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§2.1 ÿÝ�½Â�5�

�E �8ÜX.

�K8¼ê, µ, ν, τ ¨ ¨ ¨ , �:

µ : E Ñ r0,8s.

���\5:

eA1, A2, ¨ ¨ ¨ P E , üüØ�, �
ř8
n“1An P E , K

µ

˜

8
ÿ

n“1

An

¸

“

8
ÿ

n“1

µpAnq.
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½Â2.1.1. �H P E . e

µ : E Ñ r0,8s

÷v���\5, �µpHq “ 0, K¡µ �E þ�ÿÝ.

eµpAq ă 8, @A P E , K¡µ ´k��;

eDA1, A2, ¨ ¨ ¨ P E üüØ�, ¦�

X “

8
ÿ

n“1

An � µpAnq ă 8, @n,

K¡µ ´σ k��.
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k��\5:

eA1, ¨ ¨ ¨ , An P E , üüØ�, �
řn
i“1Ai P E , K

µ

˜

n
ÿ

i“1

Ai

¸

“

n
ÿ

i“1

µpAiq,

K¡�K8¼êµäkk��\5.

�~5:

eA,B P E �A Ď B, BzA P E , µpAq ă 8, K

µpB ´Aq “ µpBq ´ µpAq.

·K2.1.1. ÿÝäkk��\5Ú�~5.

3���\5¥�An`1 “ An`2 “ ¨ ¨ ¨ “ H. B “ A`BzA.
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~1(counting measure). µpAq “ #pAq, A P TX .

~2(:ÿÝ!©Ù�). pX,F q ��ÿ�m,

δxpAq “ IApxq, A P F ,
n
ÿ

i“1

δxi ,
n
ÿ

i“1

piδxi .

~4(�Ý). E “ QR “ tpa, bs : a, b P Ru, a ď b,

µppa, bsq “ b´ a.
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·K (·K2.1.2)

X “ R, E “ QR, F : RÐâ �ü!mëY. K, µ ´E þ�ÿÝ.

µppa, bsq “ F pbq ´ F paq, a ă b; µppa, bsq “ 0, a ě b.

µpHq “ 0, X. e¡,

b�
8
ÿ

i“1

pai, bis “ pa, bs,  y
8
ÿ

i“1

µppai, bisq “ µppa, bsq.

/ď0: @n,
řn
i“1pai, bis Ď pa, bs; Ø��b1 ă ¨ ¨ ¨ ă bn. K

a ď a1 ă b1 ď a2 ă ¨ ¨ ¨ ă an ă bn ď an`1 :“ b.

u´,
n
ÿ

i“1

pF pbiq ´ F paiqq ď F pbq ´ F paq.
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/ě0: k^8B{�y
n
ď

i“1

pai, bis Ě pa, bs ñ
n
ÿ

i“1

µppai, bisq ě µppa, bsq.

n “ 1, X. nÑ n` 1: b�
Ťn`1
i“1 pai, bis Ě pa, bs.

Ø��bn`1 “ maxi bi. u´, bn`1 ě b.

ean`1 ď a, Kpan`1, bn`1s Ě pa, bs, X.

ÄK, pa, an`1s Ď
Ťn
i“1pai, bis. d8Bb�,

F pan`1q ´ F paq ď
n
ÿ

i“1

µ ppai, bisq .

l,

F pbq ´ F paq ď F pbn`1q ´ F pan`1q ` F pan`1q ´ F paq

ď

n`1
ÿ

i“1

µ ppai, bisq .
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@ε ą 0, �δi ą 0 ¦�

b̃i :“ bi ` δi ÷v F pb̃iq ´ F pbiq ď ε{2i.

@δ ą 0,
Ť8
i“1pai, b̃iq Ě ra` δ, bs, Ïd�3k�mCX.

u´, Dn ¦�
n
ď

i“1

pai, b̃is Ě pa` δ, bs.

u´,

F pbq´F pa`δq ď
n
ÿ

i“1

´

F pb̃iq ´ F paiq
¯

ď

8
ÿ

i“1

pF pbiq ´ F paiqq`ε.

-ε, δ Ñ 0 =�.
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ÿÝ�m: pX,F , µq.

X: ��8Ü; F : X þ�σ �ê; µ: F þ�ÿÝ.

"ÿ8: N P F , µpNq “ 0.

