
 

1nÙ!ÙK$Ä
§3.1 ½Â

1. ½Â
Xt “ �mt ��� £. D(.

(A1) Xt ��Ó5. (A3) Xt 'ut ëY.

(A2) Xt`s ´Xt �Xt �pÕá, �Xs äk�Ó�©Ù.

ã¡5:“Brownian motion”, P. M:orters & Y. Peres.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
½Â (½Â3.1.1)b�B0 “ 0. e@t ě 0, s ą 0, n ě 2, @0 ă t1 ă ¨ ¨ ¨ ă tn.

(B1) Bt`s ´Bt „ Np0, sq,
(B2) Bt1 , Bt2 ´Bt1 , . . . , Btn ´Btn´1 �pÕá,

(B3) ;�ëY: @ω, Btpωq 'ut ëY.K¡tBt : t ě 0u ǑIOÙK$Ä(Brownian motion).

Xt “ x` σBt, Px, Pµ.

(B1) & (B2). ?¿k��>Æ©Ù: LpBt1 , . . . , Btnq.

(B3). ;�: �½ω, ÀǑt �¼ê, 5�.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
(B1) Bt`s ´Bt

d“ Bs„ Np0, sq,
(B2) Bt1 , Bt2 ´Bt1 , . . . , Btn ´Btn´1 �pÕá,

(B) Õá²OþL§.Õá²Oþ, �¢y(B3)1 ;��ëm4.

PPpλq: „ Ppλsq. (B) ¤á, �(B3) Ø¤á.

(B) & (B3) ¤áñ „ Npsµ, sσ2q.

“��”: Ó©Ù. ~, (B1) & (B2) ¤á, �(B3) Ø¤á.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

(B1) & (B2). ?¿k��éÜ©ÙLpBt1 , . . . , Btnq:

Np0, sq ��Ý:

pspzq “ 1?
2πs

e´ z2

2s .

pBt1 , . . . , Btnq �éÜ�Ý: P∆tk “ tk ´ tk´1,

p~tp~xq “ pt1,¨¨¨ ,tnpx1, ¨ ¨ ¨ , xnq “
n

ź

k“1

p∆tkpxk ´ xk´1q.

~ξ “ pξ1, . . . , ξnq “ pBt1 , Bt2 ´Bt1 , . . . , Btn ´Btn´1
q:

p~ξp~yq “
n

ź

k“1

p∆tkpykq, p~tp~xq “ p~ξp~yq, yk “ ∆xk.=£(VÇ)�Ý: (0 ă t1 ă . . . ă tn ă t ă t ` s)

pt`s|t;t1,t2,¨¨¨ ,tnpy|x;x1, x2, ¨ ¨ ¨ , xnq “ pspy ´ xq “: pspx, yq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

2. =£�Ý. ptpx, yq “ ptpy ´ xq “ 1?
2πt
e´ py´xq2

2t .��¼êGpx, yq “
ş8
0

1?
2π¨

?
t
e´ py´xq2

2t dt “ 8.

pt`spx, yq “
ş

R
ptpx, zqpspz, yqdz.

Kolmogorov ?!�ò�§:

Bptpx, yq
Bt “ 1

2

B2ptpx, yq
By2 “ 1

2

B2ptpx, yq
Bx2 ,

f : S “ R Ñ R, ftpxq :“ ExfpXtq “ Efpx`Btq.

B
Btftpxq “ 1

2

B2
Bx2 ftpxq “ pLftqpxq.

L : f ÞÑ Lf “ g, gpxq “ 1
2
f

2pxq.

ftpxq “ Efpx`Btq “ fpxq ` 1
2
f2pxqt ` optq,

fpx`Btq “ fpxq ` f 1pxqBt ` 1
2
f2pxqB2

t ` ‹‹.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3. pdL§��/pd©Ù: ~X :“ pX1, ¨ ¨ ¨ ,XnqT „ Np~µ,Σq

ρ ~X
p~xq “ 1

a

p2πqn|Σ|
e´ 1

2
p~x´~µq¨Σp~x´~µq.

Eei
~t¨ ~X “ ei

~t¨~µ´ 1
2
~t¨pΣ~tq.Ï": @t ě 0, EBt “ 0.Æ��: @0 ă t ă s, EBtBs “ EB2

t ` EBtpBs ´Btq “ t.�d½Â: (C1) & (C2) & (B3).

(C1) pBt1 , . . . , Btnq ÑléÜ��/pd.

(C2) EBt “ 0, EBtBs “ t^ s.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

��ºÝ: �m“ �m2. (t “ EB2
t )

@a ą 0, Xt “ 1?
a
Bat, t ě 0 ´IOÙK$Ä.

 
 

(C1) pXt1 , . . . , Xtnq “ 1?
a

pBat1 , . . . , Batnq ÑléÜ��/pd.

(C2) EXt “ 0, EXtXs “ 1

a
EBatBas “ 1

a
pat ^ asq “ t ^ s.

