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FLUIDS∗
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Abstract. This paper is concerned with the well-posedness for the new rigid rodlike model
in a polymeric fluid recently proposed by W.N. E and P.W. Zhang [Meth. Appl. Anal., 13 (2006),
pp. 181–198]. The constitutive relations considered in this work are motivated by the kinetic theory.
The micro equations involve five independent spatial variables (degrees of freedom): two in the
configuration domain and three in the macro flow domain. We obtain the local existence of solutions
with large initial data and also global existence of solutions with small Deborah and Reynolds
constants in periodic domains.
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1. Introduction. The Doi kinetic theory for spatially homogeneous flow of rod-
like molecules has successfully described the properties of liquid crystal polymers in
a solvent [6]. One of the simplest models of polymeric fluids described by the Doi
theory is the rigid rodlike model, which takes into account the macro and micro
behavior of the dilute or solute polymers—the effects of flow, Brownian motion, and
intermolecular forces on the molecular orientation distribution (see [6, 10, 11, 16, 17,
23]). However, it does not include the so-called distortional elasticity. The Doi theory
is valid only in the limit of spatial homogeneity. For small molecule liquid crystals,
distortional elasticity has been formulated in the limit of weak distribution as Frank
elasticity. This is one ingredient of the Leslie–Ericken theory. Several attempts have
been made to find a theory which encompasses both the molecular visco-elasticity
and the distortional elasticity. Marrucci and Greco [18] made a molecular theory of
distortional elasticity. They proposed a nonlocal mean field nematic potential for
LCPs (liquid crystal polymers), which accounts for spatial variations of the molecular
orientation distribution. Tsuji and Rey [21, 22] add distortional elasticity to the
rodlike model of the Doi theory but did not give a stress tensor. Edwards and Beris
[2] give an ad hoc generalization of the Frank elasticity in tensorial form. Ericksen
[9] allowed the order parameter to be a variable but still required the orientation
distribution to be uniaxial. An extension of Kuzuu and Doi [13] theory to flowing
systems of nonhomogeneous liquid crystalline polymers is made by Wang [25], in
which the author models the LCP molecules as spheroids of equal shape and size.
He derives an intermolecular potential which could be considered as an extension of
Marrucci–Greco potential.
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All these approaches are phonomenological in nature. They invariably contain a
large number of unknown parameters which in general cannot be determined ratio-
nally. Another drawback of the phonomenological theories is the lack of consistency
with existing theories and among themselves. Then E and Zhang [8] developed a new
model for nonhomogeneous flows of liquid crystalline polymers with a few adjustable
parameters that could model a variety of configurations of polymeric liquid crystal
molecules. This new model is a combination of macroscopic partial differential equa-
tions and microscopic Fokker–Planck equations. In this model, the function ψ(x,m, t)
describes the distribution of an identical rigid rodlike molecule at (x, t) with the ori-
entation m. Denoting the velocity and pressure of the fluid by u and p, the new
multiscale rodlike model can be expressed as

∂ψ

∂t
+ ∇ · (uψ) =

1
kBT

∇ · {[D‖mm +D⊥(I − mm)] · (ψ∇μ)
}

+
Dr

kBT
R · (ψRμ) −R · (m × κ · mψ), m ∈ S

2,(1.1)

where kB is Boltzmann constant and T is the absolute temperature, D‖ ≥ 0 and
D⊥ ≥ 0 are translational diffusion coefficients parallel and normal to the orientation of
the LCP molecule, Dr = ξr

kBT is the rotary diffusivity and ξr is the friction coefficient,
∇ is the gradient operator with respect to the spatial variables x, R = m× ∂

∂m is the
rotational gradient operator, and S2 is the unit sphere in R3. The symbol μ denotes
the chemical potential

μ = lnψ + Ū ,(1.2)

and Ū represents the excluded-volume potential [6, 11]

Ū(x,m, t) = kBTα

∫
Ω

∫
|m′|=1

B(x,x′,m,m′)ψ(x′,m′, t)dm′dx′.(1.3)

The function B in (1.3) is the interactional factor among rods. Here α denotes the
intensity between particles. Now we choose B(x,x′,m,m′) = 1

ε3χ(x−x′
ε )|m × m′|2,

where χ(x) is the smooth kernel; e.g., χ(x) = C exp(1/(|x|2 − 1)) as |x| < 1, and
χ(x) = 0 as |x| ≥ 1, where C is a constant such that

∫
|x|≤1 χ(x)dx = 1. κ = (∇u)T

is the velocity gradient tensor.
Let L0 be the typical size of the flow region, V0 be the typical velocity scale, and

T0 = L0
V0

be a typical convective time scale. Further De is an important parameter
called the Deborah number:

(1.4) De =
ξr

kBT
L0
V0

=
ξrV0

kBTL0
.

It is the ratio of the orientational diffusion time scale of the rods (which is the relevant
relaxation time scale) and the convective time scale of the fluid. Set

ε =
L

L0
,(1.5)
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1248 HUI ZHANG AND PINGWEN ZHANG

where L is the length of the rods. Thus the nondimensional kinetic equation is

∂ψ

∂t
+ ∇ · (uψ) =

ε2

De
∇ ·

{
[D∗

‖mm +D∗
⊥(I − mm)] · (ψ∇μ)

}
+

1
De

R · (ψRμ) −R · (m × κ ·mψ), m ∈ S
2,(1.6)

μ = lnψ + U,(1.7)

U(x,m, t) = α

∫
Ω

∫
|m′|=1

B(x,x′,m,m′)ψ(x′,m′, t)dm′dx′.(1.8)

The velocity field satisfies the Navier–Stokes-like equation

ρ(ut + (u · ∇)u) + ∇p = ∇ · τ + F,(1.9)
∇ · u = 0.(1.10)

In the LCP system, the extra stress τ is given by two parts, the viscous stress τs and
the elastic stress τe, namely

τ = τs + τe.(1.11)

The viscous stress comes from two sources, one from the solvent and the other from
the constrain of rods derived in [6],

τs = 2ηsD +
1
2
ξrD : 〈mmmm〉,

where D = 1
2 (κ + κT ) = 1

2 (∇u + (∇u)T ) is the strain rate tensor, ηs is the solvent
viscosity, and 〈(·)〉 denotes averaging with respect to the distribution ψ; i.e., 〈(g)〉 =∫
|m|=1 gψdm. The elastic stress is derived through a generalized virtual work principle

[6]. The detail can be found in [8]. Now we cite the result from [8],

τe = −〈(m ×Rμ)m〉.(1.12)

Meanwhile the body force can also be identified as

F = −〈∇μ〉.(1.13)

Now let ηp = ξr, η = ηs +ηp, γ = ηs

η , and Re denotes the Reynolds number. Then
the nondimensional Navier–Stokes-like equation

ut + (u · ∇)u + ∇p =
γ

Re
�u +

1 − γ

2Re
∇ · (D : 〈mmmm〉)

+
1 − γ

ReDe
(∇ · τe + F) for x ∈ Ω(1.14)

∇ · u = 0, for x ∈ Ω.(1.15)

In this work we mainly investigate the well-posedness of this new multiscale rodlike
polymeric model. Moreover, in most cases [6] D∗

‖/D
∗
⊥ ≈ 2, so we can set D∗

⊥ = 1 and
D∗

‖ = 2 for simple and without the lost of generality. Then (1.6) can be written as

∂ψ

∂t
+ ∇ · (uψ) =

ε2

De
∇ · [(I + mm)(ψ∇μ)]

+
1
De

R · (ψRμ) −R · (m × κ · mψ), m ∈ S
2.(1.16)

We can verify this system (1.14)–(1.16) satisfies the energy identity in the following
way.
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Multiplying u to (1.14) and integrating it over Ω yields

1
2
d

dt

∫
Ω

|u|2dx +
∫

Ω

[
γ

De
|∇u|2 +

1 − γ

2Re
〈(mm : D)2〉

]
dx

=
1 − γ

ReDe

∫
Ω

[−τe : ∇u + F · u] dx

=
1 − γ

ReDe

∫
Ω

[〈(m ×Rμ)m〉 : ∇u− 〈∇μ〉 · u] dx

=
1 − γ

ReDe

∫
Ω

∫
|m|=1

[(m ×Rμ)mψ : ∇u − ψ∇μ · u] dmdx.(1.17)

Multiplying μ to (1.16) as well as integrating over in Ω and the unit sphere yields∫
Ω

∫
|m|=1

∂ψ

∂t
μ dmdx +

∫
Ω

[
ε2

De
〈∇μ · (I + mm)∇μ〉 +

1
De

〈Rμ · Rμ〉
]
dx

=
∫

Ω

∫
|m|=1

m × κ · mψ · Rμ dmdx +
∫

Ω

∫
|m|=1

uψ · ∇μ dmdx.(1.18)

Additionally, we can calculate
(1.19)

d

dt

∫
Ω

∫
|m|=1

[
ψ lnψ +

1
2
ψU

]
dmdx

=
∫

Ω

∫
|m|=1

[
∂ψ

∂t
lnψ +

∂ψ

∂t
+

1
2
∂ψ

∂t
U +

1
2
ψ
∂U

∂t

]
dmdx

=
∫

Ω

∫
|m|=1

[
∂ψ

∂t
(lnψ + U) +

1
2

(
ψ
∂U

∂t
− ∂ψ

∂t
U

)]
dmdx

=
∫

Ω

∫
|m|=1

∂ψ

∂t
μ dmdx.

