-
ratic form of Dj; has 45 terms. The symmetry reduces it
to 15 terms, including ij and six coupling terms
D11D2, Di2Da1, D2Dss, Da3Dsy, D33Di, DsiDis. The
linear combinations of the coupling terms include
three surface terms, such as

OingiOjyj — OingiOing; = 2(D33Dyy — D31Dyz).  (9)

Thus, the elastic energy is reduced to 12 bulk terms,

FBi = dei

There are 12 elastic constants in total.

The Oseen-Frank energy can also be expressed by
(10). Let us choose n =mn, as an example. For the
derivative of n,, we have
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V.ny = —D3 + Dy3,
n3 -V x ny = =Dy,

ny -V X ny = D33 + Dyy,
HI'VXI’IZZ—DZI.

Note that |np x V x n2|2 =(n-Vx n2)2
+(n3 -V x ny)%. Along with (9), it is easy to see
that (10) is reduced to the Oseen-Frank energy if
the following equalities hold,

K3131 = Kiz13 = K, K = Kz = Ko,y Kaiar = Kosos = K,
Kizs1 = 2(Kz — K1), Kozza = K33 = Kio1z = Kaszp = Koo = 0.

(11)

These equalities have been derived in Ref. [22] and
will also be illustrated in our derivation of elastic
constants.

We can give deformation patterns of n; that leave
only one of D;; nonzero, drawn in Figure 2. They are
classified into two cases: D;#0 and D;#0. For each
case, we give one example, and the other patterns can
be obtained by permuting the axes n;. Below, n; are
functions of the location (x, y, z), and (e;) is the space-
fixed orthonormal basis.

. D117&0. Let

n; =e3, Ny = €;C0SZ+ e,8inz, ny = e; sinz — e, cos z.

Here, n, and n3; show twist while #; is constant. For
the case D;;#0, n; is constant. Thus, we name it as the
twist pattern, denoted by T;.

o D;3#0. We use cylindrical coordinates. Denote
(x,y,2) = (rcos 8, rsin 6, z), and let

ny =e;3,ny = e = e;cosl +e;sin b, n;

=eg=¢e;sinf — ey cos 0.

We name it as the splay bend pattern and use the
notation S;B; to denote the one in which »; shows
splay and n; shows bend, while 7y is constant. Here,
(ijk) is a permutation of (123). The pattern S;B; cor-
responds to Dj#0.

The constants Kj;; and Kjj; could be measured by
generating the above patterns.

K1111D%1 + K2222D%2 + K3333D§3
+Ki1212D%, + Ka121D3, + Ka303D35 + K323:D3, + Kz131D3, + Ki313D35 | - (10)
+Ki1221D12D71 + K333:D23D3; + Ki331D13D3:

For the coupling terms, D,3D;;#0 means that
both D,3; and Ds, are nonzero. We suggest a pattern
in which the frame #; coincides with the local
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<>
NI

(a) Twist. (b) Splay & bend.

(c) Spherical

Figure 2. (Colour online) Deformation patterns.

orthonormal frame on the sphere: write

(x,9,2) = (rsinfcos ¢, rsin Osin ¢, r cos §), then

ny =e, =e;sinf cosy + e, sin  sin ¢ + e3 cos G,
ny = e, = e sin@ — e, cos @,
nz = e, = e cosf cos g + e, cos B singp — ez sin 0,

where n;, n,, n3 point towards radial, latitudinal and
longitudinal direction, respectively. In this case, we
have Dy;, D,3,D3,#0, leading to four nonvanishing
terms in the elastic energy:

K>121D5, + Ka323D3; + K3232D3, + Ka33:D13 D3

If all the patterns in Figure 2 can be generated, we
could measure Kjj; as we already know Kij;.

3.2. The derivation of elastic constants

When discussing the elastic constants, we assume
that the eigenvalues are equal to those in the homo-
geneous case and only the eigenframe varies. In this
case, we assume that p =0, which can be expected
to be a good approximation if the deformation is
not drastic. Then, the elastic energy can be writ-
ten as

F. :F_Fbulkzj

We point out that the coefficients in the tensor
model satisfy

2 P
€22, €23, €28, €29™0, €22€23>C54, €28€297C; 1 (13)

The inequalities about c,3, ¢29 and c; 59 are actually
stronger than those given in Ref. [31] that guarantee
the positive definiteness of the elastic energy (12),

2c8 + €22, 2¢29
+ 23>0, (2¢28 + €22)(2¢20 + €23)> (2628 + 622)27
(14)

because (14) do not require ¢yg, ¢39 to be positive. As
we will show later, (13) imply some relations between
elastic constants.

Next, we express the elastic constants as functions of
c;j and the eigenvalues gj. Since the eigenvalues are
determined by minimising the bulk energy (4), they are
functions of the bulk coefficients cy;, which are also
derived from molecular parameters. Thus, the elastic
constants are eventually expressed as functions of
molecular parameters ¢, I, # and 0,

Kiji’j’ = CZkBTKijirjr (Czj(l, n, 0), qik (Coj(l, n, 6))) .