VÇ(ÿÝ)�mpX,F , P q: P pXq “ 1.

VÇ(ÿÝ): P ; ¯�: A P F ; A (u))�VÇ: P pAq.

~5(lÑ.ÿÝ!©Ù�). X ��,

p : X Ñ r0,8s, µpAq :“
ÿ

xPA

px, @A P TX .
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üN5: A,B P E , �A Ď B, KµpAq ď µpBq.

����\5/g���\5/�σ �\5:

A1, A2, ¨ ¨ ¨ P E ,
Ť8
i“1Ai P E ,

µ

˜

8
ď

i“1

Ai

¸

ď

8
ÿ

i“1

µpAiq.

eëY5: A1, A2, ¨ ¨ ¨ P E , An Ò A P E , K

µpAq “ lim
nÑ8

µpAnq.

þëY5: A1, A2, ¨ ¨ ¨ P E , An Ó A P E , �µpA1q ă 8,K

µpAq “ lim
nÑ8

µpAnq.

3H?ëY: A1, A2, ¨ ¨ ¨ P E , An Ó H P E , �µpA1q ă 8, K

lim
nÑ8

µpAnq “ 0.
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½n (½n2.1.5)

��þ�ÿÝküN5, �~5, ����\5, þ!eëY5.

b�µ ���Q þ�8¼ê.

·K2.1.3. eµ �K!k��\, Kk‹, ‹.

·K2.1.4. eµ �K!���\, Kk‹, ‹.

·K2.1.3�y²:

A Ď B ñ B “ A`
n
ÿ

i“1

Ci ñ µpBq “ µpAq `
n
ÿ

i“1

µpCiq.

·K2.1.4�y²: H “
ř8
i“1Hñ µpHq “ 0 ½8.

eµpHq “ 8, KA “ A`
ř8
i“1H, �µpAq “ 8 X.

e�µpHq “ 0. u´, µ ´ÿÝ. (l, k��\.)
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µ �ÿÝ,  yµ k����\5:

b�A1, A2, ¨ ¨ ¨ P Q �
Ť8
i“1Ai P Q.

Bn :“ Anz
Ťn´1
i“1 Ai P rpQq, �

Bn “
kn
ÿ

k“1

Cn,k, Cn,k P Q.

AnzBn P rpQq, �“
ř`n
`“1Dn,`, Ïd,

An “
kn
ÿ

k“1

Cn,k `
`n
ÿ

`“1

Dn,`, Dn,` P Q.

µ
`
Ť8
i“1Ai

˘

“ µ
`
ř8
i“1Bi

˘

“
ř8
n“1

řkn
k“1 µpCn,kq.

ř8
i“1 µpAiq “

ř8
n“1

´

řkn
k“1 µpCn,kq `

ř`n
`“1 µpDn,`q

¯

.
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µ �ÿÝ,  yµ keëY5ÚþëY5.

eëY5: eA1, A2, ¨ ¨ ¨ P Q, An Ò A P Q, K

Bn :“ Anz
n´1
ď

i“1

Ai “
kn
ÿ

k“1

Cn,k, Cn,k P Q.

ñAN “
N
ÿ

n“1

kn
ÿ

k“1

Cn,k, A “
8
ÿ

n“1

kn
ÿ

k“1

Cn,k.

þëY5: eA1, A2, ¨ ¨ ¨ P Q, µpA1q ă 8, An Ó A P Q, K

Bn :“ An´1zAn “
kn
ÿ

k“1

Cn,k, Cn,k P Q.

ñAN “ A`
8
ÿ

n“N

kn
ÿ

k“1

Cn,k,
8
ÿ

n“N

kn
ÿ

k“1

µpCn,kq
NÑ8
ÝÑ 0.
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½n (½n2.1.6)

µ ´�þ�k��\�K8¼ê. K:

p1q ô p2q ô p3q ñ p4q ñ p5q.

(1) µ ���\;

(2) µ ����\;

(3) µ eëY;

(4) µ þëY;

(5) µ 3H ?ëY.
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§2.2 	ÿÝ

½Â2.2.1. τ : T Ñ r0,8s, ÷v

(1) τpHq “ 0;

(2) eA Ď B Ď X, KτpAq ď τpBq;

(3) @A1, A2, ¨ ¨ ¨ P T , k

τ

˜

8
ď

n“1

An

¸

ď

8
ÿ

n“1

τpAnq.