Combining (1.17)–(1.19), we obtain that the system (1.14)–(1.18) satisfies the energy
law:

d

dt

[
1
2

∫
Ω

|u|2dx +
1 − γ

ReDe
E(ψ)

]
= −

∫
Ω

[
γ

De
|∇u|2 +

1 − γ

2Re
〈(mm : D)2〉

]
dx

− 1 − γ

ReDe

∫
Ω

[
ε2

De
〈∇μ · (I + mm)∇μ〉 +

1
De

〈Rμ · Rμ〉
]
dx,(1.20)

where E(ψ) is a nonlocal intermolecular potential given by

E(ψ) =
∫

Ω

∫
|m|=1

ψ(x,m, t) lnψ(x,m, t) +
1
2
U(x,m, t)ψ(x,m, t)dmdx.(1.21)

By the same way one can see that the original system (1.6)–(1.15) also satisfies
the energy law like the form (1.20). Comparing to the Doi model of rodlike polymeric
fluid [6], this new model is based on the more rational assumption that the particle
distribution function (pdf) ψ is possibly different in the macro variable x. When the
pdf is the same at every point x in the domain Ω, this model is similar to the Doi
model. Here the other important difference is the excluded-volume potential (1.3) if we
choose B = |m×m′|2 or B = |m×m′| in (1.3), which is the well-known Maier–Saupe
or Onsager potential [6]. Now in [8] E and Zhang have proved that the inhomogeneous
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property reduces to the Ericksen–Leslie theory in the limit of small Debroah num-
ber. Recently numerical simulation results [26, 27] have shown that this model can
really describe the anisotropic long-range elasticity of polymeric molecules, and the
microstructure and defect dynamics of LCP solution. Moreover they have reported in
[26] that there are seven in-plane flow modes in plane Couette flow described by this
new model. Four of them have also been reported by Rey and Tsuji [22], and the other
three modes are new complicated in-plane modes with inner defects. Furthermore,
some significant scaling properties were verified in [26], such as the tumbling period
is proportional to the inverse of the shear rate. In plane Poiseuille flow, different
local states, such as flow-aligning, tumbling, or wagging, arise in different flow region.
There are also some related numerical analysis results for special cases of this model
of (1.14)–(1.16), e.g., [3] and references therein. These numerical results require a de-
tailed well-posedness analysis for the system (1.14)–(1.16). This is the main objective
of the present work. These related problems for the macroscopic nonlinear elasticity
and viscoelasticity cases were recently studied by Sideris and Thomases [23] and Lin,
Liu, and Zhang [16]. For the micro-macro model with dumbbell type of potential
there are lots of works, e.g., [7, 15, 17] and references therein. In [28], we gave the
globally classical existence theory and a numerical analysis for the Dirichlet initial
boundary problem of the system (1.14)–(1.16) in a simple case, the 1+1-dimensional
case, and the pressure-driven channel flow. More precisely, it is assumed that the
rodlike particles rotate in shear plane. That work is a first step towards the better
understanding for currently more sophisticated models (1.14)–(1.16).

In this paper we consider the system (1.14)–(1.16) with the initial data

u(x, 0) = u0, ψ(x,m, 0) = ψ0(x,m).(1.22)

We denote the space of functions by Hi(Ω), i ∈ N, which are in Hi
loc(R

3) (i.e., u|Ω
for every open bounded set Ω) and which are periodic with period Ω: u(xj + Lej) =
u(xj), ψ(xj + Lej) = ψ(xj), j = 1, 2, 3. It is easy to see that ψ is also periodic with
respect to the variable m since m ∈ S2. Denote

Hi
d(Ω) = closure of V in Hi(Ω), where V = C∞

0 (Ω) ∩ {u : div u = 0}.
We can see that Hi

d(Ω) is a Sobolev space. Moreover, we define the space

H l(Ω,Xk) =

⎧⎨
⎩ψ :

∣∣∣∣∣∣
l∑

j=0

k∑
i=0

∫
Ω

∫
|m|=1

|∇jRiψ(x,m, t)|2dmdx <∞
⎫⎬
⎭ ,(1.23)

with the natural topology of a Banach space. Now we state our main results:
Theorem 1.1 (local existence). Assume the following conditions hold:

(A1) u0 ∈ H3
d(Ω), div u0 = 0 u0 is periodic,

(A2) ψ0 ∈ ∩i+j=3H
i(Ω,Xj) and is periodic in x. Moreover, ψ0 ≥ 0, and∫

Ω

∫
|m|=1

ψ0(x,m)dmdx = 1.

If ‖u0‖2
H3

d
(Ω) + ‖ψ0‖2

∩i+j=3Hi(Ω,Xj)
is bounded, then there exists T ′ > 0 such that

the problem (1.14)–(1.16) with (1.22) exists a solution (u, ψ), which possesses the
regularity

u ∈ L∞([0, T ′);H3
d(Ω)) ∩ L2([0, T );H4

d(Ω));(1.24)
ψ ∈ L∞([0, T ′);∩i+j=3H

i(Ω,Xj)) ∩ L2([0, T ′);∩i+j=4H
i(Ω,Xj)),(1.25)

with redefined a set of measure zero if necessary.
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Theorem 1.2 (global existence). Assume (A1) and (A2) and

‖u0‖2
H3

d(Ω)) + ‖ψ0‖2
H3(Ω,X0)∩H2(Ω,X1)

≤ B,

where B is a positive constant, then problem (1.14)–(1.16) with (1.22) exists a global
solution (u, ψ), which possesses as the following regularity

u ∈ L∞([0,∞);H3
d(Ω)),(1.26)

ψ ∈ L∞([0,∞);H3(Ω,X0) ∩H2(Ω,X1)),(1.27)

and

‖u‖2
L∞([0,∞);H3

d(Ω)) + ‖ψ‖2
L∞([0,∞);H3(Ω,X0)∩H2(Ω,X1))

≤ B

provided that

Re < γ/C2, and De < ε2/C2;

here C2 is a positive constant depending on n and the domain Ω.
Remark 1.1. From the proof of Theorem 1.2 in section 4 we see that C2 is a large

positive constant. Thus Theorem 1.2 requires the Deborah and Reynolds numbers to
be small enough.

Remark 1.2. From the proof of Theorem 1.1 we can also obtain the “global” result
for the two-dimensional system. That is, for given T > 0, there exists a solution under
the conditions of Theorem 1.1,

u ∈ L∞([0, T ];H3
d(Ω)) ∩ L2([0, T );H4

d(Ω));(1.28)
ψ ∈ L∞([0, T ];∩i+j=3H

i(Ω,Xj)) ∩ L2([0, T ′);∩i+j=4H
i(Ω,Xj)).(1.29)

But the bound of this solution depends on T .
These results are similar to that of the Navier–Stokes of traditional models of

complex fluids in the case of the spatially periodic solutions [5, 24] for n = 3. However,
in contrast to traditional models of complex fluids [5, 24] which express polymer stress
τ using empirical constitutive relations; τ in (1.11) expresses the polymer stress in
terms of the microscopic conformations of the polymers. So the model considered
in this work is closer to the original system for polymeric fluids in kinetic theory of
polymers. But, on the other hand, it causes the difficulty of well-posedness analysis
and numerical simulation since we have to study the configuration equation (1.16)
which involves five spatial freedom variables, two of them are in the configuration
domain and the others are in the macro flow domain. We utilized the properties of the
Laplace–Bertrami operator on compact Riemannian manifold to obtain the existence
and the preservation of the positivity of the solution to the linearized equation of
(1.16). Then the regularity of the solution was strengthened by the energy estimates
method. Thus, in virtue of the properties of the distribution function ψ, we can obtain
the regularity of the stress τ . Then it is finished by the local well-posedness analysis of
the rigid rodlike model by utilizing the Galerkin approximation and energy methods.
However, we specially point out that the nonlinear stress (1.11) and the nonlinear
body force (1.13) concerned with the solution of the micro-scale model (1.16) let us
only obtain the global solution for small Deborah and Reynolds numbers in virtue of
the method which we choose in this paper.

The paper is organized as follows. In section 2, we give the iterative scheme of the
system to obtain the existence of the local solution and the scheme alternates between
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solving an equation of the same type as encountered in incompressible elasticity and
solving a linear diffusion equation. Section 3 is devoted to giving the detailed proof of
the main lemmas. We will investigate the global existence of the solution in section
4. In this paper C denotes different constant depending only on γ,De,Re,Ω, and ε
if there are no special notations. Some times we denote Hp

d (Ω), Lp(Ω) by Hp, Lp for
brevity.

