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§0.1 VÇ�m

�ÅÁ�“ VÇ�mpΩ,F , P q.

���m/�8/¤kÁ�(J: Ω.

��/:/Á�(J: ω,

¯�/f8: A,B, ¨ ¨ ¨ . 'uω �5�/�¦.

σ �ê: F . 8ÜX, ÷vn^5�.

8ÜXE )¤�σ �ê: σpE q :“
Ş

F´σ�ê,FĚE

F .

��/, Ω �����8X, ¡pX,F q ��ÿ�m.

~. lÑ.. X �ê; %@ F “ 2X :“ tA : A Ď Xu.

~. ëY.. X “ R, %@ F “ B :“ σpm8q “ σp«mq.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

VÇ: P . F þ�¼ê, ÷vn^5�:

�K!5�!���\5.

��/, �pX,F q ��ÿ�m. eµ : F Ñ R` Y t8u ÷v
µpHq “ 0!���\5,

K¡µ �F (½X) þ�ÿÝ.

VÇ´ÿÝ, �¡VÇÿÝ.

e0 ă µpXq ă 8, Kk�ÿÝµ �8�z�VÇÿÝµ̂.

µ̂pAq :“
µpAq

µpXq
, @A P F .

~. lÑ.. X �ê.

VÇµ éAX þ�(VÇ)©Ù� tµi : i P Xu. (ÿÝaq.)

µi “ µptiuq, @i P X.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~. ëY.. pR,Bq. ¡R þ�VÇÿÝ�©Ù.

©Ù¼ê F : RÑ R, ÷vn^5�:

üNþ,!5�(F p8q “ 1 & F p´8q “ 0)!mëY.

5: F ´©Ù¼ê; E “ tp´8, xs : x P Ru é�$�µ4, =

A,B P E ñ AB P E ;

�σpE q “ B. �3pR,Bq þ�3���©Ùµ ÷v

F pxq “ µ
`

p´8, xs
˘

, x P R.

©Ù¼êF ÐÑ ©Ùµ.

½n˚: eE é�$�µ4�µ|E “ µ̂|E , Kµ|σpE q “ µ̂|σpE q.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§0.2 l�ÅCþ��ÅL§

�ÅCþX : Ω Ñ R, ω ÞÑ Xpωq, ÷v�ÿ5�¦:

tX ď xu :“ tω : Xpωq ď xu P F , @x.

lÑ.�ÅCþ. X ������ê8 X Ď R.

:: X �©Ù/©Ù�.

tP pX “ xq : x P Xu.

5: ½Â�ÅCþX ��I�pΩ,F q, ØI�VÇP .

����¹´X Ñg,VÇ�., Ïdk%@�P .

5:�ÿ5�¦:

tX “ xu P F , @x P X.

5: =I'5P 3σpXq :“ σ
` 

tX “ xu : x P X
(˘

þ���.

5: σpXq ´¦�X �ÿ����σ �ê.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

VÇØ�§¥�lÑ.�ÅCþ.

ü:©Ù:

P pX “ 1q “ p, P pX “ 0q “ 1´ p.

��©ÙBpn, pq:

P pX “ iq “ Cinp
ip1´ pqn´i, i “ 0, 1, ¨ ¨ ¨ , n.

Ñt©Ù:

P pX “ nq “
λn

n!
e´λ, n “ 0, 1, ¨ ¨ ¨

AÛ©Ù:

P pX “ nq “ p1´ pqn´1p, n “ 1, 2, ¨ ¨ ¨

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

í2lÑ.�ÅCþ�½Â.

�ÅÁ�/VÇ�.: pΩ,F , P q.

�S �����ê8. eX : Ω Ñ S ÷v�ÿ5�¦:

tX “ iu “ tω : Xpωq “ iu P F , @i P S,

K¡X �lÑ.�ÅCþ.

¡S �X �(�)��m/G�(State)�m/ ��m.

�/G�/ �: i, j, k ¨ ¨ ¨ P S.

Ø��S “ t1, ¨ ¨ ¨ , Nu, t0, 1, 2, ¨ ¨ ¨ u, ¨ ¨ ¨

X „ µ, X Ñl©Ù(�) µ, X �©ÙµX �µ:

P pX “ iq “ µi, @i P S.

X
d
“ Y , Ó©Ù: µX “ µY , Ó©Ù�.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
G�.

~. �M1, S “ tH,Tu.

~. Ý�f, S “ tù,£,�,É,7,bu.

 �.

~. S “ t1, ¨ ¨ ¨ , 5u.

X “ (·��)âf� �.

 

2 

3 

1 

4 

5 ~. �X ÑlÑt©Ù:

P pX “ nq “
λn

n!
e´λ, n “ 0, 1, ¨ ¨ ¨

n)�: òâfU±þ©Ù��uZ` ¥��Å �X.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

lÑ.�Å�þ.