K¡τ �X þ�	ÿÝ.

τ ��K8¼ê!����\!�k��\.
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½n (½n2.2.1)

�µ ´8ÜXE þ��K8¼ê, H P E �µpHq “ 0. -

τpAq :“ inf

#

8
ÿ

n“1

µpBnq : Bn P E , n ě 1;
8
ď

n“1

Bn Ě A

+

, @A P T .

Kτ´��	ÿÝ, ¡�dµ )¤�	ÿÝ.

5: infH :“ 8.

(1) τpHq “ 0: �A “ Bn “ H B�;

(2) eA Ď B, KτpAq ď τpBq:

8
ď

n“1

Bn Ě B ñ
8
ď

n“1

Bn Ě A;
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(3) @A1, A2, ¨ ¨ ¨ P T ,  yτ
`
Ť8
n“1An

˘

ď
ř8
n“1 τpAnq.

e�τpAnq ă 8, @n. ÄK. X.

�
Ť8
k“1Bn,k Ě An ¦�

8
ÿ

k“1

µpBn,kq ă τpAnq `
ε

2n
.

u´,

8
ď

n“1

8
ď

k“1

Bn,k Ě
8
ď

n“1

An

ñ τ

˜

8
ď

n“1

An

¸

ď

8
ÿ

n“1

8
ÿ

k“1

µpBn,kq ă
8
ÿ

n“1

τpAnq ` ε.
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 �τ �	ÿÝ. eA ÷vXeCaratheodory ^�:

τpDq “ τpD XAq ` τpD XAcq, @D P T ,

K¡A ¡�τ �ÿ8.

Fτ “ ¤kτ �ÿ8.

½Â2.2.2. b�pX,F , µq ´ÿÝ�m. e

A P F , µpAq “ 0 ùñ B P F ,@B Ď A,

K¡pX,F , µq ��/��.
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½n (½n2.2.2, Caratheodory½n)

eτ ´	ÿÝ, KFτ ´σ �ê, �pX,Fτ , τq ´���ÿÝ�m.

 yFτ ´�ê:

(1) H P Fτ , �Ö$�µ4:

τpDq “ τpD XAq ` τpD XAcq, @D Ď X.

(2) �$�µ4:

τpDq “τpD XA1q ` τpD XA
c
1q

“τpD XA1 XA2q ` τpD XA1
::
XAc2q ` τpD XA

c
1

::
q.

dDXpAc2XA1q`DXA
c
1 “ DXpAc1YA

c
2q “ DXpA1XA2q

c,

τpDq “ τpD X pA1 XA2qq ` τpD X pA1 XA2q
cq.
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 yFτ ´σ �ê:

(5) b�tAn P Fτ , n “ 1, 2, ¨ ¨ ¨ u, K

Bn :“ Anz
n´1
ď

i“1

Ai P Fτ , üüØ�, �
8
ď

n“1

An “
8
ÿ

n“1

Bn.

(3) „ (4). �I�y:

e tBi P Fτ , i “ 1, 2, ¨ ¨ ¨ u üüØ�, K
8
ÿ

i“1

Bi P Fτ .

�I�y

τpDq ě τ
´

D
č

‹

¯

` τ
´

D
č

‹c
¯

.
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 yFτ ´σ �ê(Y):

@D P T ,

τpDq “ τ

˜

D
č

n
ÿ

i“1

Bi

¸

` τ pD X ‹cq “: I1 ` I2.

I2 ě τ
`

D
Ş

`
ř8
i“1Bi

˘c˘
.

(3) I1:

I1 “ τpD XB1q ` τ

˜

D
č

n
ÿ

i“2

Bi

¸

“ ¨ ¨ ¨ “

n
ÿ

i“1

τpD XBiq.

(4) �,

τpDq ě
8
ÿ

i“1

τpD XBiq ` τ

˜

D
č

`

8
ÿ

i“1

Bi
˘c

¸

.
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 yFτ ´σ �ê(Y):

��¡,

τpDq ě
8
ÿ

i“1

τpD XBiq ` τ

˜

D
č

`

8
ÿ

i“1

Bi
˘c

¸

ěτ pD X ‹q ` τ pD X ‹cq .

,��¡,

τpDq ď τ pD X ‹q ` τ pD X ‹cq .

