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§3.1 lÑ.�ÅCþ�êÆÏ"

~. �,«ç¦u1
10�Ü, zÜÈ1�, Ù¥10Ükø, �ø

y5000�, Ù§Ãø. ¯: ï�Üç¦, ²þJ|õ�º

ò/J|0À��ÅCþ, P�X. KX ���5000´ 1

½´1. éA�VÇ� 10
100000 Ú1´ 10

100000 , (�mz©').

²þJ|�

EX “ 4999 ¨
10

100000
´1 ¨ p1´

10

100000
q “ ´0.5(�).

5: /O�4999 �´1 ��â²þ, �2499 �0´�¸�.

5: Ï"´�U��\�²þ.

���<: oÀº, U�: ÙE 1nÙ



 

~. ��5âf¦²þâfê.

êâXmL¤«:

p̂k “ �k �ªÇ/(�m)z©'.

Ñt©Ù�:

pk, k “ 0, 1, 2, ¨ ¨ ¨

²þâfê:

1

2608
p0ˆ 57` 1ˆ 203`

2ˆ 383` ¨ ¨ ¨ ` 10ˆ 16
:::::::

q

“

8
ÿ

k“0

kp̂k «
8
ÿ

k“0

kpk.

5: Ï"« êâ��â²þ.

X ªê ªÇ pk

0 57 0.022 0.021

1 203 0.078 0.081

2 383 0.147 0.156

3 525 0.201 0.202

4 532 0.204 0.195

5 408 0.156 0.151

6 273 0.105 0.097

7 139 0.053 0.054

8 45 0.017 0.026

9 27 0.010 0.011

ě 10 16 0.006 0.007

oO 2608 1.000 1.000

���<: oÀº, U�: ÙE 1nÙ



 

©ÙA�¥���A���: ¥% �A�(Ï").

~. �1êâa1, a2, . . . , an �²þ�:

ā “
1

n

n
ÿ

i“1

ai.

ÚOªê/ªÇ: �U�xkÑynk g, ªÇ�nk
n . u´

ā “
1

n

ÿ

k

xknk “
ÿ

k

xk ¨
nk
n
«

ÿ

k

xkpk.

½Â1.1. �X �lÑ.�ÅCþ, VÇ©ÙXe:

P pX “ xkq “ pk, k “ 1, 2, . . .

¡
ř

k xkpk �X �(êÆ)Ï"½þ�, P�EX ½EpXq.

5: �¡�T©Ù�Ï"/þ�.

5: b�?êýéÂñ. ÄKÏ"Ø�3.

���<: oÀº, U�: ÙE 1nÙ



 

ü:©ÙBp1, pq �Ï"

X �©Ù:
X 1 0

VÇ p 1´ p
.

X �Ï":

EX “ 1ˆ p` 0ˆ p1´ pq “ p.

���<: oÀº, U�: ÙE 1nÙ



 

��©ÙBpn, pq �Ï"

X �©Ù: Pq “ 1´ p, K

P pX “ kq “ Cknp
kqn´k, k “ 0, 1, . . . , n.

X �Ï":

EX “

n
ÿ

k“0

k ¨ Cknp
kqn´k “

n
ÿ

k“1

k ¨
n!

k!pn´ kq!
pkqn´k

“

n
ÿ

k“1

n!

pk ´ 1q!pn´ kq!
pkqn´k pk1 “ k ´ 1q

“np
n´1
ÿ

k1“0

n1!

k1!pn1 ´ k1q!
pk
1

qn
1´k1 “ np, pn1 “ n´ 1q.

���<: oÀº, U�: ÙE 1nÙ



 

Ñt©ÙPoissonpλq �Ï"

X �©Ù:

P pX “ kq “
λk

k!
e´λ, k “ 0, 1, 2, . . .

X �Ï":

EX “

8
ÿ

k“0

k ¨
λk

k!
e´λ “

8
ÿ

k“1

λk

pk ´ 1q!
e´λ pk1 “ k ´ 1q

“λ
8
ÿ

k1“0

λk
1

k1!
e´λ “ λ.

