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WELL-POSEDNESS OF THE ERICKSEN-LESLIE SYSTEM

WEI WANG, PINGWEN ZHANG, AND ZHIFEI ZHANG

ABSTRACT. In this paper, we prove the local well-posedness of the Ericksen-Leslie system, and
the global well-posednss for small initial data under the physical constrain condition on the Leslie
coefficients, which ensures that the energy of the system is dissipated. Instead of the Ginzburg-
Landau approximation, we construct an approximate system with the dissipated energy based on
a new formulation of the system.

1. INTRODUCTION

The hydrodynamic theory of liquid crystals was established by Ericksen [4, 5] and Leslie [9] in
the 1960’s. This theory treats the liquid crystal material as a continuum and completely ignores
molecular details. Moreover, this theory considers perturbations to a presumed oriented sample.
The configuration of the liquid crystals is described by a director field n(t,x) € S?,x € R3.

The general Ericksen-Leslie system takes the form

11—
lAv-{- 7

Vt+V'VV=—VP+R€ T

(1.1) V.v=0,
nx (h—’le—’)/QD-n):O,

V.o,

where v is the velocity of the fluid, p is the pressure, Re is the Reynolds number and v € (0,1).
The stress ¢ is modeled by the phenomenological constitutive relation

o=ol+ O'E,
where o is the viscous (Leslie) stress
(1.2) ol = aj(nn : D)nn + aonN + a3Nn + a4D + asnn - D + agD - nn

with D = $(kT 4+ k), k = (Vv)T, and

1
N=n+v-Vn+Q-n, in(/@T—n).

The six constants ai,--- , og are called the Leslie coefficients. While, o is the elastic (Ericksen)
stress
(1.3) oF — __9EF (vn)T
' 9(Vn) ’
where Er = Ep(n, Vn) is the Oseen-Frank energy with the form
k k k
Ep = é(v -n)?+ ?2|n x (V x n)[2+ §|n A(V x )2
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Here k1, ko, k3 are the elastic constant. For the simplicity, we will consider the case k1 = ko = k3 =
1. In such case, Ep = 1|Vn[?, and the molecular field h is given by

(5EF 8EF 8EWF
én d(Vn)  On n,
(O'E)Z.j = —(Vn ® Vn)ij = —0ing0jny.
Finally, the Leslie coefficients and -1, vy satisfy the following relations
(1.4) Q2 + a3 = g — s,
(1.5) Y=a3— g, Y2 = Qg — Qs,

where (L4)) is called Parodi’s relation derived from the Onsager reciprocal relation [I5]. These two
relations ensure that the system has a basic energy law.

As the general Ericksen-Leslie system is very complicated, most of earlier works treated the
simplified(or approximated) system of (LI]). Motivated by the work on the harmonic heat flow,
Lin and Liu [12] add the penality term 4%2(|n|2 —1)% in W in order to remove some higher-order

nonlinearities due to the constraint |n| = 1. In such case, the system becomes
Y 1 -~

—Av+——V .o

Re Re ’

1
nt—l—v-Vn—l—Q-n—,ulAn—,ugD-n——2(|n|2—1)n:0.
€

vit+v-Vv=—-Vp+
(1.6)

This is so called the Ginzburg-Landau approximation. They proved the global existence of weak
solution and the local existence and uniqueness of strong solution of the system (L.6]) under certain
strong constrains on the Leslie coefficients. We refer to [I§] for a recent result about the role
of Parodi’s relation in the well-posedness and stability. However, whether the solution of (.G
converges to that of (II) as € tends to zero is still a challenging question. When neglecting the
Leslie stress oy, in ([L1), a simplest system preserving the basic energy law is the following

{vt+v-Vv—Av+Vp:—V-(Vn@Vn),

(1.7) )
n;+v-Vn—An = |Vn|°n.

For this system, the local existence and uniqueness of strong solution can be proved by using the
standard energy method; see [16] for the well-posedness result with rough data. Huang and Wang
[7] give the following BKM type blow-up criterion: Let T* be the maximal existence time of the
strong solution. If T* < oo, then it is necessary

T*
/ IV % v(#)lle + |Va()[3dt = +oo.
0

In two dimensional case, the global existence of weak solution has been independently proved by
Lin, Lin and Wang [13] and Hong [6], where they construct a class of weak solution with at most a
finite number of singular times. The uniqueness of weak solution is proved by Lin-Wang [14] and
Xu-Zhang [19]. The global existence of weak solution of (L7]) is a challenging open problem in three
dimensional case. On the other hand, in the case when |Vn|?n in (7)) is replaced by Ei2(|n|2 —1)n,
the global existence and partial regularity of weak solution were studied in [10} [11].

