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£�: ê¼ó/aL§, S �ê, tXtu,

P pXt`s “ j|Xt “ i,Xt1 “ i1, ¨ ¨ ¨ , Xtn “ inq “ pijpsq.

lÑ.Ñ ëY.: R; (^�)©Ù�Ñ (^�)�Ý.

½Â3.0.1. e@n ě 1, 0 ď t1 ă ¨ ¨ ¨ ă tn´1 ă t �s ą 0,

pXt`s|pXt1 ,¨¨¨ ,Xtn´1 ,Xtq

`

y
ˇ

ˇpx1, ¨ ¨ ¨ , xn´1, xq
˘

:::::::::::::::::::::::::::::::::::::::

��6us, x �y, K¡tXtu ´(�à�)ê¼L§.

=£�Ý:
::
‹‹

∆
“ pspx, yq.

5: �àvs ��à
:::::::::
pt,spx, yq.

5: #NX0 ” x. P�Px.

eÐ©Ùµ k�Ýρpxq, KPµ “
ş

PxpAqρpxqdx.

~, Px �k��éÜ�Ý: pt1,¨¨¨ ,tnpx1, ¨ ¨ ¨ , xnq

“ pt1px, x1qpt2´t1px1, x2q ¨ ¨ ¨ ptn´tn´1pxn´1, xnq.
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§3.1 pd©Ù�pdL§

n ���©ÙNp~m,Σq, Ù¥, Σ �½. éÜ�Ý:

1
a

p2πqn|Σ|
exp

"

´
1

2
p~x´ ~mqΣ´1p~x´ ~mqT

*

.

n �pd©ÙNp~m,Σq, Ù¥, Σ ��½. A�¼ê:

exp

"

?
´1~m ¨ ~t´

1

2
~t Σ ~tT

*

.

VÇØ:

�5C�!f�þ!^�©Ù!Õá5iff Ø�'.

pdX/pdL§X “ tXα : α P Iu:

pXα1 , ¨ ¨ ¨ , Xαnq Ñlpd©Ù, @n;α1, ¨ ¨ ¨ , αn P I.
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 ·K3.1.2(Õáiff Ø�'). �tXα : α P Iu ´pdX,

I1, ¨ ¨ ¨ , In Ď I, pØ��. PXr “ tXα : α P Iru. e

CovpXα, Xβq “ 0, @r ‰ s;α P Ir, β P Is,

KX1, ¨ ¨ ¨ ,Xn �pÕá.

·K3.1.3(�5C�). �tXα : α P Iu ´pdX. e

Yβ “ c1Xα1 ` ¨ ¨ ¨ ` cnXαn , @β P J,

KtYβ : β P Ju ´pdX.
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§3.2 ÙK$Ä�½Â�Levi �E

�!½Â

Xt “ �mt ��� £. D(.

(A1) Xt ��Ó5. (A3) Xt 'ut ëY.

(A2) Xt`s ´Xt �Xt �pÕá, �Xs äk�Ó�©Ù.

ã¡5:“Brownian motion”, P. M:orters & Y. Peres.
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½Â

b�B0 “ 0. e@t ě 0, s ą 0, n ě 2, @0 ă t1 ă ¨ ¨ ¨ ă tn.

(B1) Bt`s ´Bt „ Np0, sq,

(B2) Bt1, Bt2 ´Bt1 , . . . , Btn ´Btn´1 �pÕá,

(B3) ;� a.s.ëY:

DΩ0 s.t P pΩ0q “ 1�@ω P Ω0, Btpωq'ut ëY.

K¡tBt : t ě 0u �(��IO)ÙK$Ä(Brownian motion).

5: �¡Xt “ x` σBt �BM.

5: lx Ñu: tx`Btu „ Px;

Ð©Ù�µ: tX `Btu „ Pµ, Ù¥X „ µ, �tBtu Õá.

(B1) & (B2): ?¿k��>�©Ù; Õá!²OþL§.

(B3): �½ω, À�t �¼ê. ;�ëY5.
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·K3.2.2. 0 ă t1 ă t2 ă ¨ ¨ ¨ ă tn,
`

Bt1 , Bt2 , ¨ ¨ ¨ , Btn
˘

Ñln

���©Ù, ÙéÜ©Ù�Ý�

pt1,t2,¨¨¨ ,tnpx1, x2, ¨ ¨ ¨ , xnq “
n
ź

k“1

ptk´tk´1
pxk´1, xkq,

Ù¥ptpx, yq “
1?
2πt

expt´ py´xq
2

2t u “ 1?
t
φ
´

y´x
?
t

¯

,

φpzq “
1
?

2π
e´

z2

2 .

y: d(B1) & (B2) �íÑ.

íØ3.2.3. tBtu ´ê¼L§.

5: =£VÇ�Ý�ptpx, yq.
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·K (·K3.2.4)

�

(C1) tXtu ´pdL§,

(C2) EXt “ 0, EXtXs “ t^ s.

(B3) tXtu ;�ëY.

KtXtu ´ÙK$Ä.

y: EBt “ 0. @t ď s,

EBtBs “ EB2
t ` EBtpBs ´Btq “ t.

5: (B1) & (B2) & (B3) ô (C1) & (C2) & (B3).
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~3.2.5. ºÝC�5�. �m“ �m2. (t “ EB2
t .)

@c ą 0, tXtu ´IOÙK$Ä.

Xt “
1

c
Bc2t.

 

𝑐 = √2 

(C1) pXt1 , . . . , Xtnq “
1?
a
pBat1 , . . . , Batnq, �pd�þ.

(C2) EXt “ 0,

EXtXs “
1

c2
EBc2tBc2s “

1

c2
pc2t^ c2sq “ t^ s.

(B3) ;�ëY.
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~3.2.6. tWtu ´IOÙK$Ä.

Wt “

#

tB1{t, t ą 0;

0, t “ 0.

(C1) pdL§, X.

(C2) EWt “ 0. EW0Ws “ 0; @0 ă t ď s,

EWtWs “ EtB1{t ˆ sB1{s “ tsˆ EB1{tB1{s “ tsˆ
1

s
“ t.