2. Local solution. In this section we will construct an iterative scheme of the
system (1.14)–(1.16) with (1.22) and with which we can obtain the existence of the
local solution.

Motivated by the approach [12, 20], we construct an iterative scheme of the system
(1.14)–(1.16) with (1.22). Given an iteration ψl we determine ul+1 by solving the
equations

ul+1
t + (ul+1 · ∇)ul+1 + ∇pl+1

=
γ

Re
Δul+1 +

1 − γ

2Re
∇ · (D : 〈mmmm〉)l+1 +

1 − γ

ReDe
(∇ · τ l

e + F l),(2.1)

∇ · ul+1 = 0(2.2)

with the initial condition ul+1(x, 0) = u0(x), where

(D : 〈mmmm〉)l+1 = Dl+1
ks 〈mimjmkms〉l,(2.3)

〈mimjmkms〉l =
∫
|m|=1

mimjmkmsψ
l(x,m, t)dm,(2.4)

(τ l
e) = −〈(m ×Rμl)m〉l,(2.5)
μl = lnψl + U l,(2.6)

U l = α

∫
Ω

∫
|m′|=1

B(x,x′;m,m′)ψl(x′,m′, t)dm′dx′,(2.7)

κl+1 = (∇ul+1)T , F l = −〈∇μl〉.(2.8)

Meanwhile, for given ul, we determine ψl from the following initial value problem:

∂ψl

∂t
+ ∇ · (ulψl) =

ε2

De
[∇ · (I + mm)∇ψl + ∇ · (I + mm)(ψl∇U l)]

+
1
De

[R · Rψl + R · (ψlRU l)] −R · (m × κl · mψl),(2.9)

ψl(x,m, 0) = ψ0(x,m).(2.10)

Our eventual task is to show that the mapping M : ul → ul+1 has a fixed point in
an appropriate complete space of functions. The fixed point of the mapping is the
solution we seek.

We will consider the mapping M in the function space S(M,T ), which is defined
as a set of all functions u : Ω × [0, T ] → Rn(n = 2, 3) with the following properties:

u ∈ L∞([0, T ];H3
d(Ω)) ∩ L2([0, T ];H4

d(Ω)),(2.11)
‖u‖2

L∞([0,T ];H3
d(Ω)) + ‖u‖2

L2([0,T ];H4
d(Ω)) ≤M.(2.12)

On S(M,T ), we define the metric

d(u1,u2) =‖u1 − u2‖L∞([0,T ];H3
d(Ω)) + ‖u1 − u2‖L2([0,T ];H4

d(Ω)).(2.13)
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It is easy to verify that S(M,T ) is complete with the associated metric, and also it
is nonempty for large M , as evidenced in [19]. The properties of the mapping M is
established by proving the next three lemmas.

Lemma 2.1. Assume that the following bounds hold:

‖ψl‖L∞([0,T ];H3(Ω,X0))∩L2([0,T ];H4(Ω,X0)) ≤ K.(2.14)

Then there exists T ′ > 0 such that (2.1)–(2.8) exists a local solution

ul+1 ∈ L∞([0, T ′];H3
d(Ω)) ∩ L2([0, T ′];H4

d(Ω))(2.15)

and

‖ul+1‖2
L∞([0,T ′];H3

d(Ω)) + ‖ul+1‖2
L2([0,T ′];H4

d(Ω)) ≤ φ1(T ′,K),(2.16)

where if setting f = 1−γ
ReDe (∇ · τ l

e + F l),

φ1(T,K) = [‖u0‖2
H3

d(Ω) + C‖f‖2
L2([0,T ],H2(Ω)) + C(K)]eCK2T+CK4T

+ ‖u0‖2
H3

d
(Ω) + C‖f‖2

L2([0,T ],H2(Ω)) + C(K)T.(2.17)

Lemma 2.2.

τ l
e ∈ L2([0, T ];H3(Ω)), and F l ∈ L2([0, T ];H2(Ω))(2.18)

and

‖τ l
e‖L2([0,T ];H3(Ω)) ≤ C‖ψl‖L2([0,T ];H3(Ω,X0)),(2.19)

‖F l‖L2([0,T ];H2(Ω)) ≤ C‖ψl‖L2([0,T ];H3(Ω,X0))(2.20)

provided that ψl ∈ L2([0, T ];H3(Ω,X0)).
Lemma 2.3. Given ul ∈ S(M,T ), there exists a unique solution of (2.9)–(2.10)

which has the regularity

ψl ∈ L∞([0, T ];∩i+j=3H
i(Ω,Xj)) ∩ L2([0, T ];∩i+j=4H

i(Ω,Xj)),(2.21)

and

‖ψl‖2
L2([0,T ],∩i+j=3Hi(Ω,Xj))

≤ ‖ψ0‖2
∩i+j=3Hi(Ω,Xj)

(CT + CTM) · eCT+CMT .(2.22)

By combining Lemmas 2.1–2.3, it follows easily that the map M : S(M,T ′) −→
S(M,T ′) is a compact operator if M is chosen sufficiently large and T ′ is chosen
sufficiently small. In fact, by using (2.22), we know

‖ψ‖2
L2([0,T ],H3(Ω,X0))

≤ ‖ψ0‖2
H3(Ω,X0))

(CT + CMT )eCT+CMT .

Thus

‖f‖L2([0,T ],H2(Ω)) ≤ C‖∇ · τ l
e + F l‖L2([0,T ],H2(Ω)) ≤ C‖ψ‖L2([0,T ],H3(Ω,X0)).

Then, from (2.17), we have

‖ul+1‖2
L∞([0,T ′];H3

d(Ω)) + ‖ul+1‖2
L2([0,T ′];H4

d(Ω))

≤ [‖u0‖2
H3

d(Ω) + ‖ψ0‖2
H3(Ω,X0)

(CT + CMT )eCT+CMT + C(K)]eCK2T+CK4T

+ ‖u0‖2
H3

d
(Ω) + ‖ψ0‖2

H3(Ω,X0)
(CT + CMT )eCT+CMT + C(K)T.
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Now we choose

M ≥ 6‖u0‖2
H3(Ω) + 2C(K)(2 + T0) + 12CT0‖ψ0‖2

H3(Ω,X0))
,(2.23)

T ′ ≤ T0 � min

{
ln 2

C(1 +M)
,

ln 2
C(K2 +K4)

,
1

12C‖ψ0‖2
H3(Ω,X0))

}
.(2.24)

Then eCT ′+CMT ′ ≤ 2, eCK2T ′+CK4T ′ ≤ 2, and

C‖ψ0‖2
H3(Ω,X0)

eCT ′+CMT ′
MT ′[1 + eCK2T ′+CK4T ′

] ≤ M

2
,

‖u0‖2
H3(Ω)(1 + eCK2T ′+CK4T ′

) + C(K)[T ′ + eCK2T ′+CK4T ′
]

+ C‖ψ0‖2
H3(Ω,X0)

eCT ′+CMT ′
MT ′[1 + eCK2T ′+CK4T ′

]T ′ ≤ M

2
.

Thus we have (2.12).
Since S(M,T ′) is clearly a closed, convex subset of L2([0, T ], H4

d(Ω)) and is also
compact, by the fixed point theorem of Leray and Schauder [14], the conclusion of
Theorem 1.1 can be obtained.

3. Proof of lemmas.

3.1. Estimates of u. In this section we will give the proof of Lemma 2.1. Let
ul+1 = w, q = pl+1), and the fourth order tensor

A(x, t) = (aijks), where aijks(x, t) =
∫
|m|=1

mimjmkmsψ
l(x,m, t)dm.(3.1)

(2.1) can be rewritten as

wt + (w · ∇)w + ∇q =
γ

Re
�w + f

+
1 − γ

2Re
∇ · [D : A(x, t)] ,(3.2)

∇ · w = 0,(3.3)

where f = 1−γ
ReDe (∇ · τ l

e + F l). In the following we solve this problem to obtain
the existence and uniqueness of the solution by using the Galerkin approximation
similar to solving the standard Navier–Stokes equation [5, 24]. The difference here is
the appearance of the term 1−γ

2Re∇ · [D : A(x, t)]. We can see that it is a good term
when we give a priori estimates because we will obtain − 1−γ

2Re

∫
Ω〈(D : mm)2〉dx while

multiplying w to (3.2) and integrating it in Ω. The high derivatives estimates are
obtained similarly. Thus we will obtain the result in Lemma 2.1 provided that

f ∈ L2([0, T ];H2(Ω)),(3.4)
A ∈ L∞([0, T ], H3(Ω)) ∩ L2([0, T ], H4(Ω)).(3.5)

The regularity of f and A can be easily obtained from the estimates of τe and F in
section 3.2 and ones of ψ in section 3.3, respectively. Why we need conditions (3.4)
and (3.5), for the aim of self-contained, will be answered in the outline of the proof
to Lemma 2.1 when n = 2 and n = 3 in the appendix. We also refer the readers to
[5, 24] for further details.
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3.2. Estimates of τe and F .