The purpose of this paper is to study the well-posedness of the general Ericksen-Leslie system.
The first step is to understand the complicated energy-dissipation law of the system arising from
the Leslie stress. Moreover, whether the energy defined in (2.1]) is dissipated remains unknown in
physics, since the Leslie coefficients are difficult to determine by using experimental results. We
present a sufficient and necessary condition on the Leslie coefficients to ensure that the energy of
the system is dissipated. The next step is to construct an approximate system with the dissipated
energy under the physical condition on the Leslie coefficients. However, the Ginzburg-Landau
approximation does not satisfy our requirement. We introduce a new equivalent formulation of the
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system (LI)). Based on this formulation, we can construct an approximate system such that the
energy is still dissipated, although the key property |n| = 1 is destroyed.
Our main results are stated as follows.

Theorem 1.1. Let s > 2 be an integer. Assume that the Leslie coefficients satisfy (2.0), and the
initial data Ving € H?(R3),vo € H?*(R3). There exist T > 0 and a unique solution (v,n) of the
Ericksen-Leslie system (11]) such that

v e C([0,T); H*(R?)) N L*(0, T; H*1(R?)), Vn e C([0,T]; H**(R?)).

Let T* be the maximal existence time of the solution. If T* < 400, then it is necessary
T*
/ IV % V() + [IV0(0)][3eedt = +oo.
0

For small initial data, we prove the following global well-posedness.
Theorem 1.2. With the same assumptions as in Theorem [, there exists an ey > 0 such that if
[Vl g2s + [[voll 2 < €0,
then the solution obtained in Theorem [I 1] is global in time.

The other sections of this paper are organized as follows. In section 2, we derive the basic energy
law of the system and give the physical constrain condition on the Leslie coefficients. In section 3,
we introduce a new equivalent formulation. Section 4 is devoted to the proof of local well-posedness.
In section 5, we prove the global well-posedness of the system for small initial data.

2. BASIC ENERGY-DISSIPATION LAW

We first derive the basic energy law of the system (I.II).

Proposition 2.1. If (v,n) is a smooth solution of {I1l), then it holds that

d Re 2 v 5 722 ,
dt Jgs 2(1—7) Epdx = - <—V 2)D: D:D
dt/Rg 2(1_7)|V| + Epdx /11@3 1_7| v| +(a1+%)| nn|? + ay

3 1

(2.1) + (a5 +ag — 2)D-n)? + —|n x h|2)dx.
ga! B!

Proof. Using the first equation of (II]) and V - v = 0, we get

d / £|V|2—|—Epdx
rs 2(

dt 1—7)
= fe v - vidx + 5& -mpdx
R3 1-— Y R3 n
v 2 L, E 0Ep .
(2.2) =— ——|Vv|[*+ (6" +07): Vvdx + — (0 —v-Vn)dx,
R3 1-— Y R3 én
where n = n; + v - Vn. Using V - v = 0 again, we have
/ JE:Vv—l—éE—F'(v-Vn)dx
R3 on
— _ . Vv (V- _ZZEY Ly d
Lo (O (Vg - ) (v e
_ /Ra Srony (v Vi) S (v V)i

(2.3) = / v-VEp(n,Vn)dx = 0.
R3
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Due to (L2), (L4) and (L3), we find

/ ol Vvdx
R3

= /[RS <(a1(nn -D)nn 4+ aonN + asNn + a4D + asnn - D + agD -nn) : (D + Q))dx
:/RS (al(nn:D)2+a4D:D+(a5+a6)]D.n‘2+(a2+a3)n.(D.N)
+(az —az)n - (2-N) — (a5 — ag)(D - n) - (- n))dx
— /RS <a1(nn:D)2+a4D . D + (a5 + ag)|D - nf? + 7n - (D - N)
—71n-(Q'N)+72(D-n)-(ﬂ-n))dx
— /R3 <a1(nn:D)2—|—a4D . D + (a5 + ag)|D - nf? + 72N - (D - n)

FN - (2 0) +55(D ) - (2 m) )dx,

and

_ (SE_F.fldx:/ h.fldxz/ h- (N - Q-n)dx.
r3 On R3 R3

The third equation of (I.I]) implies that

/ (2-n)- (11N + (D -n) — h)dx =0,
RS
and direct calculations show that

/(WN-(D-n)—I—h-N)dx:/ (nxN):(nxh+9nxD-n)dx
R3 R3
1
:/ —(nxh—’ygnxD-n)-(n><h+’ygn><D'n)dx
R3 V1
2 2
:/ L xh2- 2D .02+ 2n. D nldx.
R3 V1 T gi!

