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1. Introduction
1.1. Bayesian Inversion R™

Consider the problem of finding v € R™ from y € R’ where u and y are related by the equation
y = G(u).

We refer to y as observed data and to u as the unknown. This problem may be difficult for a number of
reasons. We highlight two of these, both particularly relevant to our future developments.

1. The first difficulty, which may be illustrated in the case where n = .J, concerns the fact that often the
equation is perturbed by noise and so we should really consider the equation

y=Glu)+, (L1)

where 7 € R” represents the observational noise which enters the observed data. It may then be the
case that, because of the noise, y is not in the image of G so that simply inverting G on the data y
will not be possible. Furthermore, the specific instance of 7 which enters the data may not be known
to us; typically, at best, only the statistical properties of a typical noise n are known. Thus we cannot
subtract n from the observed data y to obtain something in the image of G.

2. The second difficulty is manifest in the case where n > J so that the system is underdetermined: the
number of equations is smaller than the number of unknowns. How do we attach a sensible meaning
to the concept of solution in this case where, generically, there will be many solutions?

Thinking probabilistically enables us to overcome both of these difficulties. We will treat u,y and 7 as
random variables and define the “solution” of the inverse problem to be the probability distribution of u
given y, denoted u|y. This allows us to model the noise via its statistical properties, even if we do not know
the exact instance of the noise entering the given data. And it also allows us to specify a priori the form of
solutions that we believe to be more likely, thereby enabling us to attach weights to multiple solutions which
exaplain the data. This is the Bayesian approach to inverse problems.

To this end, we define a random variable (u,y) € R™ x R’ as follows. We let u € R™ be a random
variable with (Lebesgue) density po(u). Assume that y|u (y given u) is defined via the formula (1.1) where
G : R™ — R’ is measurable, and 7 is independent of u (we sometimes write this as 7 | u) and has Lebesgue
density p(n). Then (u,y) € R® x R’ is a random variable with Lebesgue density p(y — G(u))po(u).

The following theorem allows us to calculate the distribution of the random variable u|y:

Theorem 1.1. Bayes’ Theorem. Assume that

Z = /n p(y — G(u)) po(u)du > 0.

Then uly is a random variable with Lebesque density pY(u) given by

p¥(u) = %p(y — G(u)) po(u).

Remarks 1.2. The following remarks establish the nomenclature of Bayesian statistics, and also frame the
previous theorem in a manner which generalizes to the infinite dimensional setting.

po(u) is the prior density.

p(y — G(u)) is the likelihood.

pY(u) is the posterior density.

It will be useful in what follows to define

D(u;y) = —logp(y — G(u)).

We call ® the potential. This is the negative log likelihood.
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o Let ¥ be measure on R™ with density p¥ and po measure on R™ with density po. Then the conclusion
of Theorem 1.1 may be written as:

iy
ﬁ(w —Llew (—®(usy)),

7
(1.2)
Z= /n exp ( — ®(u;y)) po(du).

Thus the posterior is absolutely continuous with respect to the prior, and the Radon-Nikodym derivative
is proportional to the likelihood. The expression for the Radon-Nikodym derivative is to be interpreted
as the statement that, for all measurable f : R™ — R,

du

Euyf(u) — [EHo (duo

(w)f(w).

Alternatively we may write this in integral form as

flw ) = [ (5 exp(~0ui) ) o).

R~

1.2. Inverse Heat Equation

This inverse problem illustrates the first difficulty, labelled 1. in the previous subsection, which motivates
the Bayesian approach to inverse problems. Let D C R? be a bounded open set, with smooth boundary dD.
Then define the Hilbert space H and operator A as follows:

H = (L2(‘D)7 <'7 '>7 || : ”)7
A=-/A, D(A)=H*D)nH(D).
Lemma 1.3. The eigenvalue problem
Apj = ajpj,

has a countably infinite set of solutions, indexed by j € ZT, and satisfying the L?—orthonormality condition
1, i=k
<(P37<Pk>_{ 0, j# k.
Furthermore, the eigenvalues are positive and, if ordered to be increasing, satisfy o < j%.

Consider the heat conduction equation on D, with Dirichlet boundary conditions, writing it as an ordinary

differential equation in H:

dv
g + Av =0, v(0)=u. (1.3)

We have the following:
Lemma 1.4. For every u € H there is a unique solution u of equation (1.3) in the space v € C([0,00); H).

Note that, if the initial condition is expanded in the eigenbasis as
o0
uw=Y ujp;, u;=(up;
j=1
then the solution of (1.3) has the form

o0
u(t) = Z uje” ;.
j=1
3



We will be interested in the inverse problem of finding u from y where

y = v()+n
= G(u)+n.

Here i € H is noise and G(u) := v(1) = e~ “u. Formally this looks like an infinite dimensional linear version
of the inverse problem (1.1), extended from finite dimensions to a Hilbert space setting. However the operator
e : H — H is not continuous and so we need regularization to make sense of the problem. Thus, if the
noise n € H, it will not be possible to simply apply G~! to y, difficulty 1. from the preceding subsection.
We will apply a Bayesian approach and hence will need to put probability measures on the Hilbert space H;
in particular we will want to study P(u), P(y|u) and P(u]y), all probability measures on H.

1.3. Elliptic Inverse Problem

One motivation for adopting the Bayesian approach to inverse problems is that prior modelling is a trans-
parent approach to dealing with under-determined inverse problems; it forms a rational approach to dealing
with the second difficulty, labelled 2. in the previous subsection. The elliptic inverse problem we now describe
is a concrete example of an under-determined inverse problem.

As in Section 1.2, D C R¢ denotes a bounded open set, with smooth boundary D. We define the Hilbert
spaces (Gelfand triple) V' C H C V* as follows:

H = (L*(D), (), -1):

V = HI(D) with norm |- ly = |V -
V* dual space;

|-l <Cpll - ||v (Poincaré inequality).

Let k € X := L*°(D) satisfy

ess CElgjfj K(Z) = Kmin > 0. (1.4)
Now consider the equation
-V (kVp) = f, ze€D, (1.5a)

Lemma 1.5. Assume that f € V* and that & satisfies (1.4). Then (1.5) has a unique weak solution p € V.
This solution satisfies

Ipllv < [ fllv+/Kmin
and, if f € H,
Ipllv < Cpll £/ Fmin-

We will be interested in the inverse problem of finding x from y where

Here [; € V* is a continuous linear functional on V' and 7; is a noise.

Notice that the unknown, x € L°(D), is a function (infinite dimensional) whereas the data from which
we wish to determine x is finite dimensional: y € R/. The problem is severely under-determined, illustrating
point 2. from the previous subsection. It is natural to treat such problems in the Bayesian framework, using
prior modeling to fill-in missing information. We will take the unknown function to be v where either u = k
or u = log k. In either case, we will define G;(u) = [;(p) and then (1.6) may be written as

y=G(u)+n (1.7)
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where i, € R” and G : X’ C X — RY. The set X’ is introduced because G may not be defined on the
whole of X. In particular, the positivity constraint (1.4) is only satisfied on

X’::{ueX:essinfu(x)>O}CX

xeD

in the case where x = u. On the other hand if k = exp(u) then the positivity constraint (1.4) is satisfied for
any u € X.
Notice that we again need probability measures on function space, here the Banach spaceX = L (D). Fur-

thermore, these probability measures should charge only positive functions, in view of the desired inequality
(1.4).

2. Prior Modeling
2.1. General Setting

We let {¢;}32, denote an infinite sequence in the Banach space (X, - |l) of R—valued functions defined on
D c R%, a bounded, open set with smooth boundary. (The extension to R™—valued functions is straightfor-
ward, but omitted for brevity). We normalize these functions so that ||¢,]| = 1 for j = 1,--- , 00; we do not
assume that ¢g is normalized. Define the function u by

u=¢o+ » u;d;. (2.1)

j=1

By randomizing u := {u;}$2, we create random functions. To this end we define the deterministic sequence
v = {7}32, and the iid. random sequence { = {{;}32,, and set u; = 7;&;. We let (Q,f, ]P’) denote
the probability space for the i.i.d. sequence & € 2 = R*°, with E denoting expectation. In the next three

subsections we demonstrate how this general setting may be adapted to create a variety of useful prior
measures on function space. On occasion we will find it useful to consider the truncated random functions

N
uN =0+ uids,  u; =78 (2.2)

j=1

2.2. Uniform Priors

Choose X = L*(D). Assume u; = ;& with § = {§;}52; an iid. sequence with {; ~ U[-1,1] and
v ={v; }3";1 € ¢'. Assume further that there are finite, positive constants ¢min, @max, 0 > 0 such that

€88 wnelg ¢0(I) Z Qbmin;

ess sup ¢o(z) < dmax;
xEeD

0

- 1+5¢min-

V]l

Theorem 2.1. The following holds P—almost surely: the sequence of functions {uN}3$_, given by (2.2) is
Cauch in X and the limiting function u given by (2.1) satisfies
1
149

0

1+5¢min a.e. x€D.

¢min S U(CE) S (bmax +



Proof. Let N > M. Then, P—a.s.,

N
e =Moo = | 3w
oo

J=M+1

N
SH > vigie;
j=M+1
o0
< D hillélgsleo
j=M+1
o0

< >0yl

J=M+1

o0

The right hand side tends to zero as M — oo by the dominated convergence theorem and hence the sequence
is Cauchy in X.
We have P—a.s. and for a.e. x € D,

u(@) > do(@) = > |uyllleslleo
=1
> ess inf go(w) - Zl 1
=
> (bmin - ||’Y||€1
1
- md)min-

Proof of the upper bound is similar. O

Example Consider the random function (2.1) as specified in this section. By Theorem 2.1 we have that,
P—a.s.,

1
u(z) > 1—+5¢m“‘ >0, ae ze€D. (2.3)

Set x = w in the elliptic equation (1.4), so that the coefficient k in the equation and the solution p are

random variables on (Q,f, ]P’). Since (2.3) holds P—a.s., Lemma 1.5 shows that, again P—a.s.,

Ipllv < (L + ) fllv+/Pmin-

Since the r.h.s. is non-random we have that for all » € Z* the random variable p € LL(%; V):

Elplly < oo
In fact Eexp(a|lp||},) < oo for all r € ZT and a € (0,00). O
2.3. Besov Priors

Now we set ¢g = 0 and let {¢;}3%; be an orthonormal basis for X. Let

X = L3(T?) = {u’ » lu(x)|*dx < oo, » u(z)dr = O}

for d < 3 with inner-product and norm denoted by (-,-) and || - || respectively. Then, for any u € X, we have

w() =3 usdy, = (u,05). (2.4)
Jj=1 6



Given a function written in this form, we define the Banach space X*? by

o0 ; 1
]| 0 = (Zj(#+%—1>|uj|q) a
=1

with ¢ > 1 and s > 0. If {¢;} form the Fourier basis and ¢ = 2 then X*? is the Sobolev space H! of
mean-zero periodic functions with ¢ (possibly non-integer) square-integrable derivatives. On the other hand,
if the {¢;} form certain wavelet bases, then X*9 is the Besov space By,

Now we set ¢g = 0 and let {¢;}52, be an orthonormal basis for X and consider (2.1). As described above,
we assume that u; = v;&; where { = {&}52, is ii.d. sequence and v = {7;}32, is deterministic. Here we
assume that & is drawn from the centred measure on R with density proportional to exp ( — %|:v|q) for some
1 < ¢ < oo. Then for s >0, 6 > 0 we define

Then for functions of the form (2.1) we have
Theorem 2.2. The following are equivalent

i) ||ul| xt.a < 00 P—a.s.;

i) E(exp(a”u”gﬁq)) < oo for any a € [0, g);

“ee _Q
i)t <s— g

Proof. We first note that, for the random function in question,

o0
tq 1 ._(s=ta
l[ull%ea = ZJ( FE |t =Y 5T (gl

j=1

Now, for a < %,

Eexp (al&]?) = /Rexp(— (%—a)|:v|q)dx//Rexp(—%|x|q>d:v
= (1-2a)77.
iii) = i).