Write the tensors in the form of (6). Note that the
following equalities hold,

8 (mjnik) 0y (nynay) = —2(D%, + D%, + D) = —24,
6,-(n2jn2k)8, (”3}7’13k> = Z(D%I + D o1 +D ) 2 —2A,,
A

81‘(713]1’13]()81'(7’1 ]nlk) = 2(D22 + D22 + D ) = —21427

ai(nlznlk)aj(annzk) = —Di, — D3, — D;sDy; + Dy3D5,
+D3y Dy £ —Bs,

a (71217’12k)a (”3]”31() D21 - Dzl + D13Dy; — D23D32
+D3,Dy3 = —By,

0i(n3inzi)0; (”1]n1k) D3}, — Diz + D13,D;1 + Dy3D3;
—D31Dy3 = —B,

together with I = nyn; + nyn, + n3nz, we have

2|VQ|* + e |VQ,|* + 2¢240,Qujx 0 Qajk
+26280,Quik 0 Qujk + 2€290iQuik 0 Qajic + 4€2,100;Quik 9 Qujk (12)



i (mjmk) 0; (mymix) = 2(Az + As),

0y (majnak) 0i (majnak) = 2(As + Ay),

i (n3jnak) Oi (najns) = 2(A; + Ay),

Denote
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di(min1k)9;(mynik) = B, + Bs,
0i(nainak)9;(nyjnak) = Bs + By,
9i(n3insk)0j(n3jnsc) = By + By,

d = sz(ﬂhz - 6]13)2 + c23(q22 — CI23)2 + 2¢24(q12 — 913)(G22 — 923),

( ( )
dy = c(q13 — %1)2 + c23(q23 — %1)2 +2024(q13 — q1)
( ( )

d; = 622(411

2
€1 = C28\q12 — q13

2
€3 = C28(q11 — 412

( ) ( (
e = c5(q13 — q11)2 + ¢29(qa3 — Q21)2 +2¢2,10(q13 — qu1
( ) ( (

Then, the elastic energy becomes

— 412)2 + c23(q21 — 422)2 + 2¢4(q11 — 912

( )
(423 — q21),
i (fhl - 1122), (15)
+ c29(q22 — 423)” + 2¢210(q12 — 913) (922 — 923),
)(q23 — q21),
+ c29(q21 — q22)2 + 2¢2,10(q11 — Q12)(Q21 - fhz)-

ckgT
Fe = de 2B (dlAl + d2A2 + d3A3 + e131 + 6232 + €3B3)

dlDil + dzDgz + d3D§3
C kB

+(di + 1) (D3, + D3,) + (d2 + e2) (DY, + D3,) + (ds + e3) (DY + D3;)

—(e1 + ey —e3)D1aDyy — (e, + €3 — e1)Da3Ds; — (e3 + €1 — €2) D31 D3

Thus, we obtain
Kjjjj = CkyTd;, Ky = c’ksT(d; + ¢;), Kiji
= kpT(e1 + €, + 3 — 2e; — 2¢j), (i#]).
(16)
For the uniaxial phase, the eigenvalues are given by

(7). Thus, for the N, phase, we have di = d5, e = €3
and d, = e; = 0. Therefore, by (11), we deduce that

Ky = K3 = K121 = K331 = Kiz13

= K323, K5 = Kj111 = Kassz. (17)
Similarly, for the N; phase, we obtain
Ky = K3 = K33, = Kip1z = Ky

= Ks131, Kz = K111 = K. (18)

Note that some elastic constants we deduce above are
equal. In particular, for the uniaxial phase, K; = K3 always
holds. This is because our tensor model includes tensors

up to the second order only. In the calculation of the
elastic constants of rod-like molecules in Ref. [27], the
fourth-order tensor M = (mmmm) is included in the
tensor model so that K; and K3 can be separated. For
bent-core molecules, however, to include fourth-order
tensors will make the free energy have over 50 terms.
For this reason, we choose not to include them to keep
the free energy concise.

4. Results and discussion

As we mentioned in Section 2, we pose the frame
(n1,m3,n3) such that g; > gjj, that is, £ n; is the pre-
ferred direction of m;. Thus, we are able to discuss the
elastic constants for both uniaxial and biaxial phases in
terms of Ky and then recognise them as K, K3, K3 by
(17) for N3, and by (18) for N3. By ¢ o< I°, we have

25 _kBT.

Kiji’j’ X kBTC = ?

o
=
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We are not expecting to compare our results directly
with the values obtained from experiments, since we have
adopted a simple molecular architecture, and have only
included the hardcore interaction. Moreover, because we
have not included the higher order tensors, it always holds
Kijj = Kyij for i,k#j, (K; = K for the uniaxial phase).
Thus, we will not distinguish them in the following.
However, we can figure out some connections between
the molecular shape and the elastic constants. In particular,
the elastic constants of square terms Djzj and Dizj describe

the resistance of the corresponding deformation patterns
in Figure 2. By comparing the elastic constants, we can
compare the resistance of these patterns.