(B3) ;�ëY.g�q!©/.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
4. �E.

tBt, 0 ď t ď 1u �Levi �E:g�: eX „ Np0, σ2q, K
X “ Y

À

Z, Ù¥Y,Z i.i.d.„ Np0, 1
2
σ2q.¢y: �X̃ �X i.i.d., -

Y :“ 1

2
pX ` X̃q “ 1?

2
¨ 1?

2
pX ` X̃q,

Z :“ 1

2
pX ´ X̃q “ 1?

2
¨ 1?

2
pX ´ X̃q.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

?�ξ “ ξ0,1 „ Np0, 1q.-B1 “ ξ0,1.�5����Bp0q
t .

  
 

�ξ̃ “ ξ̃0,1. -
ξ1,1 “ 1

2
pξ ` ξ̃q,

ξ1,2 “ 1
2

pξ ´ ξ̃q. u´ξ “ ξ1,1
À

ξ12. B 1
2

“ ξ1,1.-B 1
2

“ ξ1,1 “ 1
2
pξ ` ξ̃q.����Bp1q

t .

 

  

 

 

 

D1:

“ max
0ďtď1

|Bp1q
t ´B

p0q
t |

“ |1
2
ξ ´ 1

2
pξ ` ξ̃q|

“ 1
2
|ξ̃|.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 �ξ̃1,1, ξ̃1,2 „ Np0, 1
2
q,��

ξ11 “ ξ2,1
À

ξ2,2,

ξ1,2 “ ξ2,3
À

ξ2,4.

 

  

 

 

 ¼�B 1
4
, B 1

2
, B 3

4
.����Bp2q

t .

 

  

 

 

 

 
 

  

D2:

“ max
0ďtď1

|Bp2q
t ´B

p1q
t |

“ 1
2
maxt|ξ̃1,1|, |ξ̃1,2|u.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

b�®kBpnq
t .  �ξ̃n,i „ Np0, 1

2n
q,¼�B i

2n`1
,����Bpn`1q
t .

 

Dn:

“ max
0ďtď1

|Bpn`1q
t ´B

pnq
t |

“ 1
2

max
1ďiď2n

|ξ̃n,i|. yDn “ Op2´n{4?
nq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

An :“ t max
1ďiď2n

|ξ̃n,i| ě 2´n{4?
nu, n ě 1 �pÕá.

P pAnq ď 2nP p
?
2´n|Z| ě 2´n{4?

nq
“ 2nP p|Z| ě 2n{4?

nq ď 2n EZ4

2nn2 “ 1
n2EZ

4.

ñ ř

n P pAnq ă 8.

Borel-CantelliÚn: P pAnu)k�gq “ 1.

@ω, DNpωq s.t.
:::::::::::

@n ě Npωq, ω R An, =
max
0ďtď1

|Bpn`1q
t pωq ´B

pnq
t pωq| ď 2´n{4?

n
:::::::::::::::::::::::::::::::::::::

.

B
pnq
t pωq, t P r0, 1s ��Âñ�,ëY¼êBtpωq, t P r0, 1s.Ö¿½ÂBtpωq ” 0, Ù�ω.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

5. d �IOÙK$Ä: ~Bt “ pBp1q
t , . . . , B

pdq
t qT .

tBpiq
t , t ě 0u, i “ 1, . . . , d ´i.i.d. ��ÙK$Ä.

(D1) tBpiq
t ; i, tu ¥?¿k��ÑléÜ��,

(D2) EB
piq
t “ 0, EB

piq
t B

pjq
s “ 1ti“ju ¨ t^ s,

(D3) ;�ëY.��Ó5(·K3.1.7): b�O ´d ���Ý
,K ~Xt “ O ~Bt E,´d �IOÙK$Ä.

(D1)
‘

. (D3)
‘

. (D2): EX
piq
t “ 0,

‘

.

EX
piq
t X

pjq
s “ E

ř

k oikB
pkq
t

ř

ℓ ojℓB
pℓq
s

“ ř

k,ℓ oikojℓ1tk“ℓu
::::::::::::::

¨t ^ s “ ř

k oikojk
::::::::

t ^ s “ 1ti“ju ¨ t ^ s.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

=£�Ý: ptp~x, ~yq “ 1?
p2πtqd

e´ }~y´~x}2
2t .

~Bs`t ´ ~Bs „ Np~0, t ¨ Iq.
pt`sp~x, ~yq “

ş

Rd ptp~x, ~zqpsp~z, ~yqd~z.

Kolmogorov ?!�ò�§:

Bptp~x, ~yq
Bt “ 1

2
∆yptpx, yq “ 1

2
∆xptpx, yq,

∆x “ řd
i“1

B2

Bx2
i

.��¼ê: Gp~x, ~yq “
ş8
0
ptp~x, ~yqdt.

d “ 2: Gp~x, ~yq “
ş8
0

1

2π¨te
´ }~y´~x}2

2t dt “ 8.

d ě 3: Gp~x, ~yq “
ş8
0

1

2π¨td{2 e
´ }~y´~x}2

2t dt ă 8.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

6. �ÿ5.���mpΩ,F , P q, L§tBtu, ÷v(B1), (B2), (B3).;��m: Ω̂ “ tω̂ : r0,8q Ñ Ru, �IL§: tω̂tu.

