
 

1�Ù!aL§
§2.1 ÑtL§(Poisson Process)

 

    

     

 

ξ1, ξ2, . . . i.i.d. „ Exppλq. P pξ ą tq “ e´λt.

Sn “ ξ1 ` ξ2 ` ¨ ¨ ¨ ` ξn, Ù¥S0 :“ 0.

Xt :“ |tn ě 1 : Sn ď tu| “ suptn ě 0 : Sn ď tu.

Xt “ k iff Sk ď t ă Sk`1. (Xt ă k iff Sk ą t.)ÑtL§: tXt, t ě 0u, λ: ëê!rÝ.Ñt:L§/Ñt6: Ξ “ tS1, S2, . . .u, PǑ„ PPpλq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

;�ã: Xt :“ |Ξ X r0, ts|, Ξ “ tS1, S2, . . .u.

 
     

     

@t ě 0, P pt P Ξq “ P p
Ť

ntSn “ tuq ď
ř8

n“1
P pSn “ tq “ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (½n2.1.2, ½n2.1.3, ·K2.1.9)-Z “ r0, ts X tS1, S2, . . .u,

Y “ θtΞ :“ r0,8q X tS1 ´ t, S2 ´ t, . . .u.KXt “ |Z| „ Ppλtq, “¨ ¨ ¨ ”; Y „ PPpλq; �Y , Z �pÕá.

 

     
 

   Õá²OþL§(íØ2.1.5, ½Â2.1.16),ê¼L§(íØ2.1.7).5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�yP p|Z| “ kq “ pλtqk

k!
e´λt, @k ě 0; “¨ ¨ ¨ ”. 

 

     

   b�k ě 1, 0 ă u1 ă . . . ă uk ă t,

P pS1 « u1, . . . , Sk « ukq “ p
S1,...,Sk

pu1, . . . , ukqdu1 ¨ ¨ ¨ duk.

P p|Z| “ k;Aq “ P pA; ξk`1 ą t ´ Sk
::::::::::::

q “ e´λt ¨ eλuk
:::::::::

P pAq,

p
S1,...,Sk

pu1, . . . , ukq “ λke´λpx1`...`xkq “ λke´λuk .

P p|Z| “ k;Aq “ λke´λt1t0ău1ă...ăukătudu1 ¨ ¨ ¨ duk
::::::::::::::::::::::::

, pÑ tk

k!
q.

|Z| „ Ppλtq, P pA
ˇ

ˇ|Z| “ kq “ k!
tk
1t0ău1ă...ăukătudu1 ¨ ¨ ¨ duk.

Z
d
“ tU1, . . . , UW u, Ù¥U1, U2, . . . i.i.d., „ Up0, tq,

W „ Ppλtq, �¤k�ÅCþ�pÕá.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�yY „ PPpλq, �Y , Z �pÕá.
 

 

     

     

 

  -B “ tη1 ą t1, η2 ą t2, . . . , ηm ą tmu.  �y
P p|Z| “ k,A; B q “ P p|Z| “ k,Aq ˆ e´λpt1`...`tmq .-B̂ “ tSk`1 ą t ` t1

::::::::::::

; ξk`2 ą t2, . . . , ξk`m ą tmu. K
t|Z| “ k;Bu “ t|Z| “ k; B̂u.�>“ P pA,Sk`1 ą t;Sk`1 ą t ` t1

::::::::::::

, B̃q

“ P p|Xt`t1 | “ k,A; B̃q “ P pA; |Z| “ kq ˆ e´λt1 ¨ P pB̃q.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�EÑt6(·K2.1.10):
 

     

 
 

 

Z1 “ Ξ X r0, 1s, θ “ θ1 : Ξ Ñ Y .

Z2 “ θpΞq X r0, 1s, Z3 “ θp2qpΞq X r0, 1s, . . .

Z1, Z2, . . . i.i.d., Ξ “ Z1 _ Z2 _ . . ..

Zn, n P Z, i.i.d., Ξ “ . . . _ Z´2 _ Z´1 _ Z1 _ Z2 _ . . ..
 

     

 
 

 5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ñt6�Ü¿�[©:

Ξ „ PPpλq �Θ „ PPpµq �pÕá vs Ξ Y Θ „ PFpλ ` µq.