�ÅÁ�/VÇ�.: pΩ,F , P q. �S �����ê8.

�Å�þ ~X “ pX1, ¨ ¨ ¨ , Xnq. Ù¥, Xm : Ω Ñ S, @m.

~X ��uSn �lÑ.�ÅCþ.

Sn :“ t~x “ px1, ¨ ¨ ¨ , xnq : x1, ¨ ¨ ¨ , xn P Su,

~x “ ~Xpωq, px1, ¨ ¨ ¨ , xnq “ pX1pωq, ¨ ¨ ¨ , Xnpωqq.

¡ ~X �(3Sn þ�)©Ù�n �éÜ©Ù. (>�/^�©Ù.)

5: =I'5P 3σp ~Xq þ���,

σp ~Xq “σpX1, ¨ ¨ ¨ , Xnq :“ σ
´

 

t ~X “ ~xu : ~x P Sn
(

¯

“σ
` 

tXm “ iu : 1 ď m ď n, i P S
(˘

.

5: σp ~Xq �¦�¤kXm þ�ÿ����σ �ê.

5: aq/, ��S1, ¨ ¨ ¨ , Sn þ��ê8, Xm ��uSm.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

lÑ.�ÅCþS�.

Ã¡��þ ~X “ pX1, X2, ¨ ¨ ¨ q. Ù¥, Xm : Ω Ñ S, @m.

5: =I��
::::
�Ük��éÜ©Ù.

~. ¯��Õá5Ñ �ÅCþ�Õá5; ÕáÓ©Ù, i.i.d..

~. Bernoulli Á�. �X,

P pX1 “ H,X2 “ H,X3 “ T q “ p2p1´ pq, ¨ ¨ ¨

~. X1, X2, ¨ ¨ ¨ Õá�ÑÑlëê�λ �Ñt©Ù, �:

P pX1 “ i1, ¨ ¨ ¨ , Xn “ inq “ e´λn
n
ź

k“1

λik

ik!
, @n,@i1, ¨ ¨ ¨ , in.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

éÃ¡��þ ~X “ pX1, X2, ¨ ¨ ¨ q =I�� ::::
�Ük��éÜ©Ù.

��o?

=I'5P 3/σp ~Xq0þ���, Ù¥

σp ~Xq :“ σ
` 

tXm “ iu : m ě 1, i P S
(˘

.

�¦�¤kXi þ�ÿ����σ �ê.

E ÷v�$�µ4, �σpE q “ σp ~Xq. Ù¥,

E “
8
ď

n“1

σpX1, ¨ ¨ ¨ , Xnq “

8
ď

n“1

σ
` 

tXm “ iu : 1 ď m ď n, i P S
(˘

.

d½n˚, eµ|E “ µ̂|E , Kµ|σpE q “ µ̂|σpE q.

µ|E =�:::::
�Ük��éÜ©Ù.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

lÑ�mëê!lÑG��m��ÅL§.

=, lÑ.�ÅCþS� ~X “ pX0, X1, X2, ¨ ¨ ¨ q.

òZ` “ t0, 1, 2, ¨ ¨ ¨ u n)�lÑ�m. �mëêP�n.

Ð©��n “ 0,

e���n “ 1,

2e���n “ 2, ¨ ¨ ¨

Xn “ Ä��âf3��n � �;

üC�XÚ3��n �G�.

~. X0 “ 1, X1 “ 4, X2 “ 4, X3 “ 3, ¨ ¨ ¨

 

2 

3 

1 

4 

5 
~X P¹eâf�$ÄL§/;�;

½XÚ�üCL§.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

;�: ±�mn �gCþ!��u ��mS �¼ê;

Ã¡��þ; Ã¡��S iÎG.

;��m:

SZ` “ t~x “ px0, x1, x2, ¨ ¨ ¨ q : xn P S,@n ě 0u.

~X : Ω Ñ SZ` :

~x “ ~Xpωq, px0, x1, x2, ¨ ¨ ¨ q “ pX0pωq, X1pωq, X2pωq, ¨ ¨ ¨ q

ò ~X UP�tXn : n ě 0u, �x�ÅCþ.

?�Ú:  !Ø ~X ´��uSZ` ��Å;�. �ÿ5�¦?

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

í2�ÅCþ�½Â—�Å�.

�ÅCþX : Ω Ñ R, ω ÞÑ Xpωq, ÷v�ÿ5�¦:

tX ď xu :“ tω : Xpωq ď xu P F , @x.

5: B “ σpE q, Ù¥E “ tp´8, xs : x P Ru.