(C3) ;�ëY, (ò3íØ3.4.9¥�¤).

�I�ylimtÑ0`Wt “ limsÑ8Bs{s “ 0.

p0, 1,8q Ø p8, 1, 0q.
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d �IOÙK$Ä: ~Bt “ pB
p1q
t , . . . , B

pdq
t qT .

�ytB
piq
t u’s ´i.i.d.��ÙK$Ä:

(D1) tB
piq
t : i, tu ´pdX;

(D2) EB
piq
t “ 0, EB

piq
t B

pjq
s “ 1ti“ju ¨ pt^ sq,

(D3) ;�ëY.

·K3.2.8 (��Ó5). b�O ´d ���Ý
,

KtO ~Btu E,´d �IOÙK$Ä.

y: (D1)
‘

. (D3)
‘

. (D2): EX
piq
t “ 0,

‘

.

EX
piq
t Xpjqs “ E

ÿ

k

oikB
pkq
t

ÿ

`

oj`B
p`q
s

“
ÿ

k,`

oikoj`1tk“`u

:::::::::::::

¨pt^ sq “
ÿ

k

oikojk

:::::::

¨ pt^ sq “ 1ti“ju ¨ pt^ sq.
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§3.2 SK5, 6.

=£VÇ�Ý: ptp~x, ~yq “
1?
p2πtqd

e´
}~y´~x}2

2t .

��¼ê: Gp~x, ~yq “
ş8

0 ptp~x, ~yqdt. Gij “ EiVj “
ř8

n“0 PipXn “ jq

Gp~x, ~yq “ C
ş8

0
t´d{2e´c{tdt “ C

ş8

0
sd{2´2
:::::

e´csds, s “ 1{t.

d “ 1, 2 ñ s´1{2
::::

,´ ln s
::::

, Gp~x, ~yq “ 8,

d “ 3 ñ sd{2´1
:::::

, Gp~x, ~yq ă 8.

C-K �ª: pt`sp~x, ~yq “
ş

Rd ptp~x, ~zqpsp~z, ~yqd~z.

Kolmogorov c?!�ò�§:

Bptp~x, ~yq

Bt
“

1

2
∆yptpx, yq “

1

2
∆xptpx, yq,

∆x “
řd
i“1

B2

Bx2i
.
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�!Levi �E

Ún3.2.9. �X „ Np0, σ2q. eX̃ �X i.i.d., K

Y :“
1

2
pX ` X̃q, Z :“

1

2
pX ´ X̃q

i.i.d., Ñ„ Np0, σ2{2q.

y:

Y :“
1
?

2
¨

1
?

2
pX ` X̃q, Z :“

1
?

2
¨

1
?

2
pX ´ X̃q,

5: X �©), X “ Y ` Z.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

?�ξ “ ξ0,1 „ Np0, 1q.

-B1 “ ξ0,1.

�5����B
p0q
t .

 

𝜉0,1 

1 0 1
2⁄  

�ξ̃ “ ξ̃0,1. -

ξ1,1 “
1
2pξ ` ξ̃q,

ξ1,2 “
1
2pξ ´ ξ̃q. u´ξ “ ξ1,1

À

ξ12. B 1
2
“ ξ1,1.

-B 1
2
“ ξ1,1 “

1
2pξ ` ξ̃q.

����B
p1q
t .

 

1 0 

𝜉1,2 

𝜉1,1 

1
2⁄  

D1:

“ max
0ďtď1

|B
p1q
t ´B

p0q
t |

“ |12ξ ´
1
2pξ ` ξ̃q|

“ 1
2 |ξ̃|.
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�ξ̃1,1, ξ̃1,2 „ Np0, 1

2q,

¦�

ξ11 “ ξ2,1
À

ξ2,2,

ξ1,2 “ ξ2,3
À

ξ2,4.

 

1 0 

𝜉1,2 

𝜉1,1 

1
2⁄  

¼�B 1
4
, B 1

2
, B 3

4
.

����B
p2q
t .

 

1 0 

𝜉2,4 

𝜉2,1 

1
2⁄  

𝜉2,3 
𝜉2,2 

1
4⁄  3

4⁄  

D2:

“ max
0ďtď1

|B
p2q
t ´B

p1q
t |

“ 1
2 maxt|ξ̃1,1|, |ξ̃1,2|u.
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b�®kB
pnq
t .  

�ξ̃n,i „ Np0, 1
2n q,

¼�B i
2n`1

,

����B
pn`1q
t .

 

Dn:

“ max
0ďtď1

|B
pn`1q
t ´B

pnq
t |

“ 1
2 max

1ďiď2n
|ξ̃n,i|.

 yDn “ Op2´n{4
?
nq.
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An :“

"

max
1ďiď2n

|ξ̃n,i| ě 2´n{4
?
n

*

, n ě 1 �pÕá.

ř

n P pAnq ă 8:

P pAnq ď2nP p
?

2´n|Z| ě 2´n{4
?
nq

“2nP p|Z| ě 2n{4
?
nq ď 2n

EZ4

2nn2
“

1

n2
EZ4.

Borel-CantelliÚn: P pAnu)k�gq “ 1.

@ω, DNpωq s.t.
:::::::::::
@n ě Npωq, ω R An, =

max
0ďtď1

|B
pn`1q
t pωq ´B

pnq
t pωq| ď

1

2
ˆ 2´n{4

?
n

::::::::::::::::::::::::::::::::::::::::::

.

r0, 1s þ�ëY¼êBpnqpωq : t ÞÑ B
pnq
t pωq ��Âñ�,ë

Y¼êBpωq : t ÞÑ Btpωq. tBtu �B.M.
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n!o(

B.M.�½Â/�y: (B1)!(B2)!(B3).

B.M.��y: (C1)!(C2)!(B3).

Õá!²OþL§.

ê¼L§!=£VÇ.
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§3.3˚ ØC�n(Invariant Principle)

�ÅCþ��©ÙÂñiff

@f : RÑ R, k.ëY¼ê, EfpXnq Ñ EfpXq.

