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PARITY SHEAVES AND THE HECKE CATEGORY

GEORDIE WILLIAMSON

Abstract

We survey some applications of parity sheaves and Soergel calculus to repre-
sentation theory.

Dedicated to Wolfgang Soergel, in admiration.
“...we re still using your imagination...” (L. A. Murray)

Introduction

One of the first theorems of representation theory is Maschke’s theorem: any represen-
tation of a finite group over a field of characteristic zero is semi-simple. This theorem is
ubiquitous throughout mathematics. (We often use it without realising it; for example,
when we write a function of one variable as the sum of an odd and an even function.)
The next step is Weyl’s theorem: any finite-dimensional representation of a compact Lie
group is semi-simple’. It is likewise fundamental: for the circle group Weyl’s theorem
is closely tied to the theory of Fourier series.

Beyond the theorems of Maschke and Weyl lies the realm where semi-simplicity
fails. Non semi-simple phenomena in representation theory were first encountered when
studying the modular (i.e. characteristic p) representations of finite groups. This theory
is the next step beyond the classical theory of the character table, and is important in
understanding the deeper structure of finite groups. A second example (of fundamental
importance throughout mathematics from number theory to mathematical physics) oc-
curs when studying the infinite-dimensional representation theory of semi-simple Lie
groups and their p-adic counterparts.

Throughout the history of representation theory, geometric methods have played an
important role. Over the last forty years, the theory of intersection cohomology and
perverse sheaves has provided powerful new tools. To any complex reductive group is
naturally associated several varieties (e.g. unipotent and nilpotent orbits and their clo-
sures, the flag variety and its Schubert varieties, the affine Grassmannian and its Schu-
bert varieties ...). In contrast to the group itself, these varieties are often singular. The
theory of perverse sheaves provides a collection of constructible complexes of sheaves
(intersection cohomology sheaves) on such varieties, and the “IC data” associated to

MSC2010: primary 20C20; secondary 32S60, 20C08, 20C30.
"'Weyl first proved his theorem via integration over the group to produce an invariant Hermitian form.
To do this he needed the theory of manifolds. One can view his proof as an early appearance of geometric
methods in representation theory.
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intersection cohomology sheaves (graded dimensions of stalks, total cohomology, ...)
appears throughout Lie theory.

The first example of the power of this theory is the Kazhdan—Lusztig conjecture (a
theorem of Beilinson—Bernstein and Brylinski—Kashiwara), which expresses the charac-
ter of a simple highest weight module over a complex semi-simple Lie algebra in terms
of IC data of Schubert varieties in the flag variety. This theorem is an important first
step towards understanding the irreducible representations of semi-simple Lie groups.
A second example is Lusztig’s theory of character sheaves, which provides a family of
conjugation equivariant sheaves on the group which are fundamental to the study of the
characters of finite groups of Lie type.?

An important aspect of the IC data appearing in representation theory is that it is com-
putable. For example, a key step in the proof of the conjecture of Kazhdan and Lusztig
is their theorem that the IC data attached to Schubert varieties in the flag variety is en-
coded in Kazhdan—Lusztig polynomials, which are given by an explicit combinatorial
algorithm involving only the Weyl group. Often this computability of IC data is thanks
to the Decomposition Theorem, which asserts the semi-simplicity (with coefficients of
characteristic zero) of a direct image sheaf, and implies that one can compute IC data
via a resolution of singularities.

One can view the appearance of the Decomposition Theorem throughout representa-
tion theory as asserting some form of (perhaps well-hidden) semi-simplicity. A trivial
instance of this philosophy is that Maschke’s theorem is equivalent to the Decomposi-
tion Theorem for a finite morphism. A less trivial example is the tendency of categories
in highest weight representation theory to admit Koszul gradings; indeed, according to
Beilinson, Ginzburg, and Soergel [1996], a Koszul ring is “as close to semisimple as a
Z-graded ring possibly can be”. Since the Kazhdan—Lusztig conjecture and its proof,
many character formulae have been discovered resembling the Kazhdan—Lusztig con-
jecture (e.g. for affine Lie algebras, quantum groups at roots of unity, Hecke algebras
at roots of unity, ...) and these are often accompanied by a Koszul grading.

All of the above character formulae involve representations of objects defined over
C. On the other hand modular representation theory has been dominated since 1979 by
conjectures (the Lusztig conjecture Lusztig [1980] on simple representations of reduc-
tive algebraic groups and the James conjecture James [1990] on simple representations
of symmetric groups) which would imply that characteristic p representations of alge-
braic groups and symmetric groups are controlled by related objects over C (quantum
groups and Hecke algebras at a p’ h root of unity) where character formulae are given
by Kazhdan—Lusztig like formulae.

The Decomposition Theorem fails in general with coefficients in a field of charac-
teristic p, as is already evident from the failure of Maschke’s theorem in characteristic
p- It was pointed out by Soergel [2000] (and extended by Fiebig [2011] and Achar and
Riche [2016b]) that, after passage through deep equivalences, the Lusztig conjecture
is equivalent to the Decomposition Theorem holding for Bott—Samelson resolutions of
certain complex Schubert varieties, with coefficients in a field of characteristic p. For

2The reader is referred to Lusztig’s contribution Lusztig [1991] to these proceedings in 1990 for an im-
pressive list of applications of IC techniques in representation theory.
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a fixed morphism, the Decomposition Theorem can only fail in finitely many character-
istics, which implies that the Lusztig conjecture holds for large primes’. More recently,
it was discovered that there are many large characteristics for which the Decomposition
Theorem fails for Bott—Samelson resolutions Williamson [2017c¢]. This led to exponen-
tially large counter-examples to the expected bounds in the Lusztig conjecture as well
as counter-examples to the James conjecture.

Thus the picture for modular representations is much more complicated than we
thought. Recently it has proven useful (see Soergel [2000] and Juteau, Mautner, and
Williamson [2014]) to accept the failure of the Decomposition Theorem in character-
istic p and consider indecomposable summands of direct image sheaves as interesting
objects in their own right. It was pointed out by Juteau, Mautner and the author that, in
examples in representation theory, these summands are often characterised by simple
cohomology parity vanishing conditions, and are called parity sheaves.

Most questions in representation theory whose answer involves (or is conjectured
to involve) Kazhdan—Lusztig polynomials are controlled by the Hecke category, a cat-
egorification of the Hecke algebra of a Coxeter system. Thus it seems that the Hecke
category is a fundamental object in representation theory, like a group ring or an en-
veloping algebra. The goal of this survey is to provide a motivated introduction to the
Hecke category in both its geometric (via parity sheaves) and diagrammatic (generators
and relations) incarnations.

When we consider the Hecke category in characteristic p it gives rise to an interest-
ing new Kazhdan—Lusztig-like basis of the Hecke algebra, called the p-canonical basis.
The failure of this basis to agree with the Kazhdan—Lusztig basis measures the failure of
the Decomposition Theorem in characteristic p. Conjecturally (and provably in many
cases), this basis leads to character formulae for simple modules for algebraic groups
and symmetric groups which are valid for all p. Its uniform calculation for affine Weyl
groups and large p seems to me to be one of the most interesting problems in represen-
tation theory.*

If one sees the appearance of the Decomposition Theorem and Koszulity as some
form of semi-simplicity, then this semi-simplicity fails in many settings in modular rep-
resentation theory. However it is tempting to see the appearance of parity sheaves and
the p-canonical basis as a deeper and better hidden layer of semi-simplicity, beyond
what we have previously encountered. Some evidence for this is the fact that some form
of Koszul duality still holds, although here IC sheaves are replaced by parity sheaves
and there are no Koszul rings.

3The first proof of Lusztig’s conjecture for p 3> 0 was obtained as a consequence of works by Kazh-
dan and Lusztig [1993], Lusztig [1994], Kashiwara and Tanisaki [1995] and Andersen, Jantzen, and Soergel
[1994].

4See Lusztig and Williamson [2018] for a conjecture in a very special case, which gives some idea of (or
at least a lower bound on!) the complexity of this problem.
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Structure of the paper.

1. In §1 we discuss the Decomposition Theorem, parity sheaves and the role of in-
tersection forms. We conclude with examples of parity sheaves and the failure of
the Decomposition Theorem with coefficients of characteristic p.

2. In §2 we introduce the Hecke category. We explain two incarnations of this cat-
egory (via parity sheaves, and via diagrammatics) and discuss its spherical and
anti-spherical modules. We conclude by defining the p-canonical basis, giving
some examples, and discussing several open problems.

3. In §3 we give a bird’s eye view of Koszul duality for the Hecke category in its
classical, monoidal and modular forms.

Although this work is motivated by representation theory, we only touch on applications
in remarks. The reader is referred to Williamson [2017a] for a survey of applications of
this material to representation theory.

Acknowledgements. It is a pleasure to thank all my collaborators as well as H. An-
dersen, A. Beilinson, R. Bezrukavnikov, M. A. de Cataldo, J. Chuang, M. Khovanov,
L. Migliorini, P. Polo, and R. Rouquier for all they have taught me, and much besides.
Thanks also to P. McNamara for permission to include some calculations from work in
progress (in Example 1.14).

1 The Decomposition Theorem and Parity Sheaves

The Decomposition Theorem is a beautiful theorem about algebraic maps. However its
statement is technical and it takes some effort to understand its geometric content. To
motivate the Decomposition Theorem and the definition of parity sheaves, we consider
one of the paths that led to its discovery, namely Deligne’s proof of the Weil conjectures
Deligne [1974]. We must necessarily be brief; for more background on the Decomposi-
tion Theorem see Beilinson, Bernstein, and Deligne [1982], de Cataldo and Migliorini
[2009], and Williamson [2017d].

1.1 Motivation: The Weil conjectures. Suppose that X is a smooth projective vari-
ety defined over a finite field ;. On X one has the Frobenius endomorphism Fr : X —
X and the deepest of the Weil conjectures (“purity”) implies that the eigenvalues of Fr
on the étale cohomology H'(X)? are of a very special form (“Weil numbers of weight
i”"). By the Grothendieck—Lefschetz trace formula, we have

| X (Fgm)l = Y (1) Te((Fr*)™ - H'(X) — H'(X))

i

5In this section only we will use H' (X) to denote the étale cohomology group H' (XF,, ,Qp) of the

extension of scalars of X to an algebraic closure Fq of Fy, where £ is a fixed prime number coprime to g.
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forallm > 1, where X (IF;m ) denotes the (finite) set of IF,m -rational points of X . In this
way, the Weil conjectures have remarkable implications for the number of [F,» -points
of X.

How should we go about proving purity? We might relate the cohomology of X to
that of other varieties, slowly expanding the world where the Weil conjectures hold. A
first attempt along these lines might be to consider long exact sequences associated to
open or closed subvarieties of X. However this is problematic because purity no longer
holds if one drops the “smooth” or “proper” assumption.

For any map f : X — Y of varieties we have a push-forward functor f, and its
derived functor R f between (derived) categories of sheaves on X and Y. (In this paper
we will never consider non-derived functors; we will write f instead of R f, from now
on.) The cohomology of X (with its action of Frobenius) is computed by p*@e’ x, wWhere
@4’ x denotes the constant sheafon X and p : X — pt denotes the projection to a point.

This reinterpretation of what cohomology “means” provides a more promising ap-
proach to purity. For any map f : X — Y we can use the commutative diagram

1N

and the isomorphism p.Qy x = (g0 f)«Q¢.x = g«(f«Q¢ x) to factor the calculation
of H*(X) into two steps: we can first understand f*@[, x; then understand the direct
image of this complex to a point. One can think of the complex f*@g x asalinearisation
of the map f. For example, if f is proper and y is a (geometric) point of ¥ then the
stalk at y is

(f+Qex)y = H*(f7'(»)).

It turns out that® f*@g, y splits as a direct sum of simple pieces (this is the Decompo-
sition Theorem). Thus, each summand contributes a piece of the cohomology of X,
and one can try to understand them separately. This approach provides the skeleton of
Deligne’s proof of the Weil conjectures: after some harmless modifications to X, the
theory of Lefschetz pencils provides a surjective morphism f : X — P!, and one has
to show purity for the cohomology of each of the summands of f*@e’ x (sheaves on
P1). Showing the purity of the cohomology of each summand is the heart of the proof,
which we don’t enter into here!