Thus, we have

/ JL:VV—(SE—F'hdx
RS

on
3 V3 1
24) = / <(a1 +2)D :nnf? + D : D+ (a5 + ag — 22)D-nf> + —|n x h|2)dx.
R3 N 2! 2!
Then the energy law (2.I]) follows from (2.2)-(2.4]). O

The following proposition presents a sufficient and necessary condition on the Leslie coefficients
to ensure that the energy is dissipated; see also [12] for the related discussions on the choice of the
Leslie coefficients. We denote

2 2
51=a1+7—2, B2 = a4, ﬁ326¥5+046—7—2-
it il

Proposition 2.2. The following dissipation relation holds

(2.5) Bi(nn :D)? 4 D : D+ 33D -nl2 >0
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for any symmetric trace free matriz D and unit vector n, if and only if
3

(2.6) B2 >0, 282+ P53 >0, 552 + B3 + 61 > 0.
Proof. By the rotation invariance, we may assume n = (0,0,1)” and D = (Dij)3x3 with Dyy +
Dos + D33 = 0. It is easy to get

Bi(nn: D)2 + BD : D + 3D - nf?

= B1D35 + Ba(D7) + D3y + D33 + 2D7, + 2D35 +2D3) + S3(D3; + D3y + D33)

= 265 D%5 + (262 + $3)(D31 + D3) + B2(D7y + D3,) + (B1 + B2 + B3) D3

=28y Dy + (262 + B3)(D31 + D32) + B2(D3y + Do) + (81 + P2 + B83) (D11 + Daa)?.
The inequality holds

265 D75 + (282 + B3)(D31 + D3p) > 0
for all Dlg,Dgl, and Dsg, if and only if By > 0, and 285 + B3 > 0.
As D%, + D3, > 2(D11 + Dg2)?, the inequality holds
Ba(D3y + D3a) + (1 + B2 + B3)(D11 + D2)* > 0

for all D17 and Dss, if and only if %Bg + B3+ B1 > 0. ]

In [I7], we show that if the Ericksen-Leslie system is derived from the Doi-Onsager equation,
then the energy (2.1]) is indeed dissipated. Let us make it precise. The nondimensional Doi-Onsager
equation takes as follows

afe 1
a";+v5-Vf€:ER-(RfEJrfERL{ng)—R-(mxme-mff),
8VE & £ (3 1
(2.7) T +v®-Vve=-Vp +R Av*® +WV (D° : (mmmm)-)
11—~
IR ]

where ¢ is the Deborah number, ¢ = (Vo®)T, D¢ = £ (k° + (x°)7), and
¢ = —(mm x Ripe)pe, Fi= _<V,ua>f57 pe =In f*+ U f,

1 x—x
Uf:a/ m x m'|> —g(——) f(x,m’, t)dm’dx’.
: R3 Js2 | | NG ( Ve 2 )
When ¢ is small, the solution (f¢,v®) of the system (2.7) has the expansion

f7= folm )+ efi 4o
vi=vptevy+---,

where (vg,n) is determined by (I.I]) with the Leslie coefficients given by

S 1 1 1
041:—74, 042:—5(14-)\)52, a3:—§(1—x)527
(2.8) 4 ) 6 1 1
4= JF T 9702 T 35547 a5 = ?S4 + ?512, a6 = ?54 - 552-

Here Sy = (Py(m - n)) Sy = (Py(m-mn))p, , with Py(z) the k-th Legendre polynomial and

Py n>

enl (m'n)2

Py (M) = fSQ em(mn)?

Here 77 and \ are constants depending only on a. When the Leslie coefficients are given by (2.8)),
we show that the dissipation relation (Z3]) holds; see [17), 8, [3] for the details.
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3. A NEW FORMULATION OF THE ERICKSEN-LESLIE SYSTEM
Set up = %, Lo = —:Yy—f. The third equation of (I.1) is equivalent to
n+v-Vn+Q-n— (I—nn)-(gh+ peD-n) =0,
which can be written as
(3.1) n,+v-Vn+nx ((-n—puh—pD-n)xn)=0.
Substituting them into (L2), we get

ol =B (nn : D)nn — %(1 + p2)n(I —nn)-h + %(1 — p2)(I—nn) - hn

+52D+%(nD-n+D-nn)

1 1
=f1(nn : D)nn — 5(1 + po)nn x (h x n) + 5(1 —p2)n X (h x n)n
(3.2) +52D+%(nD-n—|—D-nn).
With the new formulation ([B.I]) and (8.2]), we can derive the same energy law (2.I]) without using

the constrain |n| = 1. To see it, we need the following important cancelation relations.

Lemma 3.1. It holds that
(—%nnx(hxn)—i—%nx(hxn)n) :D+Q)—((2-n)xn)-(hxn)=0,

—(%nnx(hxn)—l—%nx(hxn)n) .(D+9)+ (hxn)-((D-n)xn) =0,
Proof. Direct calculations show that

(—%nnx(hxn)—l—%nx(hxn)n):(D—I—Q)—((Q-n)xn)-(hxn)
=(mx(hxnn): Q- ((2-n)xn)-(hxn)
~ (ax () (- m)— ((@+m) x n) - (hx ) = 0,

and
—(%nnx(hxn)—l—%nx(hxn)n):(D—i—Q)—I—(hxn)-((D-n)xn)
=—(nx(hxn)n):D+ ((D-n)xn)-(hxn)
:—(nx(hxn))-(D-n)—l—((D-n)xn)-(hxn)zo.