Ω ÝÑ R
tX ď xu ÐÝ p´8, xs

X´1D :“ tX P Du, X´1E :“ tX´1D : D P E u.

·K: eã���.

X´1E ÐÝ E

Ó Ó

σpX´1E q ÐÝ σpE q

¡σpXq :“ σ
`

tX ď xu : x P R
˘

�X )¤�σ �ê. §´

¦X �ÿ����σ �ê. �ÿ5�¦���´σpXq Ď F .

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 �ÅÁ�/VÇ�.: pΩ,F , P q.

�pX,S q ��ÿ�m. eX : Ω Ñ X ÷v�ÿ5�¦:

tX P Du P F , @D P S ,

K¡X ���X ��Å�.

5: ¡X þ�VÇÿÝ�©Ù.

X „ µ, X Ñl©Ùµ, X �©ÙµX �µ:

P pX P Dq “ µpDq, @D P S .

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~. lÑ�mëê!lÑG��m��ÅL§.

�pΩ,F , P q �VÇ�., S ��ê8,

~X “ pX0, X1, X2, ¨ ¨ ¨ q, Ù¥, Xm : Ω Ñ S.

-

X “ SZ` “ t~x “ px0, x1, x2, ¨ ¨ ¨ q : xn P S,@n ě 0u,

S “ σ
` 

t~x : xn “ iu : n P Z`, i P S
(˘

.

K, ~X �n)���X ��Å�, =�Å;�.

5: =I���Ük��éÜ©Ù�.

P pX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inq, n ě 0, i0, i1, ¨ ¨ ¨ , in P S.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

:::::::::::::
ëY�mëê!lÑG��m��ÅL§.

�pΩ,F , P q �VÇ�., S ��ê8.

�
:::::::::::::
ëY�mëê T “ R` “ r0,8q.
�x�ÅCþ: X “ tXt, t ě 0u, Ù¥Xt : Ω Ñ S, @t ě 0.

¦�¤kXt þ�ÿ���σ �ê:

σpXq :“ σ
` 

tXt “ iu : t ě 0, i P S
(˘

.

X ��u;��m

X “ ST :“ tx “ txt, t ě 0u : xt P S,@tu.

�S “ σ
` 

tx : xt “ iu : t ě 0, i P S
(˘

, KX �n)��

�X ��Å�, =�Å;�.

E,=I��
:::::
�Ük��éÜ©Ù.

E “
8
ď

n“1

ď

t1,¨¨¨ ,tně0

σ pXt1 , ¨ ¨ ¨ , Xtnq.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ëY�mëê!
:::::::::::::
ëYG��m��ÅL§.

�pΩ,F , P q �VÇ�., �ëY�mëêT “ R` “ r0,8q.

�x
:::::::::
��uR ��ÅCþ: X “ tXt : t ě 0u.

pXt1 , ¨ ¨ ¨ , Xtnq þ�ëY.�Å�þ, @n ě 1, t1 ă ¨ ¨ ¨ ă tn.

5: #NX0 ” x0.

¦�¤kXt þ�ÿ���σ �ê:

σpXq :“ σ
` 

tXt ď xu : t ě 0, x P R
(˘

.

X ��u;��m

X “ RT :“ tx “ txt, t ě 0u : xt P R,@tu.

�S “ σ
` 

tx : xt ď xu : t ě 0, x P R
(˘

, KX �n)��

�X ��Å�, =�Å;�.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 E,=I��
:::::
�Ük��éÜ©Ù.

E “
8
ď

n“1

ď

t1,¨¨¨ ,tně0

σ pXt1 , ¨ ¨ ¨ , Xtnq.

�d/, ��
:::::
�Ük��éÜ�Ý.

5: aq/, ±þlÑ�mëê½ëY�mëêþ���K

�¶, þ��«mã.

~. T “ Z, t0, 1, ¨ ¨ ¨ , Nu, tN1, ¨ ¨ ¨ , N2u;

½, T “ R, r0, T s, rT1, T2s.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Õá5.

¯��Õá5.

�ÅCþ�Õá5: @A1, ¨ ¨ ¨ , An,

P pX1 P A1, ¨ ¨ ¨ , Xn P Anq “ P pX1 P A1q ¨ ¨ ¨P pXn P Anq.

�d^�, lÑ.!ëY..

·K0.2.7. �X,Y �lÑ.�ÅCþ, ©O��uS1, S2. e

P pX “ i, Y “ jq “ µiP pY “ jq, @i P S1, j P S2,

KX �Y �pÕá, �X „ µ.

y: þªü>éj ¦Ú, ��X „ µ. 2òÙ2�\þª, B

�X �Y �pÕá.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�±e�ÅCþÑ��u�ê8S, ½öÑ��uR.