1.2 The Decomposition Theorem. We now change setting slightly: from now on
we consider complex algebraic varieties equipped with their classical (metric) topology
and sheaves of k-vector spaces on them, for some field of coefficients k. For such a
variety Y and a stratification

Y=| |

AEA

Safter passage to Fq
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of Y into finitely many locally-closed, smooth and connected subvarieties we denote
by DZ(Y; k) the full subcategory of the derived category of complexes of sheaves of
k-vector spaces with A-constructible’ cohomology sheaves. We will always assume
that our stratification is such that D[b\(Y; k) is preserved under Verdier duality (this is
the case, for example, if our stratification is given by the orbits of a group). We denote
by Df (Y; k) the constructible derived category: it consists of those complexes which
are A-constructible for some A as above. Both D f’\(Y; k) and Df (Y; k) are triangulated
with shift functor [1]. For any morphism f : X — Y we have functors

f*sﬁ

D?(X;k) D2(Y;k)

AN A

satisfying a menagerie of relations (see e.g. de Cataldo and Migliorini [2009]).

Consider a proper morphism f : X — Y of complex algebraic varieties with X
smooth. We consider the constant sheaf ky on X with values in k and its (derived)
direct image on Y:

Sekx.

A fundamental problem (which we tried to motivate in the previous section) is to under-
stand how this complex of sheaves decomposes. The Decomposition Theorem states
that, if k is a field of characteristic zero, then fiky is semi-simple in the sense of per-
verse sheaves. Roughly speaking, this means that much of the topology of the fibres of
f is “forced” by the nature of the singularities of Y. More precisely, if we fix a stratifi-
cation of Y as above for which fykx is constructible, then we have an isomorphism:

M fikx = P H} 4 ®x ICT.

Here the (finite) sum is over certain pairs (A, £) where £ is an irreducible local system
onY,, H /{" ¢ 1s a graded vector space, and IC}{C denotes IC extension of &£. (The complex
of sheaves ICf{3 is supported on Y; and extends £ [dimc Y3 ] in a “minimal” way, taking
into account singularities. For example, if Y ; is smooth and £ extends to a local system
£ onY,,thenICE = £[dimc Yy3].) If £ = k is the trivial local system we sometimes
write IC, instead of ICH/f.

Below we will often consider coefficient fields k of positive characteristic, where
in general (1) does not hold. We will say that the Decomposition Theorem holds (resp.
fails) with k-coefficients if an isomorphism of the form (1) holds (resp. fails).

1.3 Parity Sheaves. Consider f : X — Y, a proper map between complex algebraic
varieties, with X smooth. Motivated by the considerations that led to the Decomposition
Theorem we ask:

Question 1.1. Fix a field of coefficients k.

1. What can one say about the indecomposable summands of fikx?

7i.e. those sheaves whose restriction to each Y}, is a local system
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2. What about the indecomposable summands of fi £, for £ a local system of k-
vector spaces on X ?

(Recall fi means derived direct image.) If k is of characteristic zero, then (1) has a
beautiful answer: by the Decomposition Theorem, any indecomposable summand is a
shift of an IC extension of an irreducible local system. The same is true of (2) if £ is
irreducible. (This is Kashiwara’s conjecture, proved by Mochizuki [2011].)

If the characteristic of k is positive this question seems difficult. However it has a
nice answer (in terms of “parity sheaves”) under restrictions on X, Y and f.

Remark 1.2. Tt seems unlikely that this question will have a good answer as phrased
in general. It is possible that it does have a good answer if one instead works in an
appropriate category of motives, perhaps with restrictions on allowable maps f and
local systems £.

Assume that ¥ admits a stratification ¥ = | [;c, Y as above. For A € A, let
ja i Y3 = Y denote the inclusion. A complex F € DX (Y;k) is even if

) R(jFF)=R(j,F)=0 foriodd,andall X € A.

(Here X! denotes the ;" cohomology sheaf of a complex of sheaves.) A complex F is
odd if ¥ [1] is even; a complex is parity if it can be written as a sum Fo & F; with F;
(resp. F1) even (resp. odd).

Example 1.3. The archetypal example of a parity complex is fikx[dimc X], where
f is proper and X is smooth as above, and f is in addition even: fikx[dimc X] is
A-constructible and the cohomology of the fibres of f with k-coefficients vanishes
in odd degree. (Indeed, in this case, kx[dimc X] is Verdier self-dual, hence so is
Jf«kx[dimc X] (by properness) and the conditions (2) follow from our assumptions
on the cohomology of the fibres of f.)

We make the following (strong) assumptions on each stratum:

3) Y, is simply connected;

4) H'(Y;,k) =0 fori odd.

Theorem 1.4. Suppose that ¥ is indecomposable and parity:
1. The support of F is irreducible, and hence is equal to Y 5, for some A € A.
2. The restriction of ¥ to Y), is isomorphic to a constant sheaf, up to a shift.

Moreover, any two indecomposable parity complexes with equal support are isomorphic,
up to a shift.

(The proof of this theorem is not difficult, see Juteau, Mautner, and Williamson [2014,
§2.2].) If ¥ is an indecomposable parity complex with support Y then there is a unique
shift of ¥ making it Verdier self-dual. We denote itby & l]f‘ or &, and call it a parity sheaf.
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Remark 1.5. The above theorem is a uniqueness statement. In general, there might
be no parity complex with support Y ;. A condition guaranteeing existence of a parity
sheaf with support Y, is that Y ; admit an even resolution. In all settings we consider
below parity sheaves exist for all strata, and thus are classified in the same way as IC
sheaves.

Remark 1.6. In contrast to IC sheaves, parity sheaves are only defined up to non-canonical
isomorphism.

Below it will also be important to consider the equivariant setting. We briefly out-
line the necessary changes. Suppose that a complex algebraic group G acts on Y pre-
serving strata. Let D g A (X k) denote the A-constructible equivariant derived category
Bernstein and Lunts [1994]. We have the usual menagerie of functors associated to
G-equivariant maps f : X — Y which commute with the “forget G-equivariance
functor” to D K(X ; k). In the equivariant setting the definition of even, odd and parity
objects remain unchanged. Also Theorem 1.4 holds, if we require “equivariantly simply
connected” in (3) and state (4) with equivariant cohomology.

1.4 Intersection Forms. In the previous section we saw that, for any proper even
map f : X — Y, the derived direct image fi<ky decomposes into a direct sum of
shifts of parity sheaves. In applications it is important to know precisely what form this
decomposition takes. It turns out that this is encoded in the ranks of certain intersection
forms associated to the strata of Y, as we now explain.
For each stratum Y and point y € Y, we can choose a normal slice N to the stratum
Y, through y. If we set F := f~1(y)and N := f~1(N) then we have a commutative
diagram with Cartesian squares:
F —X
X Y

Setd := dim¢c N = dim¢ N = codimc (Y, C X). The inclusion F <> N equips the
integral homology of F with an intersection form (see Juteau, Mautner, and Williamson
[2014, §3.1])

_

2<—23

{x}——N ——

IF] :Hy_;j(F,Z)x Hyy;(F.Z) — Ho(N,Z) =Z for j € Z.

Remark 1.7. Let us give an intuitive explanation for the intersection form: suppose we
wish to pair the classes of submanifolds of real dimension d — j and d + j respectively.
We regard our manifolds as sitting in N and move them until they are transverse. Be-
cause (d — j) + (d + j) = 2d (the real dimension of N) they will intersect in a finite
number of signed points, which we then count to get the result.

Remark 1.8. The above intersection form depends only on the stratum Y} (up to non-
unique isomorphism): given any two points y, y’ € Y and a (homotopy class of) path
from y to y’ we get an isometry between the two intersection forms.
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Let us assume that our parity assumptions are in force, and that the homology
H.(F,Z) is free for all A. In this case, for any field k the intersection form over k
is obtained via extension of scalars from I Fj . /' 'We denote this form by 1 F; / @7 k. The
relevance of these forms to the Decomposmon Theorem is the following:

Theorem 1.9 (Juteau, Mautner, and Williamson [ibid., Theorem 3.13]). The multiplicity
of 8,[j] as a summand of fikx[dimc X] is equal to the rank ofIF] ® k. Moreover,

the Decomposition Theorem holds if and only szF] ® k and IF] ® Q have the same
rank, forall A € A and j € 7.

1.5 Examples. Our goal in this section is to give some examples of intersection co-
homology sheaves and parity sheaves. Throughout, k denotes our field of coefficients
and p denotes its characteristic. (The strata in some of examples below do not satisfy
our parity conditions. In each example this can be remedied by considering equivariant
sheaves for an appropriate group action.)

Example 1.10. (A nilpotent cone) Consider the singular 2-dimensional quadric cone

X ={(x,y,2) | x2=—yz} c C3

Then X is isomorphic to the cone of nilpotent matrices inside sl3(C) =~ C3. Let 0
denote the unique singular point of X and X, = X \ {0} the smooth locus. Consider
the blow-up of X at 0O:

[ X—>X
This is a resolution of singularities which is isomorphic to the Springer resolution under
the above isomorphism of X with the nilpotent cone. It is an isomorphism over X ., and

has fibre P! over 0. In particular, the stalks of the direct image of the shifted constant
sheaf fik[2] are given by:

One has an isomorphism of X with the total space of the line bundle O(—2) on P!,
Under such an isomorphism, the zero section corresponds to f71(0). In particular,
£71(0) has self-intersection —2 inside X . It follows that:

Sek7[2] = kx[2] @ ko3, if k is of characteristic # 2,

Jf«k ¢[2] is indecomposable, if k is of characteristic 2.

If p = 2, the complex fik 5[2] is an archetypal example of a parity sheaf. For further
discussion of this example, see Juteau, Mautner, and Williamson [2012, §2.4].

Example 1.11. (The first singular Schubert variety) Let 9r‘21 denote the Grassmannian
of 2-planes inside C*. Fix a two-dimensional subspace C> € C* and let X C Grj
denote the closed subvariety (a Schubert variety)

X ={V eGri| dim(V NC?) > 1}.



988 GEORDIE WILLIAMSON

It is of dimension 3, with unique singular point V = C? € Gr3. The space
X={VeGri,LcC?| dmL=1,LcCVNnC?

is smooth, and the map f : X > X forgetting L is a resolution of singularities. This
morphism is “small” (i.e. the shifted direct image sheaf fik (3] coincides with the
intersection cohomology complex for any field k) and even. Thus in this example the
parity sheaf and intersection cohomology sheaf coincide in all characteristics.

Example 1.12. (Contraction of the zero section) Suppose that ¥ is smooth of dimension
> 0andthat Y C T*Y may be contracted to a point (i.e. there existsamap f : T*Y —
X such that f(Y) = {x} and f is an isomorphism on the complement of ¥). In this
case x is the unique singular point of X and the intersection form at x is —y(Y'), where
x(Y) denotes the Euler characteristic of Y. If Y has vanishing odd cohomology then f
is even and fikr=y is parity. The Decomposition Theorem holds if and only if p does
not divide y(Y).

Example 1.13. (A non-perverse parity sheaf) For n > 1 consider
X =C*/(£1) =SpecC[x;x; | 1 <i,j < 2n].
If X denotes the total space of O(—2) on P?"~! then we have a resolution
f: X > X.

It is an isomorphism over X, = X \ {0} with fibre P?"~! over 0. The intersection
form

IF] : Hyp_ j(P?" "V Z) X Hypy;(P?" 1 2) > Z

is non-trivial only for j = —2n + 2, —2n + 4, ...,2n — 2 in which case itis the 1 x 1
matrix (—2). Thus fiky is indecomposable if p = 2. Otherwise we have

Sikg[2n] = kx[2n] @ ko[2n — 2] ® ko[2n — 4] --- & ko[—2n + 2.

Because f is even, fik g[2n] is parity. It is indecomposable (and hence is a parity sheaf)
if p = 2. The interest of this example is that fik [2n] has many non-zero perverse
cohomology sheaves. (See Juteau, Mautner, and Williamson [2012, §3.3] for more on
this example.)

Example 1.14. (The generalised Kashiwara—Saito singularity) Fix d > 2 and consider
the variety of linear maps

cd 4s BA=CD =0,
Di lB satisfying  rank (g) <1,
(o — gl rank(B C)Sl.

C
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This is a singular variety of dimension 64 — 4. Let 0 = (0,0,0,0) denote its most
singular point. Consider

. HleSrg_l,L,- 69}’?,
X =1{(A,B,C,D,H1,La,L3,Ls) | A€Hom(C?/Hy,Ls), B € Hom(C? /Ly, Ly),
C € Hom(C? /L3, Ly), D € Hom(C? /Hy, L3)

(where 9r§1 denotes the Grassmannian if i -planes in C?). The natural map
f: X > X
is a resolution. We have F = f~1(0) = (P¢~!)%. The intersection form
Hoa—a(F) x Hog—us(F) — Z

has elementary divisors (1,...,1,d). The Decomposition Theorem holds if and only
ifptd.