The proof is finished. O

Now we derive the energy law (2.I)) by using (3.1)) and (B.2), since the derivation will be helpful
to understand the energy estimates in the next section. Thanks to (II]) and (3I), we have

_}i/ fe |v|> + |Vn|?dx = — fe v-v; — An-ndx
2dt Jgs 1 —7~ rR3 1 —7
:/ L|Vv|2+(JL+0E):Vv—(v-Vn)-h

rs 1 —7

+ (nx ((mh+ peD -n—€-n) xn))-hdx

:/ ﬁ|VV|2+,u1|h><n|2+aE:VV—(V-Vn)-h
r3 1 —

+0%:Vv—((2-n)xn)- (hxn)+puy(hxn) ((D-n)xn)dx
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For the Ericksen stress term, we have
/RS of Vv — (v-Vn)-hdx = /R3 —0ini0jnE0jv; — vj0;n0;nEdx
= /RS v;0;0;n0ing, — 0;(v0nE0ing)dx = 0,
while for the Leslie stress term, we get by (8.2]) and Lemma B.1] that
/WJL:VV— (-n)xn)-(hxn)+p(hxn)-((D-n)xn)dx

_ / (51(nn: Djom + %(—1 ~ jio)nn x (h x n) + %(1 ~ )n x (b x n)n + D
R3

+%(HD'H+D-HH)) :(D+Q)—((Q-n)><n)-(hxn)+u2(h><n)-((D-n)xn)dx

:/R351(nn:D)2+ﬁ2D:D+53|D.n|2_((Q.n)xn).(hxn)+ﬂ2(h><n).(([).n)xn)

+ (%(—1 — p2)nn X (h x n) + %(1 — po)n x (h x n)n) (D + Q)dx

= / Bi(nn : D)? + 5D : D + B5|D - n|2dx.
RS

Then the energy law (2.1]) follows from the above identities.

Although the energy law can be derived without using the property |n| = 1, this property is vital
for the dissipation relation (2.5]) under the condition (2.6]). Hence, it is important to construct an
approximate system preserving the energy law and [n| = 1 in order to prove the local well-posedness
of (LI). It is usually difficult. For this, we introduce a modified stress tensor so that the energy is
still dissipated for the modified system under the condition (2.6]). The modified Leslie stress tensor
takes the form

1 1
" =pi(nn : D)nn + 5(=1—p2)nnx (hxn)+ (1 - p2)n x (h xn)n
+ Bo|n|*D + %|n|2(nD ‘n+D-nn).

It is obvious that 6% = o” if [n| = 1. An important fact is that for any traceless symmetric D and
vector n (not necessary unit), it still holds

(3.3) (f1(nn : D)nn + Bon|*D + %|n|2(nD ‘n+D nn),D) >0
under the condition (2.6]). We denote

o1(v,n) = (nn : D)nn + Gy|n|*D + %]n\z(nD ‘n+D - nn),
1

o2(n) = 5(—1 — po)nn x (h x n) + %(1 — p2)n X (h X n)n.

The reformulated new system takes

(3.4) {vt—i—v'VV:—Vp—FVAV—FV-(al(v,n)+02(n)+aE),

nt—l—V-Vn—l—nx((Q-n—,ulh—,ugD-n)xn):O.
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Here we set v = % and take 1};_2 = 1. Similar to Proposition 2.1 we can show that the system
([B-)) obeys the following energy-dissipation law:

1d

e _/ (VY + 4D : nnf + Binl'D : D

2dt R3 R3
(3.5) 4 BsnD -0l + pfn x h\2)dx,

which is dissipated under the condition (2.6]) by (B3.3).

4. LOCAL WELL-POSEDNESS AND BLOW-UP CRITERION

This section is devoted to proving the local well-posedness of the system ([LI). The following
lemma will frequently used.

Lemma 4.1. For any o, 8 € N3, it hods that

ID*(fo)lre <C > (IfllzeelD7gll 2 + llglzoe 1D £l 2),

Iv|=led

[ 0%l <o S 1D elgles + Y IVl D7l z2).
Iy|=lel+|8] IyI=lal+]8]-1

This lemma can be easily proved by using Bony’s decomposition; see [I] for example. The proof
of Theorem [I1]is split into several steps.

Step 1. Construction of the approximate solutions
The construction is based on the classical Friedrich’s method. Define the smoothing operator

(4-6) jef = -7:_1(1|§|§%]:f)7

where F is the usual Fourier transform. Let IP be the operator which projects a vector field to its
solenoidal part. We introduce the following approximate system of (3.4)):

v,

a—‘; + ;75]?(;75"5 : vjevg) = T/Ajgve +V. jep(o-l (jeva jens) + 0-2(1-76116) + O-E(n]ens))y
On,

8—11 +Je <..75V5 VI, + Jene X [(jeﬂe ~Jene — pJhe — paJ:D. - jene) X jene]) =0,

(Ve,n¢)|i=0 = (J=vo, J=no).