�½T . tBt : 0 ď t ď T u ´�Å;�, ��uCT “ Cr0, T s.

CT “ Cr0, T s ´�����©�ål�m:

dT pϕ,ψq :“ max
0ďtďT

|ϕptq ´ ψptq|, @ϕ,ψ P Cr0, T s.

ØC�n.

½n (ØC�n, ½n3.3.1)

@T ą 0, @f : Cr0, T s Ñ R, k.ëY�¼,

lim
nÑ8

Ef
`

t
1
?
n
Snt : 0 ď t ď T u

˘

“ Ef
`

tBt : 0 ď t ď T u
˘

.
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ØC�n��*)º:

CLT: ξ1, ξ2, ¨ ¨ ¨ i.i.d., P pξ1 “ 1q “ P pξ1 “ ´1q “ 1{2,

Sm “ ξ1 ` ¨ ¨ ¨ ` ξm. K

1
?
n
Sn

d
Ñ Z „ Np0, 1q.

�m = �m2.

∆t “ 1
n , ∆x “ 1?

n
. 1?

n
Sn “

1?
n
ξ1 ` . . .`

1?
n
ξn

d
« B1.

t “ m∆t, =m “ nt,
1?
n
ξ1 ` . . .`

1?
n
ξm “

?
t ¨ 1?

nt
Snt

d
Ñ
?
tZ

d
“ Bt.

t 1?
n
Snt : t ě 0u Õá²Oþ, �Oþ�©Ù

nÑ8
Ñ Np0, sq.

��: @t P rm,m` 1s, -St “ Sm ` pt´mqpSm`1 ´ Smq.
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 𝑛 = 2,3 𝑛 = 4 𝑛 = 16 𝑛 = 5 

HHHTTTTHHHHHT… 

1?
n
Sn

d
Ñ Z „ Np0, 1q, �´a.s.-lim

n

1?
n
Sn Ø�3.

§3.2 SK8. tBT´t´BT : 0 ď t ď T u, t´Bt : t ě 0u �B.M.,

rê¼5(½n3.4.1)!���n(íØ3.4.2).
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1

√𝑛
 

1

𝑛
 1

𝑛
 

𝑛 = 16, 斜率= √𝑛 𝑛 = 4, 斜率= √𝑛 

1

√𝑛
 

𝑡 = 1 

𝑥 = 1 

HHHTTTTHHHHHT… 

;�??Ø��!r0, εq ¥¹Ã¡õ�":.
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~3.3.4. 1?
n

max
0ďmďn

Sm
d
Ñ max

0ďtď1
Bt.

-F : Cpr0, 1sq Ñ R, ϕ ÞÑ max
0ďtď1

ϕptq. KF ´ëY¼ê.

edT pϕ,ψq :“ max
0ďtďT

|ϕptq ´ ψptq| ď ε, K|F pϕq ´ F pψq| ď ε:

F pϕq “ ϕptϕq ď ψptϕq ` ε ď ψtψ ` ε “ F pψq ` ε.

F Ø´k.¼ê.

 y: F
`

t 1?
n
Snt : 0 ď t ď 1u

˘ d
Ñ F

`

tBt : 0 ď t ď 1u
˘

.

@f : RÑ R k.ëY, f ˝ F
:::::

: Cpr0, 1sq Ñ R k.ëY.

Ef ˝ F
:::::

`

t
1
?
n
Snt : 0 ď t ď 1u

˘

Ñ Ef ˝ F
:::::

`

tBt : 0 ď t ď 1u
˘

.

�, X.
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§3.4 ÙK;��5�

�!Ä��

τa :“ inftt ě 0 : Bt “ au. τ
prq
a :“ inftt ě r : Bt “ au.

½n3.4.1 (rê¼5). τ “ τa ½τ
prq
a . 3tτ ă 8u �^�e,

tBτ`t ´Bτu �IOÙK$Ä, ��τ Õá.

íØ3.4.2 (���n).

P0pτa ă t, Bt ą aq “ P0pτa ă t, Bt ă aq.

y: drê¼5& é¡5��. 

𝜏 𝑡 

𝑎 
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·K (·K3.4.3)

@a ą 0, τa ´ëY.. ©Ù¼ê��ÝXe:

P0pτa ď tq “ 2P0pBt ą aq, @t ě 0;

pptq “
a

?
2πt3

e´
a2

2t , t ą 0.

P0pτa “ tq ď P0pBt “ aq “ 0.

d���n, P0pτa ď tq “ 2P0pBt ą aq.

�Ý: P0pτa ď tq “ 2P0pB1 ą
a?
t
q, �

ρτaptq “ ´2φp
a
?
t
qd
a{
?
t

dt
“ 2φp

a
?
t
q
1

2

a
?
t3
“

a
?

2πt3
e´

a2

2t .

5: P0pτa ă 8q “ 1, E0τa “ 8, @a ‰ 0. (vs §3.4 SK14)
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~3.4.5 & 3.4.6. Ä��L§: tτa : a ě 0u.

Õá²Oþ, �Ø÷v(B3).

B̃t “ Bτa`t. τa`b ´ τa “ τ̃b
d
“ τb, ��τaÕá.

 

𝜏𝑎 

𝑎 

𝜏𝑎+𝑏 

𝑎 + 𝑏

𝜏 < 𝜏𝑐  

𝑐 

ºÝC�. tB̂t :“ Bc2t{cu �B.M..

τ̂a “ inftt : B̂t “ au “ inftt : Bc2t “ cau

“ infts{c2 : Bs “ cau “ τca{c
2. �, tτca{c

2u
d
“ tτau.
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�!���

Mt “ max
0ďsďt

Bs.

·K3.4.7. Mt ´ëY., �Mt
d
“ |Bt|.

y: Mt ą a iff τa ă t, VÇ�P0p|Bt| ą aq.

5: ���3«mSÜ��.

§3.4. SK4 & 5. pMt, Btq ´ëY., ¦: éÜ�Ý.

): @a ą b_ 0,

P0pMt ą a,Bt ď bq “ P0pτa ď t, Bt ą 2a´bq “ P0pBt ą 2a´bq.
 