(s—t)g t)q

o~

Mg

E(exp(oful}..)) = E(exp(o &19)

oo 1
( (S*t)q>_5
= I I d .

Since a < g the product converges if % >lie t<s— g as required.

1

i) = i).

This is automatic since, for any random variable u, and any positive function f, Ef(u) < oo = f(u) < 0o
a.s.

i) = iii).
To show that (i) implies (iii) note that (i) implies that, almost surely,

> G < oo
j=1
7



Define ¢; = j(t_s)Q/d|§j|q. Using the fact that the (; are non-negative and independent we deduce from

Lemma 2.3 that - -
S E(GAL) = ZE(j<t*S>q/d|§j|q A 1) < 0.
j=1 j=1

This implies that ¢ < s. We note that then

EG = E(jC09/g)
= E(5OTG g <o ormy ) +E (5001 g 5 oy )
< E((GA)gg <jemnim ) +1
< B(Gn1) 41

where -
1 ocj_(s_t)Q/d/ 2l 2 dy.
(s—t)/d

Noting that, since ¢ > 1, the function = — 2%¢~*"/2 is bounded, up to a constant of proportionality, by the

function z — e~ ** for any a < %, we see that there is a positive constant K such that

I < Kj—(s—t)q/d/ e~ o
jls=t)/d

= Ljem0ara o (= /)
(6%

= L.

Thus we have shown that

ZE( (=aldjg;0) < ZE(@M) Sy <o

Jj=1

Since the &; are i.i.d. this implies that
o0
Zj(t*S)q/d < o0,
j=1

from which it follows that (s —t)g/d > 1 and (iii) follows. O

Lemma 2.3. Let {I; };";1 be an independent sequence of R*—wvalued random variable. Then
le<oo a.s.@ZE(I]/\l)<oo
j=1 j=1

2.4. Gaussian Priors

Let X be a Hilbert space H with inner-product and norm denoted by (-,-) and || - || respectively. Assume
that {¢;}32, is an orthonormal basis for H. Define

= {u| > i <o, uy=(u, ¢j>}- (2.5)
j=1



As in the Section 2.3, we consider the setting in which ¢g = 0 so that function v is given by (2.4). We
choose & ~ N(0,1) and ; =< j~@. We are interested in convergence of the following series, found from (2.2)

with ¢g = O:
N
UN = Z’u]‘(bj, Uj; = ’}/ij. (26)
j=1
To understand this sequence of functions, indexed by N, it is useful to introduce the following function space:
LR HY) = {v Qx D R‘EHUH%U < oo}.

This is in fact a Hilbert space.

Theorem 2.4. The sequence of functions {u™N}$_, is Cauchy in the Hilbert space L3(Q;HY), t < s — g.

Thus the infinite series

u(x) = Zujéf’j(ﬂ?), u; = ;&5 (2.7)

exists as an L?—limit and takes values in H? fort < s — %.

Proof. For N > M,

N
.2t
E > g ul?

Eflu™ — u™ |3

j=M+1
N o)
2(t—s) L2(t—s)
= E 7 4 < E 7 .
j=M+1 j=M+1

The sum on the right hand side tends to 0 as M — oo, provided 2(%5) < —1, by the dominated convergence
theorem. This completes the proof. O

Remarks 2.5. We make the following remarks concerning the Gaussian random functions constructed in
the preceding theorem.

o The preceding theorem shows that the sum (2.6) has an L3 limit in H' when t < s — d/2. The same
methods used to prove Theorem 2.2 show that the sum also has an almost sure limit in H' when
t < s—d/2. Indeed, fort < s— g,

o0
.2t
Elulfe = Y j*E(;&)
j=1
o0
.2t
- S
j=1

o0
L2(t—s)
= gj a < 0o0.
J=1

Thus u € H” a.s., t<s— 9.

e From the preceding theorem we see that, provided s > %, the random function in (2.7) generates a mean
zero Gaussian measure on H. The expression (2.7) is known as the Karhunen-Loéve expansion, and
the eigenfunctions {¢;}32, as the Karhunen-Loéve basis.



e The following formal calculation gives an expression for the covariance operator:

C = Eu(z) @ u(x)

oo oo

:IE( Z Y6 R (x )®¢k($))

j=1k=1

> B €05 (2) @ or ()

1 k=1

ZFYJFY]C(SJ]CQSJ ) ® pr(z ))

1 k=1

75 95(z) ® ¢;(@).

I
M2

J

I I
Amg ?/M\g ™

Jj=1

From this expression for the covariance, we may find eigenpairs explicitly:

Con ij ) © () P

ZFY] G5, D) P; = Z”Yg 0k Pk = V-

Jj=1 Jj=1

e The Gaussian measure is denoted N'(0,C) and the eigenfunctions of C, {¢;}32,,
Loéve basis for measure jy. The ”yjz are the eigenvalues associated with this eigenbasis, and thus vy; is
the standard deviation of the Gaussian measure in the direction ¢;.

are the Karhunen-

Example In the case where H = LQ('H‘d) we are in the setting of Section 2.3. Furthermore, we now assume
that the {¢;}52, constitute the Fourier basis. It then follows that H* = H* (T?), the Sobolev space of periodic
functions on [O, 1)? with mean zero and t (possibly negative or fractional) square integrable derivatives,

denoted by H'. Thus u € H' a.s., t < s — 4.

A commonly arising choice of prior covariance operator is C = (A)~* with A = —A, D(A) = H?(T%).
It then follows, analogously to the result of Lemma 1.3 in the case of Dirichlet boundary conditions, that
%2 = j_zTa. Thus s = a and v € H', t < a — %. As a result, for any t < a — , it is possible to view the
resulting Gaussian measure as defined on the Hilbert space H*. In fact, by use of the Kolmogorov cont1nu1ty
theorem, the Gaussian measures may also be defined on Holder spaces C%¢, for t < o — —, ifa—% 6 (0,1)
and C™¢ withr = [ — ], e=a—9%—re(0,1). O

The previous example illustrates the fact that, although we have constructed Gaussian measures in a
Hilbert space setting, they may also be defined on Banach spaces, such as the space of Holder continuous
functions. The following theorem then applies.

Theorem 2.6. Fernique Theorem Let iy be a Gaussian measure on the separable Banach space X. Then
there ezists 5. € (0,00) such that, for all 8 € (0, 5.)
B exp (Bull%) < oo

Remark 2.7. Theorem 2.2 establishes this result in the case covered by the preceding example, for X =

Xt =H, if uo = N(0,A%) and t < o — %.

Example Consider the random function (2.1) in the case where H = L*(T%) and po = N'(0,A™%), a > g
as in the preceding example. Then we know that u € C%!, t < (a — %) A 1l. Set k = e in the elliptic PDE

10



(1.5) so that the coefficient x and the solution p are random variables on the probability space (Q, F, IP’).

Then Kpin given in (1.3) satisfies
Kmin = exp ( - ||u||oo)

By Lemma 1.5 we obtain
Ipllv < exp ([fulloc) | fllv--

Since C%t ¢ L>(T?), t € (0,1), we deduce that,
[ullLoe < Killuflcr-

Furthermore, for any € > 0, there is constant Ko = Ks(e€) such that exp(Kirx) < Ksexp(ez?) for all z > 0.
Thus

Pl < exp (Kirflullce) 1117+
< Kaexp (el|ull &) 1 £17--

Hence, by Theorem 2.6, we deduce that
Elplly; < oo, ie pelp(V) VrelZ'.

Thus, when the coefficient of the elliptic PDE is log-normal, that is x is the exponential of a Gaussian
function, moments of all orders exist for the random variable p. However, unlike the case of the uniform
prior, we cannot obtain exponential moments on Eexp(«a||p||},) for any (r,a) € Z* x (0,00). This is because
the coefficient, whilst positive a.s., does not satisfy a uniform positive lower bound across the probability
space. U

2.5. Summary

In the preceding three subsections we have shown how to create random functions by randomizing the
coefficients of a series of functions. We have also studied the regularity properties of the resulting functions.
For the uniform prior we have shown that the random functions all live in a subset of X = L°° characterized
by the upper and lower bounds given in Theorem 2.1; denote this subset by X’. For the Besov priors we have
shown in Theorem 2.2 that the random functions live in the Banach spaces X9 for all ¢t < s — d/q; denote
any one of these Banach spaces by X’. And finally for the Gaussian priors we have shown in Theorem 2.4
that the random function exists as an L?—limit in any of the Hilbert spaces H! for t < s —d/2. Furthermore,
we have indicated that, by use of the Kolmogorov test, we can also show that the Gaussian random functions
lie in certain Holder spaces; denote any of the Hlbert or Banach spaces where the Gaussian random function
lies by X’. Thus, in all of these examples, we have created a probability measure pg which is the pushforward
of the measure PP on the i.i.d. sequence £ under the map which takes the sequence into the random function.
This measure lives on X', and we will often write 1o(X’) = 1 to denote this fact. This is shorthand for saying
that functions drawn from p are in X’ almost surely.

3. Posterior Distribution
3.1. Conditioned Random Variables

Key to the development of Bayes’s Theorem, and the posterior distribution, is the notion of conditional
random variables. In this section we develop an important theorem concerning conditioning.

Let (X, A) and (Y, B) denote a pair of measurable spaces and let v and 7 be probability measures on
X x Y. We assume that v < 7. Thus there exists m—measurable ¢ : X x Y — R with ¢ € L and

Y (e.9) = 62y, (31)

11



That is, for (z,y) € X x Y,
EY f(x,y) = E™ (¢(x,y) f(2,)),

or, equivalently,

/ F (@ y)w(de, dy) = / oz, )1 (. y)r(de, dy).
XxXY

X XY
Theorem 3.1. Assume that the conditional random variable x|y exists under © with probability distribution

denoted w¥(dx). Then the conditional random variable x|y under v exists, with probability distribution denoted
by v¥(dx). Furthermore, v¥ < ¥ and

o[ ey, )0
dmy 1, otherwise

with c(y) = [ (x,y)dn?(x).

Example Let X = C’([O, 1]; R), Y = R. Let 7 denote the measure on X x Y induced by the random variable
(w(-),w(1)), where w is a draw from standard unit Wiener measure on R, starting from w(0) = z.

Let ¥ denote measure on X found by conditioning Brownian motion to satisfy w(1) = y, thus 7¥ is a
Brownian bridge measure with w(0) = z,w(1) = y.