�X “ tXα : α P Iu �Y “ tYβ : β P Ju ´üx�ÅCþ.

e?¿pXα1 , ¨ ¨ ¨ , Xαnq �?¿pYβ1 , ¨ ¨ ¨ , Yβmq �pÕá, K

¡X �Y �pÕá.

�Ï: -

EX :“
8
ď

n“1

ď

α1,¨¨¨ ,αnPI

σ pXα1 , ¨ ¨ ¨ , Xαnq,

EY :“
8
ď

m“1

ď

β1,¨¨¨ ,βmPI

σ pYβ1 , ¨ ¨ ¨ , Yβmq.

K§�Ñ÷v�$�µ4.

·K: Ïd, EX �EY Õá%¹XσpEXq �σpEYq Õá.

aq/�½ÂXp1q, ¨ ¨ ¨ ,Xpnq Õá,

Xp1q,Xp2q, ¨ ¨ ¨ Õá, ½ÕáÓ©Ù.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§0.3 Ï"�Âñ5

��ÅCþX �¢ê�.

lÑ.: EX :“
ř

iPS iP pX “ iq.

ëY.: EX :“
ş8

´8
xpXpxqdx.

Ú�½Â: EX “
ş8

0 P pX ą xqdx´
ş8

0 P pX ă ´xqdx.

e,¯��VÇ�1, K¡§A�7,(a.s.)u).

5: ���/, �yT¯� Ě A �P pAq “ 1, =�.

A�7,Âñ, Xn
a.s.
Ñ X: P plimnÑ8Xn “ Xq “ 1.

5: �yP pAq “ 1 �@ω P A, Xnpωq Ñ Xpωq =�.

�VÇÂñ, Xn
P
Ñ X: P p|Xn ´X| ą εq Ñ 0, @ε ą 0.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

'��¯�: An “ t|Xn ´X| ą εu.

Xn
P
Ñ X iff P pAnq Ñ 0;

Xn
a.s.
Ñ X iff P

`
Ť

něN An
˘

Ñ 0.

Borel-CantelliÚn: e
ř8
n“1 P pAnq ă 8, KP pAn i.o.q “ 0,

tAn i.o.u “
8
č

N“1

8
ď

n“N

An.

íØ: e
ř8
n“1 P p|Xn ´X| ą εq ă 8, @ε ą 0, KXn

a.s.
Ñ X.

íØ: �η1, η2, ¨ ¨ ¨ i.i.d. �Ï"�3. Kηn{n
a.s.
Ñ 0.

r�ê½Æ/SLLN: �X1, X2, ¨ ¨ ¨ i.i.d.�Ï"k¿Â.

KpX1 ` ¨ ¨ ¨ `Xnq{n
a.s.
Ñ EX1.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

k.Âñ½n, BCT:

�Xn
P
Ñ X. eDM ¦�|Xn| ďM , @n ě 1, KEXn Ñ EX.

üNÂñ½n, MCT, Levi½n:

�Xn �K�üNþ,�X, KEXn Ñ EX.

Lebesgue ��Âñ½n, DCT:

�Xn
a.s.
Ñ X. e|Xn| ď Y , @n �E|Y | ă 8, KEXn Ñ EX.

Fubini ½n(lÑ�mëê��):

�½öXn Ñ�K, ½ö
ř8
n“1E|Xn| ă 8,

KE
ř8
n“1Xn “

ř8
n“1EXn.

Fubini ½n(ëY�mëê��):

�½öXt Ñ�K, ½ö
ş8

0 E|Xt|dt ă 8,

KE
ş8

0 Xtdt “
ş8

0 EXtdt.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§0.4 ^�VÇ!^�©Ù�^�Ï"

^�VÇ: �P pAq ą 0, ¡

P pB|Aq “ PApBq “
P pABq

P pAq

�3A u)�^�e, ¯�B �(^�)VÇ.

5: ����/3A u)�^�e0, /®�A0, /b�A0

�a, KÙ�!9�/VÇ0Ñ�æ^PA ?1O�.

~(lÑ.). �A ¤á�, X �©Ù��tPApX “ iq, i P Su.

~(lÑ.). /eA (u)), KX �Y Õá0�:

PApX “ i, Y “ jq “ PApX “ iqPApY “ jq, @i, j.

Ø´P pX “ i, Y “ jq “ P pX “ iqP pY “ jq, @i, j.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

^�©Ù: ^�©Ù�!^��Ý.

^�Ï"EpX|Y q:

1 �½j, ^3tY “ ju �^�e, X �^�©Ù�/^��Ý

¦X �Ï", ��ϕpjq :“ EpX|Y “ jq.

2 -EpX|Y q :“ ϕpY q.

5: ^�Ï"EpX|Y q ´�ÅCþ.

Ï"úª: EX “ EEpX|Y q.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)