The above system can be viewed as an ODE system on L?(R3). Then we know by the Cauchy-
Lipschitz theorem that there exist a strictly maximal time 7; and a unique solution (v.,n.) which
is continuous in time with value in H*(R?) for any k& > 0. As J2 = J., we know that (J.ve, J-n;)
is also a solution. Therefore, (v.,n.) = (J-ve, Jen.). Thus, (v, n.) satisfies the following system

ov.
e 4 JB(Ve - V2) = VAV, + V- JB(01 (Ve ) + a3(nc) + 0 (n),
(47) an& + 1.75<V€ . Vn€ —|— 1’]_5 X [(Qg . ng - ,Ulhe - IU’2D€ : n€) X ng]) = 0’

ot
(Va ne) |t:0 = (njsVOa jeno)-

Step 2. Uniform energy estimates
We define

def
Ey(v,n) = ||n—ngll72 + [ Vall7. + VA |7, + |v]7. + [|A%V]7..
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First of all, we get by the second equation of (4.7) that

. — moll32 = 2(dm.,ne o)
= (ve Vn. +n. x [(Q-n. — ph. — poD; - n.) x n.], J.(n. —ng))
= (ve-Vng+n. x [(-n. — pihe — psD; - n.) x n.|, J-(n: — np))
< C[IIVnol|ze= Vel 2 + [l Zo (el zoe [V Vel 22 + [|Ane | £2) ] [0 — o]l 2

(4.8) < C(IIVnollzee + [nelZoe + InellZoe ) Bs(ve, ne).

The following energy law still holds for the approximate system (4.7)):
1d
2dt

(4.9) + B30 [*|D; - nc|* + pu|ne % ha!2>d><-

[ el onfax = [ (Vv 4 D nnf? + Gofnf'D. s .
R R

Now we turn to the estimate of the higher order derivative for n..

1d
5 g7 (VAL VA™L) = (A%(ve - Vno), A7) 4 (A° [ x (9 me) xne)] A )

— p2(A%[n: x (D ne) x n) |, A ne) — i (A%[ne x (Ane x n.)], A 'n.)
(4.10) =L+ 1+ I3+ 14

As V- v. =0, we get by Lemma [£1] that

I, = —<VAS(V6 -Vn,), VAsn€> + <V6 -V(VA®n,), VAsn€>
= —<[VA8,VE] -Vn,, VASn€>
< N[VA®,v.] - Vn.|| 2| VA®n. || 2
< C([Vne| g2 [ VVellpoe + |V Vel gr2s [[ Ve || 2o ) [ VA D | 2
(4.11) < C5([Vvellzee + [IVnel|7o0 ) [V nel5r2s + 8]V Ve Fra.

Here and in what follows, d denotes a positive constant to be determined later. We rewrite I5 as

I =(n. x ((A*Q. -n.) x n.),A*"'n,)
— <VA8 [na X ((Qa ‘M) X na)] , VASnE> + <nE X ((VASQa ‘1) X ne),VA5n€>
+{(Vn.) x ((A°Qc -n.) x n.), VA®n.) + (n. x ((A°Q. - (Vn.)) x n.), VA®n,)
+ <nE X ((ASQE ‘) X (Vne)),VAsn€>,
from which and Lemma [.1], it follows that

I §<ne X ((ASQE ‘M) X na),ASHnE)
(4.12) + Cs (I 7o [V Vel zoe + 0] oo V0|70 ) [V Fp20 + 8]V Ve |26

Similarly, we have

I3 < — u2<n€ X ((ASD8 ‘ng) X na),ASHnE)
(4.13) + Cs (I 7o [V Vel zoe + 0] Toe V0] 700 ) [ VD Fp20 + 8]V Ve 26
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For I, we have
Iy =— ,u1<n5 X (AS‘Hn6 X ne),A8+1n€>
— [ (A% x (An, x ng)],ASHng) — p1(ne x A*(An, x ne),ASHne)]
— [Nl <na x A° (AnE X na),A8+1n€> — 11 <na X (Asﬂn6 X na),A8+1n€>]
=l <A8+1n6 x ng, A*Tn, x n€> + 141 + Iyo.
We get by Lemma [A.1] that
Lip < C||Vne || [ Vel g2 | A* 0 x ne| 2
< Cé”vna”%oouvneugﬂs + 5HA8+1ne x HEH%%
and
Iy = [<A8[Vn5 X (Ane X na)],VAsne> — <(Vn€) X AS(An8 X na),VASngﬂ
11 [<As [n6 X V(An6 X ne)] , VAsn€> — <n6 x VA?® (An6 X ne),VAsngﬂ
<C([Vne|[re=[[A*(An: x 0| g2 + [[Vie]| s [[Ane X nel|zee ) [|Vne | g2
<C{|IVne | e (A e x ne|| g2 + [V || poe | Vi 72 )
+ IV gr2s | Ang || oo [0 || oo}V s,
which imply that