Proof of Lemma 2.2. From the definition of τe, it is straightforward to obtain
its estimates from the assumption of ψ. In fact,

τe = −
∫
|m|=1

(m ×Rμ)mψdm

= −
∫
|m|=1

[
m ×

(
1
ψ
Rψ + RU

)]
mψdm

= −
∫
|m|=1

(m ×Rψ)mdm −
∫
|m|=1

(m ×RU)mψdm

= −I + 3
∫
|m|=1

mmψdm−
∫
|m|=1

(m ×RU)mψdm,

where we used the property of operators R and
∫
|m|=1 · dm (p. 293 in [6]),

∫
|m|=1

G(m)R[F (m)]dm = −
∫
|m|=1

F (m)R[G(m)]dm.(3.6)

From the definition (2.7) of U ,

U = α

∫
Ω

∫
|m′|=1

1
ε3
χ

(
x − x′

ε

)
|m × m′|2ψl(x′,m′, t)dm′dx′

= α

∫
Ω

∫
|m′|=1

1
ε3
χ

(
x − x′

ε

)
ψl(x′,m′, t)dm′dx′

−αmm :
∫

Ω

∫
|m′|=1

1
ε3
χ

(
x − x′

ε

)
m′m′ψl(x′,m′, t)dm′dx′;(3.7)

here ε > 0 is in (1.5) and χ(x) is a smooth kernel, and we can see that U ∈ C∞(Ω×S2).
But the bounds of the derivatives of U with respect to x and m depend on ε, denoted
by C(ε).

Therefore

‖τe‖2
L2(Ω) ≤ C(1 + ‖ψ‖2

L2(Ω,X0)
)(3.8)

since ψ ∈ L2([0, T ], H3(Ω,X0)). Higher derivatives can be obtained similarly. Thus
(2.19) is obtained. By the same way we can obtain

F = 〈∇μ〉 =
∫
|m|=1

(∇ψ + ψ∇U)dm ∈ L2([0, T ];H2(Ω))(3.9)

since ψ ∈ L2([0, T ], H3(Ω,X0)). Hence (2.20) is obtained by using (3.9).

3.3. Estimates of ψ. In this section we first review some results about the
Laplace–Beltrami operator on a compact Riemannian manifold which will be utilized
to show the existence of the solution of (2.9)–(2.10). Then we will give the regularity
estimates of the solution to (2.9)–(2.10).
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3.3.1. Review about the Laplace–Beltrami operator. We recall some
known results about the Laplace–Beltrami operator on a compact Riemannian man-
ifold (Mn, g); see (section 4 of Chap. 4) of [1] and [14].

Lemma 3.1. Let v(Q, t) be a continuous function on Mn × [0, t0]. Assume v ≥ 0
on Mn × {0} and ∂Mn × [0, t0]. Moreover, it satisfies

∂v/∂t ≥ �Mnv + bi(Q, t)∂iv + c(Q, t)v(3.10)

with the bi, c bounded. Then we have always v ≥ 0.
Proof. This lemma can be proved similar to the proof of the maximum principle

in p. 130 of [1]. Let Cm = maxMn×R+ |c(Q, t)| and w = e−(Cm+1)tv. Then w and v
have the same sign. Since

∂w/∂t = e−(Cm+1)t[∂v/∂t− (Cm + 1)v],

we have

∂w/∂t ≥ �Mnw + bi(Q, t)∂iw + [c(Q, t) − Cm − 1]w.(3.11)

Assume w is negative somewhere and let (Q, t) be a point where w achieves its min-
imum. Then �Mnw ≥ 0, ∂iw = 0, and ∂w/∂t ≤ 0. Thus (3.11) implies w(Q, t) ≥ 0,
which yields a contradiction.

Lemma 3.2. For every g ∈ L∞([0, t0], Lp(Mn)), there exists a unique

v ∈W 1,∞([0, t0],W 2,p(Mn))

satisfying

∂vi/∂t = �Mnv
i + ai

j∂iv
j + bijv

j + gi,(3.12)

for 1 ≤ α ≤ k and v(P, 0) ≡ 0, P ∈ Mn, where vi(i = 1, 2, · · · , k) are k unknown
functions in Mn× [0,∞) and gi(i = 1, 2, · · · , k) are k given functions on Mn× [0,∞).
The coefficients ai

j and bij are supposed to be smooth.
Remark 3.1. In fact, the condition on the coefficients ai

j and bij in the above
lemma can be weakened to be bounded in L∞([0, t0]×Mn). The proof is analogous.

3.3.2. Estimate of ψ.

Proof of Lemma 2.3. In this section we simply denote

φ(x,m, t) = ψl(x,m, t) W = U l.(3.13)

Then (2.9)–(2.10) can be rewritten as

∂φ

∂t
+ ul · ∇φ =

ε2

De
[∇ · (I + mm)∇φ+ ∇ · (I + mm)(φ∇W )]

+
1
De

[R · Rφ+ R · (φRW )] −R · (m × κ · mφ),(3.14)

φ(x,m, 0) = ψ0(x,m).(3.15)

Here we still denote (∇ul(x, t))T by κ. Equation (3.14) is a nonlinear differential-
integral equation. We first linearize (3.14) replacing W by U l−1 and obtaining the
solution of this linear equation with the initial data (3.15). If now we transform
the Cartessian coordinates m to the local coordinates (θ, ϕ) of the unit sphere S2 in
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R3 by m1(θ, ϕ) = sin θ cosϕ, m2(θ, ϕ) = sin θ sinϕ, and m3 = cosϕ, the operator
R · R is the Laplace–Beltrami operator on the unit sphere [4]. Thus the operator
ε2

De� + 1
DeR · R is also the Laplace–Beltrami operator. Moreover, the coefficients

of (3.14) are all bounded and smooth when κ is bounded, which is obtained from
u ∈ L∞([0, T ];H3

d(Ω)). Therefore we can utilize the above lemmas to show the exis-
tence and nonnegativeness of the solution to the linearized equation when the initial
data is nonnegative. In fact, using Lemma 3.2 and Remark 3.1 for v = φ − ψ0,
we obtain that (3.14)–(3.15) possesses a unique global solution v ∈ W 1,∞([0, T ],
H2(Ω,X0) ∩ H1(Ω,X1) ∩ L2(Ω,X2)). Therefore, ψl ∈ W 1,∞([0, T ];H2(Ω,X0) ∩
H1(Ω,X1) ∩ L2(Ω,X2)) for given T > 0. Now the coefficient of φ is ε2

De∇ · (I +
mm)∇W + 1

DeR · RW −R · (m × κ · m) and it is bounded since ψl−1 ∈ L∞([0, T ];
∩i+j=3H

i(Ω,Xj)) and ul ∈ L∞([0, T ];H3
d(Ω)). Then it follows that the positivity is

preserved by Lemma 3.1, and by integrating both sides of (3.14) we find that∫
Ω

∫
|m|=1

φ(x,m, t)dmdx =
∫

Ω

∫
|m|=1

φ(x,m, 0)dmdx = 1 for all t.

We can obtain the solution of (3.14) with (3.15) from the solution of the linearized
equation to construct a suitable Sobolev space and use the Schauder fixed point
theorem in the standard argument. So here we omit the detail.

Next we will further prove the regularity of the solution ψl(x,m, t) if the initial
data is more regular.

I. The estimate of φ. Multiplying φ to (3.14) and integrating on S
2 with respect

to m and in Ω with respect to x yields

1
2
d

dt

∫
Ω

∫
|m|=1

|φ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇φ|2 + |m · ∇φ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|Rφ|2dmdx

= − ε2

De

∫
Ω

∫
|m|=1

(I + mm)φ∇W · ∇φdmdx − 1
De

∫
Ω

∫
|m|=1

φRW · Rφdmdx

+
∫

Ω

∫
|m|=1

m × κ ·mφ · Rφdmdx,

where we used the periodic condition. Thus we can obtain the estimate,

d

dt

∫
Ω

∫
|m|=1

|φ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇φ|2 + |m · ∇φ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|Rφ|2dmdx

≤ C

∫
Ω

∫
|m|=1

|φ|2dmdx + C|κ|
∫

Ω

∫
|m|=1

|φ|2dmdx,(3.16)

where we used the fact that |κ| is also bounded in Ω × [0, T ] redefined by a set of
measure zero from (3.7) since ul ∈ L∞([0, T ];H3(Ω)) and |∇W |, |RW | are bounded
by C(ε). Therefore from (3.16) we obtain

sup
t∈[0,T ]

∫
Ω

∫
|m|=1

|φ|2dmdx ≤ ‖ψ0‖2
L2(Ω,X0)

eCT+CMT � N1,(3.17)
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and

ε2

De

∫ T

0

∫
Ω

∫
|m|=1

(|∇φ|2 + |m · ∇φ|2)dmdxdt +
1
De

∫ T

0

∫
Ω

∫
|m|=1

|Rφ|2dmdxdt

≤ CN1T + CMN1T � N2.(3.18)

This shows that

φ ∈ L∞([0, T ];L2(Ω,X0)) ∩ L2([0, T ];L2(Ω,X1)) ∩ L2([0, T ];H1(Ω,X0))

provided that ψ0 ∈ L2(Ω,X0) and ul ∈ S(M,T ).