F̂ “ σptω̂t ď xu : @t,@xq.

B : pΩ,Fq Ñ pΩ̂, F̂q, ω ÞÑ ω̂t “ Btpωq, �ÿN�:

B
´1tω̂t ď xu “ tBtpωq ď xu P F .p�P̂ : P̂ pω̂t1 ď x1, . . . , ω̂tn ď xnq

“ P pBt1 ď x1, . . . , Btn ď xnq. (B1) & (B2).

Cr0,8q R F̂ .��;��m: ‹‹ & (B3).

Ω̃ “ Cr0,8q, F̃ “ tA X Ω̃, A P Fu, P̃ pA X Ω̃q “ P pAq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§3.2 ØC�n(Invariant Principle)�©ÙÂñ.©Ù!©Ù¼ê: FXpxq “ P pX ď xq.~: Bernoulli Ý1. ξn
d“ ξ1, �ξn “ ξ1 Ø¤á.XJé?¿FX �ëY:x ÑkP pYn ď xq Ñ P pX ď xq,�o¡Yn �©ÙÂñuX, PǑYn dÑ X.

 ��5½Â.

C: (���©)ål�m.

Yn, @n ě 1, X : ��uC ��ÅCþ.

Yn
dÑ X : eP pX P BBq “ 0, KP pYn P Bq Ñ P pX P Bq.

Yn
dÑ X : @C þk.ëY¼êf , EfpYnq Ñ EfpXq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

CLT: ξ1, ξ2, ¨ ¨ ¨ i.i.d., P pξ1 “ 1q “ P pξ1 “ ´1q “ 1{2,
Sm “ ξ1 ` ¨ ¨ ¨ ` ξm. K

1?
n
Sn

dÑ Z „ Np0, 1q.�m = �m2.

∆t “ 1
n
, ∆x “ 1?

n
. 1?

n
Sn “ 1?

n
ξ1 ` . . . ` 1?

n
ξn

d« B1.

t “ m∆t, =m “ nt,

1?
n
ξ1 ` . . . ` 1?

n
ξm “

?
t ¨ 1?

nt
Snt

dÑ
?
tZ

d“ Bt.

t 1?
n
Snt : t ě 0u Õá²Oþ, �Oþ�©Ù nÑ8Ñ Np0, sq.��: @t P rm,m ` 1s, -St “ Sm ` pt´mqpSm`1 ´ Smq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

     

 

1?
n
Sn

dÑ Z „ Np0, 1q, �´a.s.-lim
n

1?
n
Sn Ø�3.

§3.1 SK8. tBT´t ´BT : 0 ď t ď T u,
t´Bt : t ě 0u ǑÙK$Ä!���n.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



  

 

 
 

,  ,  

 

 

 

 ;�??Ø��!r0, εq ¥¹�¡õ�":.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

R ¥�ëY;�: ϕ P Cr0,8q.ÙK$Ä: �)�^�Å�ëY;�X, Xptq “ Bt.Ý1: tSnu. ���)�^�Å�ëY;�Y ,ºÝC�: Ψn : Cr0,8q Ðâ, Ψnpψq
::::::

ptq “ 1?
n
ψpntq.�)Yn :“ ΨnpY q.

“ØC�n”: Yn
dÑ X . (5: Ø´Yn a.s.Ñ Y

d“ X.)

Cr0,8q þ�ål?

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

���©ål�m: �½T ą 0, (�C “ Cr0, T s), -
dT pϕ,ψq :“ max

0ďtďT
|ϕptq ´ ψptq|, @ϕ,ψ P Cr0, T s.KpCr0, T s, dT q ´�����©�ål�m.�ä: ΦT : Cr0,8q Ñ Cr0, T s, ϕ Ñ ϕ|r0,T s.ØC�n: ΦT pYnq dÑ ΦT pXq, @T ą 0.½n (ØC�n, ½n3.2.1)

@T ą 0, @Cr0, T s þ�?¿k.ëY
::::

�¼ f ,

lim
nÑ8

Ef
`

t 1?
n
Snt : 0 ď t ď T u

˘

“ Ef
`

tBt : 0 ď t ď T u
˘

.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~: 1?
n
max0ďmďn Sm

dÑ max0ďtď1Bt.-F : Cpr0, 1sq Ñ R, ϕ ÞÑ max0ďtď1 ϕptq. KF ´ëY¼ê.

F
`

t 1?
n
Snt : 0 ď t ď 1u

˘

“ 1?
n
max0ďmďn Sm.edT pϕ, ψq :“ max0ďtďT |ϕptq ´ ψptq| ď ε,KF pϕq “ ϕptϕq ď ψptϕq ` ε ď ψtψ ` ε “ F pψq ` ε.�, |F pϕq ´ F pψq| ď ε.