Assume that v < 7 with J
v
- (@9) = e (= 8(z,y)).

(Such a formula arises from the Girsanov theorem, for example, in the theory of stochastic differential
equations — SDEs.) Assume further that

sup ®(z,y) = T (n), inf ®(z,y) = 0 (n)
zes z€S

and &, ®T € (0,00) for every y € R. Then

cly) = /Rexp ( — P(x, y))duy(:v) > exp ( — <I>+(y)) > 0.

Thus v¥(dz) exists and
dvy 1

ﬁ(%) = @exp(—fb(x,y)). O

The following lemma is useful for checking measurability.

Lemma 3.2. Let (Z,C) be a measurable space and assume that G € C(Z;R) and that ©(Z) =1 for some
probability measure m on Z. Then G is a m—measurable function.

3.2. Bayes’ Theorem for Inverse Problems

Let X, Y be separable Banach spaces, and G : X — Y a measurable mapping. We wish to solve the inverse
problem of finding u from y where
y=Gu)+n (3.2)

and 7 € Y denotes noise. We employ a Bayesian approach to this problem in which we let (u,y) € X x Y
be a random variable and compute u|y. We specify the random variable (u,y) as follows:

e Prior: u ~ pp measure on X.
e Noise: 7 ~ Qp measure on Y, and n L u.

12



The random variable y|u is then distributed according to the measure Q,, the translate of Qy by G(u).
We assume throughout the following that Q, < Qq for u po— a.s. Thus, for some potential & : X xY — R,

dQ,
dQq

For given instance of the data y, ®(u;y) is the negative log likelihood. Define v to be the product measure
defined by

(y) = exp (— @(us9)). (3.3)

vo(du, dy) = Qo(dy)po(du). (3.4)

We also assume in what follows that ®(-,-) is vy measurable. Then the random variable (u,y) € X x Y is
distributed according to measure v(du, dy) where

dv

d—yo(u,y) =exp (— ®(u;9)).

We have the following infinite dimensional analogue of Theorem 1.1.

Theorem 3.3. Bayes Theorem Assume that ® : X XY — R is vy measurable and that, for y Qp—a.s.,
Z = / exp (— ®(u; y)) po(du) > 0. (3.5)
X

Then the conditional distribution of uly exists under v, and is denoted p¥. Furthermore p¥ < po and, fory

v—a.s.,
dpy 1

o (u) = 7 exp ( — D (u; y)) (3.6)

Proof. First note that the positivity of Z holds for y vy almost surely, and hence by absolute continuity of v
with respect to v, for y v almost surely. The proof is an application of Theorem 3.1 with 7 replaced by vy,
¢(z,y) = exp (— ®(z,y)) and (z,y) — (u,y). Since vy (du, dy) has product form, the conditional distribution
of uly under vy is simply 9. The result follows. O

Remarks 3.4. In order to implement the derivation of Bayes’ formula (3.6) four essential steps are required:

e Define a suitable prior measure o and noise measure Qo whose independent product form the reference
measure V.

Determine the potential ® such that formula (3.3) holds.

Show that ® is vy measurable.

Show that the normalization constant Z given by (3.5) is positive almost surely with respect to y ~ Q.

Remark 3.5. In formula (3.6) we can shift ®(u,y) by any constant c¢(y), independent of u, provided the con-
stant is finite Qo—a.s. and hence v—a.s. Such a shift can be absorbed into a redefinition of the normalization
constant Z.

3.3. Heat Equation

A

We apply Bayesian inversion to the heat equation from Section 1.2. Recall that for G(u) = e~ “u, we have

the relationship
y=G(u)+mn,

which we wish to invert. Let X = H and define H' = D(A%). Then, for u = 3" u;¢;,
H = {u‘ Za?u? < oo, uj=(u, gaj>}.

Recall from Lemma 1.3 that o; =< j% so this agrees with H! as defined in subsection 2.4. Furthermore, we
observe that
H! = D(AY?) = {w‘w = A7 2wg, wy € H}
13



We choose the prior 19 = N (0, A~%), a > 2. Thus po(X) = po(H) = 1. Indeed the analysis in subsection
2.4 shows that po(H!') = 1, t < a — 2. For the likelihood we assume that 7 L u with n ~ Qp = N(0, A7),

and 3 € R. This measure satisfies Qo(H!) = 1 for t < #— % and we thus choose ¥ = HY' for some t' < 3 — 4.
Notice that our analysis includes the case of white observational noise, for which 8 = 0. The Cameron-Martin

Theorem, together with the fact that e~ commutes with arbitrary fractional powers of A, can be used to
show that y|u ~ Q, := N(G(u), A=?) where Q, < Qg with

dQ,
dQq

(y) = exp (— ®(us 1)),

1
D(u;y) = §|\fl§(f‘4u||2 - (Agefgy,Ageféu).

In the following we repeatedly use the fact that AYe=*, X\ > 0, is a bounded linear operator from H® to H?,
any a,b,~ € R. Recall that vo(du,dy) = po(du)Qo(dy). Note that vo(H x H!') = 1. Using the boundedness
of A7e=*4 it may be shown that

®:HxH =R

is continuous, and hence vy—measurable by Lemma 3.2.
Theorem 3.3 shows that the posterior is given by p¥ where

d Yy
U 0) = 0 (— @),

Z= A]eXp(—¢(U;y))uo(dU),

provided that Z > 0 for y Qp—a.s. Since y € H? for any t < 3 — g, Qo—a.s., we have that y = A2 for
some wg € H and t' < 8 — g. Thus we may write

A

1 —t/
D(u;y) = §|\A§eﬂ4u|\2 - (ABTeffwo,Ageféu). (3.7)
Then, using the boundedness of A7e=*4, X\ > 0, together with (3.7), we have
®(u;y) < C(l|ull* + [[wol?)

where |[wp|| is finite Qp—a.s. Thus
22 [ (=00 ol
ul|?2<1

and, since o (||ul|? < 1) > 0 (all balls have positive measure for Gaussians on a separable Banach space) the
result follows.

3.4. Elliptic Inverse Problem

We consider the elliptic inverse problem from Section 1.3 from the Bayesian perspective. We consider the
use of both uniform and Gaussian priors. Before studying the inverse problem, however, it is important to
derive some continuiuty properties of the forward problem. Consider equation (1.5) and, define

Xt = {v € L"O(D)’ess inf v(x) > O}

xeD

and define the map R : XT — V by R(x) = p. This map is well-defined by Lemma 1.5.

14



Lemma 3.6. Fori=1,2, let

-V (&iVp;)) = [, z€D,
pi = 0, xe€dD.

Then

1
lp1 — pallv < H2—||f| vk — ka2 Lo

min
where we assume that
Kmin := ess inf k1(x) Aess inf ko(x) > 0.
min 2D 1( ) zeD 2( )

Thus the function R : X — V is locally Lipschitz.

Proof. Let e = k1 — k2, d = p1 — p2. Then

V- (kiVd) = V-((k1—k2)Vp2), €D
d = 0, xze€dD.

By Lemma 1.5 (applied twice) and the Cauchy-Schwarz inequality on L? we have

”dHV < ”(Ii? - KI)VPQH/Kmin
< ||k2 — K1l oo ||p2]l v/ Emin
1
< = fllvellellze.
min

O

We now study the inverse problem of finding x from a finite set of continuous linear functionals {/; }'jjzl
on V, representing measurements of p; thus /; € V*. We study both the use of uniform priors, and the use
of Gaussian priors. We start with the uniform case, taking x = u, and we define G : X+ — R’ by

GJ(’UJ):ZJ(R(’UJ)), jzl,,J

Then G(u) = (Gi(u), - ,Gs(u)). We set X = L>(D;R), Y = R’ and consider the inverse problem of
finding u from y where
y=G(u)+n

and 7 is the noise.
Define X’ € Xt by

0

1
X/: {’UEX‘m¢min§v(x) §¢max+ 1+5

Omin a.e. T E D}.
The measure o on functions from subsection 2.2, (found as the pushforward of the measure P on i.i.d.
sequences, see subsection 2.5) is, by Theorem 2.1, a measure on X; furthermore po(X’) = 1. We take pg as
the prior.

The likelihood is defined as follows. We assume 1 ~ N(0,T'), for positive symmetric I' € R7*/. Thus
Qo =N(0,T), Q, = N(G(u),I‘) and

dQ,
dQq

(y) = exp (— ®(us 1)),

1,1 1, 1
(ury) = 302y~ Gu)| — 5173y

15



Recall that vo(dy, du) = Qo(dy)uo(du). G : X’ — R is Lipschitz by Lemma 3.6 (in fact we only use that it
is locally Lipschitz) and hence Lemma 3.2 implies that ® : X’ X Y — R is yp—measurable. Thus Theorem

3.3 shows that uly ~ u¥ where
U () = 5 exp (~ B 9))
) = = exp ((— ;
o P y

Z
Z=/ exp (— @ (u; y)) po(du),
X
provided Z > 0 for y Qp almost surely. To see that Z > 0 note that
ZZ/IGXP(—‘I’(U;Q))MO(dU)a

since po(X’) = 1. On X’ we have that R(-) is bounded in V, and hence G is bounded in R’. Furthermore ¥
is finite Qg almost surely. Thus ®(u;y) is bounded by M = M (y) < oo on X', Qg almost surely. Hence

Z > / exp(—M)po(du) = exp(—M) > 0.
and the result is proved.

We may use Remark 3.5 to shift ® by %|l"_%y|2, since this is almost surely finite under Qy and hence
under v(du, dy) = Q. (dy)po(du). We then obtain the equivalent form for the posterior distribution p¥:

auy 1 1 1 2
d—Zo(u) = 7 oxp ( —5I072(y = G(w)] ) (3.82)
1.1 2
Z:/Xexp(—§|F 2y — G(u)| )uo(du). (3.8b)

We conclude this subsection by discussing the same inverse problem, but using Gaussian priors from
subsection 2.4. We again set X = L>®(D;R), Y = R’ and, for simplicity, take D = [0,1]¢. We now take
k = exp(u), and define G : X — R’ by

Gj(u) = lj(R(exp(u))>, j=1,...,J

We take as prior on u the measure N (0, A=), from the example preceding the Fernique Theorem 2.6, with
a > d/2. The measure g then satisfies u(X’) = 1 with X’ = C(D;R). The likelihood is unchanged by the
prior, since it concerns y given u, and is hence identical to that in the case of the uniform prior, although
the mean shift from Qp by Q, by G(u) now has a different interpretation. Thus we again obtain (3.8) for
the posterior distribution (albeit with a different definition of G(u)) provided that we can establish that

Z = /Xexp ( - %}F*%(y - G(u))|2),u0(du) > 0.