𝜏𝑎 𝑡 

𝑎 

𝑏 

2𝑎 − 𝑏 

§3.4. SK7. P0pMt ą a|Bt “Mtq: pMt,Mt ´Btq.
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íØ (íØ3.4.8, ���:��)

@t ą 0,

P0pD u ă v ă t, s.t. Bu “ Bv “Mt
::::::::::::::::::::::::::::::::

q “ 0.

Ar “ tD u ă r ă v ă t, s.t. Bu “ Bv “Mtu.

 

𝑟 𝑡 

𝐵෨  𝐵  

tB̂s “ Br´s ´Bru �tB̃s “ Bs`r ´Bru �Õá�B.M..

P0pArq “ P pM̂r “ M̃t´rq “ 0

P p‹‹
::
q ď

ř

rPQ` P0pArq “ 0.
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§3.4 SK6. Vt: ���:. ¦pMt, Bt, Vtq �éÜ�Ý.

Mt ą a, Vt ď r iff Mr ą a, M̃t´r ă pM̂r “qMr ´Br.

 

𝜏𝑎 

𝑏 

𝑉𝑡 𝑡 𝑟 

𝐵෨  𝐵  

𝑎 

@a ą b_ 0,
:::::::::::::::::::::
Mt ą a, Vt ď r,Bt ď b iff A, B̃t´r `Br ď b.

Pprpx, yq “ ppMr,Brqpx, yq, K

P0p‹‹::
q “ P0pABq

“

ĳ

prpx, yq1txąauP0pMt´r ă x´ y,Bt´r ď b´ yqdxdy.
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íØ (íØ3.4.9)

P0

`

limtÑ8
Bt
t “ 0

˘

“ 1.

SLLN: Bn
n Ñ 0.

-Dn “ maxnďsďn`1 |Bs ´Bn|.

D0, D1, D2, . . . i.i.d., D0
d
“M1 _ M̂1.

EDn ď 2EM1 “ 2E|B1| ă 8.

1
nDn

a.s.
Ñ 0 (íØ0.3.2).

�n ď t ă n` 1 �, |Bt| ď |Bn| `Dn. �X.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

n!;�5�

·K (·K3.4.10)

P0p@a ă b, B|ra,bs ØüNq “ 1.

òra, bs �©�n ã, ©:�t0 “ a ă t1 ă ¨ ¨ ¨ ă tn “ b.

tB|ra,bs üNu
∆
“ Aa,b. K

Aa,b Ď tBtm ě Btm´1 ,@m ď nu
ď

tBtm ď Btm´1 ,@m ď nu.

P pAa,bq “ 0: P pAa,bq ď 2ˆ 2´n Ñ 0.

A “
ř

r,sPQ,0ărăsAr,s. �X.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (·K3.4.11)

ÙK$Ä�;�±VÇ1 ??Ø��.

êÆ©Û: �ϕ �r0, 1s þ(�½)�¼ê.

ϕ1pt0q D: DM ą 0, Dδ ą 0, ¦�

|ϕptq ´ ϕpt0q| ďM |t´ t0|, @ t P rt0 ´ δ, t0 ` δs.

 

𝑡0 1 

@n ą 4
δ , D0 ď k ď n´ 3 ¦�

ˇ

ˇ

ˇ

ˇ

ϕp
k ` i

n
q ´ ϕp

k ` i´ 1

n
q

ˇ

ˇ

ˇ

ˇ

ď
8M

n
, i “ 1, 2, 3.

tBt3 r0, 1s ¥k��:u Ď
8
ď

M“1

8
ď

N“1

8
č

n“N

n´3
ď

k“0

An,k.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

tBt3 r0, 1s ¥k��:u Ď
Ť8
M“1

Ť8
N“1

Ş8
n“N

Ťn´3
k“0An,k.

An,k “

"ˇ

ˇ

ˇ

ˇ

Bp
k ` i

n
q ´Bp

k ` i´ 1

n
q

ˇ

ˇ

ˇ

ˇ

ď
8M

n
, i “ 1, 2, 3

*

.

 ylimnÑ8
řn´3
k“0 P0pAn,kq “ 0, u´X.

Z „ Np0, 1q, �Ý�φpxq “ 1?
2π
e´

x2

2 ď 1
2 .

P0pAn,kq “P
`

|
1
?
n
Z| ď

8M

n

˘3
“ P

`

|Z| ď
8M
?
n

˘3
.

P0

`

|Z| ď
8M
?
n

˘

“

ż 8M?
n

´ 8M?
n

φpxqdx ď
8M
?
n
.

řn´3
k“0 P0pAn,kq ď np8M{

?
nq3 “ Op1{

?
nq Ñ 0.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

°[�O˚.

�ϕ �r0, 1s þ�¼ê. @δ ą 0, δ-���Ì(oscillation):

oscpδq :“ max
t,sPr0,1s,|t´s|ďδ

|ϕptq ´ ϕpsq|.

5: eϕ ëY��, K|ϕptq ´ ϕpsq| “ ϕ1puq|t´ s|, �

oscpδq ď maxuPr0,1s |ϕ
1puq| ˆ δ “ Opδq.

·K3.4.12. oscpδq “ O
´
b

δlnp1
δ q

¯

, a.s..

P0

¨

˝lim sup
δÑ0

oscpδq
b

δlnp1
δ q

ď 6

˛

‚“ 1.

53.4.13. 1 “ p1
δ q

0 ! ln 1
δ ! p

1
δ q

2ε.

@α “ 1
2´ε P p0, 1{2q, �3�ÅCþη ¦�

P0

`

|Bt ´Bs| ď η ¨ |t´ s|α, @t, s P r0, 1s
˘

“ 1.

�d(Ø3α “ 1
2 “

1
2´0 �Ø¤á.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

o!":

·K (��uÆ, ·K3.4.14)

-Lt “ supts ď t : Bs “ 0u. Ù©Ù¼ê��ÝXe:

P0pLt ď sq “
2

π
arcsin

c

s

t
, ppsq “

1

π
a

tpt´ sq
, @ 0 ď s ď t.