F Ø´k.(ëY)¼ê!

@R þk.ëY¼êf ,
Ef ˝ F

:::::

`

t 1?
n
Snt : 0 ď t ď 1u

˘

Ñ Ef ˝ F
:::::

`

tBt : 0 ď t ď 1u
˘

.=, 1?
n
max0ďmďn Sm

dÑ max0ďtď1Bt.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§3.3 ;�5�
pΩ,F , P q: pΩ̃ “ Cr0,8q, F̃ , P̃ q.Ä��: τ “ τa “ inftt ě 0 : Bt “ au.���: Mt “ max0ďsďtBs.":: Z “ tt ě 0 : Bt “ 0u.;�??Ø��.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

1. Ä��.½n3.3.1(rê¼5). 3τ “ τa ă 8 �^�e,

tWt :“ Bτ`t ´Bτ , t ě 0u ǑIOÙK$Ä.íØ: B̂t :“
#

Bt, t ď τa;

2a´Bt, t ą τa.
KtB̂tu ´IOÙK$Ä.

 

  

 ·K3.3.2(���n).

P0pτa ď tq “ 2P0pBt ą aq, @a ą 0.

P0p‹, Bt ą aq “ P0p‹, B̂t ă aq “ P0p‹, Bt ă aq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

P0pτa ď tq“ 2P0pBt ą aq“ P0p|Bt| ą aq, @a ą 0.~�: P0pτa ă 8q “ 1.

P0pτa ď tq “ P0p|Bt| ą aq “ P

ˆ

|Z| ą |a|?
t

˙

Ñ 1.

P0p@n ě 1, Dt ě n s.t. Bt “ 0q “ 1µ
P0pAnq “

ż

pnpxqPxpτ0 ă 8qdx “ 1, @n ě 1.

σ :“ inftt ě τ1 : Bt “ 0u d“ τ1 ` τ̂1. σ1, σ2, . . . i.i.d.,

Tn “ σ1 ` . . . ` σn Ñ 8, BTn “ 0, @n.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

P0pτa ď tq“ 2P0pBt ą aq“ P0p|Bt| ą aq, @a ą 0."~�:

P0pτa ą tq “P
ˆ

|Z| ď a?
t

˙

“ Op 1?
t
q

ñ E0τa “
ż 8

0

P0pτa ą tqdt “ 8.

dx ǑØCÿÝ.íØ3.3.3(τa ´ëY.).

ρτaptq “ 2p
Z

ˆ

a?
t

˙

1

2

a?
t3

“ a?
2πt3

e´ a2

2t , t ą 0.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

tτa, a ě 0u: Õá²Oþ, �Ø÷v(B3).

 

 

 

 

 

 

 

-B̃t “
#

Bt, t ‰ τa;

0, t “ τa,
KP pB̃t ‰ Btq “ 0, @t.

tB̃tu ÷v(B1) & (B2), �¿Ø÷v(B3).

tB̂t “ 1
cBc2tu ñ τ̂a “ 1

c2
τca.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

2. ���Mt “ max0ďsďtBs.·K3.3.5. Mt
d“ |Bt|.

 

  

 

 

 

Mt ą a iff τa ď t,

P pτa ď tq “ 2P0pBt ą aq “ P0p|Bt| ą aq.SK3. pMt, Btq ´ëY..

Mt ď a,Bt ď b ÐÑ Mt ą a,Bt ď b, @a ą b _ 0.

P0pAq “ P0pτa ď t, Bt ą 2a´ bq “ P0pBt ą 2a´ bq.SK5. P0pMt ą a|Bt “ Mtq: Xt :“ Mt ´Bt “ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

íØ3.3.6(���:��). @t ą 0,

P0pD t1 ă t2 ă t, s.t. Bt1 “ Bt2 “ Mtq “ 0.

 

  

  

Dr P Q` ��t1 ă r ă t2.

‹ ď
ÿ

rPQ`

P0

`

D t1 ă r, r ă t2 ă t, s.t. Bt1 “ Bt2 “ Mt

˘

.

Xs “ Bs`r ´Br, s ě 0; Ys “ Br´s ´Br, 0 ď s ď r.

‹ ď P0

`

max
0ďsďr

Ys “ max
0ďsďt´r

Xs

˘

“ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

���:Vt P r0, ts.

Mt ą a, Vt ď r

iff τa ď r �
M

pXq
t´r ă Mr ´Br.

 

 

 

   

  

 

iff Mr ą a, M
pXq
t´r ă Mr ´Br.

P0pAq “
ĳ

ρpMr ,Brqpx, yq1txąauP0pM pXq
t´r ă x´ yqdxdy.

@a ą b_ 0, Mt ą a, Vt ď r,Bt ď b iff A, B
pXq
t´r `Br ď b.