5: k ¨ pk “ λ ¨ pk´1, k “ 1, 2, ¨ ¨ ¨

���<: oÀº, U�: ÙE 1nÙ



 

�AÛ©Ù(ëê�N,M,n)�Ï"

X �©Ù:

P pX “ mq “
CmMC

n´m
N´M

CnN
, m “ 0, 1, 2, . . . , n.

X �Ï": Px1 “ x´ 1. K

EX “

n
ÿ

m“0

m ¨
M !

m!pM ´mq!
¨
Cn´mN´M

CnN

“

n
ÿ

m“1

M !

m1!pM ´mq!

Cn´mN´M

CnN
“

n
ÿ

m“1

M ¨M 1!

m1!pM 1 ´m1q!
¨
Cn´mN´M

CnN

“M
n1
ÿ

m1“0

Cm
1

M 1 ¨
Cn

1´m1

N 1´M 1

CnN
“M ¨

Cn
1

N 1

CnN

n1
ÿ

m1“0

Cm
1

M 1 ¨
Cn

1´m1

N 1´M 1

Cn
1

N 1

“M ¨
N 1!

n1pN 1 ´ n1q!
¨
n!pN ´ nq!

N !
“
Mn

N
“ n ¨

M

N
.

���<: oÀº, U�: ÙE 1nÙ



 

§3.2 ëY.�ÅCþ�Ï"

½Â2.1. �X �ëY.�ÅCþ, �Ý�ppxq, ¡
ż 8

´8

xppxqdx (2.1)

�X �(êÆ)Ï"/þ�, P�EpXq, {P�EX.

5: �¡�T©Ù�Ï"/þ�.

5: b�È©Âñ, ÄKÏ"Ø�3.

5: ppxq Ø´VÇ, ppxqdx âéAXVÇ.

�*: rX �����y©��«mpxi, xi`1s, i “ 1, 2, . . . ,

�ppxq ëY, KCq/

EX «
ÿ

i

xiP pxi ă X ď xi`1q

«
ÿ

i

ż xi`1

xi

xppxqdx «

ż 8

´8

xppxqdx.

���<: oÀº, U�: ÙE 1nÙ



 

þ!©ÙUra, bs �Ï"

X ��Ý:

ppxq “

$

&

%

1
b´a , x P ra, bs,

0, Ù§.

X �Ï":

EX “

ż 8

´8

xppxqdx “

ż b

a
x ¨

1

b´ a
dx

“
1

b´ a
¨
x2

2

ˇ

ˇ

ˇ

ˇ

b

a

“
1

2
¨
b2 ´ a2

b´ a
“
a` b

2
.

5: Ï"´��é¡¥%. (cJ: �3).

���<: oÀº, U�: ÙE 1nÙ



 

�ê©ÙEpλq �Ï"

X ��Ý:

ppxq “

$

&

%

λe´λx, x ě 0,

0, Ù§.

X �Ï":

EX “

ż 8

´8

xppxqdx “

ż 8

0
xλe´λxdx

“
1

λ

ż 8

0
te´tdt p-t “ λxq

“
1

λ

ˆ

p´te´tq
ˇ

ˇ

8

0
`

ż 8

0
e´tdt

˙

“
1

λ
.

���<: oÀº, U�: ÙE 1nÙ



 

��©ÙNpµ, σ2q �Ï"

X ��Ý:

ppxq “
1

?
2πσ

exp

"

´
px´ µq2

2σ2

*

.

X �Ï":

EX “

ż 8

´8

xppxqdx

“

ż 8

´8

x ¨
1

?
2πσ

exp

"

´
px´ µq2

2σ2

*

dx

“

ż 8

´8

pµ` σyq ¨
1
?

2π
exp

"

´
y2

2

*

dy py “
x´ µ

σ
q

“µ

ż 8

´8

φpyqdy ` σ

ż 8

´8

yφpyqdy “ µ.

5: µ ´��é¡¥%.

���<: oÀº, U�: ÙE 1nÙ



 

³ç©ÙΓpα, βq �Ï"

X ��Ý:

ppxq “

$

&

%

βα

Γpαqx
α´1e´βx, x ą 0,

0, x ď 0.
pα ą 0, β ą 0q

X �Ï":

EX “

ż 8

´8

xppxqdx “
βα

Γpαq

ż 8

0
xαe´βx dx

“
βα

Γpαq

ż 8

0
xα

1´1e´βx dx pα1 “ α` 1q

“
βα

Γpαq
¨

Γpα1q

βα1
“

βα

Γpαq
¨

Γpα` 1q

βα`1
“
α

β
.