To this end we use the fact that the unit ball in X', denoted B, has positive measure, and that on this ball
R (exp(u)) is bounded in V by e~ || f||v+, by Lemma 1.5, since the infimum of x = exp(u) is e~* on this ball
B. Thus G is bounded on B and, noting that y is Qp—a.s. finite, we have for some M = M (y) < oo,

1, 1 11
sup (51074 (v = G) * - 5I0HuP) <

Hence
Z > / exp(—R)po(du) = exp(—R)po(B) > 0.
B

Thusc we again obtain (3.6) for the posterior measure, now with the new definition of G, and hence ®.
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4. Common Structure

In this section we discuss various common features of the posterior distribution arising from the Bayesian
approach to inverse problems. We start, in subsection 4.1, by studying the continuity properties of the
posterior with respect to changes in data, proving a form of well-posedness; indeed we show that the posterior
is Lipschitz in the data with respect to the Hellinger metric. In subsection 4.2 we use similar ideas to study
the effect of approximation on the posterior distribution, showing that small changes in the potential ® lead
to small changes in the posterior distribution, again the Hellinger metric; this work may be used to translate
error analysis pertaining to the forward problem into estimates on errors in the posterior distribution. In
the remaining two subsections we work entirely in the case of Gaussian prior measure p. Subsection 4.3 is
concerned with derivation and study of a Langevin equation which is invariant with respect to the posterior
u, and subsection 4.4 concerns MCMC methods, also invariant with respect to u, which exploit the structure
of a target measure defined via density with respect to a Gaussian; in particular, the idea of using proposals
which preserve the prior is introduced and benefits of doing so are explained.

4.1. Well-Posedness

In many classical inverse problems small changes in the data can induce arbitrarily large changes in the
solution, and some form of regularization is needed to counteract this ill-posedness. We illustrate this effect
with the inverse heat equation example. We then proceed to show that the Bayesian approach to inversion
has the property that small changes in the data lead to small changes in the posterior distribution. Thus
working with probability measures on the solution space, and adopting suitable priors, provides a form of
regularization.

Example Consider the heat equation introduced in subsection 1.2. Let y = e~ “u and consider data y’ =
e~Au + 1 where 7 = ep; represents noise. Thus ||| = e. It is natural to apply the inverse of e~ to y and
to ¥’ to understand the effect of the noise. This yields the following:

ety — ey || = lle*(y — o)
= [le“n|

A

A
= elle”;l
= ee®.

Recall that, by Lemma 1.3, a; < j2/4_ Thus, for large enough j we can ensure that aj = (a+1)log(e?) for
some a > 0 so that ||y —¢/|| = O(e) whilst |ley — eAy'|| = O(e~%); the degree of ill-posedness can be made
arbitrarily bad by choice of a arbitrarily large. O

Our aim in this section is to show that this ill-posedness effect does not occur in the Bayesian posterior
distribution: small changes in the data y lead to small changes in the measure p¥. Let X, Y be separable
Banach spaces, and ¢ a measure on X. Assume that p¥ < pg and that, for some & : X x Y — R,

dpy B 1 '
d—uo(u) = m exp ( — D (u; y)), (4.1a)
2) = [ e (= Bwn)m(d. (4.1p)

We make the following assumptions concerning @ :

Assumptions 4.1. Let X' C X and assume that ® € C(X' x Y;R) is Lipschitz on bounded sets. Assume
further that there are functions M; : RT x Rt — R™T, i = 1,2, monotonic non-decreasing seperately in each
argument, and with My strictly positive, such that for all w € X', y,y1,y2 € By (0,7r),

(I)(u; y) > _Ml(rv HUHX)v

|D(u; 1) = (u;y2)| < Ma(r, [lullx) [y — velly-
17



In order to measure the effect of changes in y on the measure ¥ we need a metric on measures. We use
the Hellinger distance defined as follows: given two measures p and ¢/ on X, both absolutely continuous
with respect to a common reference measure v, the Hellinger distance is

bt = (& [ (/2= Y )

In particular, if 4/ is absolutely continuous with respect to p then

1 dp'\2
! P — — —_
dyen(ps p1") = 5 /X(l dM) dp.

Theorem 4.2. Let Assumptions 4.1 hold. Assume that po(X') = 1 and that po(X' N B) > 0 for some
bounded set B in X. Then, for everyy € Y, Z(y) giwven by (4.1b) is positive and probability measure p¥
given by (4.1a) is well-defined.

Proof. Since u ~ pg satisfies u € X’ a.s., we have
Z(y) = / Jexp (= (u;y)) po(du).

Note that B’ = X’ N B is bounded in X. Define
Ry = sup |lul]|x < oo.
ueB’
Since ® : X’ X Y — R is continuous it is finite at every point in B’ x {y}. Thus, by the continuity of ®(-;-)
implied by Assumptions 4.1, we see that

sup D(u;y) = Re < 0.
(u,y)€B’x By (0,r)

Hence
2() = [ expl~Rapnld) = exp(-Ra)po(B)
Since po(B’) is assumed positive and R is finite we deduce that Z(y) > 0. O

Theorem 4.3. Let Assumptions 4.1 hold. Assume that po(X') = 1 and that po(X' N B) > 0 for some
bounded set B in X. Assume additionally that, for every fized r > 0,

exp (M (r, [|ullx)) M3 (r, |ullx) € Ly, (X;R).
Then there is C = C(r) > 0 such that, for all y,y" € By (0,7)
dyen (1Y, .Uyl) <Clly—=¢llv.

Proof. Throughout this proof we use C' to denote a constant independent of u, but possibly depending
on the fixed value of r; it may change from occurence to occurence. We use the fact that, since Ms(r,-) is
monotonic non-decreasing and since it is strictly positive on [0, 00), there is constant C' > 0 such that

exp (M (r, lullx)) Ma(r, ||ullx) < Cexp (Mi(r, |ul x)) Ma(r, |ullx)?, (4.2a)
exp (My(r, |Jul|x)) < Cexp (Mi(r, |ulx)) Ma(r, [Jul| x)*. (4.2b)

Let Z = Z(y) and Z’ = Z(y') denote the normalization constants for ¥ and p¥ so that, by Theorem 4.2,
Z= [ exp(-0(uig) uo(an) >0,
AR / exp(—fb(u;y’))uo(du) > 0.

18



Then, using the local Lipschitz property of the exponential and the assumed Lipschitz continuity of ®(-;r),
together with (4.2a), we have

Z2-2] < [ Jexn (= @) - e (- 2uig))lnoldu)

< [ e (sl ) @0u0) — B ol

< (/lexp (Ml(T7HUHX)MQ(T,H’LLHX)/Lo(dU)))”y_y/HY
< C(/leXp (Ml(TvHUHX)MQ(T,Huﬂx)zuo(du)))ny—y’||Y
< Cly=9ly-

The last line follows because the integrand is in Lto by assumption. From the definition of Hellinger distance
we have

LN 2
(dHell(Myaﬂy )) <L+ Iy,

where
B = [ (exn(-58m) — exp(50(w:1)) )
L=|z"%—(Z)%| | exp(=®(u; ) podu).

Note that, again using similar Lipschitz calculations to those above, using the fact that Z > 0 and Assump-
tions 4.1,

I

IN

%/X, exp (M (r, |lul|x))|®(u;y) — ®(u;y")|po(du)

IN

1

([ exp (ol )) Ma(r o) 1 = 1
X/

< Clly-y'li-

Also, using Assumptions 4.1, together with (4.2b),
[ e (= (o) < [ exp (Ml ) ol
! X/

< [ exp (Mol ) MG )P
< 0.
Hence
L<C(ZPv(@2) )22 <Cly-YI3
The result is complete. O

Remark 4.4. The Hellinger metric has the very desirable property that it translates directly into bounds on
expectations. For functions f which are in Liy (X;R) and Liy, (X;R) the closeness of the Hellinger metric

implies closeness of expectations of f. To be precise, for y,y" € By (0,7) and C = C(r), we have

B f(u) — B2 f(u)] < Cldpon (¥, )

so that then ,
B f (u) =B f(u)] < Clly = o/
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4.2. Approximation

In this section we concentrate on continuity properties of the posterior measure with respect to approximation
of the potential ®. The methods used are very similar to those in the previous subsection, and we establish
a continuity property of the posterior distribution, in the Hellinger metric, with respect to small changes in
the potential ®.

Because the data y plays no explicit role in this discussion, we drop explicit reference to it. Let X be a
Banach space and jo a measure on X. Assume that p and v are both absolutely continuous with respect
to po and given by

dp 1
d_uo(u) = S exp (—®(u)), (4.3a)
Z = . exp (— ®(u))po(du) (4.3b)
and
du™N 1
o = Zyew(-eVw), (4.42)
zN = / exp (— @™ (u)) po(du) (4.4b)

respectively. The measure p”V might arise, for example, through an approximation of the forward map G
underlying an inverse problem of the form (3.2). It is natural to ask whether closeness of the forward map
and its approximation imply closeness of the posterior measures. We now address this question.

Assumptions 4.5. Let X' C X and assume that ® € C(X’;R) is Lipschitz on bounded sets. Assume further
that there are functions M; : RT — R™, i = 1,2, independent of N and monotonic non-decreasing seperately
in each argument, and with Ms strictly positive, such that for all u € X',

P (usy) > —M(||ul| x),

@ (u) — @ (u)] < Ma(Jullx)¢ (),
where Y(N) = 0 as N — oo.

The following two theorems are very similar to Theorems 4.2, 4.3 and the proofs are adapted to estimate
changes in the posterior caused by changes in the potential ®, rather than the data y.

Theorem 4.6. Let Assumptions 4.5 hold. Assume that po(X') = 1 and that po(X' N B) > 0 for some
bounded set B in X. Then Z given by (4.3b) is positive and probability measure p given by (4.3a) is well-
defined. Furthermore, for sufficiently large N, ZN given by (4.4b) is bounded below by a positive constant
independent of N, and probability measure p¥ given by (4.4a) is well-defined.

Proof. Since u ~ pg satisfies u € X’ a.s., we have

7 = / exp (— ®(u))po(du).
Note that B’ = X’ N B is bounded in X. Thus

Ry := sup |ullx < oo.
u€B’

Since ® : X’ — R is continuous it is finite at every point in B’. Thus, by the continuity of ®(-) implied by
Assumptions 4.5, we see that

sup ®(u) = Ry < oc.

ucB’
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Hence
Z> / exp(—Ra)podu) = exp(—Ra)po(B').

Since po(B') is assumed positive and Ry is finite we deduce that Z(y) > 0. By Assumptions 4.5 we may
choose N large enough so that
sup |®(u) — @V (u)] < Ry

ueB’
so that
sup &V (u) = 2Ry < 0.
ueB’
Hence

zN > /, exp(—2R2)po(du) = exp(—2R2)po(B').