The d = 2 case yields an 8-dimensional singularity which Kashiwara and Saito
showed is smoothly equivalent to a singularity of a Schubert variety in the flag variety
of SLg or a quiver variety of type As. It tends to show up as a minimal counterexample to
optimistic hopes in representation theory Kashiwara and Saito [1997], Leclerc [2003],
and Williamson [2014, 2015]. Polo observed (unpublished) that for any d the above
singularities occur in Schubert varieties for SL,4. This shows that the Decomposition
Theorem can fail for type A Schubert varieties for arbitrarily large p.

2 The Hecke category

In this section we introduce the Hecke category, a monoidal category whose Grothen-
dieck group is the Hecke algebra. If one thinks of the Hecke algebra as providing Hecke
operators which act on representations or function spaces, then the Hecke category con-
sists of an extra layer of “Hecke operators between Hecke operators”.

2.1 The Hecke algebra. Let G denote a split reductive group over Fy, and let T C
B C G denote a maximal torus and Borel subgroup. For example, we could take
G = GL,, B = upper triangular matrices and 7" = diagonal matrices. The set of Fy-
points, G(Fy), is a finite group (e.g. for G = GL,, G(F,) is the group of invertible
n x n-matrices with coefficients in IF,;). Many important finite groups, including “most”
simple groups, are close relatives of groups of this form.

A basic object in the representation theory of the finite group G (F,) is the Hecke
algebra

Hy, := Funp(,)xs(F,) (G (Fy).C)

of complex valued functions on G (I, ), invariant under left and right multiplication by
B(Fy). This is an algebra under convolution:

/ R 1 -1 /
2006 = gy, T S0
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Remark 2.1. Instead we could replace G (Fy) by G(K) and B(F,) by an Iwahori sub-
group of G (K) (for a local field K with finite residue field), and obtain the affine Hecke
algebra (important in the representation theory of p-adic groups).

Let W denote the Weyl group, S its simple reflections, £ : W — Z the length
function of W with respect to S and < the Bruhat order. The Bruhat decomposition

G(Fy) = |_| B(Fy) - wB(Fy)
wew
shows that Hp, has a basis given by indicator functions f,, of the subsets B(F,) -
wB(F,), forw e W.
Iwahori [1964] showed that Hy, may also be described as the unital algebra gener-
ated by 7, for s € S subject to the relations

Z52 =(q—1ts +q.

sty oo = Ityls...
—— —_—
mgy factors mgy factors
where u # s in the second relation and mg, denotes the order of su in W. These
relations depend on ¢ in a uniform way and make sense for any Coxeter group. Thus
it makes sense to use these generators and relations to define a new algebra H over
Z]g*"] (g is now a formal variable); thus H specialises to the Hecke algebra defined
above via g — |Fy|.
For technical reasons it is useful to adjoin a square root of ¢ and regard H as defined
over Z[q*'/?]. We then set v := ¢~'/? and §; := vt,, so that the defining relations of
H become

§2 = (vt —v)8s +1,

850y ... = 6ubs... .
—— N——
mgy factors mgy, factors

For any reduced expression w = st ... u (i.e. any expression for w using £(w) simple
reflections) we set 8,, := 855; .. . 8,,. We obtain in this way a well-defined Z [v*']-basis
{8x | x € W} for H, the standard basis. (This basis specialises via ¢ > || to the
indicator functions t,, considered above, up to a power of v.)

There is an involution d : H — H defined via

1

Vv and Ss > 8 =8+ (v—vh).

Kazhdan and Lusztig [1979] (see Soergel [1997] for a simple proof) showed that for all
x € W there exists a unique element by satisfying

(“self-duality™) d(bx) = by,
(“degree bound”) by €8x + Z vZ[v]éy
y<x

where < is Bruhat order. For example by = §5 + v. The set {bx | x € W} is the
Kazhdan—Lusztig basis of H. The polynomials i, x € Z[v] defined viaby, = > hy 6y
are (normalisations of) Kazhdan—Lusztig polynomials.
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2.2 The Hecke category: geometric incarnation. Grothendieck’s function-sheaf
correspondence (see e.g. Laumon [1987, §1]) tells us how we should categorify the
Hecke algebra Hp,. Namely, we should consider an appropriate category of B x B-
equivariant sheaves on G, with the passage to H, being given by the trace of Frobe-
nius at the rational points G (F,).* Below we will use the fact that the multiplication
action of B on G is free, and so instead we can consider B-invariant functions (resp.
B-equivariant sheaves) on G/ B.

To avoid technical complications, and to ease subsequent discussion, we will change
setting slightly. Let us fix a generalised Cartan matrix C = (cs)sses and let
(bz, {os}ses. {o) }ses) be a Kac-Moody root datum, so that bz is a free and finitely
generated Z-module, ¢y € Hom(hz, Z) are “roots” and o) € fz are “coroots” such
that (o), 0;) = c5. To this data we may associate a Kac—-Moody group G (a group
ind-scheme over C) together with a canonical Borel subgroup B and maximal torus 7.
The reader is welcome to take G to be a complex reductive group, as per the following
remark. (For applications to representation theory the case of an affine Kac-Moody
group is important.)

Remark 2.2. 1f G is a complex reductive group and T C B C G is a maximal torus and
Borel subgroup, then we can consider the corresponding root datum (X, R, XV, RY)
(where X denotes the characters of T, R the roots etc.). If {as}ses C R denotes the
simple roots determined by B then (X, {as}, {o)'}) is a Kac-Moody root datum. The
corresponding Kac—Moody group (resp. Borel subgroup and maximal torus) is canoni-
cally isomorphic to G (resp. B, 7).

We denote by /B the flag variety (a projective variety in the case of a reductive
group, and an ind-projective variety in general). As earlier, we denote by W the Weyl
group, £ the length function and < the Bruhat order. We have the Bruhat decomposition

§/B=| | Xu where X, :=B -wB/B.
weWw

The X, are isomorphic to affine spaces, and are called Schubert cells. Their closures
X, C G/B are projective (and usually singular), and are called Schubert varieties.
Fix a field k and consider D5 (G/B;k), the bounded equivariant derived category
with coefficients in k (see e.g. Bernstein and Lunts [1994]).° This a monoidal category
under convolution: given two complexes ¥, § € D% (G/B; k) their convolution is

F x 8 = multy, (¥ Kg ),

where: § x5 G/B denotes the quotient of G x §/B by (gb, g'B) ~ (g,bg'B) for all
g,g €Gandb € B;mult: § x5 §/B — §/B is induced by the multiplication on G;
and ¥ Mg G € D%(S xg G/B;k) is obtained via descent from ¥ X g € D%3(9 X
G/B;k).! (Note that mult is proper, and so mult, = mult,.)

8 As is always the case with Grothendieck’s function-sheaf correspondence, this actually categorifies the
Hecke algebras of G (IFgm ) for “all m at once”.

9By definition, any object of D% (G/B; k) is supported on finitely many Schubert cells, and hence has
finite-dimensional support.

19The reader is referred to Springer [1982] and Nadler [2005] for more detail on this construction.
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Remark 2.3. If G is a reductive group and we work over [, instead of C, then this
definition categorifies convolution in the Hecke algebra, via the function-sheaf corre-
spondence.

For any s € S we can consider the parabolic subgroup
Py :=BsB=BsBUBCG.
We define the Hecke category (in its geometric incarnation) as follows
Rgeom = (kv /3 | 5 € S)u.0.11] Kar-

That is, we consider the full subcategory of D%(S /B; k) generated by kp /5 under
convolution (), direct sums (), homological shifts ([1]) and direct summands (Kar,
for “Karoubi™).

Remark 2.4. 1f we were to work over IF, then kp, /5 categorifies the indicator function
of Ps(F,) € G(Fy). The definition of the Hecke category is imitating the fact that the
Hecke algebra is generated by these indicator functions under convolution (as is clear
from Iwahori’s presentation).

Let [®¥ ] denote the split Grothendieck group'! of X Because ®¥_ _is a

geom geom* geom
monoidal category, K.,y ]@ is an algebra via [#] - [§] = [F * §]. We view [Hg.omlo
as a Z[v*']-algebra via v - [F] := [F[1]]. Recall the Kazhdan-Lusztig basis element

bs = 8s+v forall s € S from earlier. The following theorem explains the name “Hecke
category” and is fundamental to all that follows:

Theorem 2.5. The assignment by +— [ko /g[1]] for all s € S yields an isomorphism
of Z[v*t')-algebras:
H S R e

geom

(This theorem is easily proved using the theory of parity sheaves, as will be discussed
in the next section.) The inverse to the isomorphism in the theorem is given by the
character map

ch: Miomle > H  F > Z dimz (H*(Frn)s))v )6,
xew

where: ¥y5 /5 denotes the stalk of the constructible sheaf on G/B at the point xB /B
obtained from F by forgetting B-equivariance; H* denotes cohomology; and

dimg H* := Z(dim H)v™ e zZ[v*Y

denotes graded dimension.

' The split Grothendieck group [®]q of an additive category is the abelian group generated by symbols
[A] for all A € @, modulo the relations [A] = [A’] + [A”'] whenever A = A’ @ A”.
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2.3 Role of the Decomposition Theorem. The category D% (5/B;k), and hence
also the Hecke category %ngeom’ is an example of a Krull-Schmidt category: every object
admits a decomposition into indecomposable objects; and an object is indecomposable
if and only if its endomorphism ring is local.

Recall that the objects of ¥ are the direct summands of finite direct sums of shifts

geom
of objects of the form

E(sitrn) = Kp, 5 * K,y % - % ko, /5 € D5(G/B)

for any word (s,¢,...,u) in S. The Krull-Schmidt property implies that any indecom-
posable object is isomorphic to a direct summand of a single &, ... ). Thus in order to
understand the objects of ?C“g‘eom it is enough to understand the summands of &y ;... u),
for any word as above.

For any such word (s, 1, ...,u) we can consider a Bott—Samelson space

BS(st,u) = Ps X Pr X3 - xp Py /B

and the (projective) morphism m : BS(s;. .. 4) — §/B induced by multiplication. A
straightforward argument (using the proper base change theorem) shows that we have
a canonical isomorphism

.l . . . ]k
The upshot: in order to understand the indecomposable objects in ¥,

decompose the complexes m«k g, for all expressions (s, ¢,...,u) in S.

it is enough to

Remark 2.6. 1f (s, t, ..., u)isareduced expression for w € W, then the map m provides
a resolution of singularities of the Schubert variety X,,. These resolutions are often
called Bott—Samelson resolutions, which explains our notation.

If the characteristic of our field is zero then we can appeal to the Decomposition
Theorem to deduce that all indecomposable summands of m .k ps are shifts of the in-
tersection cohomology complexes of Schubert varieties. Thus

(5) RE =(ICy|x € W)e,n ifkis of characteristic 0

geom

where IC denotes the (B-equivariant) intersection cohomology sheaf of the Schubert
variety X .. It is also not difficult (see e.g. Springer [1982]) to use (5) to deduce that!?

6) ch(ICy) = by ifk is of characteristic 0.

Thus, when the coefficients are of characteristic zero, the intersection cohomology sheaves
categorify the Kazhdan—Lusztig basis.

It is known that Bott—Samelson resolutions are even. In particular, m.kpg is a par-
ity complex. Thus, for arbitrary k we can appeal to Theorem 1.4 to deduce that all
indecomposable summands of fik s are shifts of parity sheaves. Thus

KE = (E|xe W), fork arbitrary

geom

where &, denotes the (B-equivariant) parity sheaf of the Schubert variety X .

12Roughly speaking, the two conditions (“self-duality” + “degree bound”) characterising the Kazhdan—
Lusztig basis mirror the two conditions (“self-duality” + “stalk vanishing”) characterising the IC sheaf.
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Remark 2.7. Recall that for any map there are only finitely many characteristics in
which the Decomposition Theorem fails. Thus, for a fixed x there will be only finitely
many characteristics in which &% # ICE.

2.4 The Hecke category: generators and relations. The above geometric definition
of the Hecke category is analogous to the original definition of the Hecke algebra as an
algebra of B-biinvariant functions. Now we discuss a description of the Hecke category
via generators and relations; this description is analogous to the Iwahori presentation of
the Hecke algebra.'3 This description is due to Elias and the author Elias and Williamson
[2016], building on work of Elias and Khovanov [2010] and Elias [2016].

Remark 2.8. In this section it will be important to keep in mind that monoidal categories
are fundamentally two dimensional. While group presentations (and more generally
presentations of categories) occur “on a line”, presentations of monoidal categories (and
more generally 2-categories) occur “in the plane”. For background on these ideas the
reader is referred to e.g. Street [1996] or Lauda [2010, §4].