P0pLt ď sq “ P
`

B̂u ‰ ´Bs,@u P r0, t´ ss
˘

.
 

𝑡 𝑠 

𝑥 

�̂�𝑢 P0pτ̂x ą t´ sq

“ P0p|B̂t´s| ď |x|q.

P0pLt ď sq

“ P p
?
t´ s|W | ď

?
s|Z|q

“ 2
π arcsin

?
s

?
t
.

5: P0pLt “ 0q “ 0 vs P0pLt ą 0q “ 1.
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íØ (íØ3.4.15)

-σ0 :“ inftt ą 0 : Bt “ 0u. KP0pσ0 “ 0q “ 1.

y: P0p0 ă L1{n ă 1{nq “ 1, �A :“
Ş8
n“1An Ď tσ0 “ 0u.

,y: P0pσ0 ď tq “ P0pLt ą 0q “ 1, @t. �P0pσ0 “ 0q “ 1.

,y: D tn 0uτ1{n �τ´1{n �m, ¦�Btn “ 0.

�nÑ8 �, τ˘1{n Ñ τ0. (§3.4 SK12)

5: vk/Äg�£�:0���.
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":8:

Z “ tt ě 0 : Bt “ 0u, Zpωq “ tt ě 0 : Btpωq “ 0u.

�ØVÇ�0 �;�8Ω0. �½ω R Ω0.

Btpωq 'ut ëY. �, Zpωq ´48:

t1, t2, ¨ ¨ ¨ P Zpωq� lim
n
tn “ tñ Btpωq “ lim

n
Btnpωq “ 0 ñ t P Zpωq.

�D Ď R, �48. e@t P D, Dt1, t2, ¨ ¨ ¨ P Dzttu,

¦� limn tn “ t, K¡D ���8. (½Â3.4.17)

~: 0 P Zpωq, �L1{npωq ą 0 �limn L1{n “ 0.

5: D1 “ tt ě 0 : D tn P D ¦� limn tn “ tu.

D ´48, �D1 Ď D. ��8: D Ď D1.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 íØ (íØ3.4.18)

P0pZ ´��8q “ 1.

�ØVÇ�0 �;�8Ω0. @ω R Ω0, Btpωq 'ut ëY.

±e�½ω P Ω0.

;�ëY, �Zpωq ´48, X.

Z 1pωq “ tt ě 0 : D tn P Zpωq ¦� limn tn “ tu.

 y: Zpωq Ď Z 1pωq, =
:::::::::
@t P Zpωq, Dtn P Zpωq ¦�¨ ¨ ¨ ¨ ¨ ¨

'�: XÛ£ã@t P Zpωq?

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 �½ω. Zpωq “ t0u Y C´pωq Y C`pωq,

C´pωq :“tt ą 0 : D t1, t2, ¨ ¨ ¨ P Zpωq X r0, tq ¦� lim
n
tn “ tu;

C`pωq :“tt ą 0 : Bt “ 0 �Dδ ą 0 ¦�Bs ‰ 0,@s P pt´ δ, tqu.

t0u: 2�ØVÇ�0 �8ÜΩ̃0 :“ tσ0 ą 0u.

@ω R Ω0 Y Ω̃0, σ0pωq “ 0, �0 P Z 1pωq.

C´pωq: U½Â, C´pωq Ď Z 1pωq, @ω R Ω0.

±e, ?nC`pωq.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

@t P C`pωq: t ą 0, Bt “ 0,

Dδ ą 0 ¦�Bs ‰ 0,@s P pt´ δ, tqu.

 

𝑟 𝑡 = 𝜏0
(𝑟)

 

𝛿 
�̂�𝑢 

Dr P Q` X pt´ δ, tq, ¦�

t “ infts ě r : Bspωq “ 0u
∆
“ τ

prq
0 pωq.

C`pωq Ď tτ
prq
0 pωq : r P Q`u.

�½r P Q`. Pτ “ τ
prq
0 , KtB̂u “ Bτ`up´Bτ qu �ÙK$Ä.

�Ø"VÇ8ÜΩr. @ω R Ω0 Y Ωr, 0 P Z 1pω̂q, =t P Z 1pωq.
@ω R Ω0 Y

Ť

rPQ` Ωr,

τ
prq
0 pωq P Z 1pωq,@r P Q` ñ C`pωq Ď Z 1pωq.
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Ê!o(

���n: P0pτa ă t, Bt ą aq “ P0pτa ă t, Bt ă aq.

Ä��!���: τa ă t iff Mt ą a, ©Ù!�Ý, Mt
d
“ |Bt|.

"~�!:~�.

���:Vt ��.

Bt{tÑ 0, ttB1{tu ´ÙK$Ä.

��: ØüN!Ø��.

����":Lt, σ0 “ 0.

":8.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§3.5  ³nØ

·K (·K3.5.1)

Pxpτb ă τaq “
x´ a

b´ a
, @a ď x ď b.

-ϕpxq “ Pxpτb ă τaq.
 

𝑎 

𝑏 

𝑥 rê!é¡5:

ϕpxq “
1

2

`

ϕpx` δq ` ϕpx´ δq
˘

.

>.^�: ϕpaq “ 0, ϕpbq “ 1. �, @ra, bs ��©:, X.

üN5: x ď y ñ ϕpxq ď ϕpyq. �, X.

íØ3.5.4(Wald Ún). ExBτa^τb “ x.

y: LHS “ bϕpxq ` ap1´ ϕpxqq “ x.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~3.5.2. tSn “ Bσnu ´SRW, Ù¥, σ0 “ 0,

σn :“ inftt ě σn´1 :
ˇ

ˇBt ´Bσn´1

ˇ

ˇ “ 1u.

ØC�n: N " 1, t “ n
N , (tSnu �5��),

tS
pNq
t “ SNt{

?
Nu

d
« tBtu.

53.5.3˚. �½N . KtS̃n “
?
NBσ̃nu ´SRW, Ù¥, σ̃0 “ 0,

σ̃n :“ inftt ě σn´1 :
ˇ

ˇBt ´Bσ̃n´1

ˇ

ˇ “ 1{
?
N.