Since y(B’) is assumed positive and R is finite we deduce that Z~ > 0. Furthermore, the lower bound is
independent of N, as required. O

Theorem 4.7. Let Assumptions 4.1 hold. Assume that po(X') = 1 and that po(X’ N B) > 0 for some
bounded set B in X. Assume additionally that

exp (M ([lullx)) M3 ([lull x) € L, (X;R).
Then there is C > 0 such that, for all N sufficiently large,

dch(,Uv ,UN) < Cd}(N)

Proof. Throughout this proof we use C to denote a constant independent of u, and N; it may change from
occurence to occurence. We use the fact that, since M(-) is monotonic non-decreasing and since it is strictly
positive on [0, c0), there is constant C' > 0 such that

exp (M ([Jullx)) Ma(|lul|x) < Cexp (M ([|ullx)) Ma(]lul|x)?, (4.5a)
exp (M1 (|Jul|x)) < Cexp (Mi(]Jul|x)) Ma(|ul x)?. (4.5b)

Let Z and Z% denote the normalization constants for p and ' so that for all N sufficiently small, by
Theorem 4.6,

7Z = / / exp(—@(u))uo(du) > 0,
zN = / / exp(—@N(u))uo(du) >0,

with lower bounds independent of N. Then, using the local Lipschitz property of the exponential and the
assumed Lipschitz continuity of ®(-), together with (4.5a), we have

2-2% < | Jexp (= B) - exp (- % (w) o)

< e () [B) — 8V (@) d)

< (f exp (ull) Ma( el o) (V)
< ([ exp (s(lullo) Malulx o)) o V)
< Cy(N).
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The last line follows because the integrand is in L}LO by assumption. From the definition of Hellinger distance
we have

, N2
(dHell(Myaﬂy )) <L+ Iy,

where

n=v/ (exp<—§<1><u>) ~ exp(— 30" () o (d),

I

1z7% —(z')% el N (u)) o (du).

Note that, again using similar Lipschitz calculations to those above, using the fact (Theorem 4.6) that
Z,ZN > 0 uniformly in N — oo, and Assumptions 4.5,

ho< g [ e (n(lulx)lR() - ) Puod)

< ([ exp (s lull ) Ml Potdn) o ()2
< Cp(N).

Also, using Assumptions 4.5, together with (4.5b),

[ e (= 0¥ @)otdn) < [ exp (M1(ull ) ol

< [ exp (M(ull ) Mol o)

< 00,
and the upper bound is independent of N. Hence
L <C(Z72v (ZN)?)|Z2 - ZV]? < Cy(N)2
The result is complete. O

Remark 4.8. Using the ideas underlying Remark 4.4, this result enables us to translate errors arising
from approzimation of the forward problem into errors in the Bayesian solution of the inverse problem.
Furthermore, the errors in the forward and inverse problems scale the same way with respect to N. For
functions f which are in Li and LZN, uniformly with respect to N, the closeness of the Hellinger metric
implies closeness of expectations of f:

B f(u) — EX” f(u)] < Cw(N).

4.83. Measure Preserving Dynamics

The aim of this section is to exhibit a Hilbert space valued stochastic differential equation (SDE), which in
many applicstions has an interpretation as a stochastic partial differential equation (SPDE), and which is
invariant with respect to the posterior measure p? constructed in subsection 3.2. We restrict outselves to
the case of Gaussian priors pg. The data y plays no role in what follows and indeed the theory applies to a
wide range of measures p which have density with respect to a Gaussian prior yo including, but not limited
to, Bayesian inverse problems; we work in this general setting.

Let o = N(0,C) be a Gaussian measure on Hilbert space (H, (-, ), || - ||). We assume that u < o is given
by

du 1
d_/m(u) = S xp (— ®(u)), (4.6a)

Z /H exp ( (w)) po(du) (4.6b)



where Z € (0, 00). We assume that ® : X — R where X C H satisfies p10(X) = 1. We now specify X, thereby
linking the properties of the reference measure g and the potential ®.
We assume that C has eigendecomposition

Coj =70; (4.7)
where {¢; }J"‘;l forms an orthonormal basis for H, and where ; < j~°. Necessarily s > % since C must be
trace-class to be a covariance on H. We define the following scale of Hilbert subspaces, defined for r» > 0, by

X" ={ueH|Y 5 |(u, ;)] < oo}

j=1

and then extend to superspaces r < 0 by duality. We use || - || to denote the norm induced by the inner-
product

oo
(w,v), = > 37 uju;
j=1

for u; = (u, ¢;) and v; = (v, @;). Application of Theorem 2.2 with d = ¢ = 1 shows that po(X") =1 for all
r € [0,s — 1). In what follows we will take X = X for some fixed t € [0,5 — 3).

Notice that we have not assumed that the underlying Hilbert space is comprised of L? functions mapping
D ¢ R? into R, and hence we have not introduced the dimension d of an underlying physical space R? into
either the decay assumptions on the 7; or the spaces X". However, note that the spaces H' introduced in
subsection 2.4 are, in the case where H = L?(D;R), the same as the spaces xt/e,

The aim of this section is to show that the equation

du_ - CD(u) + \/Ed—W, u(0) = uo, (4.8)
dt dt

preserves the measure p, where W is a C—Wiener process, defined below. Precisely we show that ug ~ p
then Ep (u(t)) = Ep(ug) for all £ > 0 for continuous bounded ¢ defined on an appropriately chosen subspace
X of ‘H, under boundedness conditions on ® and its derivatives.

In subsection 4.3.1 we introduce a family of Langevin equations which are invariant with respect to a given
measure with smooth Lebesgue density. Using this, in subsection 4.3.2, we motivate equation (4.8) showing
that, in finite dimensions, it corresponds to a particular choice of Langevin equation. In subsection 4.3.3
we describe the precise assumptions under which we will prove invariance of measure p under the dynamics
(4.8). Subsection 4.3.4 describes the elements of the finite dimensional approximation of (4.8) which will
underly our proof of invariance. Finally, subsection 4.3.5 contains statement of the measure invariance result
as Theorem 4.19, together with its’ proof; this is preceded by Theorem 4.17 which establishes existence and
uniqueness of a solution to (4.8), as well as continuous dependence of the solution on the initial condition
and Brownian forcing. Theorems 4.11 and 4.9 are the finite dimensional analogues of Theorems 4.19 and
4.17 respectively and play a useful role in motivating the infinite dimensional theory.

4.3.1. Finite Dimensional Case
Before setting up the (rather involved) technical assumptions enquired for our proof of measure invariance,

we give some finite-dimensional intuition. Recall that | -| denotes the Euclidean norm on R™ and we also use
this notation for the induced matrix norm on R"™. We assume that

n

I € C*(R",R"), / e Ty = 1.

Thus p(u) = e ! is the Lebesgue density corresponding to a random variable on R™. Let p be the
corresponding measure.
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Let W denote standard Wiener measure on R”. Thus B ~ W is a standard Brownian motion in
C([0,00); R™). Let u € C([0, 00); R™) satisty the SDE

% = —ADI(u)+ \/2A%, u(0) = o (4.9)

where A € R™ " is symmetric and strictly positive definite and DI € C*(R",R") is the gradient of I.
Assume that 3M > 0 : Vu € R™, the Hessian of I satisfies

D21 ()] < M.
We refer to equations of the form (4.9) as Langevin equations, and the matrix A as a preconditioner.

Theorem 4.9. For every ug € R™ and W—a.s., equation (4.9) has a unique global in time solution u €
C(]0,00); R™).

Proof. A solution of the SDE is a solution of the integral equation
t
u(t) = ug — / ADI(u(s))ds + V2AB(t). (4.10)
0

Define X = C([0,7];R") and F : X — X by

(Fo)(t) = up — /t ADI(v(s))ds + V2AB(t). (4.11)

0

Thus u € X solving (4.10) is a fixed point of F. We show that F has a unique fixed point, for T sufficiently
small. To this end we study a contraction property of F:

|(Fv1) = (Fu)llx = O;E)T}/o (ADI(’Ul(S)) ADI(vg(s)))ds‘
T
< /0 ’ADI(’Ul(S))—ADI(’Ug(S))’dS
T
< /O LA[M]va (s) — va(s)|ds
< TJAIM|v; — va x-

Choosing T : T|A|M < 1 shows that F is a contraction on X. This argument may be repeated on succesive
intervals [T, 2T, [2T, 3T, . .. to obtain a unique global solution in C([0,c0); R™). O

Remark 4.10. Note that, since A is postive-definite symmetric, its eigenvectors e; form an orthonormal
basis for R". We write Aej = o5e;. Thus

B(t) =) Bj(t)e;
j=1
where the {;}7_, are an i.i.d. collection of standard unit Brownian motions on R. Thus we obtain

\/ZB(t) = iajﬁjej = W(f)

j=1
We refer to W as an A-Wiener process. Such a process is Gaussian with mean zero and correlation structure
EW(t) @ W(s) = A(t A s).
The equation (4.9) may be written as
du

dw
= = —ADI(w) + V2—-, u(0) = uo. (412)
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Theorem 4.11. If ug ~ p then u(t) ~ p for all t > 0. More precisely, for all p : R™ — R bounded and
continuous, ug ~ p implies
Eo(u(t)) = Ep(ug), Vt > 0.

Proof. Consider the additive noise SDE, for additive noise with strictly positive-definite diffusion matrix 3,

% = f(u) + \/ﬁ%, u(0) = ug ~ 1.
If vy has pdf pg, then the Fokker-Planck equation for this SDE is
dp _ _
% = V- (—fp+2XVp), (u,t) € R" x R,
Pli=o = po.

At time ¢ > 0 the solution of the SDE is distributed according to measure v(t) with density p(u,t) solving
the Fokker-Planck equation. Thus the initial measure vq is preserved if

V- (—fpo+SVpo) =0

and then p(-,t) = po, Vt > 0.
We apply this Fokker-Planck equation to show that p is invariant for equation (4.10). We need to show
that
V- (ADI(u)p+ AVp) =0

if p= e~ 1), But then
Vp=—DI(u)e '™ = —DI(u)p.

Thus
ADI(u)p+ AVp=ADI(u)p— ADI(u)p =0,
so that
V- (ADI(u)p+ AVp) =V -(0) = 0.
Hence the proof is complete. O

4.3.2. Motivation for Equation (4.8)

Using the preceding finite dimensional development, we now motivate the form of equation (4.8). For (4.6)
we have, if H is R"™,

pldw) = pludu,
p(u) = exp(—1I(u)),
() = %|C*%u|2+q>(u)+1nz.

Thus
DI(u) = C 'u+ D®(u)

and equation (4.9), which preserves p, is

d dB
= _A(CT u A+ DB(u)) + V2AS

dt dt
Choosing the preconditioner A = C gives

du dB
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This is exactly (4.8) provided W = +/CB, where B is a Brownian motion with covariance Z. Then W is a
Brownian motion with covariance C.

We provide further detail on the construction of W, using the discussion in Remark 4.10 to guide us. In
the infinite dimensional case we define a cylindrical Wiener process by

(t) = Z Bid;

where {3;}52, is an i.i.d. family of Brownian motions on R with 3; € C([0,00); R). Since VCh; = v;¢j, the
C—Wiener process W = v/CB is then

W(t) = Z’yjﬂj(t)gbj. (4.13)

The following formal calculation gives insight into the properties of W:

EW () @ W (s) = (3 3 5m8i (18k(s)6; @ o)

j=1k=1

BE(B;(DB(1) 65 © 61 )

NE
NE

NE
NE
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Il
—
>
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—

YikOjk(t A 8)g; @ ¢k)

—
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—
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(7 oy ®¢j)MS

I
-

C(t s).

Thus the process has the covaraince structure of Brownian motionin time, and covariance operator C in
space. Hence the name C—Wiener process.

In order to make sense of this infinite sum we follow an approach similar to that used in Theorem 2.4 to
make sense of Gaussian random sums. To this end, consider the finite sum

N
= 7Bi(t)e;
j=1

Let (2, F,P) denote the probability space underlying the i.i.d. sequence of unit Brownian motions used to
construct W.