 
 

 

 

Ξ “ Z̃1 _ Z̃2 _ . . ., Θ “ Ẑ1 _ Ẑ2 _ . . .,

Zn
d
“ tŨ1, . . . , ŨW̃ u, Ẑn

d
“ tÛ1, . . . , ÛŴ

u,

Zn “ Z̃n Y Ẑn, Z̃1

d
“ tU1, . . . , UW u, W “ W̃ ` Ŵ .

Ξ Y Θ “ Z1 _ Z2 _ . . . „ PPpλ ` µq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ñt6�Ü¿�[©:

Ξ „ PPpλq �Θ „ PPpµq �pÕá vs Ξ Y Θ „ PFpλ ` µq.

 

 

 

 

 

 

 

ζ “ ξ ^ η:

P pζ ą tq “ e´λt ˆ e´µt, P pξ ă ηq “
λ

λ ` µ
“ p.

ζ „ Exppλ ` µq, V „ Gppq.

ζ1 ` ¨ ¨ ¨ ` ζV „ Exppλq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ñt:L§Ξ:

R
d þ: (i) |Ξ X D| „ Ppλ|D|q,

(ii) eD1, . . . ,Dn pØ�, K|Ξ X Di|, i “ 1, . . . , n Õá.

pS, µp¨qq þ: (i) |Ξ X D| „ PpµpDqq, (ii).�E:

(a) òS y©ǑD1,D2, ¨ ¨ ¨ ��0 ă µpDnq ă 8;

(b) �Un1, Un2, . . .
i.i.d.
„ 1

µpDnqµp¨q, Wn „ PpµpDnqq;

(c) Ξ “
Ť

ntUn1, . . . , UnWnu.~: R1 þ, µ
`

pa, bq
˘

“
şb

a
fpxqdx. K

P pΞ X ra, bs “ Hq “ e´
şb

a
fpxqdx.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§2.2 aL§��E9Ù=£VÇ
1. ½Â

@i P S,�|�O¨qij, j ‰ i; ½�O¨qi �Úfp̂ij, j ‰ i:

qi “
ÿ

j‰i

qij ă 8, p̂ij “
qij

qi
.AÏ�¹: áÂ�, qi “ 0, p̂ii :“ 1.�áÂ�: qi ą 0, p̂ii :“ 0.�ÇÝ
(½Â2.2.1):

Q “ pqijqSˆS , qii :“ ´qi.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ÚfP̂ “ pp̂ijqSˆS : i\ótX̂nu; O¨: �mC�.

 

  

 

 

 

 

 

 

  

ξ0, ξ1, . . . i.i.d. „ Expp1q, �tYnu Õá.

η0 “ ξ0
qY0

, η1 “ ξ1
qY1

, . . ..3tX̂nu “~i �^�e,

η0, η1, . . . �pÕá, ηn „ Exppqinq.

X|rS0,S1q :“ X̂0, X|rS1,S2q :“ X̂1, . . . Sn “ η0 ` . . .` ηn´1.��L§: X|rτ8,8q “ B, τ8 :“Ò limn Sn Ǒ�¿�.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

2. �¿���¿.·K2.2.3. ζ1, ζ2, ¨ ¨ ¨ Õá, ζn „ Exppλnq, τ “
ř

n ζn. K
ÿ

i

1

λi
“ 8 iff P pτ “ 8q “ 1,

ÿ

i

1

λi
ă 8 iff P pτ ă 8q “ 1.

     

      íØ2.2.7. qi ď λ ¨ |i|, @i ‰ o, K��¿.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~2.2.4 & 2.2.6. YuleL§/X)L§. λi “ iλ, i ě 1. ��¿.

 

  
    

Xt ď i iff η1 ` ¨ ¨ ¨ ` ηi ą t.

η1 ` ¨ ¨ ¨ ` ηi ą t iff �¹.

P pXt ě i ` 1q “ p1 ´ e´λtqi, @i ě 1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ãL«�éó:

 

 

 

 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ãL«�éó:

 

 

 

 
 

 

 

 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ãL«�éó:

 

 

 

 
 

 

 

 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ãL«�éó:

 

 

 

 
 

 

 

 

 

 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 ãL«�éó:

 

 

 

 

Xt ě i ` 1 iff Y
piq
t “ 0.VÇ“ p1 ´ e´λtqi.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3. =£VÇ�=£�Ç.=£VÇ Pptq “ ppijptqqSˆS :

pijptq “ PipXt “ jq “
8
ÿ

n“0

PipXt “ j,Nt “ nq.