P0pA,Bq “
ĳ

ρpMr ,Brqpx, yq1txąau

ˆ P0pM pXq
t´r ă x´ y,B

pXq
t´r ď b´ yqdxdy.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 íØ3.3.7. P0

`

limtÑ8
Bt

t “ 0
˘

“ 1.

SLLN: Bn

n
Ñ 0.-Dn “ maxnďsďn`1 |Bs ´Bn|.KD1,D2, . . . i.i.d., EDn ď 2EM1 “ 2E|B1|.

SLLN/Borel-CantelliÚn: 1
nDn “ 1

nSn ´ n´1
n ¨ 1

n´1
Sn

a.s.Ñ 0.éêÆ(LIL):

P0

ˆ

lim sup
tÑ8

Bt?
2t log log t

“ 1

˙

“ 1.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3. ;��1w5.·K3.3.8. P0pD0 ď a ă b��B|pa,bq üNq “ 0.

P0pAq ď
ÿ

r,sPQ
P0pAr,sq, P pAr,sq ď 2P pZ ą 0qn Ñ 0.·K3.3.9. ;�??Ø��.êÆ©Û: ϕ Ǒr0, 1s þ(�½�)¼ê.

ϕ1pt0q D: DM ą 0, Dδ ą 0, ��
|ϕptq ´ ϕpt0q| ď M |t ´ t0|, @ t P rt0 ´ δ, t0 ` δs.

 

@n ą 4
δ
, D0 ď k ď n´ 3 s.t.

ˇ

ˇϕpk`i
n

q ´ ϕpk`i´1
n

q
ˇ

ˇ ď 8M
n
, i “ 1, 2, 3.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
tBt3 r0, 1s ¥k��:u Ď Ť8

M“1

Ť8
N“1

Ş8
n“N

Ťn´3
k“0An,k,

An,k “
"ˇ

ˇ

ˇ

ˇ

Bpk ` i

n
q ´Bpk ` i ´ 1

n
q
ˇ

ˇ

ˇ

ˇ

ď 8M

n
, i “ 1, 2, 3

*

. ylimnÑ8
řn´3

k“0 P0pAn,kq “ 0.

P0pAn,kq “ P

ˆ

1?
n

|Z| ď 8M

n

˙3

“ P

ˆ

|Z| ď 8M?
n

˙3

.

P0

`

|Z| ď 8M?
n

˘

“ 2
ş

8M?
n

0
1?
2π
e´x2

2 dx ď CM 1?
n
.

řn´3
k“0 P0pAn,kq ď pCMq3 1?

n
.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K3.3.10. -oscpδq :“ maxt,sď1,|t´s|ďδ |Bt ´Bs|, K
P

ˆ

lim sup
δÑ0

oscpδq?
´δ log δ ď 6

˙

“ 1.

In,m “ r m
2n
, m`1

2n
s,

∆n,m “ max
tPIn,m

ˇ

ˇ

ˇ
Bt ´B m

2n

ˇ

ˇ

ˇ

d“ 1?
2n

pM1 _ M̂1q.

P p∆n,m ą 1?
2n
xq ď e´x2

2 , @x ě 4.

‹ ď 2P pM1 ě xq “ 2P p|Z| ě xq
“ 4

ş8
x

?
2π

´1
e´ y2

2 dy ď
ş8
x
ye´ y2

2 dy “ e´x2

2 .

P pDm ď 2n ´ 1 s.t. ∆n,m ą 1?
2n
xq ď 2ne´x2

2 .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

P pDm ď 2n ´ 1 s.t. ∆n,m ą 1?
2n
xq ď 2ne´x2

2 .�xn “
a

2p1 ` εqn log 2, =e´x2n
2 “ 2´p1`εqn, K

P pAn i.o.q “ 0, An “ tDm ď 2n ´ 1 s.t. ∆n,m ą xn{
?
2nu.

P pΩ1 “ 1q, @ω P Ω1:

DN “ Npωq s.t. @n ě N , @m ď 2n ´ 1,

∆n,m ď 1?
2n

a

2p1 ` εqn log 2 “: εn.�δ Ñ 0 �: 1
2n`1 ď δ ď 1

2n
, Ù¥n ě N . e|t´ s| ď δ, K

|Bt´Bs| ď 3εn ď 3
?
2δ

a

2p1 ` εqlog δ´1 “ 6
a

p1 ` εqδlog δ´1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

4. ":.��uÆ(·K3.3.12). -Lt “ supts ď t : Bs “ 0u, K
P0pLt ď sq “ 2

π
arcsin

c

s

t
, @ 0 ď s ď t.

Lt ǑëY., �ÝǑ: ppsq “ 1

π
?

tpt´sq
, 0 ă s ă t.

P0pLt ď sq “ P
`

Bs`u ‰ 0,@u P r0, t ´ ss
˘

.
 