II. The estimate of Rφ,∇φ. Applying the operator R to (3.14) and multi-
plying Rφ to (3.14) and integrating on S2 with respect to m and in Ω with respect
to x, respectively, yields

1
2
d

dt

∫
Ω

∫
|m|=1

|Rφ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇Rφ|2 + |m · ∇Rφ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|R · Rφ|2dmdx

= − ε2

De

∫
Ω

∫
|m|=1

{R · (I + mm) · ∇φ · ∇Rφ −∇ · [(I + mm)(φ∇W )]R · Rφ}dmdx

+
1
De

∫
Ω

∫
|m|=1

R · (φRW )R · Rφdmdx +
∫

Ω

∫
|m|=1

R · (m × κ · mφ)R · Rφdmdx.

Thus, by using |∇W |, |∇2W |, |∇RW |, |RW |, |R2W | are bounded for all x ∈ Ω and
m ∈ S2, and |κ| is bounded by redefined in a set of measure zero, we have

d

dt

∫
Ω

∫
|m|=1

|Rφ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇Rφ|2 + |m · ∇Rφ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|R · Rφ|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|Rφ|2 + |∇xφ|2 + |φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

(|Rφ|2 + |φ|2)dmdx.(3.19)

Similarly, differentiating (3.14) with respect to x, then multiplying ∇φ and integrating
it, we obtain

d

dt

∫
Ω

∫
|m|=1

|∇φ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|�φ|2 + |m · ∇2φ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|∇Rφ|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|∇φ|2 + |Rφ|2 + |φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

(|∇φ|2 + |φ|2)dmdx.(3.20)
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Here we used that |∇W |, |∇2W |, |RW |, |R2W | and κ are bounded. Combination of
(3.16), (3.19), and (3.20) and application of the Grownwall inequality yields

sup
t∈[0,T ]

∫
Ω

∫
|m|=1

(|∇φ|2 + |Rφ|2 + |φ|2)dmdx

≤
∫

Ω

∫
|m|=1

(|∇ψ0|2 + |Rψ0|2 + |ψ0|2)dmdx eCT+CM � N3,

ε2

De

∫ T

0

∫
Ω

∫
|m|=1

(|∇φ|2 + |�φ|2 + |∇Rφ|2)dmdxdt

+
1
De

∫ T

0

∫
Ω

∫
|m|=1

|∇Rφ|2 + |R · Rφ|2dmdxdt ≤ CN3T + CMN3T.

This shows that

φ ∈ L∞([0, t];∩i+j=1,i,j≥0H
i(Ω,Xj)) and

φ ∈ L2([0, t];∩i+j=2,i,j≥0H
i(Ω,Xj))(3.21)

provided that ψ0 ∈ ∩i+j=1,i,j≥0H
i(Ω,Xj).

III. The estimate of R2φ,∇2φ, and ∇Rφ. Similar to that in section II, we
can obtain the following estimates:

d

dt

∫
Ω

∫
|m|=1

|∇Rφ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|�Rφ|2 + |m · ∇2Rφ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|∇R · Rφ|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|∇Rφ|2 + |∇2
xφ|2 + |∇φ|2 + |Rφ|2 + |φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

(|R2φ|2 + |Rφ|2 + |φ|2)dmdx,(3.22)

d

dt

∫
Ω

∫
|m|=1

|R2φ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇R · Rφ|2 + |m · ∇R2φ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|R(R · Rφ)|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|R2φ|2 + |Rφ|2 + |∇φ|2 + |∇Rφ|2 + |φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

(|R2φ|2 + |Rφ|2 + |φ|2)dmdx,(3.23)
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d

dt

∫
Ω

∫
|m|=1

|∇2φ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇�φ|2 + |m · ∇3φ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|R�xφ|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|∇2φ|2 + |∇φ|2 + |Rφ|2 + |∇Rφ|2 + |φ|2)dmdx

+ C|∇κ|
∫

Ω

∫
|m|=1

(|Rφ|2 + |∇φ|2 + |φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

(|∇Rφ|2 + |∇φ|2)dmdx.(3.24)

Combining the above estimates and applying the Gronwall inequality with |∇κ| ∈
L2([0, T ], H4(Ω)), we can obtain

‖φ‖2
L∞([0,t];∩i+j=2,i,j≥0Hi(Ω,Xj))

≤ ‖ψ0‖2
∩i+j=2,i,j≥0Hi(Ω,Xj)

eCT+CMT � N4,

‖φ‖2
L2([0,t];∩i+j=3,i,j≥0Hi(Ω,Xj))

≤ CN4T + CMN4T.

This implies that

φ ∈ L∞([0, t];∩i+j=2,i,j≥0H
i(Ω,Xj)) and

φ ∈ L2([0, t];∩i+j=3,i,j≥0H
i(Ω,Xj))(3.25)

provided that ψ0 ∈ ∩i+j=2,i,j≥0H
i(Ω,Xj).

IV. The estimate of Ri∇jφ(i + j = 3). Analogously to that in section III,
we can obtain the following estimates:

d

dt

∫
Ω

∫
|m|=1

|R3φ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇R3φ|2 + |m · ∇R3φ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|R4φ|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|R3φ|2 + |R2φ|2 + |Rφ|2 + |φ|2

+ |∇R2φ|2 + |∇Rφ|2 + |∇φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

(|R3φ|2 + |R2φ|2 + |Rφ|2 + |φ|2)dmdx,(3.26)

d

dt

∫
Ω

∫
|m|=1

|∇R2φ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇2R2φ|2 + |m · ∇2R2φ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|R3∇φ|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|∇2Rφ|2 + |∇2φ|2 + |∇R2φ|2 + |∇Rφ|2

+ |∇φ|2 + |R2φ|2 + |φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

|∇φ|2dmdx + C|∇κ|
∫

Ω

∫
|m|=1

|φ|2dmdx,(3.27)
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d

dt

∫
Ω

∫
|m|=1

|∇2Rφ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇3Rφ|2 + |m · ∇3Rφ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|∇2R2φ|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|∇3φ|2 + |∇2Rφ|2 + |∇Rφ|2 + |Rφ|2

+ |∇2φ|2 + |∇φ|2 + |φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

(|∇φ|2 + |∇Rφ|2 + |∇2Rφ|2 + |∇R2φ|2)dmdx

+ C|∇κ|
∫

Ω

∫
|m|=1

(|R2φ|2 + |∇Rφ|2 + |Rφ|2 + |φ|2)dmdx,(3.28)

d

dt

∫
Ω

∫
|m|=1

|∇3φ|2dmdx +
ε2

De

∫
Ω

∫
|m|=1

(|∇4φ|2 + |m · ∇4φ|2)dmdx

+
1
De

∫
Ω

∫
|m|=1

|∇3Rφ|2dmdx

≤ C

∫
Ω

∫
|m|=1

(|∇3φ|2 + |∇2φ|2 + |∇φ|2 + |φ|2)dmdx

+ C|κ|
∫

Ω

∫
|m|=1

|∇3φ|2dmdx + C|∇κ|
∫

Ω

∫
|m|=1

|∇2φ|2dmdx

+ C‖φ‖2
X0

∫
Ω

|∇3κ|2dx + C‖∇3κ‖2
L2

∫
Ω

∫
|m|=1

(|∇2φ|2 + |∇φ|2)dmdx

+ C‖∇2κ‖2
L2

∫
Ω

∫
|m|=1

(|∇φ|2 + |φ|2)dmdx.(3.29)

In the last estimate we used the following estimates:∫
Ω

[
|∇2κ|

∫
|m|=1

|∇φ||∇3Rφ|dm
]
dx

≤
∫

Ω

|∇2κ|‖∇φ‖L2(S2)‖∇3Rφ‖L2(S2)dx

≤ ‖∇2κ‖L3(Ω)‖‖∇φ‖L2(S2)‖L6(Ω)‖‖∇3Rφ‖L2(S2)‖L2(Ω)

≤ ‖∇2κ‖
H

1
2 (Ω)

‖‖∇φ‖L2(S2)‖H1(Ω)‖‖∇3Rφ‖L2(S2)‖L2(Ω)

≤ ‖∇2κ‖H4(Ω)‖φ‖H2(Ω,X0)‖‖∇3Rφ‖L2(S2)‖L2(Ω)

≤ 1
De

‖∇3Rφ‖2
L2(Ω,X0)

+ C(De)‖u‖2
H4(Ω)‖φ‖2

H2(Ω,X0)
.(3.30)

Combining the above estimates and applying the Gronwall inequality by using
u ∈ L2([0, T ], H4(Ω)), we can obtain

‖φ‖L∞([0,t];∩i+j=3,i,j≥0Hi(Ω,Xj)) ≤ ‖ψ0‖∩i+j=3,i,j≥0Hi(Ω,Xj)e
CT+CMT � N6,

‖φ‖L2([0,t];∩i+j=4,i,j≥0Hi(Ω,Xj)) ≤ CN6T + CMN6T.