PipX̂1 “ i1, . . . , X̂n “ in
::::::::::::::::::::

;Sn ď t ă Sn`1q

‹‹ “ pi0i1 . . . pin´1,in
::::::::::::::

P p˚˚|˚˚
::

q,

‹‹ “

ż

∆n

qi0e
´qi0x0 . . . qine

´qinxndx0 ¨ ¨ ¨ dxn,

∆n :“ t~x : xi ě 0,@i;x0 ` ¨ ¨ ¨ ` xn´1 ď t ă x0 ` ¨ ¨ ¨ ` xnu.��¿:
ř

j pijptq “ 1, @i, t.

ÿ

jPS

pijptq “ PipXt P Sq “ Pipτ8 ą tq ď 1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

½n2.2.11.

Pi0pXt1 “ i1, ¨ ¨ ¨ ,Xtn “ inq “
śn´1

r“0
pirir`1ptr`1 ´ trq.íØ2.2.12. Chapman-Kolmogorov �ª:

Ppt ` sq “ PptqPpsq, = pijpt ` sq “
ÿ

k

pikptqpkjpsq.½n2.2.13. P1p0q “ Q, =p1
ijp0q “ qij, @i, j.

1

t
PipNt “ 1,Xt “ jq Ñ qij;

1

t
PipNt “ 1q Ñ qi,

1

t
PipNt ě 2q Ñ 0.·K2.2.15. Kolmogorov ?!�ò�§:

P1ptq “ PptqQ “ QPptq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 �ò�§P1ptq “ QPptq �A^. f ´S þ�¼ê.

ft :“ Pptqf, ftpiq :“
ÿ

k

pikptqfpkq “ EifpXtq,

f 1
t “ pPptqfq1 “ QPptqf “ Qft?�§P1ptq “ PptqQ �A^. µ ´S þ�©Ù.

µt “ µPptq, µtpiq :“ PµpXt “ iq,

µ1
t “ pµPptqq “ µP1ptq “ µPptqQ “ µtQ.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ö¿�£:½Â2.2.19. (rëY)ê¼�+tPptq : t ě 0u:

(1) Pp0q “ I, (2) Ppt ` sq “ PptqPpsq,

(3) limtÑ0Pptq “ Pp0q, pijptq Ñ pijp0q, @i, j.·K2.2.22. Q “ P1p0q �3�÷v:

0 ď qij ă 8; 0 ď qi :“ ´qii ď 8;
ř

j‰i qij ď qi.·K2.2.24. Q �Å, K�ò�§P1ptq “ QPptq ¤á.ëY�mê¼ótXtu: ±tPptq, t ě 0u Ǒ=£Ý
.)¤�: ½Â�ǑD “ DpLq Ď 2S ,

L : D Ñ 2S , f ÞÑ Lpfq “ Qf,

d

dt
ft “ Lpftq, ftpiq :“ EifpXtq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§2.3 Ä��!áÂVÇØ��: ��!pÏ. (½Â2.3.1, ·K2.3.2)rê¼5(Ún2.3.3 & 2.4.2). -τ “ τi ½σi. 3τ ă 8 �^�e, tYt :“ Xτ`tu Ǒli Ñu�aL§, ��Xr0,τ s Õá.
 

 

xi “ Pipτo ă 8q: xi “
ř

j pijxj , i ‰ o; xo “ 1.

yi “ Eiτo: yi “ 1

qi
`

ř

j pijyj , i ‰ 0; yo “ 0.

zi “ Ei

şτD
0

1tXt“oudt:

zi “
ř

j pijzj , i R D, i ‰ k; zo “ 1

qo
`

ř

i poizi; z|D “ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§2.4 ~�~�: Pip@t, Ds ą t, s.t. Xs “ iq “ 1.·K2.4.5. i ~���d^�:

(a) qi “ 0 ½Pipσi ă 8q “ 1,

(b) i\ótX̂nu ~�,

(c) ��¼êuÑ, =Gii “
ş

piiptqdt “ 8,

(d) �eótXnδ : n “ 0, 1, 2 ¨ ¨ ¨ u ~�.íØ2.4.3 & 2.4.4. 3i �oÑ�:

ζ1 ` ¨ ¨ ¨ ` ζ
V̂i
, ζn Õá/ „ Exppqiq.Ïd, ~�ñ ��¿, Gij “ 1

qj
Ĝij .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§2.5 ØC©Ù��~�½Â2.5.1. ØC©Ù/ØCÿÝ: π “ πPptq, @t.Ún2.5.3. eØC©Ù�3, K��¿.rê¼5(Ún2.5.5): b�i ~�, qi ą 0. b�X0 “ i. �o,i1i.i.d., lpσi,n, ζi,nq, n “ 1, 2, ¨ ¨ ¨ i.i.d.
 