  

 

 

Bs`u “ Bs ` B̂u, B̂u :“ Bs`u ´Bs.�½Bs “ x �^�e, ‹ CǑτ̂´x ą t ´ s.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

P0pτx ď t´ sq “ P0p|Bt´s| ą |x|q. �,

P0pτx ą t´ sq “ P0p|Bt´s| ď |x|q “ P p
?
t´ s|W | ď |x|q.

P0pLt ď sq “ P p
?
t´ s|W | ď ?

s|Z|q “ 2
π arcsin

?
s?
t
.

 

 

 

 

 
 §3.1 SK3. P0pBs ą Bt ą 0q, 0 ă s ă t.

P0pLt “ 0q “ 0 vs P0pLt ą 0q “ 1.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 íØ3.3.10("~�). P0pσ0 “ 0q “ 1, Ù¥
σ0 “ inftt ą 0 : Bt “ 0u.

P0pσ0 ď tq “ P0pLt ą 0q “ 1, @t ą 0. �P0pσ0 “ 0q “ 1.vk“Äg�£”��Ǒ: σ0 “ 0 iff Dtn Œ 0 ��Btn “ 0.�tn “ L 1
n

P
`

0, 1n
‰

.

τ 1
n

Œ 0: 3τ 1
n
�τ´ 1

n
�m�tn.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 ":8: Z “ tt ě 0 : Bt “ 0u.

P0pDtn P Zzt0u ��tn Ñ 0q “ 1.

P0p0 P Z 1q “ 1,

Z 1 “ tt ě 0 : D tn P Zzttu s.t. tn Ñ tu.½Â3.3.15. b�D Ď R, D Ǒ48. e@t P D, �3tn P Dzttu, @n ��tn Ñ t. �o, ¡D Ǒ��48.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

íØ3.3.16. P0pZ ´��48q “ 1.

Z “ t0u Y C´ Y C`,

C´ “ tt ą 0 : D tn P Z ��tn Ò tu Ď Z 1,

C` “ tt ą 0 : Bt “ 0 �Dδ ą 0 ��Bs ‰ 0,@s P pt´ δ, tqu.

@t P C`, Dr P Q` ��t “ infts ě r : Bs “ 0u “: τ
prq
0 .rê¼5: B̃t :“ Bτ`tp´Bτ q ´ÙK$Ä.
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dimpDq: ^“º�”“ ε��«�CX, INε « ε´d �.~, Cantor8: dimpCq “ log 2
log 3

.

ε “ 1
3n
, Nε “ 2n “ en log 2 “ ε

´ log 2
log 3 .

ε “ 1
n
. Ii “ r i

n
, i`1

n
s, i “ 0, . . . , n ´ 1.I�Ii: Z X Ii ‰ H.

P0pAiq “
ż

p i
n

pxqPxpτ0 ă 1

n
qdx “ 4

2π
arcsin

1?
i

« 1?
i
.

dimpZq “ 1
2
:

ENε «
n

ÿ

i“1

1?
i

«
?
n “ n

1
2 .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§3.4  ³nØ·K3.4.1. Pxpτb ă τaq “ x´a
b´a , @a ď x ď b.y: -ϕpxq “ Pxpτb ă τaq

::::::::::

.
 

 

 

 rê: ϕpxq “ 1
2

`

ϕpx ` δq ` ϕpx ´ δq
˘

.üN: ϕpxq “ Pxpτy ă τaqϕpyq ď ϕpyq, x ă y.íØ3.4.2(Wald Ún). ExBτ “ x, τ “ τa ^ τb.y: ExBτ “ bPxpBτ “ bq
::::::::::

` aPxpBτ “ aq

“ b ¨ x´a
b´a ` a ¨ b´x

b´a “ x.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 Ún3.4.3. Exτ ă 8, @x P ra, bs.

Pxpτ ě nq ďPxpB1, . . . , Bn P ra, bsq ď δn,Ù¥, δ ď max
aďyďb

P py ` Z P ra, bsq.·K3.4.4(Wald1�Ún). ExpBτ ´ xq2 “ Exτ .O�: Exτ “ pb´ xq2 ¨ x´a
b´a ` px´ aq2 ¨ b´x

b´a

“ px´ aqpb ´ xq b´a
b´a “ px´ aqpb ´ xq.AO/, E0τ˘δ “ δ2.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ØC�n�y².

x “ 0, σ :“ inftt ě 0 : |Bt| “ 1?
N

u, Eσ “ 1
N
. σ1, σ2, ¨ ¨ ¨�ÅiÄ�ºÝC�: S

pNq
n{N :“ BTn , Tn “ σ1 ` ¨ ¨ ¨ ` σn.

n
N ď t ď n`1

N , S
pNq
t : t˚ “ Tn ÚTn`1 �Bt˚ ��5��.(Ø: max0ďtď1 |t˚ ´ t| PÑ 0, �max0ďtď1 |SpNq

t ´Bt| PÑ 0.y: ‹ ď 1
N

` max0ďnďN |Tn ´ n
N

|.