This implies that

φ ∈ L∞([0, t];∩i+j=3,i,j≥0H
i(Ω,Xj)) and

φ ∈ L2([0, t];∩i+j=4,i,j≥0H
i(Ω,Xj))(3.31)

provided that ψ0 ∈ ∩i+j=3,i,j≥0H
i(Ω,Xj).
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Up to now, we have completed the proof of Lemma 2.3.

4. Global solution. In this section, we will show that the local solution obtained
in Theorem 1.1 is actually defined for t ∈ R+ if the Deborah and Reynolds numbers
are small enough. To this end we derive some a priori bounds, satisfied by that
solution. Notably, C1 in this section denotes different constants depending only on n
and Ω.

4.1. Some a priori estimates. Recall that the local solution (u, ψ) obtained
in Theorem 1.1 satisfies (1.24) and (1.25) together with (1.14) and (1.16). Now we
give the detail of a priori estimates for the case n = 3. For n = 2, it can be similarly
obtained.

For (1.14), the inequality (A.36) in the appendix implies that there exists constant
C such that
(4.1)

1
2
d

dt
‖u‖2

H3
d

+
(
γ

Re
− 5ε− 6ε

11

)
‖u‖2

H4 ≤ 5ε
11

‖ψ‖2
H4(Ω,X0)

+
C1

ε
[‖u‖14

H1 + ‖u‖4
H1

+ ‖u‖24
H2 + ‖ψ‖20

H1(Ω,X0)
+ ‖ψ‖24

H2(Ω,X0)
+ ‖ψ‖8

H3(Ω,X0)
+ ‖ψ‖2

H3(Ω,X0)
], (n = 3).

Here in the left side of the above inequality we omit the term 1−γ
2Re

∫
Ω
〈|mm : ∇3D|2〉dx

since it is positive. The main difficulty to obtain (4.1) is to estimate

∫
Ω

∣∣∣∣∣∇3

(
D :

∫
|m|=1

mmmm∇ψdm
)
∇4u

∣∣∣∣∣ dx.
Now we will use the following inequalities:

∫
Ω

|∇2D
∫
|m|=1

mmmm∇ψdm∇4u|dx

≤ C1‖∇4u‖L2‖∇2D‖L3‖∇ψ‖L6(Ω,X0)

≤ C1‖u‖H4‖∇2D‖
H

1
2
‖∇ψ‖H1(Ω,X0)

≤ C1‖u‖H4‖u‖
H3+ 1

2
‖ψ‖H2(Ω,X0)

≤ C1‖u‖H4‖u‖ 5
6
H4‖u‖

1
6
H1‖ψ‖H2(Ω,X0)

≤ ε‖u‖2
H4 +

C1

ε
‖u‖2

H1‖ψ‖12
H2(Ω,X0)

,(4.2)

where ε is a positive constant and will be chosen later. Here we used the Hölder
inequality (

∫
Ω
|abc|dx ≤ ‖a‖L2‖a‖L3‖c‖L6), Sobolev embedding theorems (H1(Ω) ⊂

L6(Ω), H1/2(Ω) ⊂ L3(Ω) for n = 3), the interpolation inequality (‖u‖
H3+ 1

2
≤ C1‖u‖

5
6
H4

‖u‖ 1
6
H1), and Young’s inequality (ab ≤ εa12/11 + 1

ε b
12), respectively. Similarly, we have

∫
Ω

|∇D
∫
|m|=1

mmmm∇2ψdm∇4u|dx

≤ ε‖u‖2
H4 +

C1

ε
‖u‖2

H1‖ψ‖4
H3(Ω,X0)

.
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Further, a different estimate from the above two is

∫
Ω

|D
∫
|m|=1

mmmm∇3ψdm∇4u|dx

≤ C1‖∇4u‖L2‖D‖L6‖∇3ψ‖L3(Ω,X0)

≤ C1‖u‖H4‖D‖H1‖∇3ψ‖
H

1
2 (Ω,X0)

≤ C1‖u‖H4‖u‖H2‖ψ‖ 1
6
H1(Ω,X0)

‖ψ‖ 5
6
H4(Ω,X0)

≤ ε
[
‖u‖H4‖ψ‖ 5

6
H4(Ω,X0)

] 12
11

+
C1

ε
‖u‖12

H2‖ψ‖10
H1(Ω,X0)

≤ ε
[
‖u‖ 12

11
H4‖ψ‖

10
11
H4(Ω,X0)

]
+
C1

ε
‖u‖12

H2‖ψ‖10
H1(Ω,X0)

≤ 6ε
11

‖u‖2
H4 +

5ε
11

‖ψ‖2
H4(Ω,X0)

+
C1

ε
‖u‖12

H2‖ψ‖10
H1(Ω,X0)

.(4.3)

For the convect term we used the same estimate in [24]

∫
|(u · ∇)u�3u|dx ≤ ε‖u‖2

H4 +
C1

ε
‖u‖14

H1 ,

and by using the results of Lemma 2.2 we have

∫
Ω

|∇3τe∇4u|dx ≤ ε‖u‖2
H4 +

C1

ε
‖τe‖2

H3 ≤ ε‖u‖2
H4 +

C1

ε
‖ψ‖2

H3(Ω,X0)
,∫

Ω

|∇2F∇4u|dx ≤ ε‖u‖2
H4 +

C1

ε
‖F‖2

H2 ≤ ε‖u‖2
H4 +

C1

ε
‖ψ‖2

H3(Ω,X0)
.

Combination of all yields (4.1). For the equation of ψ, we can obtain the following
estimates:

1
2
d

dt
‖ψ‖2

H3(Ω,X0) +
(
ε2

De
− 5ε− ε

11

)
‖ψ‖2

H4(Ω,X0)
+

(
1
De

− 5ε
11

)
‖ψ‖2

H3(Ω,X1)

≤ 5ε
11

‖u‖2
H4 +

C1

ε
[‖u‖4

H3 + ‖u‖24
H2 + ‖u‖4

H2 + ‖ψ‖4
H3(Ω,X0)

+ ‖ψ‖4
H1(Ω,X0)

+ ‖ψ‖24
H1(Ω,X1)

+ ‖ψ‖4
H2(Ω,X1)

+ ‖ψ‖2
H3(Ω,X0)

].(4.4)

Here the difficulties are the estimates to the nonlinear terms u·∇ψ and R·(m×κ·mψ)
in the equation. To overcome them we use the following inequalities similar to (4.2):

∫
Ω

∫
|m|=1

|∇2u∇ψ∇4ψ|dmdx ≤ ε‖ψ‖2
H4(Ω,X0)

+
C1

ε
‖u‖2

H3‖ψ‖2
H2(Ω,X0)

,∫
Ω

∫
|m|=1

|∇u∇2ψ∇4ψdmdx ≤ ε‖ψ‖2
H4(Ω,X0)

+
C1

ε
‖u‖2

H2‖ψ‖2
H3(Ω,X0)

,∫
Ω

∫
|m|=1

|u∇3ψ∇4ψdmdx ≤ ε‖ψ‖2
H4(Ω,X0)

+
C1

ε
‖u‖12

H1‖ψ‖2
H1(Ω,X0)

.

For the other term
∫
Ω

∫
|m|=1

|∇2R · (m × κ · mψ)∇4ψ|dmdx, we used the estimates
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obtained similar to (4.3):∫
Ω

∫
|m|=1

|∇2κRψ∇4ψ|dmdx

≤ 6ε
11

‖ψ‖2
H4(Ω,X0)

+
5ε
11

‖u‖2
H4 +

C1

ε
‖u‖2

H1‖ψ‖12
H1(Ω,X1)

,∫
Ω

∫
|m|=1

|κ∇2Rψ∇4ψ|dmdx

≤ 6ε
11

‖ψ‖2
H4(Ω,X0)

+
5ε
11

‖ψ‖2
H3(Ω,X1)

+
C1

ε
‖u‖12

H2‖ψ‖2
H1(Ω,X1)

,∫
Ω

∫
|m|=1

|∇κ∇Rψ∇4ψ|dmdx ≤ ε‖ψ‖2
H4(Ω,X0)

+
C1

ε
‖u‖2

H3‖ψ‖2
H2(Ω,X1)

.

Now from (4.4), we see that it is necessary to estimate ‖ψ‖2
H2(Ω,X1)

. But it is not
difficult to obtain the following inequality in the similar way with the estimate (4.4).