Theorem 4.12. The sequence of functions {WN}¥_, is Cauchy in the Banach space L3(%; C([0,T]; HY)),
t < s—%. Thus the infinite series exists (4.13) as an L>—limit and takes values in C([0,T]; H?) fort < s—42.

We are now in a position to prove Theorems 4.17 and 4.19 which are the infinite dimensional analogues
of Theorems 4.9 and 4.11.

4.8.8. Assumptions on Change of Measure

Recall that 11o(X") =1 for all r € [0, s — 3). The functional ®(-) is assumed to be defined on X’ for some
te0,s— ) and indeed we will assume appropriate bounds on the first and second derivatives, building on
this assumptlon. These regularity assumptions on ®(-) that ensure that the probability distribution p is not
too different from ji9, when projected into directions associated with ¢; for j large.
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For each z € X' the derivative D®(u) is an element of the dual (X*)* of X comprising continuous linear
functionals on X'*. However, we may identify (X*)* with X% and view D®(u) as an element of X~ for each
x € X*. With this identification, the following identity holds

[De(u)l e m) = DD (w)]| -

and the second derivative D?®(u) can be identified as an element of £(X*, X~!). To avoid technicalities
we assume that ®(-) is quadratically bounded, with first derivative linearly bounded and second derivative
globally bounded. Weaker assumptions could be dealt with by use of stopping time arguments.

Assumptions 4.13. There exist constants M; € R,i < 4 and t € (0,5 — 1/2) such that, for all u € X*, the
functional ® : X* — R satisfies

My < D) < My (14 ul?):

ID2@)- < My (14 |ulle);
||D2‘1)(U)||L(Xt,xft) < My
Example The functional ®(u) = % |ul|? satisfies Assumptions 4.13. It is defined on X and its derivative
at x € X' is given by D®(u) = 3,5 07%uj¢; € X" with [D®(u)||-¢ = [Jull;. The second derivative
D?*®(u) € L(X*, X7") is the linear operator that maps u € X* to 3., j* (u, ¢;)¢; € X' its norm satisfies
[D*®(w)|| gxt,a0-+) = 1 for any 2 € X*. O
Since the eigenvalues ”yjz of C decrease as y; < j~°, the operator C has a smoothing effect: C*h gains 2as

orders of regularity in the sense that the X’-norm of C*h is controlled by the X#~2*S_norm of h € H. Indeed
we have the following:

Lemma 4.14. Under Assumptions 4.13, the following estimates hold:

1. The operator C satisfies
IC*hlls = [IP]lp—2as-

2. The function CD® : Xt — X is globally Lipschitz on X*: there exists a constant Ms > 0 such that
[CD®(u) — CDP(v)|s < Ms ||u —vl|; Vu,v € X
3. The function F : Xt — X* defined by
F(u) = —u—CD®(u) (4.14)

is globally Lipschitz on X*.
4. The functional ®(-) : X' — R satisfies a second order Taylor formula'. There exists a constant Mg > 0
such that

D(v) — (@(u) +(D®(u),v — u)) < Mg |Ju —v|)? Yu,v € Xt (4.15)

4.8.4. Finite Dimensional Approximation

Our analysis now proceeds as follows. First we introduce an approximation of the measure u, denoted by
u™N. To this end we let PV denote orthogonal projection in H onto X~ :=span{¢,--- ,¢n} and denote by
QYN orthogonal projection in H onto X+ := span{dn 1, dni2, - }. Thus Q~ = I — PV, Then define the
measure ¥ by

N
%(u} - Z—lNeXp(—CI)(PNu)), (4.16a)
N = / /exp(—@(PNu))uo(du). (4.16b)

1We extend (+,+) from an inner-product on X to the dual pairing between X' ~! and X'*.
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This is a specific example of the approximating family in (4.4) if we define
N = oo PV, (4.17)
Indeed if we take X = X7 for any 7 € (¢, — %) we see that HPNHL:(X)X) =1 and that, for any u € X,

1@ (u) — N (w)[| = [|@(u) — ®(PYu)]
< My(L+ [[ull)I( = PM)ull,
< OM3(1 + [Jull)[Jull- N~

Since ®, and hence ®V, are bounded below by —Mj, and since the function 1 + ||u||? is integrable by
the Fernique Theorem 2.6, the approximation Theorem 4.7 applies. We deduce that the Hellinger distance
between v and p? is bounded above by O(N™") for any r < s — 4 —t since 7 —t € (0,5 — 3 — 1).

We will not use this explicit convergence rate in what follows, but we will use the idea that u~ converges
to u in order to prove invariance of the measure p under the SDE (4.8). The measure p’¥ has a product
structure that we will exploit in the following. We note that any element v € H is uniquely decomposed as
u=p+qwhere p € X and ¢ € X*. Thus we will write ¥ (du) = ™ (dp, dq), and similar expressions for

1o and so forth, in what follows.

Lemma 4.15. Define CN = PNCPY and C*+ = QNCQN. Then o factors as the independent product of
measures o, p = N(0,CN) and poo = N(0,Ct) on XN and X+ respectively. Furthermore u itself also
factors as an independent product on these two spaces: p' (dp, dq) = pp(dp)ug(dq) with ug = po,q and

dup
dpio, p

(u) oc exp (= ®(p)).

Proof. Because PN and QY commute with C, and because PNQN = QY PN = 0, the factorization of the
reference measure po follows automatically. The factorization of the measure p follows from the fact that
&N (u) = ®(p) and hence does not depend on gq. O

To facilitate the proof of the desired measure preservation property, we introduce the equation

du™N

T —u —CDPN N (uV) + \/i%. (4.18)

By using well-known properties of finite dimensional SDEs, we will show that, if u™V(0) ~ uV, then u® (t) ~
u?N for any t > 0. By passing to the limit N = oo we will deduce that for (4.8), if u(0) ~ u, then u(t) ~ u
for any t > 0.

The next lemma gathers various regularity estimates on the functional ®(-) that are repeatedly used in
the sequel; the follow from the analogous properties of ® by using the structure ® = ® o PV,

Lemma 4.16. Under Assumptions 4.13, the following estimates hold with all constants uniform in N

1. The estimates of Assumptions 4.13 hold with ® replaced by ®V .
2. The function CD®N : Xt — X* is globally Lipschitz on X*: there exists a constant Ms > 0 such that

|[CD®Y (u) — CDDN (v)||; < Ms ||u— vl Vu,v € Xt
3. The function FN : Xt — X' defined by
FN(u) = —u — CPND®N (u) (4.19)

is globally Lipschitz on X*t.
4. The functional ®V(-) : X* — R satisfies a second order Taylor formula®. There exists a constant
Mg > 0 such that

N (v) — (@N(u) +(DON (u), v — u)) < Mglu—v|?  Vuve X' (4.20)

2We extend (+,+) from an inner-product on X to the dual pairing between X' ~! and X'*.
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4.8.5. Main Theorem and Proof

We define a solution of (4.8) to be a function u € C([0, T]; X'*) satisfying the integral equation
u(r) = up + / F(u(s)) ds + V2W (1) v e [0,T]. (4.21)
0

The solution is said to be global if T > 0 is arbitrary. Similarly a solution of (4.18) is a function u €
C([0,T]; X?) satisfying the integral equation

u™N (1) = up + /T FYN(uM(s)) ds + V2 W(r) vt € [0,T]. (4.22)
0

The following establishes basic existence, uniqueness, continuity and approximation properties of the
solutions of (4.21) and (4.22).

Theorem 4.17. For every ug € X' and for almost every C— Wiener process W, equation (4.21) (respectively
(4.22)) has a unique global solution. For any pair (ug, W) € Xt x C([0,T); X*) we define the Ité map

0: X' x C([0,T]; X" — C([0,T]; &%)

which maps (ug, W) to the unique solution u (resp. u¥ for (4.22)) of the integral equation (4.21) (resp. O for
(4.22)). The map © (resp. ON ) is globally Lipschitz continuous. Finally we have that O (ug, W) — O (ug, W)
for every pair (ug, W) € Xt x C([0,T]; X*).

Proof. The existence and uniqueness of local solutions to the integral equation (4.21) is a simple application
of the contraction mapping principle, following arguments similar to those employed when studying the Ité
map below. Extension to a global solution may be achieved by repeating the local argument on succesive
intervals.

Now let u(® solve

u® = uéi) —|—/ Fu)(s)ds +vV2W9 (1), 70,1,
0
for i = 1,2. Subtracting and using the Lipschitz property of F shows that e = u(!) — u(?) satisfies
1 2 T
le(m)lle < flug” — u? |l + L / le(s)lleds + V2AW D (1) = W ()],
<1l — i+ L [ fellds + VE sup WD) = W)
0 0<s<T

By application of the Gronwall inequality we find that

sup_|[le(r)e < CT)(lul” = uf? [l + sup [[WD(s) = WP(s)])
0<7<T 0<s<T

and the desired continuity is established.

Now we prove pointwise convergence of O to ©. Let e = u — u¥ where u and u” solve (4.21), (4.22)
respectively. The pointwise convergence of OV to © is established by proving that e — 0 in C([0,77]; X*).
Note that

F(u) — FN@N) = (FN(u) — FN (™)) + (F(u) — FN(u)).

Also, by Lemma 4.16, || FN (u) — FN (u™)||; < L|lel|;- Thus we have
el < 2 [Nt lds + [ 17 (u) = 7 (uls) s

Thus, by Gronwall, it suffices to show that

N = sup ||F(u(s)) — FN (u(s))ls
0<s<T
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tends to zero as N — oo. Note that

F(u) — FN(u) = CD®(u)—CPNDo®(PNu)
(I — PN)CD®(u) + PN (CD®(u) — CDR(PNu)).

Thus, since CD® is globally Lipschitz on X, by Lemma 4.14, and P" has norm one as a mapping from X’
into itself,

[F(u) = FY (u)][e < (1 = PY)CD ()¢ + Cl|(I = PN )ulls.
By dominated convergence ||(I — Py)all; — 0 for any fixed element a € X*. Thus, because CD® is globally
Lipschitz, by Lemma 4.14, because u € C([0,T]; X*), we deduce that it suffices to bound supg< < [[u(s)]|¢.

But such a bound is a consequence of the existence Theorem 4.17. O
The following is a straightforward corollary of the preceding theorem:

Corollary 4.18. For any pair (ug, W) € Xt x C([0,T]; Xt) we define the point Ité map
O X' x O([0,T]; X*) — X*

which maps (ug, W) to the unique solution u(t) of the integral equation (4.21) (resp. u™N(t) for (4.22)) at
time t (resp. ON for (4.22)). The map O (resp. OF ) is globally Lipschitz continuous. Finally we have that
ON (ug, W) — ©4(ug, W) for every pair (ug, W) € Xt x C([0,T]; X*).