Recall our generalised Cartan matrix C, Coxeter system (W, S) and Kac—Moody
root datum from earlier. Given s,¢ € S we denote by my; the order (possibly co) of
st € W. We assume:

7 C is simply laced, i.e. my; € {2,3} fors # t.

(We impose this assumption only to shorten the list of relations below. For the general
case the reader is referred to Elias and Williamson [2016].) Recall our “roots” and
“coroots”

{os}ses C [)2 and {Olsv}ses C bz

such that (o), o) = ¢y forall 5,7 € S. The formula s(v) = v — (v, ) )ag defines
an action of W on 52. We also assume that our root datum satisfies that oy : hy — Z
and o0 : by — Z are surjective, for all s € §. (This condition is called “Demazure
surjectivity” in Elias and Williamson [ibid.]. We can always find a Kac—Moody root
datum satisfying this constraint.)

We denote by R = S(b7) the symmetric algebra of b7, over Z. We view R as a
graded Z-algebra with deg b7, = 2; W acts on R via graded automorphisms. For any
s € S we define the Demazure operator 95 : R — R[—2] by

(®) as(f) =1

Os

An S-graph is a finite, decorated graph, properly embedded in the planar strip R x
[0, 1], with edges coloured by S. The vertices of an S-graph are required to be of the

13The Iwahori presentation can be given on two lines. Unfortunately all current presentations of the Hecke
category need more than two pages!
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form:

/l .

-- s \ poifmg =2
e \ e \ «/// ’
I 1 l 1 -

\ I I \ Iy PR RS
A /7 7/

Ny ifmg =3,

The regions (i.e. connected components of the complement of our S-graph in R x [0, 1])
may be decorated by boxes containing homogeneous elements of R.

Example 2.9. An S-graph (with ms, = 3, ms,, = 2, m,, = 3, the f; € R are
homogeneous polynomials):

The degree of an S-graph is the sum over the degrees of its vertices and boxes, where
each box has degree equal to the degree of the corresponding element of R, and the
vertices have degrees given by the following rule: univalent vertices have degree 1,
trivalent vertices have degree —1 and 2m,-valent vertices have degree 0. The boundary
points of any S-graph on R x{0} and on R x {1} give'* two words in S, called the bottom
boundary and top boundary.

Example 2.10. The S-graph above has degree 0+deg f1 +deg f2. Its bottom boundary
is (s,2,¢,5,u,s) and its top boundary is (¢, u, s, ¢, u,u).

We are now ready to define a second incarnation of the Hecke category, which we
will denote K giag. By definition, ¥ 4iae is monoidally generated by objects By, for each
s € S. Thus the objects of ¥ iag are of the form

for some word (s,¢,...,u) in S. (We denote the monoidal structure in ¥4,y by con-
catenation.) Thus 1 := By is the monoidal unit. For any two words (s,,...,u)
and (s,¢',...,v") in S, Homyy,, (B(s.t....u)s B(s'.r....n)) s defined to be the free Z-
module generated by isotopy classes' of S-graphs with bottom boundary (s, 1, ..., u)
and top boundary (s’,¢',...,v"), modulo the local relations below. Composition (resp.
monoidal product) of morphisms is induced by vertical (resp. horizontal) concatenation
of diagrams.

14
15

we read left to right
i.e. two S-graphs are regarded as the same if one may be obtained from the other by an isotopy of
R x [0, 1] which preserves R x {0} and R x {1}



996 GEORDIE WILLIAMSON

The one colour relations are as follows (see (8) for the definition of d;):

b e
N\
r/ N r/ N r/ N ! \
X [ | X o A
;= / s = s
\ / \ / \ / \ /
N P N - N - ~ P
P PRI RN
; N , N 7/ \
\ \ /
! | ! | ] !
= — |
! =0 , ! = , s
\ ; \ / \
N P N P ’

e \\ e
! N // N // N
v \ fl
o= e
\ ; \ ; \ ,
N P N

Remark 2.11. The first two relations above imply that By is a Frobenius object in ¥ giag,
foralls € S.

There are two relations involving two colours. The first is a kind of “associativity”
(see Elias [2016, (6.12)]):

< o < o < ) //\/\

/ / . / / .

| ;= L ifmg = 2, ! ;= \//' ifmg = 3.
\ / \ / A / A / /

The second is Elias’ “Jones—Wenzl relation” (see Elias [ibid.]):

/’ \\ /’I\\ /’ \\
< \ < \ < \
! | ! | ! | :
| ;= \, =+ | 1fmst = 3.
\ \ \
N P N . N .

Finally, for each finite standard parabolic subgroup of rank 3 there is a 3-colour
“Zamolodchikov relation”, which we don’t draw here (see Elias and Williamson [2016]).
This concludes the definition of ¥ giag. (We remind the reader that if we drop the assump-

tion that C is simply laced there are more complicated relations, see Elias [2016] and
Elias and Williamson [2016].)

Remark 2.12. Another way of phrasing the above definition is that ¥ gi,g is the monoidal
category with:

1. generating objects B forall s € S;

2. generating morphisms

€ Hom(1,1)
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for homogeneous f € R (recall 1 denotes the monoidal unit), as well as

T € Hom(Bq, 1), l € Hom(1, By),

fR € Hom(B; By, By), \/ € Hom(By, By Bs)

forall s € S and

>< € Hom(By B, B; B;), % € Hom(By B, By, B, Bs B;),
I\ (if mg, = 2) i (if mg = 3)

for all pairs s,¢ € §,

subject to the above relations (and additional relations encoding isotopy invariance).

Remark 2.13. The above relations are complicated, and perhaps a more efficient pre-
sentation is possible. The following is perhaps psychologically helpful. Recall that a
standard parabolic subgroup is a subgroup of W generated by a subset I C S, and its
rank is |I|. In Twahori’s presentation one has:

generators <> rank 1,

relations <> ranks 1, 2.
In ¥ giag one has:

generating objects <> rank 1,
generating morphisms < ranks 1, 2,

relations <> ranks 1, 2, 3.

(More precisely, it is only the finite standard parabolic subgroups which contribute at
each step.)

All relations defining ¥ gi,g are homogeneous for the grading on S-graphs defined

above. Thus K giag is enriched in graded Z-modules. We denote by RESQE] the additive,
graded envelope'® of K giae. Thus Rg?;g] is an additive category equipped with a “shift

of grading” equivalence [1], and an isomorphism of graded abelian groups

Hom%d,‘ag(Bs B/) - @ Homf’{@.[l] (B, B/[m])

diag
meZ

For any field k, we define
e = (Mg @2 1)

where (—)%* denotes Karoubi envelope. In other words, Rﬂji’fgar is obtained as the ad-

ditive Karoubi envelope of the extension of scalars of Hgiae to k. As for ¥geom, let us

16Objects are formal sums Fy [m1]® Fa[mo]®---@ Fy, [m,,] where F; are objects of ¥giag and m; € Z;
and morphisms are matrices, determined by the rule that Hom(F [m], F’[m’]) is the degree m’ — m part of
Homye g, (F, F7).
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consider the split Grothendieck group [%ﬂgi’;f;r}@ of %Egi’gr, which we view as a Z[v*1]-
algebra in the same was as for ?C“g‘eom earlier. The following is the analogue of Theorem

2.5 in this setting:
Theorem 2.14 (Elias and Williamson [2016]). The map bs + [Bs] forall s € S induces

an isomorphism of Z[v*']-algebras:

~ k,K:
H — P‘Cdiagar]@.

The proof is rather complicated diagrammatic algebra, and involves first producing
a basis of morphisms between the objects of H i, in terms of light leaf morphisms
Libedinsky [2008]. The following theorem shows that ¥4;,; does indeed give a “gener-
ators and relations description” of the Hecke category:

Theorem 2.15 (S. Riche and Williamson [2015, Theorem 10.3.1]). We have an equiv-
alence of graded monoidal categories:
Rﬂ(ii’:\(gar - Rﬂgeom'

Remark 2.16. Knowing a presentation of a group or algebra by generators and relations
opens the possibility of defining representations by specifying the action of generators
and verifying relations. Similarly, studying actions of monoidal categories is sometimes
easier when one has a presentation. In principle, the above presentation should allow
a detailed study of categories acted on by the Hecke category. For interesting recent
classification results, see Mazorchuk and Miemietz [2016] and Mackaay and Tubben-
hauer [2016]. One drawback of the theory in its current state is that the above relations
(though explicit) can be difficult to check in examples. The parallel theory of represen-
tations of categorified quantum groups is much better developed (see e.g. Chuang and
Rouquier [2008] and Brundan [2016]).

Remark 2.17. An important historical antecedent to Theorems 2.14 and 2.15 is the the-
ory of Soergel bimodules. We have chosen not to discuss this topic, as there is already
a substantial literature on this subject. The above generators and relations were first
written down in the context of Soergel bimodules, and Soergel bimodules are used in
the proof of Theorem 2.15. We refer the interested reader to the surveys Riche [2017]
and Libedinsky [2017] or the papers Soergel [1990a, 1992, 2007].

2.5 Thespherical and anti-spherical module. In this section we introduce the spher-
ical and anti-spherical modules for the Hecke algebra, as well as their categorifications.
They are useful for (at least) two reasons: they are ubiquitous in applications to repre-
sentation theory; and they often provide smaller worlds in which interesting phenomena
become more tractable.

Throughout this section we fix a subset / C S and assume for simplicity that the
standard parabolic subgroup Wy generated by [ is finite. We denote by wy its longest
element. Let H; denote the parabolic subalgebra of H generated by §; for s € I; itis
canonically isomorphic to the Hecke algebra of W;. Consider the induced modules

M;:=H ®p, triv, and N;:= H Qpq, sgn,
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where triv,, (resp. sgn,,) is the rank one H;-module with action given by 85 +— v™! (resp.
8s —> —v). These modules are the spherical and anti-spherical modules respectively. If
W1 denotes the set of minimal length representatives for the cosets W /Wy then {5, ®
1| x € W'} gives a (standard) basis for M (resp. N), which we denote by {1, | x €
WL (resp. {vx | x € W!}). We denote the canonical bases in M (resp. Ny) by
{cx | x € WI} (resp. {dy | x € W!}) (see e.g. Soergel [1997]).

We now describe a categorification of M. To [ is associated a standard parabolic
subgroup P; C G, and we may consider the partial flag variety G/P; (an ind-variety)
and its Bruhat decomposition

§/Pr = |_| Y, where Y,: =B -xP;/P;.

xewl!

The closures Y, are Schubert varieties, and we denote by ICy s (resp. &y ;) the inter-
section cohomology complex (resp. parity sheaf) supported on Y .

Given any G-variety or ind-variety Z the monoidal category D% (G/B;k) acts on
D% (Z;k). (The definition is analogous to the formula for convolution given earlier.)
In particular, ¥X_ acts on D% (G/P;k). One can check that this action preserves

geom
M5 = (6x1 | x € Whg

and thus % is a module over Rﬂg‘eom. We have:

Theorem 2.18. There is a unique isomorphism of H = [KE

scom] @-Modules

M S [

sending piq —> [k, j»,] (we use the indentification H = [RE_ 1¢ of Theorem 2.5).

geom

The inverse to the isomorphism in the theorem is given by the character map

ch:[Mfle > My  F > Y dimg(H*(Fap,/p,))v" O e € My,
xew!

(The notation is entirely analogous to the previous definition of ch in §2.2.)
We now turn to categorifying Ny. The full additive subcategory

(x| x ¢ W) C RE

geom

is a left ideal. In particular, if we consider the quotient of additive categories

0=/ (6x | x ¢ W)

geom

this is a left ®¥-module. We denote the image of ¥ € ®E__ by F ;. The objects gx, I

geom
for x € W1 are precisely the indecomposable objects of nl}‘ up to shift and isomorphism.
We have:

Theorem 2.19. There is a unique isomorphism of right H = [RE _|¢-modules

geom
Nr > [1f]e

sending vig > [€iq.1] (we use the identification H = [RE_ |a of Theorem 2.5).

geom
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The inverse ch : [1L%]g 5 N7 is more complicated to describe.

Remark 2.20. 1t is also possible to give a geometric description of "ﬂ“} via Iwahori—
Whittaker sheaves S. Riche and Williamson [2015, Chapter 11].

2.6 The p-canonical basis. Suppose that k is a field of characteristic p > 0. Con-
k

geom With coefficients in k. Let us define

sider the Hecke category ¥
Phy:=ch(&y) € H.

Because &, is supported on X and its restriction to Xy is kx, [¢(x)], it follows from
the definition of the character map that

) Phy=8:+ Y PhyxS,

y<x

for certain Phy ; € Zso[vE!]. Thus the set {#by | x € W} is a basis for H, the
p-canonical basis. The base change coefficients P h,, . are called p-Kazhdan—Lusztig
polynomials, although they are Laurent polynomials in general.