I1 < — (Ao, x n., AT, x n,)

(4.14) + Cs5 (IVne]|7 + |An.|| oo e oo ) Ve ]F26 + 0[] A% e x 0|75
Substituting ([AI1])-(£I4) into (4.I0), we infer that

1d

§E<VA8nE, VASnE> + ,ul<A8+1na x ng, A*tn, x nE>

< <n€ X ((ASQE ‘ng) X na)aA8+lna> - M2<na X ((ASDE ‘ng) X nE),ASHnE)
+ Cs(I[Vvellee + 1Vne|Feo + |An | poo ||| oo ) [| Ve || 26
(4.15) + (5(HVVEH%{23 + HASHH& X n5H2L2).

Next we consider the estimate of the higher order derivative for v,.

1d
3 E(AsVa Av.) 4+ v(VA®v,., VA v,)

= —(A%(v. - Vve),A%.) + (A%(Vn. ® Vn.),A°Vv,)
B3
2
1 1 .

_ 5(1 + p2)nen, X (he x ng) + 5(1 — po)n. X (he X na)na),A Vv€>
= —(A%(ve - Vve), A%v,) + (A%(Vn. © Vn,), A*Vv,)

- <A8 (ﬂl(ngna :Do)nen, + Gon.|'D. + %]nay2(n€DE -n. + D, - nana)),A8D€>

+ ,u2<As(n€ X (he x ne)ne),AsD€> — <As(n€ X (he x ne)ne),AsQ€>
=1L +1L+ 115+ 114+ 115.
It follows from Lemma [£.1] that
I = <[AS,V€] 'VVE,ASV€> < C”VVE”LOO“Va”%IgS,
11y < Csl|Vne|[foo | V0 [F2s + 8]V Ve 3721,

- <A8 <Bl(nana : Da)nana + B2‘na‘4Da + ‘na‘2(naDa ‘n. +D. - nana)



THE ERICKSEN-LESLIE SYSTEM 11

and
Iy <pa(ne x (A*'n. x n.), A°D. - n.)
+ Cs|| Ve [ [nc]| oo Ve [[Fae + 8]V Ve [z
II5 < — <na X (Asﬂn6 X ng), A% - nE>
+ Cs || Ve[ Foo 0| Lo [ Ve 720 + 0]V Ve 3o
and by (3.3]),

I3 < — <(61(n5nE : AD.)n.n, + fon.|*ASD, + %]nglz(nEAsDE ‘n. + A°D, - ngna)),AsD€>
+ G| Ve[ Foo e[ Goc Vel Fras + Collvel o mellfoo V0 | 2 + 8]V Ve s
<Cslne)Zoe (IVnellFoo + [IVelToo ) (I1VelFre + 1VnellFp20) + 8]V ve | Fpa.

Summing up, we conclude that

%%wve, APV + v(VA ., VA*,)
< in(ne x (A1n, x ne), AD, - n.) — (ne x (A%n, x ), A°Q, -n,)
(4.16) +Cs (14 [Ine[oe) (V0|0 + [IVVelzoe + [[Vel[fe ) Bs(ve, ne) + 8] Ve e
Summing up (£8]), ([£9), (£I5) and ([4.I0), then taking § small enough, we get
%%Es(ve,ne) + 3(VVe, Vvo) 4+ Z(VA'V., VA'Y,)
(4.17) < O(1 4 [[Vnol[zee + [Inef|Zo0 ) (1 + [[Vne][Foe + [IVVell oo + [[Vell7o0) Bs(ve, ne).

Step 3. Existence of the solution
As s > 2, we deduced from Sobolev embedding and (LI7) that

d
EES(VE,ng) + v(Vve, Vv.) + v (VA* v, VA®v,) < F(Es(ve,n.)),
where F is an increasing function with F(0) = 0. This implies that there exists 7' > 0 depending
only on Ej(vo,ng) such that for any ¢ € [0, min(7, 7%)],
Ey(ve,n.) +v(Vve, Vv.) + v(VA®v,, VA®v,) < 2FE¢(vp,ng),

which in turn ensures that 1. > T by a continuous argument. Thus, we obtain an uniform estimate
for the approximate solution on [0,7]. Then the existence of the solution can be deduced by a
standard compactness argument.