1
2
d

dt
‖ψ‖2

H2(Ω,X1)
+

(
ε2

De
− 4ε

)
‖ψ‖2

H3(Ω,X1)
+

1
De

‖ψ‖2
H2(Ω,X2)

≤ C1

ε

[
‖u‖4

H3 + ‖u‖ 16
3

H2 + ‖u‖16
H1 + ‖ψ‖4

H1(Ω,X1)
+ ‖ψ‖8

H1(Ω,X1)
+ ‖ψ‖2

H2(Ω,X1)

]
.(4.5)

For the case n = 2, we can obtain a priori estimates by using similar approaches,
and we omit the details and give the results directly as follows:

1
2
d

dt
‖u‖2

H3
d

+
(
γ

Re
− 5ε− 9ε

16

)
‖u‖2

H4 ≤ 7ε
16

‖ψ‖2
H4(Ω,X0)

+
C1

ε
[‖u‖4

H1 + ‖u‖18
H2

+ ‖ψ‖18
H2(Ω,X0)

+ ‖ψ‖ 9
2
H3(Ω,X0)], (n = 2).(4.6)

The a priori estimates for ψ are

1
2
d

dt
‖ψ‖2

H3(Ω,X0) +
(
ε2

De
− 5ε− 9ε

16

)
‖ψ‖2

H4(Ω,X0)
+

(
1
De

− 4ε
13

)
‖ψ‖2

H3(Ω,X1)

≤ 7ε
16

‖u‖2
H4 +

C1

ε
[‖u‖4

H3 + ‖u‖4
H1 + ‖u‖8

H1 + ‖u‖18
H1

+ ‖ψ‖4
H1(Ω,X1)

+ ‖ψ‖18
H1(Ω,X1)

+ ‖ψ‖4
H3(Ω,X0)

].(4.7)

4.2. Global existence. In this subsection we will give the proof of Theorem
1.2. Let

Y (t) = ‖u‖2
H3(Ω) + ‖ψ‖2

H3(Ω,X0)
+ ‖ψ‖2

H2(Ω,X1)
.(4.8)

Combining the above estimates (4.1), (4.4), and (4.5) we have

1
2
d

dt
Y (t) +

( γ

Re
− 6ε

)
‖u‖2

H4

+
(
ε2

De
− 5ε− 6ε

11

)
‖ψ‖2

H4(Ω,X0)
+

(
1
De

− 5ε
11

)
‖ψ‖2

H3(Ω,X1)

+
(
ε2

De
− 4ε

)
‖ψ‖2

H3(Ω,X1)
+

1
De

‖ψ‖2
H2(Ω,X2)

≤ C1

ε
(Y 12 + Y 10 + Y 7 + Y 4 + Y 2 + Y ).(4.9)
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Now we choose

ε = min
{

γ

7Re
,
ε2

7De

}
, and β =

C1

ε
.(4.10)

Since Y (t) ≤ ‖u‖2
H4 + ‖ψ‖2

H4(Ω,X0)
+ ‖ψ‖2

H3(Ω,X1)
, (4.9) implies

Y ′(t) + 2εY (t) ≤ 2β(Y 12 + Y 10 + Y 7 + Y 4 + Y 2 + Y ).(4.11)

Lemma 4.1. Let Y be a nonnegative, absolutely continuous function satisfying
inequality (4.11). Let B be a positive constant and 0 < B < B0, where B0 is the
unique positive solution of

B11 +B9 +B6 +B3 +B + 1 − ε

2β
= 0.(4.12)

If Y (0) ≤ B, then Y (t) is bounded by B for all t ≥ 0.
Proof. We will prove it by contradiction. Suppose that there exists a t such that

Y (t) > B, and define t∗ = inf{t ∈ R+, Y (t) > B}, then Y (t∗) = B and Y ′(t∗) ≥ 0.
However from (4.11) and the hypothesis made on B we deduce

Y ′(t∗) ≤ −2εY (t∗) + 2β[Y 11(t∗) + Y 9(t∗) + Y 7(t∗) + Y 4(t∗) + Y 2(t∗) + Y (t∗)]

≤ −2εB + 2Bβ
ε

2β
= −εB < 0,

which contradicts the above statement. Therefore Y (t) ≤ B for all t ∈ R+.
Proof of Theorem 1.2. We have seen in subsection 4.1 that a specific norm of the

local solution obtained in Theorem 1.1 satisfies an inequality with the form (4.11),
where C1 depends on the domain Ω and n while ε depends on γ,Re, ε2, De from
(4.10). Lemma 4.1 shows that there exists a constant B0, depending on initial data
such that

Y (t) ≤ B, for t ∈ R
+, if Y (0) ≤ B < B0.

But B0 is the unique positive solution of (4.12). From (4.12), we can easily see that
(4.12) possesses a unique positive solution if and only if

1 − ε

2β
< 0,(4.13)

which implies from (4.10) that

Re <
γ

7
√

2C1

and De <
ε2

7
√

2C1

.(4.14)

This completes the proof of Theorem 1.2 for n = 3.
Denoting

Z(t) = ‖u‖2
H3(Ω) + ‖ψ‖2

H3(Ω,X0)
,

the addition of (4.6) and (4.7) yields

1
2
d

dt
Z(t) +

( γ

Re
− 6ε

)
‖u‖2

H4

+
(
ε2

De
− 6ε

)
‖ψ‖2

H4(Ω,X0)
+

(
1
De

− 4ε
13

)
‖ψ‖2

H3(Ω,X1)

≤ C1

ε
(Z9 + Y 4 + Y 9/4 + Y 2) for n = 2.(4.15)

By the same way the result of Theorem 1.2 for n = 2 can be obtained.
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Appendix A. Proof of Lemma 2.1. Now we solve (3.2)–(3.3) with the initial
value u(x, 0) = u0 by using the Galerkin approximation. Let V be the space of all
divergence-free vector in H1(Ω), and let {ωi|i ∈ N} be a basis for V . We seek an
approximation to w of the form

wN (x, t) = ΣN
n=1ρ

n(t)ωn(x).(A.1)

The function wN satisfies, instead of (3.2) and (3.3),

wN
t + (wN · ∇)wN =

γ

Re
�wN + f

+
1 − γ

2Re
∇ · [DN : A(x, t)

]
,(A.2)

wN (x, 0) = PNu0(x),(A.3)

where PN is the orthogonal projector in H1
d onto WN = Span{ωi, i = 1, · · · , N}. The

existence and uniqueness of a solution wN to (A.2)–(A.3) with periodic boundary
conditions defined on some interval (0, TN), TN > 0, is clear; in fact, the following
estimate shows that TN = T for n = 2 and TN suitably small for n = 3.

Multiplying wN to (A.2) and integrating it, we get

1
2
d

dt
‖wN‖2

L2 +
γ

Re
‖∇wN‖2

L2 +
1 − γ

2Re

∫
Ω

〈|DN : mm|2〉dx

≤ γ

2Re
‖wN‖2

L2 +
Re

2γ
‖f‖2

H−1 .(A.4)

This implies that

d

dt
‖wN‖2

L2 +
γ

Re
‖∇wN‖2

L2 ≤ Re

γ
‖f‖2

H−1 .(A.5)

It shows that ∫ T

0

‖∇wN (t)‖2
L2dt ≤ K1,(A.6)

where

K1 = K1

(
u0, f,

γ

Re
, T

)
=
Re

γ

(
‖u0‖2

L2 +
Re

γ

∫ T

0

‖f(t)‖2
H−1dt

)
.(A.7)

For 0 < s < T , by (A.5),

‖wN (s)‖2
L2 ≤ K2,(A.8)

where

K2 = K2

(
u0, f,

γ

Re
, T

)
=

γ

Re
K1.(A.9)

Multiplying �wN by (A.2) and integrating it, we get

1
2
d

dt
‖∇wN‖2

L2 +
γ

Re
‖∇2wN‖2

L2 +
1 − γ

2Re

∫
Ω

〈|∇DN : mm|2〉dx

≤ 1
4
γ

Re
‖∇wN‖2

L2 +
Re

γ
‖f‖2

L2

+
∫

|(wN · ∇)wN�wN |dx +
1 − γ

2Re

∫
|DN∇A�wN |dx.(A.10)
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Now the following a priori of
∫ |(wN · ∇)wN�wN |dx are different, depending on the

dimension. We use the relation [24]∫
|(w · ∇)w�w|dx ≤ C‖w‖1/2

L2 ‖�w‖3/2
L2 ‖∇w‖L2 , (n = 2),(A.11) ∫

|(w · ∇)w�w|dx ≤ C‖w‖1/4
L2 ‖�w‖7/4

L2 ‖∇w‖L2 , (n = 3),(A.12)

and the estimates∫
|DN∇A�wN |dx ≤ C‖�wN‖4/3

L2 ‖∇2A‖L2‖∇wN‖2/3
L2 , (n = 2),(A.13) ∫

|DN∇A�wN |dx ≤ C‖�wN‖3/2
L2 ‖∇2A‖L2‖∇wN‖1/2

L2 , (n = 3).(A.14)

By Young’s inequality (A.10) implies

d

dt
‖∇wN‖2

L2 +
1
2
γ

Re
‖ΔwN‖2

L2 ≤ 2Re
γ

‖f‖2
L2

+ C‖wN‖2
L2‖∇wN‖4

L2 + C‖∇2A‖4
L2‖∇wN‖2

L2, (n = 2),(A.15)
d

dt
‖∇wN‖2

L2 +
3
2
γ

Re
‖ΔwN‖2

L2 ≤ 2Re
γ

‖f‖2
L2

+ C‖wN‖2
L2‖∇wN‖8

L2 + C‖∇2A‖4
L2‖∇wN‖2

L2, (n = 3).(A.16)

Since ψl ∈ L∞([0, T ], H3(Ω,X0)), we can obtain

|∇A(x, t)| ∈ L∞([0, T ];H2(Ω)).(A.17)

Then by the same way as the a priori estimate of Theorem 3.2 in [24] we can get for
n = 2 in virtue of (2.14) and (3.1)

sup
t∈[0,T ]

‖∇wN‖2
L2 ≤ K3,(A.18)

where

K3 = K3

(
u0, f,

γ

Re
, T

)
=

(
‖u0‖2

H1 + C

∫ T

0

‖f(t)‖2
L2dt

)
exp(CK1K2 + CK3T ).