The p-canonical basis has the following properties (see Jensen and Williamson [2017,
Proposition 4.2]):

(10) d(Pby) = by forallx € W;

(11) if Pby = Z Pay cby then®a, , € Zso[vt]and d(Pay ) = Pay x;
y=x

(12) it Pb7by = 3 Pul. Ph, then PjiZ € Zoo[v! and d(P4Z,) = PuZ
zeW

13) for fixed x € W we have b, = °b, = b, for large p.

( ge p

Remark 2.21. Recall that the Kazhdan—Lusztig basis is uniquely determined by the
“self-duality” and “degree bound” conditions (see §2.1). The p-canonical basis satisfies
self-duality (10), but there appears to be no analogue of the degree bound condition in
general (see Example 2.26 below).

Remark 2.22. There is an algorithm to calculate the p-canonical basis, involving the
generators and relations presentation of the Hecke category discussed earlier. This al-
gorithm is described in detail in Jensen and Williamson [ibid., §3].

Remark 2.23. The Kazhdan—Lusztig basis only depends on the Weyl group (a fact which
is rather surprising from a geometric point of view). The p-canonical basis depends
on the root system. For example, the 2-canonical bases in types B3 and C3 are quite
different (see Jensen and Williamson [ibid., §5.4]).

Remark 2.24. The above properties certainly do not characterise the p-canonical basis.
(For example, for affine Weyl groups the p-canonical bases are distinct for every prime.)
However in certain situations they do appear to constrain the situation quite rigidly. For
example, the above conditions are enough to deduce that b, = b, for all primes p, if
G is of types A, for n < 7 (see Williamson and Braden [2012]). See Jensen [2017] for
further combinatorial constraints on the p-canonical basis.
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We can also define p-canonical bases in the spherical and anti-spherical module. Let
I C S be as in the previous section, and k and p be as above. For x € W/, set

Peyi=ch(&x) = Z Pmy ity € My,
yew!
P, = ch(gx,l) = Z Pny xvy € Nj.
yew!
We have Pm, x = Pny x = Ounless y < x and #my x = Pny x = 1. Thus {Pc,} (resp.
{Pdy}) give p-canonical bases for My (resp. Nj). We leave it to the reader to write
down the analogues of (10), (11), (12) and (13) that they satisfy.
We define spherical and anti-spherical analogues of the “adjustment” polynomials
Pa, \ via:
y,x Via:

h h
Pey = Z Paiey and Pdy = Z Pahid,y.
yew! yew!
These polynomials give partial information on the p-canonical basis. Forall x,y € W/
we have:

asph

p _ P sph p D
(14) ayw;xw, =7ayy and  Payx =Pahl.

We finish this section with a few examples of the p-canonical basis. These are in-
tended to complement the calculations in §1.5.

Example 2.25. Let G be of type By with Dynkin diagram:

=)

The Schubert variety Y, C G /Ps has an isolated singularity at Ps/Ps, and a neigh-
bourhood of this singularity is isomorphic to X from Example 1.10. From this one may
deduce that

%Cot = Cs1 + Cia-
For a version of this calculation using diagrams see Jensen and Williamson [2017, §5.1].

Example 2.26. Here we explain the implications of Example 1.13 for the p-canonical
basis. The singularity C?" /(41) occurs in the affine Grassmannian for Sp,,,, which is
isomorphic to §/Py, where G is the affine Kac—-Moody group of affine type C,, with
Dynkin diagram

and I = {s1,..., s, } denotes the subset of finite reflections. After some work matching
parameters, one may deduce that

2 _ 2n—2 2n—4 —2n+-2
Cwpwp—150 = Cwpwn—150 + (U +v +eeetv ) * Cid.-

where wy, (resp. w,—1) denotes the longest element in the standard parabolic subgroup
generated by {s1,...,s,} (resp. {s2,...,8,}).
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Example 2.27. Let § = SLg(C) with simple reflections:

ORORORORORORC

W = §1535254535554535251565756555453

Let

and consider wy where I = {s1, 53, 54, 55, s7}. The singularity of the Schubert variety
X, at wy is isomorphic to the Kashiwara—Saito singularity from Example 1.14 (with
d = 2). It follows that

*by = by + by, .

This is one of the first examples for SL,, with b, # b,.
2.7 Torsion explosion. In this section we assume that § =~ SL,(C) and so W =
Sy, the symmetric group. Here the p-canonical basis is completely known for n =

2,3,...,9 and difficult to calculate beyond that. The following theorem makes clear
some of the difficulties that await us in high rank:

Theorem 2.28 (Williamson [2017c¢]). Let y be a word of length | in the generators
11 10
(61) = (1)
(V11 V12
v ()’21 )’22) '

For non-zero m € {y11, Y12, V21, Y22} and any prime p dividing m there exists y €
Sa145 such that by, # b,,.

with product

The moral seems to be that arithmetical issues (“which primes divide entries of this
product of elementary matrices?””) are hidden in the question of determining the p-
canonical basis.!”

We can get some qualitative information out of Theorem 2.28 as follows. Define

II, := {p prime | ’b, # b, for some x € S, }.

Because any Schubert variety in SL,, (C)/B is also a Schubert variety in SL, 11 (C)/B
we have inclusions II,, C II,; for all n. By long calculations by Braden, Polo, Saito
and the author, we know the following about II,, for small n:

I, =9 forn <7,
IT, = {2} forn =38,9,
{2,3} C IIis.

17 Another example of this phenomenon from Williamson [2017¢]: for any prime number p dividing the h
Fibonacci number there exists y € Sg;45 with 2by, # b,,. Understanding the behaviour of primes dividing
Fibonacci numbers is a challenging open problem in number theory. It is conjectured, but not known, that
infinitely many Fibonacci numbers are prime.
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The most interesting values here are 2 € Ilg (discovered by Braden in 2002, see Williamson
and Braden [2012, Appendix]) and 3 € II;5 (discovered by Polo in 2012). More gen-
erally, Polo shows that p € Il,, for any prime p, and hence II, exhausts all prime
numbers as n — oo (see Example 1.14).

For applications to representation theory, it is important to know how large the entries
of IT,, grow with n.'® Some number theory, combined with Theorem 2.28, implies the
following:

Corollary 2.29 (Williamson [2017c, Theorem A.1]). For n large, n +— max1l,, grows
at least exponentially in n. More generally, I1,, contains many exponentially large prime
numbers.

Remark 2.30. Let us try to outline how Theorem 2.28 is proved. To y and m we as-
sociate a reduced expression x = (s1,...,s,) for some particular x E_Sgl+5. (There
is a precise but complicated combinatorial recipe as to how to do this, which we won’t
go into here. Let us mention however that the length of x grows quadratically in /.)
Associated to this reduced expression we have a Bott—Samelson resolution

f:BSy — X,.

We calculate the intersection form at a point w;B/B (corresponding to the maximal
element of a standard parabolic subgroup) and discover the 1 x 1-matrix (m). Thus for
any p dividing m the Decomposition Theorem fails for f at the point w;B/B, which
is enough to deduce the theorem. The hard part in all of this is finding the appropriate
expression x and calculating the intersection form. The intersection form calculation
was first done in Williamson [ibid.] using a formula in the nil Hecke ring discovered by
He and Williamson [2015]. Later a purely geometric argument was found Williamson
[2017b].

Remark 2.31. Let us keep the notation of the previous remark. In general we do not
know whether Pa,, , x # 0 for any p dividing m, only that there is some y with wy <
y < x and Pay, y # 0. Thus, in the statement of Theorem 2.28 we don’t know that
Pby # by, although this seems likely.

Remark 2.32. By a classical theorem of Zelevinskii [1983], Schubert varieties in Grass-
mannians admit small resolutions, and hence the p-canonical basis is equal to the canon-
ical basis in the spherical modules for one step flag varieties (we saw a hint of this in
Example 1.11). It is an interesting question (suggested by Joe Chuang) as to how the p-
canonical basis behaves in flag varieties with small numbers of steps and at what point
(i.e. at how many steps) the behaviour indicated in Theorem 2.28 begins.

Remark 2.33. Any Schubert variety in SL, (C)/B is isomorphic to a Schubert variety
in the flag varieties of types B, C, and D,. In particular, the above complexity is
present in the p-canonical bases for all classical finite types.

18For example, the Lusztig conjecture would have implied that the entries of IT,, are bounded linearly in
n, and the James conjecture would have implied a quadratic bound in 7, see Williamson [ibid.].
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2.8 Open questions about the p-canonical basis. In this section we discuss some
interesting open problems about the p-canonical basis. We also try to outline what is
known and point out connections to problems in modular representation theory.

In the following a Kac—Moody root datum is assumed to be fixed throughout. Thus,
when we write 2 by, its dependence on the root datum is implicit. Throughout, p denotes
the characteristic of k, our field of coefficients.

Question 2.34. For x € W and p a prime, when is Pby, = by?

Remark 2.35. This question is equivalent to asking whether ICE ~ 8)]15-

A finer-grained version of this question is:
Question 2.36. Forx,y € W and p a prime, when is Phy, x = hy x?

Remark 2.37. Ifhy , = v**)=t0) then Question 2.36 has a satisfactory answer. In this
case yB/B is a rationally smooth point of the Schubert variety X and Phy, , = hy x if
and only if X, is also p-smooth at yB /B; moreover, this holds if and only if a certain
combinatorially defined integer (the numerator of the “equivariant multiplicity”) is not
divisible by p, see Juteau and Williamson [2014] and Dyer [2001]. (See Fiebig [2010]
and Fiebig and Williamson [2014] for related ideas.) It would be very interesting if one
could extend such a criterion beyond the rationally smooth case.

In applications the following variants of Question 2.34 and 2.36 (for particular choices
of Z) are more relevant:

Question 2.38. Fix Z C W. For which p does there exist x € Z with Pb, # by?
Question 2.39. Fix Z Cc W1,

1. Forwhich pisPcy =cx forallx € Z?

2. Forwhich pisPd, = dx forallx € Z?

Remark 2.40. If G is finite-dimensional then ?b, = by for all x € W if and only if a
part of Lusztig’s conjecture holds (see Soergel [2000]). The results of §2.7 give expo-
nentially large counter-examples fo the expected bounds in Lusztig’s character formula
Lusztig [1980] and Williamson [2017c].

Remark 2.41. With G as in the previous remark, Xuhua He has suggested that we might
have Pb, = b, forall x, if p > |W|. This seems like a reasonable hope, and it would
be wonderful to have a proof.

Remark 2.42. Suppose G is an affine Kac—-Moody group and I C S denotes the “fi-
nite” reflections (so that Wy = (I) is the finite Weyl group). Then there exists a finite
subset Z; C W1 for which Question 2.38(1) is equivalent to determining in which
characteristics Lusztig’s character formula holds, see Achar and Riche [2016b, §11.6]
and Williamson [2017a, §2.6]. Because Z; is finite, ’c, = ¢, for all x € Z; for
p large, which translates into the known fact that Lusztig’s conjecture holds in large
characteristic.
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Remark 2.43. Suppose that G and [ are as in the previous remark. There exists a subset
Z(p) € W (depending on p) such that if d, = d, for all x € Z(p) then Ander-
sen’s conjecture on characters of tilting modules (see Andersen [2000, Proposition 4.6])
holds in characteristic p (this is a consequence of the character formula proved in Achar,
Makisumi, Riche, and Williamson [2017b]). Note that Andersen’s conjecture does not
give a character formula for the characters of all tilting modules and is not known even
for large p.

The following questions are also interesting:
Question 2.44. For whichx € W and p is Pa, x € Z forall y € W?
Remark 2.45. This is equivalent to asking when 8};‘ is perverse.

Question 2.46. Fix ? € {sph, asph}. For which x € W' and p is pa;’x € Z for all
yewl?

Remark 2.47. Example 2.26 shows that in the affine case a,, , can be a polynomial in
v of arbitrarily high degree. An example of Libedinsky and the author Libedinsky and
Williamson [2017] shows that there exists x, y in the symmetric group S5, for which
2ayx = (v + v71). Recently P. McNamara has proposed new candidate examples,
which appear to show that for any p, the degree of a, , is unbounded in symmetric
groups.

Remark 2.48. Suppose G and [ are as in Remark 2.42. It follows from the the results of

Juteau, Mautner, and Williamson [2016] and Mautner and Riche [2018] that Pay , € Z
if x is maximal in Wy xW;. More generally, it seems likely that ? a;p,l; € Z for all
x,y € W! and large p (depending only on the Dynkin diagram of G). This is true for

trivial reasons in affine types A; and As.

Remark 2.49. In contrast, recent conjectures of Lusztig and the author Lusztig and
Williamson [2018] imply that, if G is of affine type Ao then it is never the case (for

any p # 2) that Paiip;‘ € Z forall y,x € W1, In fact, our conjecture implies that

asph

y’x)|y,weWI}:oo.

max {deg(”a
This contrast in behaviour between the p-canonical bases in the spherical and anti-
spherical modules is rather striking.