Theorem 4.19. Let Assumptions 4.13 hold. Then the measure p given by (4.3) is invariant for (4.8): for
all continuous bounded functions ¢ : Xt — R it follows that, if E denotes expectation with respect to the
product measure found from initial condition ug ~ p and W ~ W, the C— Wiener measure on X, then

Ep (u(t)) = Ep(uo).
Proof. We have that

Ep(u(t)) = / (0140, W) u(duo) W(dWW), (4.23)
Bo(uo) = [ p(un)udu). (4.24)
If we solve equation (4.18) with wg ~ p then, using EN with the obvious notation,
BV (u™ (1)) = [ (0 o, W) (duo) W(a), (4.25)
BV plus) = [ oluo)® (duo). (4.26)

Lemma 4.20 below shows that, in fact,
ENo(u (1)) = ENp(u).

Thus it suffices to show that
ENo(uM(t)) = Ep(u(t)) (4.27)

and
ENcp(uo) — Ep(ugp). (4.28)

Both of these facts follow from the dominated convergence theorem as we now show. First note that
ENSD(UO) = /(P(UO)G_(I)(PNUO)/L()(CZ’U,Q).

Since ¢(-)e~*°P" is bounded independently of N, by (sup ¢)e™, and since (® o PN)(u) converges pointwise
to ®(u) on X*, we deduce that

B o(u0) > [ pluo)e 0 po(dun) = Elu)
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so that (4.28) holds. The convergence in (4.27) holds by a similar argument. From (4.29) we have
ENp(u® (1) = /SD(GiV(UOaW))efq)(PN"“)MO(dUO)W(dW)- (4.29)

The integrand is again dominated by (sup ¢)e™!. Using the pointwise convergence of OF to ©, on X! x
C(]0,T]; X), as proved in Corollary 4.18, as well as the pointwise convergence of (® o PV)(u) to ®(u), the
desired result follows from dominated convergence: we find that

ENg(u™ (1) — / (01 (uo, W)) e~ ) g (dug)W(dW) = Egp(uft)).

The desired result follows. O

Lemma 4.20. Let Assumptions 4.13 hold. Then the measure u~ given by (4.16) is invariant for (4.18):
for all continuous bounded functions ¢ : Xt — R it follows that, if EV denotes expectation with respect to
the product measure found from initial condition ug ~ u” and W ~ W, the C— Wiener measure on X*, then
EVp(u™ (1)) = EV p(uo).

Proof. Recall from Lemma 4.15 that measure ' given by (4.16) factors as the independent product of two
measures on pup on XV and ug on X+, On X' the measure is simply the Gaussian po = N(0,C1), whilst
X" the measure pp is finite dimensional with density proportional to

exp (= () - 5 l€Y)2p). (4.30)

The equation (4.18) also decouples on the spaces XV and X+. On X+ it is simply

d AW
d_z — g+ \/ﬁQNW (4.31)
whilst on XV it is p W
d—IZ = —p—CVDo(p) + V2PN —. (4.32)

Measure pg is preserved by (4.31), because (4.31) simply gives an Ornstein-Uhlenbeck process with desired
Gaussian invariant measure. On the other hand, equation (4.32) is simply a Langevin equation for measure on
RY with density (4.30) and a calculation with the Fokker-Planck equation, as in Theorem 4.11, demonstrates
the required invariance of pup. O

4.4. MCMC Methods

The perspective that we have described on inverse problems leads to new sampling methods which are
specifically tailored to the infinite dimensional setting, and its approximation by finite dimensional measures.
In particular it leads naturally to the design of algorithms which perform well under refinement of the finite
dimensionalization. To illustrate this idea we consider the setting of Section 4.4 and study random walk type
algorithms.

First of all we describe the standard Random Walk Metropolis (RWM) algorithm, designed to sample
a measure on RY. To this end we notice that the measure u» given by (4.16) factors as the product of
two independent measures on X~ and H\X?. The measure on H\X?" is given by the prior and is easily
sampled. Thus it remains to sample the measure on X . This space is isomorphic to RY. We define

1
I(u) = ®(u) + 5||C*%u||2. (4.33)
Then, for u € X, the measure of interest has Lebesgue density
7V (u) o exp(—1(u)).

This standard RWM algorithm defines a Markov chain {u*} on X¥ as follows.
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e Set k=0 and Pick u(® € XV,

e Propose v(¥) = ¥ 4 gpNe®) - ¢(k)  N(0,C).

e Set w1 = ) with proability a(u®,v*)), independently of u(F), £*),
o Set uF 1D = (F) otherwise.

e k—k+1.

Here

a(u,v) = min{1, exp(I(u) — I(v))}.

This Markov chain leaves the density 7V as defined above invariant. It is, however, badly behaved in the
limit N — oo. This is because
lim I(PNu) = oo
N—o00
almost surely for u ~ p.
To overcome this issue we introduce a new RWM algorithm which is defined on the whole of H, not just
on finite truncations. The algorithm is defined as follows, when applied on XV:

Set k = 0 and Pick v(® € XN,

[ ]

e Propose v¥) = /(1 — B2)u®) + gPN¢®) - ¢) ~ N(0,C).

e Set w1 = () with proability a(u®), v(*), independently of u(¥) and £+,
o Set uF D) = (¥ otherwise.

e k—k+1.

Here

a(u,v) = min{1, exp(®(u) — ®(v))}.

Notice that the small change in proposal, when compared with the standard RWN, results in an acceptance
probability defined via differences of ® and not I. Because ® is a.s. finite with respect to w, whilst I is
not, this leads to a considerably improved algorithm which has desirable N —independent properties when
implemented on a sequence of approximating problems with N — oo.

To quantify this it is useful to introduce the concept of spectral gap. Define the spaces

Ly ={f: X = R:||fll3 := E*|f(u)]* < oo},
Li={feL}:uf)=0}

Define the Markov kernel
(Pf)(u) = IE(f (u(l)) |ul® = u)

Then set

IPflI3
|P|lz2—2 := sup .
s S TR

We have Li—spectml gap v if [|[P||Lz 2 < 1 — 7. Clearly v € (0,1). Furthermore, the bigger 7 the better
the performance of the algorithm.
The following theorem quantifies the benefits of the new RWM algorithm over the standard one.

Theorem 4.21. For the standard RWM algorithm:

o If =N~ with a € [0,1) then the spectral gap is bounded above by C,N~P for any positive integer p.
o If 3= N"% with a € [1,00) then the spectral gap is bounded above by CN~3.

Hence spectral gap is bounded above by CN ~2. For the new RWM algorithm the spectral gap s bounded
below independently of N. Hence we have a central limit theorem and, for u(®) ~ 1 and C' independent of N,

El/

1 & NP2
2 f®) B < or
k=1

32



. Bibliographical Notes

e Subsection 1.1. See [BS94] for a general overview of the Bayesian approach to statistics in the finite
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e Subsection 2.3. Besov priors were introduced in the paper [LSS09] and Theorem 2.2 is taken from that
paper. We notice that the theorem constitutes a special case of the Fernique Theorem in the Gaussian
case ¢ = 2; it is restricted to a specific class of Hilbert spafe norms, however, whereas the Fernique
Theorem in full generality applies in all norms on Banach spaces which have full Gaussian measure. A
more general Fernique-like property of the Besov measures is proved in [DHS12] but it remains open
to determine the appropriate complete generalization of the Fernique Theorem to Besov measures.

e Subsection 2.4. The general theory of Gaussian measures on Banach spaces is contained in [Lif95,
Bog98]. The text [DZ92], concerning the theory of stochastic PDEs, also has a useful overview of
the subject. The Karhunen-Loéve expansion (2.7) is contained in [AdI81]. The informal calculation
concerning the covariance operator of the Gaussian measure which follows Theorem 2.4 may be proved
using characteristic functions; see, for example, Proposition 2.18 in [DZ92]. All three texts include
statement and proof of the Fernique Theorem in the generality given here. The Kolmogorov continuity
theorem is discussed in [DZ92] and [Ad190]. Proof of Holder regularity adapted to the case of the
periodic setting may be found in [Hai09] and [Stul0, Chapter 6]. For further reading on Gaussian
measures see [DP06].

e Subsection 3.1. Theorem 3.1 is taken from [HSVWO5]where it is used to compute expressions for the
meausure induced by various conditionings applied to SDEs. The Example following Theorem 3.1,
concerning end-point conditioning of measures defined via a density with respect to Wiener measure,
finds application to problems from molecular dynamics in [PS10, NST]. Further material concern-
ing the equivalence of posterior with respect to the prior may be found in [Stul0O, Chapters 3 and
6], [ALS12], [ASZ12]. The equivalence of Gaussian measures is studied via the Feldman-Hajek theorem;
see [DPZ92] and [DZ92].

e Subsection 3.2. General development of Bayes’ Theorems for inverse problems on function space, along
the lines described here, may be found in [CDRS09, Stul0]. The reader is also directed to the papers
[Las02, Las07] for earlier related material, and to [Lasll, Las12a, Las12b] for recent developments.

e Subsection 3.3. The inverse problem for the heat equation was one of the first infinite dimensional
inverse problems to receive Bayesian treatment; see [Fra70]. The problem is worked through in detail
in [Stul0]. To fully understand the details the reader will need to study the Cameron-Martin theorem
(concerning shifts in the mean of Gaussian measures) and the Feldman-Hajek theorem (concerning
equivalence of Gaussian measures); both of these may be found in [DZ92, Lif95, Bog98] and are also
discussed in [Stul0].

e Subsection 3.4. The elliptic inverse problem with the uniform prior is studied in [SS12]. A Gaussian
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prior is adopted in [DS11], and a Besov prior in [DHS12].

e Subsection 4.1. Relationships between the Hellinger distance on probability measures, and the Total
Variation distance and Kullback-Leibler divergence may be found in [GS02], [Pol].

e Subsection 4.2. The relationship between expectations and Hellinger distance, as used in Remark 4.8,
is discussed in [Stul0].

e Subsection 4.3 concerns measure preserving continuous time dynamics. The finite dimensional aspects
of this subsection, which we introduce for motivation, are covered in the texts [Oks03] and [Gar85]; the
first of these books is an excellent introduction to the basisc existence and uniqueness theory, outlined in
a simple case in Theorem 4.9, whilst the second provides an in depth treatment of the subject from the
viewpoint of the Fokker-Planck equation, as used in Theorem 4.11. This subject has a long history which
is overviewed in the paper [HSV07] where the idea is applied to fiding SPDEs which are invariant with
respect to the measure generated by a conditioned diffusion process. This idea is generalized to certain
conditioned hypoelliptic diffusions in [HSV11b]. Tt is also possible to study deterministic Hamiltonian
dynamics which preserves the same measure. This idea is described in [BPSSS11] in the same set-up
as employed here; that paper also contains references to the wider literature. Lemma 4.14 is proved in
[MPS12]. Lemma 4.20 requires knowledge of the invariance of Ornstein-Uhlenbeck processes together
with invariance of finite dimensional first order Langevin equations with the form of gradient dynamics
subject to additive noise. The invariance of the Ornstein-Uhlenbeck process is covered in [DPZ96] and
invariance of finite dimensional SDEs using the Fokker-Planck equation is discussed in [Gar85]. The
C—Wiener process, and its properties, are described in [DZ92].

e Subsection 4.4 concerns The standard RWM was introduced in [MRTT53] and led, via the paper
[Has70], to the development of the more general class of Metropolis-Hastings methods. MCMC meth-
ods which are invariant with respect to the target measure u. The paper [CRSW12] overviews this
subject area, including the new RWM method. The specific idea of the new RWM is contained in
the unpublished paper [Nea98], equation (15). The paper [Tie98] is a key reference which provides a
framework for the study of Metropolis-Hastings methods on general state spaces, and may be used
to establish that the new RWM method is well-defined on the Hilbert space H. Theorem 4.21 is a
summary of the results in the paper [HSV11a].
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ration of these lecture notes. He is also grateful to EPSRC, ERC and ONR for financial support.