/tS̃
pNq
t u

P
Ñ tBtu0: t “ n{N , σ̃n « nEσ̃1 “ nˆ 1

N .

S̃
pNq
t « S̃n{

?
N “ Bσ̃n « Bn{N “ Bt.

σ̃1
d
“ σ1{N (nÓ~3.4.5). :: Eσ1 “ 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
Pτ “ τa ^ τb.

·K3.5.6 (Wald1�Ún).

ExpBτ ´ xq
2 “ Exτ .

5: y²�L�§JÝ��.

íØ3.5.7. Exτ “ px´ aqpb´ xq.

y: ‹ “ ‹ “ x´a
b´a pb´ xq

2 ` b´x
b´a pa´ xq

2 “ px´ aqpb´ xq.

Ún3.5.5. supaďxďbExτ
α ă 8, @α ą 0.

y: Ñ. (5: y²3�§JÝ��.)

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

)|�X¯K!Ñt¯K

«�D “ ra, bs Ď R. >.: a, b. τ “ τBD.

x P D,

Pxpτb ă τaq “ PxpBτ “ bq “ Ex1tBτ“bu.

ϕpxq “ ExfpBτ q. (~: fpxq “ 1tx“bu.)

Kϕpxq “ 1
2ϕpx` δq `

1
2ϕpx´ δq.

 

𝑎 

𝑏 

𝑥 
·K3.5.8()|�X¯K).

$

&

%

ϕ2pxq “ 0, @x P pa, bq,

lim
yPpa,bq,yÑx

ϕpyq “ fpxq, x “ a ½ b.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Exτ “ Ex
şτ
0 1dt.

ψpxq :“ Ex
şτ
0 gpBtqdt. (~: gpxq ” 1.)

Kψpxq “ Ex
şσδ
0 gpBtqdt`

1
2pψpx` δq ` ψpx´ δqq,

Ù¥, σδ “ inftt : |Bt ´ x| “ δu.
 

𝑎 

𝑏 

𝑥 

ψpx` δq ` ψpx´ δq ´ 2ψpxq

« ´ 2gpxq ˆ Exσδ “ ´2gpxqδ2.

·K3.5.8 (Ñt¯K). eg k.ëY, K

$

&

%

ψ2pxq “ ´2gpxq, @x P pa, bq,

lim
yPpa,bq,yÑx

ψpyq “ 0, @x P ta, bu.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�!p��/9ÙA^

D Ď Rd, �/Ð«�0, τ “ τBD.

f : BD Ñ R ëY; g : D Ñ R k.ëY.

ϕp~xq :“ E~xf
`

~Bτ
˘

, ψp~xq :“ E~x

ż τ

0
gp ~Btqdt.

·K3.5.11. PLaplace �f∆ “
řd
i“1

B2

Bx2i
. K

$

&

%

∆ϕp~xq “ 0, @~x P D,

lim
~yPD,~yÑ~x

ϕp~yq “ fp~xq, @~x P BD.

$

&

%

∆ψp~xq “ ´2gp~xq, @~x P D,

lim
~yPD,~yÑ~x

ψp~yq “ 0, @~x P BD.

5: ëY�~f�©ãëY.
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~3.5.14. d �BM �~�5.

τr “ inftt ě 0 : } ~Bt} “ ru.

D “ t~x P Rd : ε ď }~x} ď Ru. ¦: P~xpτε ă τRq.

 

𝑟 

𝑥 

5: P0pτR ă 8q “ 1;

Ò lim
RÑ8

τR “ 8, a.s..

�P~xpτε ă 8q “ lim
RÑ8

P~xpτε ă τRq.

τ “ τBD, ϕp~xq “ E~xfp ~Bτ q.

fp~yq “

#

1, e}~y} “ ε;

0, e}~y} “ R.

d��Ó5: -ϕp~xq “ F pzq, Ù¥ z “ r2 “ }~x}2 “
řd
i“1 x

2
i .

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

P~xpτε ă τRq
∆
“ ϕp~xq “ F pzq, z “ r2 “ }~x}2 “

řd
i“1 x

2
i .

 

𝑟 

𝑥 

∆ϕp~xq “ 0, ~x P D; ϕ|BD “ f . -G “ F 1,

4zF 2pr2q ` 2dF 1pr2q “ 0, i.e. 2zG1pzq ` dGpzq “ 0.

plnGpsqq1 “ ´d
2 ¨

1
z ñ Gpzq “ C ¨ z´d{2.

d�§& >.^��)�ϕp~xq.

d “ 1. r ă x ă R, ϕpxq “ pR´ rq{pR´ εq.

5: Pxpτ0 ă 8q “ 1, :~�.

d “ 2. ϕp~xq “ plnR´ ln rq{plnR´ ln εq.

5: Pxpτε ă 8q “ 1, �Pxpτ0 ă 8q “ 0, 8Ü~�.

P~xpτε ă 8q “ lim
RÑ8

P~xpτε ă τRq “ 1;

Pxpτ0 ă τRq ď P~xpτε ă τRq
εÑ0
ÝÑ 0; ‹

RÑ8
ÝÑ Pxpτ0 ă 8q.
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d ě 3. ϕp~xq “ p 1
rd´2 ´

1
Rd´2 q{p

1
εd´2 ´

1
Rd´2 q.

 

𝑟 

𝑥 

5: �~�.

Pxpτε ă 8q “ lim
RÑ8

Pxpτε ă τRq “ p
ε

r
qd´2 ă 1.

§3.5 SK7. d ě 3, y²} ~Bt} Ñ 8, a.s..

y: �½k. �Äτn,

An “ tDt P rτn, τn`1s ¦�} ~Bt} “ ku.
 

�r “ n, R “ n` 1, ε “ k. �n " k �,

P pAnq “p
1

nd´2
´

1

pn` 1qd´2
q{p

1

kd´2
´

1

pn` 1qd´2
q

ď
1

nd´2
{

1

2kd´2
.
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~3.5.16. D “ r0, 1s, τ “ τBD. �½0 ď y ă z ď 1, ¦

ψpxq :“ Ex

ż τ

0
1tBtPpy,zqudt.