3 Koszul duality

In this section we discuss Koszul duality for the Hecke category. This is a remarkable
derived equivalence relating the Hecke categories of Langlands dual groups. It resem-
bles a Fourier transform. Its modular version involves parity sheaves, and is closely
related to certain formality questions. In this section we assume that the reader has
some background with perverse sheaves and highest weight categories.
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3.1 Classical Koszul duality. Let C, G, B, T, W,k be as previously. We denote by
GV, BY,TV the Kac-Moody group (resp. Borel subgroup, resp. maximal torus) associ-
ated to the dual Kac—Moody root datum. We have a canonical identification of W with
the Weyl group of GV.

In this section we assume that G is a (finite-dimensional) complex reductive group,
i.e. that C is a Cartan matrix. We denote by wy € W the longest element. For any
x € Wletiy: Xy =B-xB/B — G/B denote the inclusion of the Schubert cell and
set

Ax = ixg]l{xx [Z(x)] and Vx = ix*kXx [K(x)]

Let Db (9 /B; k) denote the derived category, constructible with respect to B-orbits

and let P 3)(5/B;k) C D( )( /B;k) denote the subcategory of perverse sheaves.
The abelian category P(3)(S5/B; k) is highest weight Beilinson, Ginzburg, and Soergel
[1996] and Beilinson, Bezrukavnikov, and Mirkovi¢ [2004] with standard (resp. costan-
dard) objects {Ax }xew (resp. {Vy}xew). For x € W, we denote by Py, 45 and T the
corresponding indecomposable projective, injective, and tilting object. The correspond-
ing objects in P(5v)(5Y/BY;k) are denoted with a check, e.g. ICY, AY etc.

Let us assume that k = Q. Motivic considerations, together with the Kazhdan—
Lusztig inversion formula (see Kazhdan and Lusztig [1979])

(15) Z (_1)Z(x)—i_e(y)hy,xhng,zwo = 5x,27
zEW

led Beilinson and Ginsburg [1986] to the following conjecture'”

1. There exists a triangulated category D"”x (G/B; Q) equipped with an action of
the integers ¥ — ¥ (m) form € Z (“Tate twist”) and a “forgetting the mixed
structure” functor

¢ : DI (5/B:Q) > Dl (5/B: Q).

such that
Hom(¢(F).¢($)) = €D Hom(¥ . 6 (n)

forall ¥,9 € D’"”‘ (§/B; Q). Furthermore, “canonical” objects (e.g. simple,

standard, pr0]ectlve etc. objects) admit lifts? to DZ"B‘f (§/B;Q).

2. There is an equivalence of triangulated categories
(16) x: DY (S/B; Q) = DY (GY/BY;Q)

such that k¥ o (—1)[1] = (1) o «, and such that « acts on standard, simple and
projective objects (for an appropriate choice of lift) as follows:

Ay — VY

Ly IC, — 4
%to simplify the exposition we have modified the statement of their original conjecture slightly (they
worked with Lie algebra representations and sought a contravariant equivalence).

N7 e D?ﬁ)( /B; Q) admits a lift, if there exists Fe Df%’)x (G/B; Q) such that F = ¢($’)

D \
x—lwg? x l—)ICx—lwo.
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Remark 3.1. To understand why the extra grading (provided by the mixed structure) as
well as the relation Kk o(—1)[1] = (1)o«k is necessary, one only needs to ask oneself where
the grading on extensions between simple modules should go under this equivalence.

Remark 3.2. One can deduce from (15) and the Kazhdan—Lusztig conjecture that the
assignment Ay +— Vy—1,, on mixed categories forces ICx > dy—14, and Pr —
IC,-1y, on the level of Grothendieck groups.

This conjecture was proved by Beilinson, Ginzburg and Soergel in the seminal paper
Beilinson, Ginzburg, and Soergel [1996], where they interpreted « in the framework of
Koszul duality for graded algebras. The authors give two constructions of the mixed
derived category: one involving mixed étale sheaves (here it is necessary to consider
the flag variety for the split group defined over a finite field), and one involving mixed
Hodge modules.

Remark 3.3. Both constructions of the mixed derived category in Beilinson, Ginzburg,
and Soergel [ibid.] involve some non-geometric “cooking” to get the right result. Re-
cently Soergel and Wendt have used various flavours of mixed Tate motives to give a
purely geometric construction of these mixed derived categories Soergel [1990b].

After the fact, it is not difficult to see that the mixed derived category admits a simple
definition. Indeed, the results of Beilinson, Ginzburg, and Soergel [1996] imply that one
has an equivalence

(17 o : KP(Semis(5/B;Q)) > DT (5/B; Q).

Here Semis(G/B; Q) denotes the full additive subcategory of DZ’%;C (§/B; Q) consist-

ing of direct sums of shifts of intersection cohomology complexes (“semi-simple com-

plexes”), and K?(Semis(G/B; Q)) denotes its homotopy category. Note that there are

two shift functors on Semis(G/B; Q): one coming from its structure as a homotopy cat-

egory (which we denote [1]); and one induced from the shift functor on Semis(G/B; Q)

(which we rename (1)). Under the equivalence o, Tate twist (1) corresponds to [1](—1).
Now, if ®2 denotes the Hecke category we have an equivalence

Q ®r G, — Semis(§/B; Q).

Moreover, the left hand side can be described by generators and relations. In particular,
Koszul duality can be formulated entirely algebraically as an equivalence

k: K’ (Q®r %%ag) > K (Q ®g %;ag)

The existence of such an equivalence (valid more generally for any finite real reflection
group, with Q replaced by R) has recently been established by Makisumi [2017]. (The
case of a dihedral group was worked out by Sauerwein [2018].)

3.2 Monoidal Koszul duality. The above results raise the following questions:

1. How does Koszul duality interact with the monoidal structure?

2. Can Koszul duality be generalised to the setting of Kac—Moody groups?
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The first question was addressed by Beilinson and Ginzburg [1999]. They noticed that
if one composes Koszul duality « with the Radon transform and inversion, one obtains
a derived equivalence

(18) ©: DY (9/B;Q) = DY, (BY\ §%;Q)
with'® o (—1)[1] = (1) ok as previously, however now

(19) IC, — 7./, Ay AY, Vi > VY, T — ICY.

X

The new equivalence ¥ is visibly more symmetric than . It also has the advantage
that it does not involve the longest element wg, and hence makes sense for Kac—Moody
groups. Moreover, Beilinson and Ginzburg conjectured that ¥ can be promoted to a
monoidal equivalence (suitably interpreted).

Remark 3.4. It has been a stumbling block for some time that (18) cannot be upgraded
to a monoidal equivalence in a straightforward way. This is already evident for SLo:
the “big” tilting sheaf T € Df’,B) (P!; Q) does not admit a B-equivariant structure.

Subsequently, Bezrukavnikov and Yun [2013] established a monoidal equivalence
(20) % (DF*(G/B;Q), %) = (D™*(BY\GY /BY;Q), )

which induces the Koszul duality equivalence above after killing the deformations, and
is valid for any Kac—-Moody group.2! Here D™* (BY\GY /BY; Q) denotes a suitable
(“free monodromic™) completion of the full subcategory of mixed U Y-constructible
complexes on §¥/UY which have unipotent monodromy along the fibres of the map
GY/UY — GY/BY. The construction of this completion involves considerable techni-
cal difficulties. The proof involves relating both sides to a suitable category of Soergel
bimodules (and thus is by “generators and relations”).

3.3 Modular Koszul duality. We now discuss the question of how to generalise (18)
to coefficients k of positive characteristic. A first difficulty is how to make sense of the
mixed derived category. A naive attempt (carried out in Riche, Soergel, and Williamson
[2014]) is to consider a flag variety over a finite field together with the Frobenius en-
domorphism and its weights, however here one runs into problems because one obtains
gradings by a finite cyclic group rather than Z. Achar and Riche took the surprising
step of simply defining

DY (G/B:k) := KP(Par(G/B; k))

where Par(G/B;k) denotes the additive category of B-constructible parity complexes
on G/B, and the shift [1] and twist (1) functors are defined as in the paragraph following
(17). (The discussion there shows that this definition is consistent when k = Q.) In
doing so one obtains a triangulated category with most of the favourable properties one
expects from the mixed derived category. In this setting Koszul duality takes the form:

21 Actually, Bezrukavnikov and Yun use mixed £-adic sheaves, and no non-geometric “cooking” is neces-
sary.
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Theorem 3.5. There is an equivalence of triangulated categories
K : D{EY(G/Bk) > D% (BY\G;k)
which satisfies k o (—1)[1] = (1) o k and

kK(Ay) = Ay, k(Vy) = Ve, k(&) =Ty, k(Ty) =§,.
Remark 3.6. The important difference in the modular case is that tilting sheaves corre-
spond to parity sheaves (rather than IC sheaves).

Remark 3.7. For finite-dimensional G this theorem was proved in Achar and Riche
[2016a] (in good characteristic). For general G this theorem is proved in Achar, Mak-
isumi, Riche, and Williamson [2017a,b], as a corollary of a monoidal modular Koszul
duality equivalence, inspired by Bezrukavnikov and Yun [2013].

Remark 3.8. The appearance of the Langlands dual group was missing from the original
conjectures of Beilinson and Ginsburg [1986] and only appeared in Beilinson, Ginzburg,
and Soergel [1996]. However in the settings considered there (k = Q), the Hecke
categories associated to dual groups are equivalent. This is no longer the case with
modular coefficients, and examples (e.g. Bz and Cjs in characteristic 2) show that the
analogue of Theorem 3.5 is false if one ignores the dual group.

Remark 3.9. A major motivation for Achar, Makisumi, Riche, and Williamson [2017a,b]
was a conjecture of Riche and the author S. Riche and Williamson [2015, §1.4] giving
characters for tilting modules for reductive algebraic groups in terms of p-Kazhdan—
Lusztig polynomials. In fact, a recent theorem of Achar and Riche [2016b] (general-
ising a theorem of Arkhipov, Bezrukavnikov, and Ginzburg [2004]) combined with (a
variant of) the above Koszul duality theorem leads to a solution of this conjecture. We
expect that modular Koszul duality will have other applications in modular representa-
tion theory.

Remark 3.10. One issue with the above definition of the mixed derived category is the
absence of a “forget the mixed structure” functor ¢ : DE’};;‘(S/B; k) — Df)os) (§/B;k)
in general. For finite-dimensional G its existence is established in Achar and Riche
[2016a]. Its existence for affine Weyl groups would imply an important conjecture of

Finkelberg and Mirkovi¢ [1999], see also Achar and Riche [2016Db].

References

Pramod N. Achar, S. Makisumi, S. Riche, and Geordie Williamson (2017a). “Free-
monodromic mixed tilting sheaves on flag varieties”. arXiv: 1703 . 05843 (cit. on
p- 1009).

— (2017b). “Koszul duality for Kac-Moody groups and characters of tilting modules”.
arXiv: 1706.00183 (cit. on pp. 1005, 1009).

Pramod N. Achar and Simon Riche (2016a). “Modular perverse sheaves on flag va-
rieties, II: Koszul duality and formality”. Duke Math. J. 165.1, pp. 161-215. MR:
3450745 (cit. on p. 1009).


http://arxiv.org/abs/1703.05843
http://arxiv.org/abs/1703.05843
http://arxiv.org/abs/1703.05843
http://arxiv.org/abs/1706.00183
http://arxiv.org/abs/1706.00183
https://doi.org/10.1215/00127094-3165541
https://doi.org/10.1215/00127094-3165541
http://www.ams.org/mathscinet-getitem?mr=MR3450745

1010 GEORDIE WILLIAMSON

Pramod N. Achar and Simon Riche (2016b). “Reductive groups, the loop Grassmannian,
and the Springer resolution”. arXiv: 1602.04412 (cit. on pp. 980, 1004, 1009).

H. H. Andersen, J. C. Jantzen, and W. Soergel (1994). “Representations of quantum
groups at a pth root of unity and of semisimple groups in characteristic p: indepen-
dence of p”. Astérisque 220, p. 321. MR: 1272539 (cit. on p. 981).

Henning Haahr Andersen (2000). “A sum formula for tilting filtrations”. J. Pure Appl.
Algebra 152.1-3. Commutative algebra, homological algebra and representation the-
ory (Catania/Genoa/Rome, 1998), pp. 17—40. MR: 1783982 (cit. on p. 1005).

Sergey Arkhipov, Roman Bezrukavnikov, and Victor Ginzburg (2004). “Quantum
groups, the loop Grassmannian, and the Springer resolution”. J. Amer. Math. Soc.
17.3, pp. 595-678. MR: 2053952 (cit. on p. 1009).