���<: oÀº, U�: ÙE 1nÙ



 

Ï"�{ü5�

§3.3 Ï"�{ü5�9�ÅCþ¼ê�Ï"úª

�X ��ÅCþ, c, k, b �~ê. K

p1q Epcq “ c;

p2q EpkXq “ kEpXq;

p3q EpX ` bq “ EpXq ` b;

p4q �5 : EpkX ` bq “ kEpXq ` b.

(3.1)

y: (1) P pX “ cq “ 1. U½Â�(1) ¤á.

d(2), (3) �(4) ¤á.

���<: oÀº, U�: ÙE 1nÙ



 

(2) EpkXq “ kEpXq �y²:

ek “ 0, Kü>þ�0, X. e�k ‰ 0.

lÑ.: �X �©Ù�P pX “ xiq “ pi, i “ 1, 2, . . . .

KY “ kX �©Ù�P pY “ kxiq “ pi, i “ 1, 2, . . .

U½Â, EpY q “
ř

i kxi ¨ pi “ k
ř

i xipi “ kEpXq.

ëY.: �X ��Ý�ppxq,

KY “ kX ��Ý�pY pyq “
1
|k|p

`

y
k

˘

. (ë�1�Ù, ~4.8).

U½Â

EpY q “

ż 8

´8

y ¨ pY pyqdy “
1

|k|

ż 8

´8

y ¨ p
´y

k

¯

dy

“k

ż 8

´8

x ¨ ppxqdx “ kEpXq. px “
y

k
q.

���<: oÀº, U�: ÙE 1nÙ



 

(3) EpX ` bq “ EpXq ` b �y²:

lÑ5�(2) aq. e�X �ëY., �Ý�ppxq.

pY pyq “ ppy ´ bq. (ë�1�Ù, ~4.8)

U½Â,

EpY q “

ż 8

´8

y ¨ pY pyqdy “

ż 8

´8

y ¨ ppy ´ bqdy

“

ż 8

´8

px` bqppxqdx px “ y ´ bq

“

ż 8

´8

xppxqdx` b

ż 8

´8

ppxqdx “ EpXq ` b.

���<: oÀº, U�: ÙE 1nÙ



 

�ÅCþ¼ê�Ï"úª

lÑ.: �X �©Ù��P pX “ xiq “ pi, i “ 1, 2, . . . .

eeªm>ýéÂñ, K

EfpXq “
ÿ

i

fpxiqpi. (3.3)

ëY.: �X ��Ý�ppxq. eeªm>ýéÂñ, K

EfpXq “

ż 8

´8

fpxqppxqdx. (3.2)

5: ��
¦Y “ fpXq �©Ù�½�Ý�L§.

5: ÎÒ�½. ~EXk L«EpXkq, ØL«pEXqk.

���<: oÀº, U�: ÙE 1nÙ



 

~3.1. �X „ Np0, 1q. ¦EX2.

){1.(�{'). ^úª(3.2).

EX2 “

ż 8

´8

x2 ¨
1
?

2π
e´

x2

2 dx “ ´

ż 8

´8

xd

ˆ

1
?

2π
e´

x2

2

˙

“´

ˆ

x
1
?

2π
e´

x2

2

˙

ˇ

ˇ

ˇ

8

´8
`

ż 8

´8

1
?

2π
e´

x2

2 dx “ 0` 1 “ 1.

){2. k¦X2 ��Ý(ë�§2.4 ~). X2 „ Γp1
2 ,

1
2q.

pX2pyq “
1
?

2π
y´

1
2 e´

1
2
y, py ą 0q; pX2pyq “ 0, py ď 0q.

ñ EX2 “

ż 8

0
y ¨ pX2pyqdy “

ż 8

0

?
y

?
2π
e´

y
2 dy

“

ż 8

0

x
?

2π
e´

x2

2 2xdx px “
?
yq

“ ´

ż 8

0

1
?