Step 4. Uniqueness of the solution
Let (vi,n;) and (vi,n;) be two solutions of the system (LI)) with the same initial data. We
denote

b0y =v1—Vy, Onp=mn;—my J0p=h;—hy, p=D1—-Dy Ido=0 Q.
Then (dy, 0y ) satisfies
ddy

E + vy V(SV + 6v . VVQ = —Vp—l— I/Afsv +V- (O’l(Vl,nl) — 0'1(V2,n2)
+ oa2(ny) — o(n2) + 0¥ (n;) — 0¥ (ny)),

Oon

W + vy V5n+5v . VHQ = —nq X ((Ql -1 —,u1h1 —[LQDl 'Ill) X Ill)

+1n9 X ((Q2 -1y — p1hy — poDs - ny) X ny).
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We make L? energy estimate for 6, to get

1d
5&“5VH%,2 + VHV(SVH%Z = _<5v ’ V"275V> + <v “(o1(vi,my) — Ul(V27n2))75v>

+(V - (02(n1) — 02(n2)), 6 ) + (V- (¢ (1) — 0¥ (m2)), 6y
= Ri 4+ Ry + R3 + Ry,

and make H' energy estimate for &, to get

%%Hvanuiz =(v1 - Vén + 0y - Vng, Ady)
+ {n1 x (1 -1y — pihy — oDy - my) x ny)
— 1y X ((Qg ‘ny — pr1hy — peDy - ny) X ng),A5n>
=51+ Ss.
Now we estimate Rq,---, R4. It is easy to see that

Ry < [|Vva| Lo |0y 172,
Ry < C(|Vnillze + [Vna| ) [ Vn]| 2] Vv | 2.
By (B3.3), we have
Ry = —(01(6v,m1), Vy) — (01(v2,m1) — 01(v2,n2), Viy)
< ClIVvel|s]| V|l 12| Vv 2.
For R3, we have
R3 :,u2<n1 X (h; x n1)n; —ng x (hg x ng)ng,5D>
+ (n1 x (hy x ny)n; — ny x (hy x nz)ny,dq)
= u2<n1 X (0 % nl)n1,5D> + <n1 X (0p X n1)ny, 0q)
+ pa(ny % (hy x ny)n; —ng x (hy X ny)ny, dp )
+ <n1 X (hg x n1)n; —ng x (hg x ng)ng,59>
< pg(ny X (6 X my)ny,0p) + (ny X (0 X n1)n1,60)
+ CllAng||13[| V|| 22| Vv r2-
Let us turn to estimate S; and Ss. It is easy to see that
S1 < IVl [[VonllZ2 + C([IVna| o + [[Ang||zs) [Vy | L2 [ Vénll 2,
and for So, we have
S :<n1 X ((59 ‘01 — p10p — pedp - ny) X nl),A5n>
+ (ny x (2101 — pihy — Dy - ny) X ny)
—1ny X ((Qg ‘ng — prhy — poDsg - mg) X ng),A5n>
§<n1 X ((59 ‘ny — 10 — p2dp - Ny) X nl),A5n>
+C([Vvalre + [Aval s + [ Anz[| 2 + ([ VAR 13) [ Von]|72-

Summing up all the above estimates, we obtain
d
&(Ilévlli2 +1Vonll72) < C(I0v[I72 + [ Vonll72),

which implies that dy () = 0 and d,(¢) = 0 on [0, 7.
Step 5. Blow-up criterion
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First of all, the solution of (ILT]) satisfies n| = 1 if |ng| = 1. Thus, it holds that
(4.18) n x (An x n) = An + |Vn|n.
Hence, I, in (@I0]) can be written as
Iy = — p(A*t'n 4+ A%(|Vn[’n), A**'n)

= — u (A, ASTn) 4 4y (A% (V(|Vn[*)n) + A%(|Vn[*Vn), VA®n),

which along with Lemma [£.1] gives
Iy < — (A" n, A1) + O Vn = Vi | A n
+ OVl V..

On the other hand, we can bound I/3 as

I3 < C(|[Vnlje + [IVV]lze) (IV0]F20 + [[VI[F2:) +8IVA* V72
by using the commutator estimate like

IVIA®, fIVgllzz < CUIAVf L2Vl + IV fllz A"V gl £2).

From the proof in Step 2, we can deduce that

d
SEy(v,n) £ C(1+ [ VnlEs + 9] =) Bulv,n).

Recall the following Logarithmic Sobolev inequality from|[2]:
IVVlizee < CA+VV]L2 + IV x Vi[Loe) log(2 + [[v] gx)

for any k£ > 3. Thus, we have

d
EES(V,II) < C(14|VVvle + [Vl + |V x V|1 ) log (2 + Es(v,n)) Es(v, n).

Applying Gronwall’s inequality twice, we infer that
t
Eq(v,n) < E4(vo,ng) exp exp <C/ (L4 [VVlze + Vol + ||V x VHLoo)dT)
0

for any t € [0, 7*). Especially, if T* < 400 and
T*
/ (190 + |V x V]l )dt < +oo,
0

then Eg(v,n)(t) < C for any t € [0,7*). Thus, the solution can be extended after t = T, which
contradicts the definition of T*. The blow-up criterion follows.