A. Beilinson, R. Bezrukavnikov, and 1. Mirkovi¢ (2004). “Tilting exercises”. Mosc.
Math. J. 4.3, pp. 547-557, 782. MR: 2119139 (cit. on p. 1006).

A Beilinson and Victor Ginsburg (1986). “Mixed categories, Ext-duality and represen-
tations (results and conjectures)” (cit. on pp. 1006, 1009).

Alexander Beilinson and Victor Ginzburg (1999). “Wall-crossing functors and D-
modules”. Represent. Theory 3, pp. 1-31. MR: 1659527 (cit. on p. 1008).

Alexander Beilinson, Victor Ginzburg, and Wolfgang Soergel (1996). “Koszul dual-
ity patterns in representation theory”. J. Amer. Math. Soc. 9.2, pp. 473-527. MR:
1322847 (cit. on pp. 980, 1006, 1007, 1009).

A. A. Beilinson, J. Bernstein, and P. Deligne (1982). “Faisceaux pervers”. In: Analysis
and topology on singular spaces, I (Luminy, 1981). Vol. 100. Astérisque. Soc. Math.
France, Paris, pp. 5-171. MR: 751966 (cit. on p. 982).

Joseph Bernstein and Valery Lunts (1994). Equivariant sheaves and functors. Vol. 1578.
Lecture Notes in Mathematics. Springer-Verlag, Berlin, pp. iv+139. MR: 1299527
(cit. on pp. 986, 991).

Roman Bezrukavnikov and Zhiwei Yun (2013). “On Koszul duality for Kac-Moody
groups”. Represent. Theory 17, pp. 1-98. MR: 3003920 (cit. on pp. 1008, 1009).
Jonathan Brundan (2016). “On the definition of Kac-Moody 2-category”. Math. Ann.

364.1-2, pp. 353-372. MR: 3451390 (cit. on p. 998).

Mark Andrea A. de Cataldo and Luca Migliorini (2009). “The decomposition theorem,
perverse sheaves and the topology of algebraic maps”. Bull. Amer. Math. Soc. (N.S.)
46.4, pp. 535-633. MR: 2525735 (cit. on pp. 982, 984).

Joseph Chuang and Raphaél Rouquier (2008). “Derived equivalences for symmet-
ric groups and sls-categorification”. Ann. of Math. (2) 167.1, pp. 245-298. MR:
2373155 (cit. on p. 998).

Pierre Deligne (1974). “La conjecture de Weil. I, Inst. Hautes Etudes Sci. Publ. Math.
43, pp. 273-307. MR: 0340258 (cit. on p. 982).

Matt Dyer (2001). “Rank two detection of singularities of Schubert varieties” (cit. on
p- 1004).

Ben Elias (2016). “The two-color Soergel calculus”. Compos. Math. 152.2, pp. 327-398.
MR: 3462556 (cit. on pp. 994, 996).

Ben Elias and Mikhail Khovanov (2010). “Diagrammatics for Soergel categories”. Int.
J. Math. Math. Sci. Art. ID 978635, 58. MR: 3095655 (cit. on p. 994).


http://arxiv.org/abs/1602.04412
http://arxiv.org/abs/1602.04412
http://arxiv.org/abs/1602.04412
http://www.ams.org/mathscinet-getitem?mr=MR1272539
https://doi.org/10.1016/S0022-4049(99)00141-3
http://www.ams.org/mathscinet-getitem?mr=MR1783982
https://doi.org/10.1090/S0894-0347-04-00454-0
https://doi.org/10.1090/S0894-0347-04-00454-0
http://www.ams.org/mathscinet-getitem?mr=MR2053952
http://www.ams.org/mathscinet-getitem?mr=MR2119139
https://doi.org/10.1090/S1088-4165-99-00063-1
https://doi.org/10.1090/S1088-4165-99-00063-1
http://www.ams.org/mathscinet-getitem?mr=MR1659527
https://doi.org/10.1090/S0894-0347-96-00192-0
https://doi.org/10.1090/S0894-0347-96-00192-0
http://www.ams.org/mathscinet-getitem?mr=MR1322847
http://www.ams.org/mathscinet-getitem?mr=MR751966
https://doi.org/10.1007/BFb0073549
http://www.ams.org/mathscinet-getitem?mr=MR1299527
https://doi.org/10.1090/S1088-4165-2013-00421-1
https://doi.org/10.1090/S1088-4165-2013-00421-1
http://www.ams.org/mathscinet-getitem?mr=MR3003920
https://doi.org/10.1007/s00208-015-1207-y
http://www.ams.org/mathscinet-getitem?mr=MR3451390
https://doi.org/10.1090/S0273-0979-09-01260-9
https://doi.org/10.1090/S0273-0979-09-01260-9
http://www.ams.org/mathscinet-getitem?mr=MR2525735
https://doi.org/10.4007/annals.2008.167.245
https://doi.org/10.4007/annals.2008.167.245
http://www.ams.org/mathscinet-getitem?mr=MR2373155
http://www.numdam.org/item?id=PMIHES_1974__43__273_0
http://www.ams.org/mathscinet-getitem?mr=MR0340258
https://www3.nd.edu/~dyer/papers/ranktwo.pdf
https://doi.org/10.1112/S0010437X15007587
http://www.ams.org/mathscinet-getitem?mr=MR3462556
http://www.ams.org/mathscinet-getitem?mr=MR3095655

PARITY SHEAVES AND THE HECKE CATEGORY 1011

Ben Elias and Geordie Williamson (2016). “Soergel calculus”. Represent. Theory 20,
pp. 295-374. MR: 3555156 (cit. on pp. 994, 996, 998).

Peter Fiebig (2010). “The multiplicity one case of Lusztig’s conjecture”. Duke Math. J.
153.3, pp. 551-571. MR: 2667425 (cit. on p. 1004).

— (2011). “Sheaves on affine Schubert varieties, modular representations, and Lusztig’s
conjecture”. J. Amer. Math. Soc. 24.1, pp. 133—181. MR: 2726602 (cit. on p. 980).

Peter Fiebig and Geordie Williamson (2014). “Parity sheaves, moment graphs and the
p-smooth locus of Schubert varieties”. Ann. Inst. Fourier (Grenoble) 64.2, pp. 489—
536. MR: 3330913 (cit. on p. 1004).

Michael Finkelberg and Ivan Mirkovi¢ (1999). “Semi-infinite flags. I. Case of global
curve P'”. In: Differential topology, infinite-dimensional Lie algebras, and applica-
tions. Vol. 194. Amer. Math. Soc. Transl. Ser. 2. Amer. Math. Soc., Providence, RI,
pp- 81-112. MR: 1729360 (cit. on p. 1009).

Xuhua He and Geordie Williamson (Feb. 2015). “Soergel calculus and Schubert calcu-
lus”. arXiv: 1502.04914 (cit. on p. 1003).

Nagayoshi Iwahori (1964). “On the structure of a Hecke ring of a Chevalley group over
a finite field”. J. Fac. Sci. Univ. Tokyo Sect. I 10, 215-236 (1964). MR: 0165016
(cit. on p. 990).

Gordon James (1990). “The decomposition matrices of GL,(g) for n < 10”. Proc.
London Math. Soc. (3) 60.2, pp. 225-265. MR: 1031453 (cit. on p. 980).

Lars Thorge Jensen (2017). “p-Kazhdan—Lusztig Theory”. PhD thesis. Bonn in prepa-
ration, 2017. 13 (cit. on p. 1000).

Lars Thorge Jensen and Geordie Williamson (2017). “The p-canonical basis for Hecke
algebras”. In: Categorification and higher representation theory. Vol. 683. Con-
temp. Math. Amer. Math. Soc., Providence, RI, pp. 333-361. MR: 3611719 (cit. on
pp. 1000, 1001).

Daniel Juteau, Carl Mautner, and Geordie Williamson (2012). “Perverse sheaves and
modular representation theory”. In: Geometric methods in representation theory. II.
Vol. 24. Sémin. Congr. Soc. Math. France, Paris, pp. 315-352. MR: 3203032 (cit. on
pp. 987, 988).

— (2014). “Parity sheaves”. J. Amer. Math. Soc. 27.4, pp. 1169-1212. MR: 3230821
(cit. on pp. 981, 985-987).

— (2016). “Parity sheaves and tilting modules”. Ann. Sci. Ec. Norm. Supér. (4) 49.2,
pp. 257-275. MR: 3481350 (cit. on p. 1005).

Daniel Juteau and Geordie Williamson (2014). “Kumar’s criterion modulo p”. Duke
Math. J. 163.14, pp. 2617-2638. MR: 3273579 (cit. on p. 1004).

Masaki Kashiwara and Yoshihisa Saito (1997). “Geometric construction of crystal
bases”. Duke Math. J. 89.1, pp. 9-36. MR: 1458969 (cit. on p. 989).

Masaki Kashiwara and Toshiyuki Tanisaki (1995). “Kazhdan—Lusztig conjecture for
affine Lie algebras with negative level”. Duke Math. J. 77.1, pp. 21-62. MR:
1317626 (cit. on p. 981).

David Kazhdan and George Lusztig (1979). “Representations of Coxeter groups and
Hecke algebras”. Invent. Math. 53.2, pp. 165-184. MR: 560412 (cit. on pp. 990,
1006).


https://doi.org/10.1090/ert/481
http://www.ams.org/mathscinet-getitem?mr=MR3555156
https://doi.org/10.1215/00127094-2010-031
http://www.ams.org/mathscinet-getitem?mr=MR2667425
https://doi.org/10.1090/S0894-0347-2010-00679-0
https://doi.org/10.1090/S0894-0347-2010-00679-0
http://www.ams.org/mathscinet-getitem?mr=MR2726602
http://aif.cedram.org/item?id=AIF_2014__64_2_489_0
http://aif.cedram.org/item?id=AIF_2014__64_2_489_0
http://www.ams.org/mathscinet-getitem?mr=MR3330913
https://doi.org/10.1090/trans2/194/05
https://doi.org/10.1090/trans2/194/05
http://www.ams.org/mathscinet-getitem?mr=MR1729360
http://arxiv.org/abs/1502.04914
http://arxiv.org/abs/1502.04914
http://arxiv.org/abs/1502.04914
http://www.ams.org/mathscinet-getitem?mr=MR0165016
https://doi.org/10.1112/plms/s3-60.2.225
http://www.ams.org/mathscinet-getitem?mr=MR1031453
http://www.ams.org/mathscinet-getitem?mr=MR3611719
http://www.ams.org/mathscinet-getitem?mr=MR3203032
https://doi.org/10.1090/S0894-0347-2014-00804-3
http://www.ams.org/mathscinet-getitem?mr=MR3230821
https://doi.org/10.24033/asens.2282
http://www.ams.org/mathscinet-getitem?mr=MR3481350
https://doi.org/10.1215/00127094-2819627
http://www.ams.org/mathscinet-getitem?mr=MR3273579
https://doi.org/10.1215/S0012-7094-97-08902-X
https://doi.org/10.1215/S0012-7094-97-08902-X
http://www.ams.org/mathscinet-getitem?mr=MR1458969
https://doi.org/10.1215/S0012-7094-95-07702-3
https://doi.org/10.1215/S0012-7094-95-07702-3
http://www.ams.org/mathscinet-getitem?mr=MR1317626
https://doi.org/10.1007/BF01390031
https://doi.org/10.1007/BF01390031
http://www.ams.org/mathscinet-getitem?mr=MR560412

1012 GEORDIE WILLIAMSON

David Kazhdan and George Lusztig (1993). “Tensor structures arising from affine Lie
algebras. I, I1”. J. Amer. Math. Soc. 6.4, pp. 905-947, 949—1011. MR: 1186962 (cit.
on p. 981).

Aaron D. Lauda (2010). “A categorification of quantum sl(2)”. Adv. Math. 225.6,
pp. 3327-3424. MR: 2729010 (cit. on p. 994).

G. Laumon (1987). “Transformation de Fourier, constantes d’équations fonctionnelles
et conjecture de Weil”. Inst. Hautes Etudes Sci. Publ. Math. 65, pp. 131-210. MR:
908218 (cit. on p. 991).

B. Leclerc (2003). “Imaginary vectors in the dual canonical basis of U, (u)”. Transform.
Groups 8.1, pp. 95-104. MR: 1959765 (cit. on p. 989).

Nicolas Libedinsky (2008). “Sur la catégorie des bimodules de Soergel”. J. Algebra
320.7, pp. 2675-2694. MR: 2441994 (cit. on p. 998).

— (2017). “Gentle introduction to Soergel bimodules I: The basics”. arXiv: 1702 .
00039 (cit. on p. 998).