And ∫ T

0

‖�wN‖2
L2dt ≤ K4,(A.19)

where

K4 = K4(u0, f,
γ

Re
, T ) = Cγ

(
‖u0‖2

H1 + C

∫ T

0

‖f(t)‖2
L2dt+ CK2K

2
3T + CK3K3T

)
.

For n = 3, we will estimate in the following from (A.16). Let y(t) = ‖∇wN‖2
L2 +

1, a(t) = C‖wN‖2
L2 , b(t) = C‖∇2A‖4

L2 , and c(t) = 2Re
γ ‖f‖2

L2. Then from (A.16), we
have the inequality

dy

dt
≤ [a(t) + b(t) + c(t)]y4,(A.20)
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and ∫ T

0

[a(t) + b(t) + c(t)]dt ≤ T (CK2 + CK6 + CK2),(A.21)

where we used the condition of (2.14) and the estimate (3.8) and above estimates.
Then they imply that for t ∈ [0, T ] and T < 1/[(CK2 + CK4 + Re

γ K
2)y3(0)] � T0

y(t) ≤ y(0)
3

√
1 − (CK2 + CK4 + Re

γ K
2)y3(0)T

� K5.(A.22)

Therefore, when T < T0, we have

sup
s∈[0,T ]

‖∇wN‖2
L2 ≤ K5(A.23)

and ∫ T

0

‖�wN‖2
L2dt ≤ K6,(A.24)

where

K6 = K6(u0, f,
γ

Re
, T ) = C

(
‖u0‖2

H1 + C

∫ T

0

‖f(t)‖2
L2dt+ CK1K

4
5T + CK4K5T

)
.

Multiplying �2wN by (A.2) and integrating it, we get

1
2
d

dt
‖∇2wN‖2

L2 +
γ

Re
‖∇3wN‖2

L2 +
1 − γ

4Re

∫
Ω

〈|∇2DN : mm|2〉dx

≤ 1
4
γ

Re
‖∇�wN‖2

L2 + C‖∇f‖2
L2

+
1 − γ

2Re

∫
[|DN∇2A∇�wN | + |∇DN∇A∇�wN |]dx

+
∫

|(wN · ∇)wN�2wN |dx.(A.25)

In the following we will estimate (A.25). In virtue of the inequality (p. 31 [24])∫
|(wN · ∇)wN�rwN |dx ≤ 1

4
γ

Re
‖wN‖2

Hr+1 + C‖wN‖2r
H1 (n = 2),(A.26) ∫

|(wN · ∇)wN�rwN |dx ≤ 1
4
γ

Re
‖wN‖2

Hr+1 + C‖wN‖4r+2
H1 (n = 3).(A.27)

And the estimates∫
|DN∇2A∇3wN |dx ≤ C‖∇3wN‖L2‖∇A‖1/3

L2 ‖∇3A‖2/3
L2 ‖∇2wN‖L2 , (n = 2),∫

|DN∇2A∇3wN |dx ≤ C‖∇3wN‖L2‖∇A‖1/4
L2 ‖∇3A‖3/4

L2 ‖∇2wN‖L2 , (n = 3),∫
|∇DN∇A∇3wN |dx ≤ C‖∇3wN‖5/3

L2 ‖∇2A‖L2‖∇wN‖1/3
L2 , (n = 2),∫

|∇DN∇A∇3wN |dx ≤ C‖∇3wN‖7/4
L2 ‖∇2A‖L2‖∇wN‖1/4

L2 . (n = 3).
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Thus, we have

d

dt
‖wN‖2

H2 +
1
2
γ

Re
‖wN‖2

H3 ≤ C‖wN‖4
H1 +

Re

γ
‖f‖2

H1

+ C‖A‖2/3
H1 ‖A‖4/3

H3 ‖wN‖2
H2 + C‖A‖6

H2‖wN‖2
H2 , (n = 2),(A.28)

d

dt
‖wN‖2

H2 +
1
2
γ

Re
‖wN‖2

H3 ≤ C‖wN‖10
H1 +

Re

γ
‖f‖2

H1

+ C‖A‖1/2
H1 ‖A‖3/2

H3 ‖wN‖3/2
H2 + C‖A‖8

H2‖wN‖2
H1 , (n = 3).(A.29)

Similarly we can obtain the following estimates: for n = 2,
(A.30)
sup

t∈[0,T ]

‖wN (t)‖2
H2 ≤ [CK2

2T+CKK2T+C‖f‖2
L2(0,T ;H1)+‖u0‖2

H2 ]eCK2T+CK6T � K7,

and ∫ T

0

‖wN (t)‖2
H3dt ≤ K8,(A.31)

where

K8 = C
(
CK2

3T + C‖f‖2
L2(0,T ;H1) + ‖u0‖2

H2 + CK2K7K1T + CK6K7T
)
.

While for n = 3,

sup
t∈[0,T ]

‖wN (t)‖2
H2 ≤ K9,(A.32)

where

K9 =
[
CK5

5T + CK8K1 +
Re

γ
‖f‖2

L2(0,T ;H1) + ‖u0‖2
H2

]
eCK2T .

Further, we have ∫ T

0

‖wN (t)‖2
H3dt ≤ K10,(A.33)

where

K10 = C
(
CK5

5T + C‖f‖2
L2(0,T ;H1) + ‖u0‖2

H2 + CK8K1T + CK2K9T
)
.

This shows for T given,

wN ∈ L∞([0, T ];H2(Ω)) ∩ L2([0, T ];H3(Ω))(A.34)

provided that f ∈ L2([0, T ];H1(Ω)) and A ∈ L∞([0, T ];H3(Ω)) ∩ L2([0, T ];H4(Ω)).
Similarly we can obtain the estimates

d

dt
‖wN‖2

H3 +
1
2
γ

Re
‖wN‖2

H4 ≤ C‖wN‖6
H1 +

Re

γ
‖f‖2

H2

+ C‖A‖9
H2‖wN‖2

H1 + C‖A‖4
H3‖wN‖2

H1

+ C‖A‖4/9
H1 ‖A‖14/9

H4 ‖wN‖2
H2 , (n = 2),(A.35)

d

dt
‖wN‖2

H3 +
1
2
γ

Re
‖wN‖2

H4 ≤ C‖wN‖14
H1 +

Re

γ
‖f‖2

H2

+ C‖A‖12
H2‖wN‖2

H1 + C‖A‖4
H3‖wN‖2

H1

+ C‖A‖1/3
H1 ‖A‖5/3

H4 ‖wN‖2
H2 , (n = 3).(A.36)
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From (A.35), for n = 2 we have

sup
t∈[0,T ]

‖wN (t)‖2
H3 ≤ K11,(A.37)

where

K11 =
[
‖u0‖2

H3 +
Re

γ
‖f‖2

L2(0,T ;H2) + CK3
3T + CK4K1 + CK9K1

]
eCK4T .

Furthermore, we have ∫ T

0

‖wN (t)‖2
H4dt ≤ K12,(A.38)

where

K12 = C
(
‖u0‖2

H3 + C‖f‖2
L2(0,T ;H2) + CK3

3T + CK4K1T + CK2K11T + CK2K7T
)
.

Thus we know that φ1(K,T ) = K12 +K11 for n = 2.
From (A.36), for n = 3 we have

sup
t∈[0,T ]

‖wN (t)‖2
H3 ≤ K13,(A.39)

where

K13 = [‖u0‖2
H3 + C‖f‖2

L2(0,T ;H2) + CK7
3T + CK12K3T + CK4K3T ]eCK2T .

Moreover, ∫ T

0

‖wN (t)‖2
H4dt ≤ K14,(A.40)

where

K14 = C
(
‖u0‖2

H3 + C‖f‖2
L2(0,T ;H2) + CK7

3T + CK12K3T + CK4K3T + CK2K13T
)
.

Thus we know that φ1(K,T ) = K14 +K13 for n = 3.
Therefore, this implies that for T given,

wN ∈ L∞([0, T ];H3(Ω)) ∩ L2([0, T ];H4(Ω))(A.41)

provided that f ∈ L2([0, T ];H2(Ω)) and A ∈ L∞([0, T ], H3(Ω)) ∩ L2([0, T ], H4(Ω)).
Passing N → ∞, we can obtain the estimate (2.16).
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