2π
2xdpe´

x2

2 q “ 0` 2

ż 8

0

1
?

2π
e´

x2

2 dx “ 1.

���<: oÀº, U�: ÙE 1nÙ



 

~3.2 X „ Ur0, 2πs, ¦E sinX.

):

E sinX “

ż 8

´8

sinpxq ¨ pXpxqdx

“

ż 2π

0
sinpxq ¨

1

2π
dx “ 0.

5: �*þ, dé¡5�E sinX “ 0.

���<: oÀº, U�: ÙE 1nÙ



 

§3.4 ��9Ù{ü5�

©ÙA�¥���A���: ©Ñ§Ý/°ÄA�(��).

~. `!¯ü�å)�Ü�è��pXe, ²þÑ´1.60.

`è: 1.60, 1.62, 1.59, 1.60, 1.59; �à/���.

¯è: 1.80, 1.60, 1.50, 1.50, 1.60. ë�Øà/���.

~. �1êâa1, a2, . . . , an �ÅÄ§Ý.

X, �¬�,«A5(XrÝ)ÅÄ�, `²)�Ø½.

X, )Ô�,«A5(XÉØ)ÅÄ�, L«¾�.

�1êâ�©Ñ§Ý/ÅÄ§Ý:

1

n´ 1

`

pa1 ´ āq
2 ` pa2 ´ āq

2 ` ¨ ¨ ¨ ` pan ´ āq
2
˘

. (4.1)

êâ5g�ÅCþX, Kā « EX
∆
“ µ.

þª��Y “ pX ´ µq2 éA�êâ�²þ�, �« EY .

���<: oÀº, U�: ÙE 1nÙ



 

��

½Â: �EX �3, ¡

E
`

X ´ EX
˘2

(4.3)

�X ���, P�DpXq ½VarpXq. �¡�Ù©Ù���.

½Â4.1(lÑ.) & 4.2(ëY.)

�X �©Ù�Xe, ½�Ý�ppxq.

P pX “ xkq “ pk, k “ 1, 2, . . .

KDpXq kXeL�ª:

ÿ

k

`

xk ´ EX
˘2
pk,

ż 8

´8

`

x´ EX
˘2
ppxqdx (4.2, 4.2’)

5: e?ê/È©Âñ, K���3; ÄK��uÑ.

��´�K�: DpXq ě 0.

���<: oÀº, U�: ÙE 1nÙ



 

���ð�ª/O�úª:

DpXq “ EX2 ´
`

EX
˘2
. (4.4)

I�^1oÙ�½n: EpX ` Y q “ EpXq ` EpY q.

(4.4) �y²: Pµ “ EX.

DpXq “E
`

X ´ µ
˘2
“ EpX2 ´ 2µ ¨X ` µ2q

“EX2 ´ 2µ ¨ EX ` µ2 “ EX2 ´ µ2.

,y: X, X „ ppxq, Pµ “ EX. K

DpXq “

ż 8

´8

px´ µq2ppxqdx “

ż 8

´8

px2 ´ 2µx` µ2qppxqdx

“

ż 8

´8

x2ppxqdx´ 2µ

ż 8

´8

xppxqdx` µ2 ¨ 1

“EX2 ´ 2µ ¨ µ` µ2 “ EX2 ´ µ2.

���<: oÀº, U�: ÙE 1nÙ



 
ü:©ÙBp1, pq ���

X �Ï": EX “ p.

X ���: U½Â,

DpXq “EpX ´ pq2 “ p1´ pq2 ¨ p` p2 ¨ p1´ pq “ pp1´ pq.

X ���: UO�úª,

EX2 “12 ¨ p` 02 ¨ p1´ pq “ p

ñ DpXq “EX2 ´ pEXq2 “ p´ p2 “ pp1´ pq.

���<: oÀº, U�: ÙE 1nÙ



 

��©ÙBpn, pq ���

X �Ï": EX “ np.