5. GLOBAL WELL-POSEDNESS FOR SMALL INITIAL DATA

This section is devoted to the proof of Theorem Assume that (v, n) is the solution of the
system (LI)) on [0, 7] obtained in Theorem [T We define

Ey(v,n) &

IVn)Z: + [VA* ). + [v][72 + [|A%V] 7.,
def
Dy(v,n) = ]| An|7 + m||A 0|7 + v VV][7z + v A V][,
By the interpolation, there exist ¢y > 0 and Cy > 0 such that
co(|IVnl[Frzs + [VI[72s) < Es(v,n) < Co(VnlZzs + [1V]72),
co(J|AN] 22 + [VV[%2:) < Dy(v,n) < Co([|An|2e + |VV]| %2 ).
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The basic energy-dissipation law tells us that
5 dt/ Iv]2 4 |Vn| dx+/ (v|Vv]* + p1|n x h|*)dx < 0,
which along with (IEEI) implies that
ST / [v|? + |Vn|?dx +/ (v|Vv]* + pi|An[*)dx
(5.19) < /R3 |Vn|*dx < C||Vn|| 2| An||3. < CEs(v,n)Ds(v,n).
Similar to (@.I0), we have
<VASn VA®*n) = (A%(v-Vn),A*"'n) + (A*[n x ((2-n) x n)],A*"'n)
— p2{A%n x ((D-n) x n)],As+1n> — p1(A%n x (An x n)],As+1n>
(5.20) =5+ I+ I3+ 1.
We get by Lemma 1] and Sobolev embedding that
Iy <|A%(v - V) [ 2| A | 2
(5.21) <OVl |A VY| 2| A n] 2 < CEq(v,0) Dy(v, m);

2dt

and
I, =(n x ((A*Q - n) x n),A*"'n)
+(A°[nx ((2-n) xn)],A* 'n) — (n x ((A*Q-n) x n), A* 'n)
<(nx ((A*Q-n) x n),A*"'n)
+ C(IIVn] oo [ V][ o1 + [|A0|| 12| V¥ 20 ) [ A* n| 2
(5.22) <(nx ((A*Q-n) x n),A*'n) + CES(V,H)%DS(V,H);
(5.23) I3 < — po(n x ((A°D -n) x n), A¥'n) + CES(V,H)%DS(V,H);
Similar to Step 4 in Section 4, we have
In < = pa (A% 0, A ) + C([IVnl 2 + Va2 ) [|AD] 5| A | 22

(5.24) < — (A0, A% ) 4 O(EB,(v,n)? + Es(v,n)) Dy(v, n).
Summing up (5:20)-(5.24]), we obtain
%%(VASn VA®*n) + p1 (A% n, A**in)
<{(nx ((A*Q-n) x n), A'n) — ps(n x ((A°D -n) x n), A" 'n)
(5.25) + C(Es(v, n)% + Es(v,n)) Ds(v,n).
Now we consider the estimate for the velocity. By Step 2 in Section 4, we have
1d

§E(Asv, A®v) + v(VA®°v, VA®V)
= —(A%(v-Vv),A%) + (A*(Vn ©® Vn), A°Vv)

<AS(B1(nn D)nn+52D+53(nD n+D- nn)),AsD>

+ p2(A%(n x (h x n)n),ASD> — (A®°(n x (h x n)n), A*Q)
(5.26) =1L+ 1+ 1I3+ 114+ 115.
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We get by Lemma [£.1] and Sobolev embedding that

(5.27) 11 < OVl |A™] 12 [A*VV] 2 < CE(v,1)% Dy(v, n);
(5.28) 11, < C|[9n]| 1= | ATnl| 12 AVv]| 2 < CEy(v,n)% Dy(v, n);
and by Proposition 2.2]
II; < — <(ﬁl<nn : A°D)nn + 5,A°D + %(nASD -n+ A°D - nn)), ASD>
+ C (Vi [A™n| 2 + [ Vil| Lo [V V]| r2e-1 ) [A* VY| 2

(5.29) <CEs(v, n)%DS(v,n);
Similarly, we have
Iy + 115 <pip(m x (A*Tn x n), A°D. n) — (nx (AST x n), A*Q2. n)
(5.30) + CEy(v,n)2Dy(v,n).
Summing up (5.26)-(5.30), we obtain

%%(Asv, A®v) + v(VA®°v, VA®V)
< po(n x (A*T'n x n), A*D - n) — (n x (A*"! x n), A*Q - n)
(5.31) + CE,y(v,n)2Dy(v,n).
It follows from (5.19]), (5.25) and (5.31)) that
1d

2dt
This implies that there exists an gy > 0 such that if Es(vg,ng) < £g, then
Es(v,n)(t) < Es(vo,ng) for any ¢ € [0,T].

Thus, the solution is global in time by blow-up criterion in Theorem [I.11

Ey(v,n) + Dy(v,m) < C(Ey(v,n)? + E(v,n)) Dy(v,n).
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