Without calculating the values of the elastic con-
stants, we can capture some features from (16). The
elastic energy is always positive definite. This actually
comes from the positive definiteness of the tensor
model. We can also verify from (16), (15) and (13)
that Kéji<41<,-jijl<ﬁﬁ by noting that g;; +gn + g3 = 1.
Moreover, for the N3 and the N, phases, it always
holds K3>K,, which has been observed for the N,
phase in the experiments we mentioned in Section 1.
It originates from K3 — K, = c*kgTe;>0, guaranteed by
(13). In general cases, it is possible that ;<0 when only
(14) holds and cg,¢29<0. That e>0 also implies
Kiji7>Kjj; for the biaxial phase.

We choose T =400K and D=5 x 107%m, the
same as in Ref. [27]. First, we examine the K; of the
uniaxial phase as functions of « when 6 = 37/4 and
D/l =1/20 near the I — N, transition value, plotted in
Figure 3. We can see that the order of magnitude of K;
lies within 1072 N and 107''N, which is consistent
with the experimental results mentioned in Section 1.
When « is small, K; do not differ too much, and they

2.5

K;/N

1.5

0.5

7 7.5 8 8.5 9 9.5
o

Figure 3. (Colour online) Elastic constants of bent-core mole-
cules about «, with 8 = 37/4, n = 1/20.

increase as a grows. These features are similar to rod-
like molecules [27].

Next, we examine the effect of the bending angle 6.
We fix « =20 for # =1/20, 1/40. The elastic con-
stants are plotted in Figure 4, and their values are
close for the two 7. In the N, region, K; decrease as
the angle decreases, suggesting that the N, phase
formed by longer molecules is more resistant. In the
N3 region, K; decrease as the angle increases, suggest-
ing that the N; phase formed by molecules more like a
disc is more resistant.

Then, we focus on the biaxial region. In this region,
K2, and Kizs; vary monotonely from zero to Kjiji,
while Kjj1; itself shows a bulge, making it the largest
among Kj;;. The same feature is observed for Kjizi,
Ks3; and Kjzp3. The elastic constants for coupling
terms satisfy K;33,>0 while Kj331, Kj221<0. The relation
between Ky, and Kiszss, as well as Kjz13 and Kspso,
depends on 0. To see it more clearly, we plot the elastic
constants at 0 = 197/32 and 377/64, showing N, — B
and N3 — B transitions, respectively (Figure 5). When

6 = 197'[/32, we have K2121>K1313>K3232,
Ki111>K3333>K2  and  Ky33,>0>K;2,1>Ki331; when
9 = 377'[/64, we have K2121>K3232>K1313,

K1111>K2222>K3333 and K333,>0>K331>K201.

Finally, we study how the elastic constants of star
molecules depend on the length of the third arm b
(Figure 6). Fix 6 =2n/3, n = 1/40,
a = cl(I+ ,)D = 20. The elastic constants show simi-
lar features as Figure 4. To be specific, in the two
uniaxial regions, K; decrease when I, /I approaches the
biaxial region. In the biaxial region, Ki;;; and Kjj,; are
the largest among Kj; and Kj;, respectively, and
K2332>0>K1331,K1221. The relation between K2222 and
K3333 is relevant to lz/l SO dO K1313, K3232 and
K1, Kizzr

We compare our approach (for which some relevant
details are presented in Ref. [31]) with that given in Ref.
[29]. Both approaches start from molecular theory and
derive macroscopic expressions by expansion of the
kernel function that describes the microscopic interac-
tion. However, the expansion formulas are different,
especially when dealing with orientational variables.
This is where the two approaches diverge at an early
stage of calculation. We point out that neither of the two
approaches relies on the specific form of microscopic
interaction, although the choices are distinct when
examining specific molecules. For the ellipsoidal mole-
cule studied in Ref. [29], the microscopic interaction
adopted is the modified Lennard-Jones potential with
orientational dependent coefficients, which is different
from the hardcore potential we choose.
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5. Conclusion

Armed with an Onsager-theory-based tensor model,
we calculate the elastic constants of the uniaxial and
the biaxial nematic phases of bent-core molecules
and star molecules with hardcore interaction. The
elastic constants are expressed by the coefficients in
the tensor model, and these coefficients are derived
from molecular parameters. We study how the elastic
constants are affected by the molecular shape. In
particular, they are examined as functions of the
concentration, the bending angle, the thickness for
both molecules and also the length of the third arm
for star molecules.

The current approach does not distinguish some of
the elastic constants. To accomplish this, terms invol-
ving higher order tensors need to be included in the
tensor model. Meanwhile, if we are able to incorporate
other interactions into the tensor model, we can exam-
ine the elastic constants of molecules with these
interactions.
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