X ���: U½Â, ¨ ¨ ¨ ¨ ¨ ¨

X ���: Pq “ 1´ p, UO�úª,

EX2 “

n
ÿ

k“0

k2 ¨
n!

k!pn´ kq!
pkqn´k

“

n
ÿ

k“1

`

kpk ´ 1q ` k
˘ n!

k!pn´ kq!
pkqn´k

“npn´ 1qp2
n1
ÿ

k1“0

n1!

k1!pn1 ´ k1q!
pk
1

qn
1´k1 ` EX px1 “ x´ 2q

“npn´ 1qp2 ` np “ n2p2´np2 ` np

ñ DpXq “EX2 ´ pEXq2 “ npp1´ pq.

���<: oÀº, U�: ÙE 1nÙ



 

Ñt©ÙPoissonpλq ���

X �Ï": EX “ λ.

X ���: k1 “ k ´ 1, k2 “ k ´ 2, UO�úª,

EX2 “

8
ÿ

k“1

k2 ¨
λk

k!
e´λ “

8
ÿ

k“1

k ¨
λk

pk ´ 1q!
e´λ

“

8
ÿ

k“1

`

pk ´ 1q ` 1
˘

¨
λk

pk ´ 1q!
e´λ

“

8
ÿ

k“2

λk

pk ´ 2q!
e´λ `

8
ÿ

k“1

λk

pk ´ 1q!
e´λ

“λ2
8
ÿ

k2“0

λk
2

k2!
e´λ ` λ

8
ÿ

k1“0

λk
1

k1!
e´λ “ λ2 ` λ

ñ DpXq “EX2 ´ pEXq2 “ λ.

���<: oÀº, U�: ÙE 1nÙ



 

þ!©ÙUra, bs���

X �Ï": EX “ a`b
2 .

X ���: UO�úª,

EX2 “

ż b

a
x2 ¨

1

b´ a
dx “

1

b´ a
¨
x3

3

ˇ

ˇ

ˇ

ˇ

b

a

“
1

3
pa2 ` ab` b2q

ñ DpXq “EX2 ´ pEXq2

“
1

3
pa2 ` ab` b2q ´

1

4
pa2 ` 2ab` b2q “

1

12
pb´ aq2.

X ���: U½Â,

DpXq “EpX ´ EXq2 “

ż b

a
px´

a` b

2
q2 ¨

1

b´ a
dx

“
1

b´ a
¨
px´ a`b

2 q
3

3

ˇ

ˇ

ˇ

ˇ

ˇ

b

a

“
1

3pb´ aq
¨ 2p

b´ a

2
q3 “

1

12
pb´ aq2.

���<: oÀº, U�: ÙE 1nÙ



 �ê©ÙExppλq ���

X �Ï": EX “ 1
λ .

X ���: UO�úª,

EX2 “

ż 8

0
x2 ¨ λe´λxdx “

1

λ2

ż 8

0
t2e´tdt pt “ λxq

“
1

λ2
Γp3q “

1

λ2
¨ 2! “

2

λ2

ñ DpXq “EX2 ´ pEXq2 “
1

λ2
.

���<: oÀº, U�: ÙE 1nÙ



 

��©ÙNpµ, σ2q ���

X �Ï": EX “ µ.

X ���: U½Â,

DpXq “EpX ´ µq2

“

ż 8

´8

px´ µq2 ¨
1

?
2πσ

exp

"

´
1

2

px´ µq2

σ2

*

dx

“σ2

ż 8

´8

t2 ¨
1
?

2π
e´

1
2
t2dt p-t “

x´ µ

σ
q

“σ2. (�~3.1)

5: ü�ëêµ, σ2 ©O´Ï"Ú��.

���<: oÀº, U�: ÙE 1nÙ



 

³ç©ÙΓpα, βq ���

X ��Ý: �½β,

pαpxq “
βα

Γpαq
xα´1e´βx, px ą 0q.

X �Ï": EX “ α
β .

X ���: α1 “ α` 2, UO�úª,

EX2 “

ż 8

0
x2 βα

Γpαq
xα´1e´βxdx

“
βα

Γpαq
¨

Γpα1q

βα1

ż 8

0

βα
1

Γpα1q
xα

1´1e´βxdx

“
Γpα` 2q

β2Γpαq
“
pα` 1qα

β2

ñ DpXq “
pα` 1qα

β2
´
α2

β2
“

α

β2
.