References

[AdI81] R.J. Adler. The Geometry of Random Fields, volume 62. SIAM, 1981.

[Ad190] R. J. Adler. An Introduction to Continuity, Extrema, and Related Topics for General Gaussian
Processes, volume 12 of Institute of Mathematical Statistics Lecture Notes—Monograph Series.
Institute of Mathematical Statistics, Hayward, CA, 1990.

[ALS12] S. Agapiou, S. Larsson, and A. M. Stuart. Posterior consistency of the Bayesian approach to
linear ill-posed inverse problems, arxiv.org/abs/1203.5753. 2012.

[ASZ12] S. Agapiou, A.M. Stuart, and Y-X. Zhang. Bayesian posterior contraction rates for linear
severely ill-posed inverse problems. 2012. Submitted, arxiv.org/abs/1210.1563.

[Bog98| Vladimir I. Bogachev. Gaussian measures, volume 62 of Mathematical Surveys and Mono-

graphs. American Mathematical Society, 1998.

[BPSSS11] A. Beskos, FJ Pinski, JM Sanz-Serna, and AM Stuart. Hybrid Monte Carlo on Hilbert spaces.
Stochastic Processes and their Applications, 121:2201-2230, 2011.

[BS94] J.M. Bernardo and A.F.M. Smith. Bayesian Theory. Wiley, 1994.

[CDRS09] S.L. Cotter, M. Dashti, J.C. Robinson, and A.M. Stuart. Bayesian inverse problems for
functions and applications to fluid mechanics. Inverse Problems, 25:d0i:10.1088/0266—
5611/25/11/115008, 2009.

[CDS10] A. Cohen, R. DeVore, and Ch. Schwab. Convergence rates of best n-term Galerkin approxi-
mations for a class of elliptic spdes. Found. Comput. Math., 10:615-646, 2010.

34



[CDS12]
[CRSW12]
[DHS12]
[DHS13)]
[DPO6]

[DPZ92]

[DPZ96]
[DS11]
[DZ92]
[EHNY6]
[Eva9s]
[Fra70]
[Gar85]

[GS02]

[Hai09)]
[Has70]

[HSVO7]
[HSV11a]
[HSV11D]
[HSVWO05]
[Kahs5]

[Kir96]
[KS05]

[KvDVvZl1a]
[KvdVvZ11b]
[Las02]
[Las07]

[Lasl1]

A. Cohen, R. DeVore, and Ch. Schwab. Analytic regularity and polynomial approximation of
parametric and stochastic elliptic pdes. Anal. Appl., 2012.

S. Cotter, G. Roberts, A. Stuart, and D. White. MCMC methods for functions: modifying
old algorithms to make them faster. Statistical Science, To Appear. arXiv:1202.0709, 2012.
M. Dashti, S. Harris, and A.M. Stuart. Besov priors for Bayesian inverse problems. Inverse
Problems and Imaging, 6:183-200, 2012.

M. Dashti, M. Hairer, and A.M. Stuart. Bayesian Inverse Problems in Differential Equations.
2013.

Giuseppe Da Prato. An introduction to infinite-dimensional analysis. Universitext. Springer-
Verlag, Berlin, 2006. Revised and extended from the 2001 original by Da Prato.

Giuseppe Da Prato and Jerzy Zabczyk. Stochastic equations in infinite dimensions, volume 44
of Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cambridge,
1992.

G. Da Prato and J. Zabczyk. Ergodicity for infinite dimensional systems. Cambridge Univ
Pr, 1996.

M. Dashti and A.M. Stuart. Uncertainty quantification and weak approximation of an elliptic
inverse problem. SIAM J. Num. Anal., 49:2524-2542, 2011.

G. DaPrato and J. Zabczyk. Stochastic equations in infinite dimensions, volume 44 of En-
cyclopedia of Mathematics and its Applications. Cambridge University Press, Cambridge,
1992.

H.K. Engl, M. Hanke, and A. Neubauer. Regularization of Inverse Problems. Kluwer, 1996.
L.C. Evans. Partial Differential Equations. AMS, Providence, Rhode Island, 1998.

J.N. Franklin. Well-posed stochastic extensions of ill-posed linear problems. J. Math. Anal.
Appl., 31:682-716, 1970.

C. W. Gardiner. Handbook of stochastic methods. Springer-Verlag, Berlin, second edition,
1985. For physics, chemistry and the natural sciences.

A. L. Gibbs and F. E. Su. On choosing and bounding probability metrics. Manuscript version
2002.

M. Hairer. Introduction to Stochastic PDEs. Lecture Notes, 2009.

W. K. Hastings. Monte Carlo sampling methods using Markov chains and their applications.
Biometrika, 57(1):97-109, 1970.

M. Hairer, A. M. Stuart, and J. Voss. Analysis of SPDEs arising in path sampling, part II:
The nonlinear case. Annals of Applied Probability, 17:1657-1706, 2007.

M. Hairer, A. Stuart, and S. Vollmer. Spectral gaps for a Metropolis-Hastings algorithm in
infinite dimensions. Arziv preprint arXiv:1112.1392, 2011.

M. Hairer, A.M. Stuart, and J. Voss. Sampling conditioned hypoelliptic diffusions. The Annals
of Applied Probability, 21(2):669-698, 2011.

M. Hairer, A.M. Stuart, J. Voss, and P. Wiberg. Analysis of SPDEs arising in path sampling.
Part I: The Gaussian case. Comm. Math. Sci., 3:587-603, 2005.

Jean-Pierre Kahane. Some random series of functions, volume 5 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 1985.

A. Kirsch. An Introduction to the Mathematical Theory of Inverse Problems. Springer, 1996.
Jari Kaipio and Erkki Somersalo. Statistical and computational inverse problems, volume 160
of Applied Mathematical Sciences. Springer-Verlag, New York, 2005.

B.T. Knapik, A.W. van Der Vaart, and J.H. van Zanten. Bayesian inverse problems with
gaussian priors. Ann. Statist., 39(5):2626-2657, 2011.

BT Knapik, AW van der Vaart, and JH van Zanten. Bayesian recovery of the initial condition
for the heat equation. arXiv preprint arXiv:1111.5876, 2011.

S. Lasanen. Discretizations of generalized random variables with applications to inverse prob-
lems. Ann. Acad. Sci. Fenn. Math. Diss., University of Oulu, 130, 2002.

S. Lasanen. Measurements and infinite-dimensional statistical inverse theory. PAMM,
7:1080101-1080102, 2007.

S. Lasanen. Posterior convergence for approximated unknowns in non-gaussian statistical

35



[Las12a]
[Las12b]
[Lif95]
[LPS89)
[LSS09)]
[Lun95]
[Mang4]
[MPS12]
[MRTT53]
[Nea9s)]
[NST]
[Oks03]
[Paz83)
[Pol]
[PS10]
[Ric81]
[SS12]

[Stul0]
[Tie98]

inverse problems. Arziv preprint arXiv:1112.0906, 2011.

S. Lasanen. Non-Gaussian statistical inverse problems. Part i: Posterior distributions. Inverse
Problems and Imaging, 6(2):215-266, 2012.

S. Lasanen. Non-Gaussian statistical inverse problems. Part ii: Posterior distributions. Inverse
Problems and Imaging, 6(2):267-287, 2012.

M.A. Lifshits. Gaussian Random Functions, volume 322 of Mathematics and its Applications.
Kluwer, Dordrecht, 1995.

M. S. Lehtinen, L. Paivérinta, and E. Somersalo. Linear inverse problems for generalised
random variables. Inverse Problems, 5(4):599-612, 1989.

M. Lassas, E. Saksman, and S. Siltanen. Discretization-invariant Bayesian inversion and Besov
space priors. Inverse Problems and Imaging, 3:87-122, 2009.

A. Lunardi. Analytic semigroups and optimal reqularity in parabolic problems. Progress in
Nonlinear Differential Equations and their Applications, 16. Birkhduser Verlag, Basel, 1995.
A. Mandelbaum. Linear estimators and measurable linear transformations on a Hilbert space.
Z. Wahrsch. Verw. Gebiete, 65(3):385-397, 1984.

J.C. Mattingly, N.S. Pillai, and A.M. Stuart. SPDE limits of the random walk Metropolis
algorithm in high dimensions. Ann. Appl. Prob, 22:881-930, 2012.

N. Metropolis, R.W. Rosenbluth, M.N. Teller, and E. Teller. Equations of state calculations
by fast computing machines. J. Chem. Phys., 21:1087-1092, 1953.

R.M. Neal. Regression and classification using Gaussian process priors.
http://wuw.cs.toronto.edu/~radford/valencia.abstract.html, 1998.

N.S.Pillai, A.M. Stuart, and A.H. Thiery. On the random walk metropolis algorithm for
gaussian random field priors and gradient flow. Submitted.

B. Oksendal. Stochastic differential equations. Universitext. Springer, sixth edition, 2003. An
introduction with applications.

A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations.
Springer-Verlag, New York, 1983.

David Pollard.  Distances and affinities between measures. unpublished manuscript,
http://www.stat.yale.edu/ pollard/Books/Asymptopia/Metrics.pdf.

FJ Pinski and AM Stuart. Transition paths in molecules at finite temperature. The Journal
of Chemical Physics, 132:184104, 2010.

G.R. Richter. An inverse problem for the steady state diffusion equation. SIAM Journal on
Applied Mathematics, 41(2):210-221, 1981.

C. Schwab and A.M. Stuart. Sparse deterministic approximation of Bayesian inverse problems.
Inverse Problems, 28:045003, 2012.

A .M. Stuart. Inverse problems: a Bayesian approach. Acta Numer., 19:451-559, 2010.

L. Tierney. A note on Metropolis-Hastings kernels for general state spaces. Ann. Appl.
Probab., 8(1):1-9, 1998.

36



	1 Introduction
	1.1 Bayesian Inversion Rn
	1.2 Inverse Heat Equation
	1.3 Elliptic Inverse Problem

	2 Prior Modeling
	2.1 General Setting
	2.2 Uniform Priors
	2.3 Besov Priors
	2.4 Gaussian Priors
	2.5 Summary

	3 Posterior Distribution
	3.1 Conditioned Random Variables
	3.2 Bayes' Theorem for Inverse Problems
	3.3 Heat Equation
	3.4 Elliptic Inverse Problem

	4 Common Structure
	4.1 Well-Posedness
	4.2 Approximation
	4.3 Measure Preserving Dynamics
	4.3.1 Finite Dimensional Case
	4.3.2 Motivation for Equation (4.8)
	4.3.3 Assumptions on Change of Measure
	4.3.4 Finite Dimensional Approximation
	4.3.5 Main Theorem and Proof

	4.4 MCMC Methods

	5 Bibliographical Notes
	References