Nicolas Libedinsky and Geordie Williamson (2017). “A non-perverse Soergel bimodule
intype A”. C. R. Math. Acad. Sci. Paris 355.8, pp. 853—858. MR: 3693504 (cit. on
p. 1005).

George Lusztig (1980). “Some problems in the representation theory of finite Chevalley
groups”. In: The Santa Cruz Conference on Finite Groups (Univ. California, Santa
Cruz, Calif., 1979). Vol. 37. Proc. Sympos. Pure Math. Amer. Math. Soc., Providence,
R.L, pp. 313-317. MR: 604598 (cit. on pp. 980, 1004).

— (1991). “Intersection cohomology methods in representation theory”. In: Proceed-
ings of the International Congress of Mathematicians, Vol. I, II (Kyoto, 1990). Math.
Soc. Japan, Tokyo, pp. 155-174. MR: 1159211 (cit. on p. 980).

— (1994). “Monodromic systems on affine flag manifolds”. Proc. Roy. Soc. London Ser.
A 445.1923, pp. 231-246. MR: 1276910 (cit. on p. 981).

George Lusztig and Geordie Williamson (2018). “Billiards and tilting characters for
SL3”. SIGMA Symmetry Integrability Geom. Methods Appl. 14, 015, 22 pages. MR:
3766576 (cit. on pp. 981, 1005).

Marco Mackaay and Daniel Tubbenhauer (2016). “Two-color Soergel calculus and sim-
ple transitive 2-representations”. arXiv: 1609.00962 (cit. on p. 998).

Shotaro Makisumi (2017). “Modular Koszul duality for Soergel bimodules”. arXiv:
1703.01576 (cit. on p. 1007).

Carl Mautner and Simon Riche (2018). “Exotic tilting sheaves, parity sheaves on affine
Grassmannians, and the Mirkovi¢-Vilonen conjecture”. J. Eur. Math. Soc. (JEMS)
20.9, pp. 2259-2332. arXiv: 1501.07369. MR: 3836847 (cit. on p. 1005).

Volodymyr Mazorchuk and Vanessa Miemietz (2016). “Transitive 2-representations
of finitary 2-categories”. Tramns. Amer. Math. Soc. 368.11, pp. 7623-7644. MR:
3546777 (cit. on p. 998).

Takuro Mochizuki (2011). “Wild harmonic bundles and wild pure twistor D-modules”.
Astérisque 340, pp. x+607. MR: 2919903 (cit. on p. 985).

David Nadler (2005). “Perverse sheaves on real loop Grassmannians”. Invent. Math.
159.1, pp. 1-73. MR: 2142332 (cit. on p. 991).

Simon Riche (2017). “La th\’eorie de Hodge des bimodules de Soergel (d’apr\es So-
ergel et Elias-Williamson)”. arXiv: 1711.02464 (cit. on p. 998).


https://doi.org/10.2307/2152745
https://doi.org/10.2307/2152745
http://www.ams.org/mathscinet-getitem?mr=MR1186962
https://doi.org/10.1016/j.aim.2010.06.003
http://www.ams.org/mathscinet-getitem?mr=MR2729010
http://www.numdam.org/item?id=PMIHES_1987__65__131_0
http://www.numdam.org/item?id=PMIHES_1987__65__131_0
http://www.ams.org/mathscinet-getitem?mr=MR908218
https://doi.org/10.1007/BF03326301
http://www.ams.org/mathscinet-getitem?mr=MR1959765
https://doi.org/10.1016/j.jalgebra.2008.05.027
http://www.ams.org/mathscinet-getitem?mr=MR2441994
http://arxiv.org/abs/1702.00039
http://arxiv.org/abs/1702.00039
http://arxiv.org/abs/1702.00039
https://doi.org/10.1016/j.crma.2017.07.011
https://doi.org/10.1016/j.crma.2017.07.011
http://www.ams.org/mathscinet-getitem?mr=MR3693504
http://www.ams.org/mathscinet-getitem?mr=MR604598
http://www.ams.org/mathscinet-getitem?mr=MR1159211
https://doi.org/10.1098/rspa.1994.0058
http://www.ams.org/mathscinet-getitem?mr=MR1276910
https://doi.org/10.3842/SIGMA.2018.015
https://doi.org/10.3842/SIGMA.2018.015
http://www.ams.org/mathscinet-getitem?mr=MR3766576
http://arxiv.org/abs/1609.00962
http://arxiv.org/abs/1609.00962
http://arxiv.org/abs/1609.00962
http://arxiv.org/abs/1703.01576
http://arxiv.org/abs/1703.01576
http://dx.doi.org/10.4171/JEMS/812
http://dx.doi.org/10.4171/JEMS/812
http://arxiv.org/abs/1501.07369
http://www.ams.org/mathscinet-getitem?mr=MR3836847
https://doi.org/10.1090/tran/6583
https://doi.org/10.1090/tran/6583
http://www.ams.org/mathscinet-getitem?mr=MR3546777
http://www.ams.org/mathscinet-getitem?mr=MR2919903
https://doi.org/10.1007/s00222-004-0382-3
http://www.ams.org/mathscinet-getitem?mr=MR2142332
http://arxiv.org/abs/1711.02464
http://arxiv.org/abs/1711.02464
http://arxiv.org/abs/1711.02464

PARITY SHEAVES AND THE HECKE CATEGORY 1013

Simon Riche, Wolfgang Soergel, and Geordie Williamson (2014). “Modular Koszul
duality”. Compos. Math. 150.2, pp. 273-332. MR: 3177269 (cit. on p. 1008).

S. Riche and Geordie Williamson (2015). “Tilting modules and the p-canonical basis”.
To appear in Astérisque. arXiv: 1512.08296 (cit. on pp. 998, 1000, 1009).

Marc Sauerwein (2018). “Koszul duality and Soergel bimodules for dihedral groups”.
Trans. Amer. Math. Soc. 370.2, pp. 1251-1283. MR: 3729500 (cit. on p. 1007).

Wolfgang Soergel (1990a). “Kategorie @, perverse Garben und Moduln iiber den Koin-
varianten zur Weylgruppe”. J. Amer. Math. Soc. 3.2, pp. 421-445. MR: 1029692
(cit. on p. 998).

— (1990b). “Kategorie @, perverse Garben und Moduln iiber den Koinvarianten zur
Weylgruppe”. J. Amer. Math. Soc. 3.2, pp. 421-445. MR: 1029692 (cit. on p. 1007).

— (1992). “The combinatorics of Harish-Chandra bimodules”. J. Reine Angew. Math.
429, pp. 49-74. MR: 1173115 (cit. on p. 998).

— (1997). “Kazhdan—Lusztig polynomials and a combinatoric[s] for tilting modules”.
Represent. Theory 1, pp. 83—114. MR: 1444322 (cit. on pp. 990, 999).

— (2000). “On the relation between intersection cohomology and representation theory
in positive characteristic”. J. Pure Appl. Algebra 152.1-3. Commutative algebra, ho-
mological algebra and representation theory (Catania/Genoa/Rome, 1998), pp. 311—
335. MR: 1784005 (cit. on pp. 980, 981, 1004).

— (2007). “Kazhdan—Lusztig-Polynome und unzerlegbare Bimoduln iiber Polynomrin-
gen”. J. Inst. Math. Jussieu 6.3, pp. 501-525. MR: 2329762 (cit. on p. 998).

T. A. Springer (1982). “Quelques applications de la cohomologie d’intersection”. In:
Bourbaki Seminar, Vol. 1981/1982. Vol. 92. Astérisque. Soc. Math. France, Paris,
pp. 249-273. MR: 689533 (cit. on pp. 991, 993).

Ross Street (1996). “Categorical structures”. In: Handbook of algebra, Vol. 1. Vol. 1.
Handb. Algebr. Elsevier/North-Holland, Amsterdam, pp. 529-577. MR: 1421811
(cit. on p. 994).

Geordie Williamson (2014). “On an analogue of the James conjecture”. Represent. The-
ory 18, pp. 15-27. MR: 3163410 (cit. on p. 989).

— (2015). “A reducible characteristic variety in type A”. In: Representations of reduc-
tive groups. Vol. 312. Progr. Math. Birkhduser/Springer, Cham, pp. 517-532. MR:
3496286 (cit. on p. 989).

— (2017a). “Algebraic representations and constructible sheaves”. Jpn. J. Math. 12.2,
pp. 211-259. MR: 3694932 (cit. on pp. 982, 1004).

— (2017b). “On torsion in the intersection cohomology of Schubert varieties”. J. Alge-
bra 475, pp. 207-228. MR: 3612469 (cit. on p. 1003).

— (2017c). “Schubert calculus and torsion explosion”. J. Amer. Math. Soc. 30.4. With a
joint appendix with Alex Kontorovich and Peter J. McNamara, pp. 1023-1046. MR:
3671935 (cit. on pp. 981, 1002—1004).

— (2017d). “The Hodge theory of the decomposition theorem”. Astérisque 390. Sémi-
naire Bourbaki. Vol. 2015/2016. Exposés 1104—1119, Exp. No. 1115, 335-367. MR:
3666031 (cit. on p. 982).

Geordie Williamson and Tom Braden (2012). “Modular intersection cohomology com-
plexes on flag varieties”. Math. Z. 272.3-4, pp. 697-727. MR: 2995137 (cit. on
pp. 1000, 1003).


https://doi.org/10.1112/S0010437X13007483
https://doi.org/10.1112/S0010437X13007483
http://www.ams.org/mathscinet-getitem?mr=MR3177269
http://arxiv.org/abs/1512.08296
http://arxiv.org/abs/1512.08296
https://doi.org/10.1090/tran/7014
http://www.ams.org/mathscinet-getitem?mr=MR3729500
https://doi.org/10.2307/1990960
https://doi.org/10.2307/1990960
http://www.ams.org/mathscinet-getitem?mr=MR1029692
https://doi.org/10.2307/1990960
https://doi.org/10.2307/1990960
http://www.ams.org/mathscinet-getitem?mr=MR1029692
https://doi.org/10.1515/crll.1992.429.49
http://www.ams.org/mathscinet-getitem?mr=MR1173115
https://doi.org/10.1090/S1088-4165-97-00021-6
http://www.ams.org/mathscinet-getitem?mr=MR1444322
https://doi.org/10.1016/S0022-4049(99)00138-3
https://doi.org/10.1016/S0022-4049(99)00138-3
http://www.ams.org/mathscinet-getitem?mr=MR1784005
https://doi.org/10.1017/S1474748007000023
https://doi.org/10.1017/S1474748007000023
http://www.ams.org/mathscinet-getitem?mr=MR2329762
http://www.ams.org/mathscinet-getitem?mr=MR689533
https://doi.org/10.1016/S1570-7954(96)80019-2
http://www.ams.org/mathscinet-getitem?mr=MR1421811
https://doi.org/10.1090/S1088-4165-2014-00447-3
http://www.ams.org/mathscinet-getitem?mr=MR3163410
http://www.ams.org/mathscinet-getitem?mr=MR3496286
https://doi.org/10.1007/s11537-017-1646-1
http://www.ams.org/mathscinet-getitem?mr=MR3694932
https://doi.org/10.1016/j.jalgebra.2016.06.006
http://www.ams.org/mathscinet-getitem?mr=MR3612469
https://doi.org/10.1090/jams/868
http://www.ams.org/mathscinet-getitem?mr=MR3671935
http://www.ams.org/mathscinet-getitem?mr=MR3666031
https://doi.org/10.1007/s00209-011-0955-y
https://doi.org/10.1007/s00209-011-0955-y
http://www.ams.org/mathscinet-getitem?mr=MR2995137

1014 GEORDIE WILLIAMSON

A. V. Zelevinskii (1983). “Small resolutions of singularities of Schubert varieties”.
Funktsional. Anal. i Prilozhen. 17.2, pp. 75-77. MR: 705051 (cit. on p. 1003).

Received 2017-12-04.

GEORDIE WILLIAMSON
g.williamson@sydney.edu.au

RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES
KyoTto UNIVERSITY

Kyoto 606-8502

JAPAN


http://www.ams.org/mathscinet-getitem?mr=MR705051
mailto:g.williamson@sydney.edu.au

	The Decomposition Theorem and Parity Sheaves
	Motivation: The Weil conjectures
	The Decomposition Theorem
	Parity Sheaves
	Intersection Forms
	Examples

	The Hecke category
	The Hecke algebra
	The Hecke category: geometric incarnation
	Role of the Decomposition Theorem
	The Hecke category: generators and relations
	The spherical and anti-spherical module
	The p-canonical basis
	Torsion explosion
	Open questions about the p-canonical basis

	Koszul duality
	Classical Koszul duality
	Monoidal Koszul duality
	Modular Koszul duality