ψ2pxq “ ´2, @x P py, zq; ψ2pxq “ 0, Ù¦.

ψp0q “ ψp1q “ 0.
 

𝑦 𝑧 

-hpxq “ ´x2 ` ax` b.

ψ1pyq “ ´2y ` a “ hpyq
y ,

ψ1pzq “ ´2z ` a “ ´hpzq
1´z .

a “ 2z ´ pz2 ´ y2q, b “ ´y2. )�ψ.

ψpxq “
şz
y ppx,wqdw,

ppx,wq “

#

2xp1´ wq, e 0 ď x ď w ď 1;

2wp1´ xq, e 0 ď w ă x ď 1.

5: ~3.5.17˚(Ñ), é'~1.7.7.
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§3.6 ÙKx�O-U L§

ê¼L§.

½Â3.5.1. tXt, t ě 0u ÷v: @0 ď t1 ă ¨ ¨ ¨ ă tn ă t, s ą 0,

x P R, D1, ¨ ¨ ¨ , Dn, D P BpRq,

P pXt`s P D|Xt “ x,Xt1 P D1, ¨ ¨ ¨ , Xtn P Dnq “ pspx,Dq.

~3.5.4. ��ÙK$Ä. Xt “ |Bt|,

pspx, yq “ pspx, yq ` pspx,´yq, @x, y ě 0.

~3.5.5. ~Xê*ÑL§. Xt “ σBt ` µt.
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�!ÙKx

�µ: Xt “ Bt ´ tB1, 0 ď t ď 1.
 

1 

 

�x:

(BB1) ;�ëY;

(BB2) pdL§;

(BB3.1) EXt “ 0;

(BB3.2) @s ď t, EXsXt “ sp1´ tq.

(LHS “ EpBs ´ sB1qpBt ´ tB1q “ RHS.)

½Â3.6.1. ÷v(BB1), (BB2), (BB3.1) & (BB3.2)

�tXt : 0 ď t ď 1u �ÙKx.

5: 2sp1´ tq �~3.5.16. AO/, EX2
t “ tp1´ tq.
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tXt : 0 ď t ď 1u �B1 Õá:

EXtB1 “ EpBt ´ tB1qB1 “ EBtB1 ´ tEB
2
1 “ 0.

�d�x: �B1 “ 0 �, Xt “ Bt. �,

LptXt : 0 ď t ď 1uq “LptXt : 0 ď t ď 1u|B1 “ 0q

“LptBt : 0 ď t ď 1u|B1 “ 0q,

éÜ�Ý�:

pXt1 ,...,Xtn px1, . . . , xnq “ pBt1 ,...,Btn |B1
px1, . . . , xn|0q.
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~˚: ²�©ÙFnpxq “
1
n

řn
m“1 1tXmďxu, F pxq “ P pX ď xq.

�X ��Ýî��.

SLLN: P pFnpxq Ñ F pxqq “ 1, @x.

CLT: Dnpxq “
?
npFnpxq ´ F pxqq

d
Ñ Dpxq,

Dpxq „ Np0, σ2
xq, σ2

x “ F pxqp1´ F pxqq.

“IP”: tDnpxq : x P Ru d
Ñ tDpxq

∆
“ Dx : x P Ru.

EDxDy “ limnEDnpxqDnpyq “ F pxqp1´ F pyqq, x ď y.

F : RÑ p0, 1q, Pt “ F pxq.

òDx U��Xt, =Xt :“ DF´1ptq.

Àt “ F pxq ă s “ F pyq, KEXtXs “ tp1´ sq, t ď s.

tXtu ´ÙKx.

Donsker½n: maxxPR |Dnpxq|
d
Ñ max0ďtď1 |Xt|.
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Yu “ Xu ´
u
tXt, 0 ď r ď t.  

0 𝑡 1 𝑢 𝑠 Zs “ Xs ´
1´s
1´tXt, t ď s ď 1.

Xt, tYu : 0 ď u ď tu, tZs : t ď s ď 1u �pÕá:

EYuXs “ EXuXs ´
u

t
EXtXs “ up1´ sq ´

u

t
tp1´ sq “ 0,

� EYuZs “ 0. aq/, EXtZs “ 0.

tYuu: �Ý�t �ÙKx(½Â3.6.2).

(BB1), (BB2), (BB3.1) & (BB3.3)

(BB3.3) @0 ď u ď v ď t, EYuYv “ upt´ vq{t.

§3.6 SK5.  
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�!Ornstein-Uhlenbeck(O-U)L§

�α ‰ 0. Xt “ e´αtBe2αt , @t P R.

Xs`t “ e´αpt`sqBe2αpt`sq .

Be2αpt`sq “ Be2αs
À

`

Be2αps`tq ´Be2αs
˘

.

Xs`t “ e´αt ¨ e´αsBe2αs
À

e´αps`tq
`

Be2αps`tq ´Be2αs
˘

“ e´αtXs ` σZ.

σ2 “ e´2αps`tqpe2αps`tq ´ e2αsq “ 1´ e´2αt.

=£�Ý:

qtpx, yq “
1

a

2πp1´ e´2αtq
exp

"

´
py ´ e´αtxq2

2p1´ e´2αtq

*

.

ØC©Ù: Xt „ Np0, 1q, @t.
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Xt “ e´αtBe2αt „ Np0, 1q,

p̃tpx, yq “
1

a

2πp1´ e´2αtq
exp

"

´
py ´ e´αtxq2

2p1´ e´2αtq

*

.

ØC©Ù!rH{![�²ï^�:
ż

φpxq ¨ qtpx, yqdx “ φpyq, φpxq :“
1
?

2π
e´

x2

2 ;

qtpx, yq
tÑ8
ÝÑ φpyq;

φpxq ¨ qtpx, yq “ φpyq ¨ qtpy, xq.

~3.6.5. �_L§. -Yt :“ X´t, KtYtu
d
“ tXtu.