‹ “ max
0ďnďN

n

N

ˇ

ˇ

ˇ

ˇ

NTn

n
´ 1

ˇ

ˇ

ˇ

ˇ

d
ď εmax

ně1

ˇ

ˇ

ˇ

ˇ

Wn

n
´ 1

ˇ

ˇ

ˇ

ˇ

` max
něεN

ˇ

ˇ

ˇ

ˇ

Wn

n
´ 1

ˇ

ˇ

ˇ

ˇ����ÅiÄ: Eξ “ 0, Eξ2 “ 1.K, �3Ê�τ ��Eτ ă 8, Bτ
d“ ξ.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K3.4.5.I. ϕpxq “ ExfpBτ q ÷v:

ϕ2pxq “ 0, ϕpaq “ fpaq, ϕpbq “ fpbq.

 

 

 

 

~: fpyq “ 1ty“bu, ϕpxq “ Pxpτb ă τaq.

ϕpxq “ 1
2

`

ϕpx ` δq ` ϕpx ´ δq
˘

.·K3.4.5.II. ψpxq :“ Ex

şτ

0
gpBtqdt ÷v:

ψ2pxq “ ´2gpxq, ψpaq “ ψpbq “ 0.~: g ” 1, ψpxq “ Exτ .

ψpxq “ Ex

şσδ

0
gpBtqdt` 1

2

`

ψpx ` δq ` ψpx ´ δq
˘

.

ψpx ` δq ` ψpx ´ δq ´ 2ψpxq « ´2gpxq ˆ δ2.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

D Ď Rd, τ “ τBD.·K3.4.6. ϕpxq “ ExfpBτ q ´XeDirichlet ¯K�):

$

&

%

∆ϕpxq “ 0, @ x P D,
lim

yPD,yÑx
ϕpyq “ fpxq, @ x P BD.·K3.4.7. ψpxq :“ Ex

şτ

0
gpBtqdt ´XePoisson ¯K�):

$

&

%

∆ψpxq “ ´2gpxq, @ x P D,
lim

yPD,yÑx
ψpyq “ 0, @ x P BD.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 ~3.4.9. Rd, τa “ inftt ě 0 : }Bt} “ au. �Pxpτε ă τRq.

D “ tx : ε ď }x} ď Ru. τ “ τBD.
 

 

 
ϕpxq “ ExfpBτ q,

fpyq “
#

1, e}y} “ ε;

0, e}y} “ R.

∆ϕpxq “ 0, x P D; ϕ|BD “ f .d��Ó5: -ϕpxq “ Φpsq, Ù¥ s “ r2 “ }x}2 “ řd
i“1 x

2
i .

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~3.4.9(Y). Rd, τa “ inftt ě 0 : }Bt} “ au. �Pxpτε ă τRq.

s “ r2, ϕpxq “ Φpsq. 4r2Φ2psq ` 2dΦ1psq “ 0:
Bϕpxq

Bxi
“ Φ1psq Bs

Bxi
“ Φ1psq ¨ 2xi,

B2ϕpxq
B2xi

“ Φ2psqp2xiq2 ` Φ1psq ¨ 2.-Φ1 “ Ψ: 2sΨ1psq ` dΨpsq “ 0.

plnΨpsqq1 “ ´d
2

¨ 1
s “ p´d

2
ln sq1 ñ Ψpsq “ C ¨ s´d{2.

Φpε2q “ 1, ΦpR2q “ 0,

Pxpτε ă τRq “ Φpsq “ C1

ż

1

sd{2ds` C2 “ fpRq ´ fprq
fpRq ´ fpεq .

d “ 1, fprq “ ?
s “ r; d “ 2, fprq “ ln s “ 2 ln r;

d “ 3, fprq “ s´d{2`1 “ 1
rd´2 .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

d “ 1. fprq “ r, Pxpτε ă τRq “ R´r
R´ε .

Pxpτ0 ă τRq “ lim
εÑ0

Pxpτε ă τRq “ R´r
R

.2-R Ñ 8: Pxpτ0 ă 8q “ lim
RÑ0

Pxpτ0 ă τRq “ 1, :~�.

d “ 2. Φpr2q “ C1ln s` C2 “ lnR´ln r
lnR´ln ε .-ε Ñ 0: Pxpτ0 ă τRq “ lim

εÑ0
Pxpτε ă τRq “ 0.2-R Ñ 8: Pxpτ0 ă 8q “ lim
RÑ8

Pxpτ0 ă τRq “ 0.-R Ñ 8: Pxpτε ă 8q “ lim
RÑ0

Pxpτε ă τRq “ 1, 8Ü~�.

d ě 3. Φpr2q “ C1
1

sd{2´1 ` C2 “
1

rd´2 ´ 1

Rd´2
1

εd´2 ´ 1

Rd´2

.-R Ñ 8: Pxpτε ă 8q “ p εr qd´2 ă 1, �~�.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

d ě 3, Pxpτε ă 8q “ p εr qd´2:

Pxpτe ă τRq “
1

rd´2 ´ 1
Rd´2

1
εd´2 ´ 1

Rd´2

RÑ8ÝÑ pε
r

qd´2.^>�Ǒε “ 1
N ���¬CX:

dpx, oq « r “ kε ��¬�« Ckd´1 �,²þI�Ù¥�« Ckd´1p εr qd´2 “ Ck �,

 

 

řαN
k“1Ck « Cα2N2. =, dimpRdq “ 2.

dimpRdq “ dim
`

Gd

˘

“ 2, @d ě 2. dimpR1q “ 1,

dimpG1q “ 3
2
.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~3.4.10. D “ r0, 1s, τ “ τBD. �
ψpx; y, zq :“ Ex

ż τ

0

1tBtPpy,zqudt.�½y, z. ψpxq :“ ψpx; y, zq ÷v: ψ2pxq “ ´2, ey ď x ď z;

ψ2pxq “ 0, Ù�. ψp0q “ ψp1q “ 0.

 

  

-hpxq “ ´x2 ` ax ` b,

ψ1pyq “ ´2y ` a “ hpyq
y ,

ψ1pzq “ ´2z ` a “ ´hpzq
1´z

a “ 2z ´ pz2 ´ y2q, b “ ´y2. )�φ.
ψpxq “

şz

y
ρxpwqdw, ρxpwq “ 2px ^ wqp1 ´ x_ wq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
~3.4.10(Y) ψpx; y, zq :“ Ex

şτ

0
1tBtPpy,zqudt.Ók�(occupation time)!��¼ê. D Ď Rd, τ “ τBD,

µDx pAq “ Ex

ż τ

0

1tBtPAudt.

µDx pAq “ Ex

ş8
0
1tBtPA,τątudt “

ş8
0
PxpBt P A, τ ą tqdt.

PxpBt P A, τ ą tq “
ş

A
pDt px, yq dy.

µDx pAq “
ş

A
GDpx, yqdy, GDpx, yq “

ş8
0
pDt px, yqdt.

Gr0,1spx, yq “ Gr0,1spy, xq “ 2xp1 ´ yq, 0 ď x ď y ď 1.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~: d “ 1. O�GDpx, yq, D “ R`.���n: Pxpτ ď t, Bt P Aq “ Pxpτ ď t, Bt P ´Aq.

PxpBt P A, τ ą tq “ PxpBt P Aq ´ PxpBt P ´Aq
“

ş

A ptpx, yqdy ´
ş

A ptpx,´yqdy.

pDt px, yq “ 1?
2πt

`

e´ py´xq2
2t ´ e´ p´y´xq2

2t

˘

.

GDpx, yq “
ş8
0
pDt px, yqdt “ py ` xq ´ |y ´ x| “ 2px ^ yq.

ϕpa, bq :“
ż 8

0

1?
2πt

pe´ a
2t ´ e´ b

2t qdt “
ż b

a

ż 8

0

1?
2πt

1

2t
e´ z

2t dtdz

“
ż b

a

´2?
2π

ż 8

0

e
´ z

2
?
t2 d

1?
t
dz

“
ż b

a

1

2
?
z

2
?
z?

2π

ż 8

0

e´ zs2

2 dsdz “
ż b

a

1

2
?
z
dz “

?
b´

?
a.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~: d “ 2. D “ H “ R ˆ R`.���n: pDt px, yq “ ptpx, yq ´ ptpx, ỹq, ỹ “ py1,´y2q.
pDt px, yq “ 1

2πt

`

e´ }y´x}2
2t ´ e´ }ỹ´x}2

2t

˘

‹ “ e´ py1´x1q2
2t

`

e´ py2´x2q2
2t ´ e´ p´y2´x2q2

2t

˘

,
şb

a
1
2te

´ z
2t dz, a “ py2 ´ x2q2, b “ p´y2 ´ x2q2.

GDpx, yq “ 1
π ln }x´ỹ}

}x´y} .

GDpx, yq “
ż b

a

ż 8

0

1

2πt
¨ 1

2t
e´ z`py1´x1q2

2t dtdz

“ 1

4π

ż b

a

ż 8

0

e´ z`py1´x1q2
2

¨sdsdz

“ 1

4π

ż b

a

2

z ` py1 ´ x1q2 dz “ 1

2π
lnpz ` py1 ´ x1q2q |ba.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

GDpx, yq “ 1
2π lnpz ` py1 ´ x1q2q |ba, a “ py2 ´ x2q2,

b “ p´y2 ´ x2q2.

πGDpx, yq “ ln
}x´ ỹ}
}x´ y} .

πGDpx, yq yÑBHÑ 0.

πGDpx, yq “ ln 1
}x´y} ` ln }x´ ỹ} yÑxÑ 8.

∆
ş

GDpx, yqgpyqdy “ ´2gpxq.iùNì½n: D �/NìΦ : D Ñ H, x ÞÑ x̂. K,

GDpx, yq “ GHpΦpxq,Φpyqq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)