 

 

   

 
  

 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K2.5.8. b�i ~��qi ą 0. -Viptq “
şt

0
1tXs“iuds. K

P

ˆ

lim
tÑ8

1

t
Viptq “

1

qiEiσi

˙

“ 1.

 

 

 

   

 
  

 

�¯ªÇ: « ζ1`...`ζr
Tr

Ñ Eζ
Eoσo

,

Eζ “ Eo

ż σo

0

1tXt“iudt “: µi.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (·K2.5.8)�Ø��!~�. Kqiµi “ µ̂i; µQ “ 0; λQ “ 0 iff λ “ cµ.

µi “ Eo

şσ

0
1tXt“iudt “ 1

qi
ˆ EoV

pY q
i , @i. σ “ σo.

‹‹ “ ζ1 ` . . . ` ζṼi
, ζn „ Exppqiq.

 

 

 

   

 
  

 

1

qi
qij “ p̂ij, λQ “ 0 iff

pλjqjq “
ÿ

i‰j

λiqij “
ÿ

i‰j

pλiqiqp̂ij , , i.e., qλ “ cµ̂.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (·K2.5.9, íØ2.5.10)b�Ø��!~�. �o, µ ´/���0ØCÿÝ.Pσ “ σo. µi “ Eo

ş8
0
1tXt“i,tăσudt “ PopXt “ i, t ă σq.

ř

i µipijpsq

“
ş8
0

ř

i PopXt “ i, t ă σqP pXt`s “ j|Xt “ i, t ă σqdt

“
ş8
0

ř

i PopXt “ i, t ă σ,Xt`s “ jqdt

“
ş8
0
Popt ă σ,Xt`s “ jqdt

“ Eo

şσ

0
1tXt`s“judt “ Eo

şσ`s

s
1tXt“judt.

E0

şs

0
1tXt“judt “ E0

şσ`s

σ
1tXt“judt.

λ ´ØCÿÝ, KǑ´�eótXnδ : n “ 0, 1, 2, ¨ ¨ ¨ u �ØCÿÝ, �λ “ cµ.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

½Â2.5.7. �~�: qi “ 0 ½Eiσi ă 8."~�: qi ą 0, Pipσi ă 8q “ 1, �Eiσi “ 8.·K2.5.11. �Ø��. Ke¡n^�d: (i) ¤kG��~�, (2) �3�~��, (3) �3ØC©Ù. d�, πQ “ 0,

πi “
1

qiEiσi
“

1

Eoσo
Eo

ż σo

0

1tXt“iudt « i �ªÇ.~2.5.4. πQ “ 0, �π Ø´ØC©Ù.H{(½n2.5.17): Ø��!�~�,
ř

i πi|fpiq| ă 8, K
Pµ

˜

lim
tÑ8

1

t

ż t

0

fpXsqds “
ÿ

iPS

πifpiq

¸

“ 1.rH{(½n2.5.18): limtÑ8 pijptq “ πj, @j.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§2.6 �_©Ùob�Q Ø��. eπ ǑÿÝ, ÷vπQ “ 0, -
q̃ij :“

πjqji

πi
.K, πiq̃ij “ πjqji, @i, j.

Q̃ “ pq̃ijqSˆS EǑ=£Ý
, �q̃i “ qi, πQ̃ “ 0.·K2.6.1. πip̃ijptq “ πjpjiptq, @i, j.íØ2.6.2. ±en^�d. (1) π ǑØC©Ù, (2) Q ��¿,�πQ “ 0, (3) Q̃ ��¿, �πQ “ 0.íØ2.6.4. b�Ø��!��¿, [�²ï^�¤á:

πiqij “ πjqji, @i, j. �o, tXtu Ǒ�_L§.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)