-Ws “ sB1{s, K

Yt “ eαt ¨B1{e2αt “ eαt ¨We2at{e
2αt “ e´αtWe2αt .
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§3.7 �ÅÈ©��Å�©�§{0

8I: é�ÅL§tftu ½Â
şt
0 fudBu.

(J: ØUk�½ω, Ï� dBupωq “ B1upωqdu Ø�3.

�*:
şt
0 fudBu “ lim

|∆|Ñ0

řn´1
i“0 fti ¨ pBti`1 ´Btiq.

∆ : 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tn “ t, |∆| “ max
i
pti`1 ´ tiq.

)û: Ø´ a.s. Âñ, ´L2 Âñ: EpXn ´Xq
2 Ñ 0.

tftu ÷veZ�¦:

ft P Ft :“ σpB|r0,tsq, �tBt`s ´Bsu Õá; ¨ ¨ ¨ ¨ ¨ ¨

(Ø: D ;�ëY�tXtu, ¦�‹‹
L2

Ñ Xt, @t.

�ÅÈ©/�BÈ©: P�
şt
0 fudBu.
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È©��5:
şt
0pc ¨ fu ` guqdBu “ c

şt
0 fudBu `

şt
0 gudBu.

Ï": E
şt
0 fudBu “ 0.

���: E
şt
0 fudBu ¨

şt
0 gudBu “

şt
0Efugudu.

P∆i :“ Bti`1 ´Bti .

ei ă j, d�ti ă ti`1 ď tj ă tj`1,

Kfti ,∆i, gtj P Ftj , � ∆j Õá. �

Efti∆igtj∆j “ 0, Ón Efti∆igtj∆j “ 0, @i ą j.

ei “ j, Kfti , gti �∆i Õá. �

Efti∆igti∆i “ pEftigtiqE∆2
i “ pEftigtiq∆ti

AO/, E
şs
0 fudBu ¨

şt
s gudBu “ 0, @s ă t.
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~3.7.3. ÙK;���mC�.

f : r0,8q Ñ p0,8q, ¢¼ê/��Å. ftpωq :“ fptq

tXt “
şt
0 fudBuu ´pdL§, ;�ëY, EXt “ 0.

@t ď s,

EXtXs “

ż t

0
f2
udu

∆
“ ϕptq.

Pϕ´1 “ ψ. -Yt “ Xψptq, t ě 0.

tYtu ´ÙK$Ä: @t ď s, ψptq ď ψpsq,

EYtYs “ EXψpsqXψptq “ ϕpψptqq “ t.

Xt “ Yϕptq.
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~3.7.4: ¦
şt
0BudBu.

∆ :“ 0 “ t0 ă . . . ă tn “ t, |∆| “ max
0ďiďn´1

pti`1 ´ tiq Ñ 0.

fti “ Bti . O� limn
ř

iBti∆i. (∆i “ Bti`1 ´Bti)

Bti`1 “ Bti `∆i, �

2Bti∆i “ B2
ti`1

´B2
ti ´∆2

i .

ř

i ∆2
i

L2

ÝÑ t:

E∆2
i “ ti`1 ´ ti ñ E

ř

i ∆2
i “ t.

E
`
ř

i ∆2
i ´ t

˘2
“ Varp

ř

i ∆2
i q “

ř

i Varp∆2
i q

“
ř

i Var
`

pti`1 ´ tiqZ
2
˘

“
ř

ipti`1 ´ tiq
2 VarpZ2q Ñ 0.

)�1
2pB

2
t ´ tq.
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�Å�©(È©)�§.

È©�§: Xt “ X0 `
şt
0 σudBu `

şt
0 budu.

~:
şt
0BudBu “

1
2pB

2
t ´ tq. =, B2

t “
şt
0 2BudBu `

şt
0 1du.

�©�§: dXt “ σtdBt ` btdt.

~: dB2
t “ 2BtdBt ` 1dt.

dϕpBtq “ ϕ1pBtqdBt `
1
2ϕ
2pBtqdt. (~, ϕpxq “ x2.)

ϕpBt ` dBtq ´ ϕpBtq “ ϕ1pBtqdBt `
1
2ϕ
2pBtqdB

2
t ` opdB

2
t q,

dBt “ Bt`dt ´Bt, pdBtq
2 “ dt

:::::::::::
. pdXtq

2 “ σ2
t dt.

Itô úª: -Yt “ ϕpt,Xtq, K

dYt “
Bϕ

Bx
pt,XtqdXt `

1

2

B2ϕ

Bx2
pt,XtqpdXtq

2 `
Bϕ

Bt
pt,Xtqdt.
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~3.7.6. ¦)�Å�©�§dXt “ σdBt ´ bXtdt.

5: Xt “ X0 ` σBt ´
şt
0 bXudu. ùØ´).

dXt ` bXtdt “ σdBt.

-ϕpt, xq “ ebtx, Yt “ ϕpt,Xtq. K

dYt “ ebtpdXt ` bXtdtq “ ebtσdBt.

Yt “ Y0 ` σ
şt
0 e

bsdBs. Ù¥, Y0 “ ϕp0, X0q “ X0.

Xt “ e´btYt “ e´btX0 ` σe
´bt

şt
0 e

budBu.

�α ą 0, σ “
?

2α, b “ α.

b�X0 „ Np0, 1q, �tBtu Õá. KtXtu ´O-U L§.
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~3.7.7. Black-Scholes �.. dXt “ XtpσdBt ` µdtq.

σ: ÅÄÇ, µ: ²þÂÃÇ.

dXt ´XtpσdBt ` µdtq “ 0.

�ϕpxq “ lnx, -Yt “ ϕpXtq. K

dYt “
1

Xt
dXt ´

1

2
¨

1

X2
t

pdXtq
2

“pσdBt ` µdtq ´
1

2
¨

1

X2
t

pσXtq
2dt

“σdBt ` pµ´
1

2
σ2qdt.

Yt “ Y0 ` σBt ` pµ´
1
2σ

2qt. Ù¥, Y0 “ lnX0.

�, Xt “ X0 exptσBt ` pµ´
1
2σ

2qtu.
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