���<: oÀº, U�: ÙE 1nÙ



 

���{ü5�

�X ��ÅCþ, c, k, b �~ê. K

p1q Dpcq “ 0;

p2q DpkXq “ k2DpXq;

p3q DpX ` bq “ DpXq;

p4q DpkX ` bq “ k2DpXq.

(4.5)

y: (1) Epcq “ c. U½Â, DpXq “ Epc´ cq2 “ 0.

d(2), (3) �(4) ¤á.

���<: oÀº, U�: ÙE 1nÙ



 

(2) DpkXq “ k2DpXq �y²:

UO�úª,

EpkXq “kEpXq, ErpkXq2s “ Epk2X2q “ k2EX2

ñ DpkXq “k2EX2 ´ pkEXq2

“k2
`

EX2 ´ pEXq2q “ k2DpXq.

(3) DpX ` bq “ DpXq �y²:

U½Â,

EpX ` bq “EpXq ` b

ñ DpX ` bq “E
`

pX ` bq ´ EpX ` bq
˘2

“EpX ´ EXq2 “ DpXq.

���<: oÀº, U�: ÙE 1nÙ



 

�'ÈÅØ�ª

§3.5 Ù§

½n5.1 �µ “ EX �σ2 “ DpXq �3. Ké?¿ε ą 0,

P p|X ´ µ| ě εq ď
σ2

ε2
. (5.1)

ëY.�/�y²:

DpXq “

ż 8

´8

`

x´ µq2ppxqdx ě

ż

xďµ´ε½xěµ`ε

`

x´ µq2ppxqdx

ě

ż µ´ε

´8

ε2ppxqdx`

ż 8

µ`ε
ε2ppxqdx

ěε2

ˆ
ż µ´ε

´8

ppxqdx`

ż 8

µ`ε
ppxqdx

˙

“ε2P pX ď µ´ ε½X ě µ` εq “ ε2P p|X ´ µ| ě εq.

5: σ �N
X ©Ù���©Ñ§Ý.

���<: oÀº, U�: ÙE 1nÙ



 

½n5.1 �µ “ EX �σ2 “ DpXq �3. Ké?¿ε ą 0,

P p|X ´ µ| ě εq ď
σ2

ε2
. (5.1)

¡σ “
a

DpXq �X �IO�.

�ε “ kσ, K

P p|X ´ µ| ě kσq ď
1

k2
.

AO/, �k “ 3, KíÑ

P p|X ´ µ| ě 3σq ď
1

9
.

5: ��©Ù�²�5KP p|X ´ µ| ě 3σq ď 0.0027. (§2.3)

���<: oÀº, U�: ÙE 1nÙ



 

�:Ý�¥%Ý

©O¡EXk, EpX ´ EXqk �X �k ��:Ý, ¥%Ý,

©OP�νk, µk, (k “ 1, 2, . . . ).

5: þ��ν1, ���µ2.

5: k ��±Ø´��ê.

���<: oÀº, U�: ÙE 1nÙ



 

© ê�¥ ê

�X �©Ù¼êF p¨q : x ÞÑ p “ F pxq ëY�î�üNþ,.

K�3�¼êp ÞÑ x “ xp, p P p0, 1q, =�3���xp ¦�

F pxpq “ p, @p P p0, 1q.

¡xp �X �p © ê. ¡p ÞÑ xp �X �© ê¼ê.

���/. eeª¤á, K¡xp ´X �p© ê.

P pX ă xpq ď p ď P pX ď xpq. (5.4)

�d/, P pX ď xpq ě p, P pX ě xpq ě 1´ p. (5.4’)

-p “ 1
2 . ¡x 1

2
�¥ ê.

5: © ê�3(X, xp “ inftx : F pXq ě pu), �Ø�½��.

���<: oÀº, U�: ÙE 1nÙ



 

~. ü:©ÙBp1, p0q �© ê.

Pq0 “ 1´ p0. ©Ù¼ê:

F pxq “

$

’

’

’

&

’

’

’

%

0, x ă 0;

q0, 0 ď x ă 1;

1, x ě 1.

© ê:

xp :

$

’

’

’

&

’

’

’

%

0, p P p0, q0q;

r0, 1s, p “ q0;

1, p P pq0, 1q.

���<: oÀº, U�: ÙE 1nÙ