�, ‹ P Fτ , �

τ
´

D
č

‹

¯

“

8
ÿ

i“1

τpD XBiq @D P TX .
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  yτ |Fτ ´ÿÝ:

(6) b�tBn P Fτ , n “ 1, 2, ¨ ¨ ¨ u, üüØ�.

�D “
ř8
n“1Bn, K��¡

τpDq ě
8
ÿ

i“1

τ pD XBiq ` τ

˜

D
č

`

8
ÿ

i“1

Bi
˘c

¸

“

8
ÿ

i“1

τ pBiq .

,��¡,

τpDq ď
8
ÿ

i“1

τ pBiq .
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  ypX,Fτ , τq ��:

(7) τpAq “ 0 ñ A P Fτ :

τpDq ěτpD XAcq “ τpD XAq ` τpD XAcq;

τpDq ďτpD XAq ` τpD XAcq.

A Ď B P Fτ , τpBq “ 0, K

τpAq ď τpBq “ 0 ñ A P Fτ .
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§2.3 ÿÝ�*Ü

�µ, ν ©O´E , E þ�ÿÝ, �E Ď E . e

νpAq “ µpAq, @A P E ,

K¡ν ´µ 3E þ�*Ü.

*Ü´���: eν 1 �´µ 3E þ�*Ü, Kν 1 “ ν.
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 ~1. X “ ta, b, cu, E “ tH, ta, bu, tb, cu, Xu,

µpHq “ 0; µpta, buq “ 1; µptb, cuq “ 1; µpXq “ 2.

µ ´E þ�ÿÝ, �	ÿÝ

τpHq “ 0; τpXq “ τpta, cuq “ 2;

τptauq “ τptbuq “ τptcuq “ τpta, buq “ τptb, cuq “ 1.

Fτ “ tH, Xu. τ |Fτ Ø´*Ü.
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~2. X “ Q.

π X���:

P “ tX X p´8, as : a P Ru Y tHu,

Q “ tX X pa, bs : ´8 ă a ď b ă 8u.

-

µpHq “ 0, µpAq “ 8, @A P P YQztHu,

λαpAq “ α|A|, @A P σpQq. pα ą 0.q

µ Ø´σ k��; @α ą 0, λα Ñ´µ �*Ü.
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·K (·K2.3.1, *Ü���5)

�P ´πX. eσpPq þ�ÿÝµ, ν ÷v±eü^, Kµ “ ν.

(1) µ|P “ ν|P ; (2) µ|P ´σ k��.

5: π Xþσ k��ÿÝ, e�*Ü�σpPq, K*Ü��.

�A1, A2, ¨ ¨ ¨ P P ¦�X “
ř8
n“1An �µpAnq ă 8, @n.

@n, Bp:“ Anq PP ÷vµpBq ă 8.  y

µpAXBq “ νpAXBq, @A P σpPq.

u´@A P σpPq,

µpAq “
8
ÿ

n“1

µpAXAnq “
8
ÿ

n“1

νpAXAnq “ νpAq.

5ÿÝØ6Ç���¡ ��ö: 4]!ÙE



 

�B P P ÷vµpBq ă 8. �y

L :“ tA P σpPq : µpAXBq “ νpAXBqu

´λ X, �L Ě P, �L Ě σpPq.

X P L , X. �A1, A2 P L , �A1 Ě A2. dµpBq ă 8,

µ
`

pA1 ´A2qB
˘

“µpA1Bq ´ µpA2Bq

“νpA1Bq ´ νpA2Bq “ ν
`

pA1 ´A2qB
˘

.

�A1, A2, ¨ ¨ ¨ P L �An Ò A. K

µpABq “Ò lim
nÑ8

µpAnBq “Ò lim
nÑ8

νpAnBq “ νpABq.
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½n (½n2.3.2, ÿÝ*Ü½n)

b�µ ´��Q þ�ÿÝ, τ �µ )¤�	ÿÝ. K

σpQq Ď Fτ , τ |Q “ µ.

51. ��Q þ�ÿÝ�*Ü�σpQq þ.

52. (íØ2.3.3).

eµ ´σ k��, Kµ ���/*Ü�σpQq.

T�3���*Ü=� τ |σpQq.

 y:

τ |Q “ µ, Q Ď Fτ .
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 (1) τ |Q “ µ: b�A P Q.

��¡, �B1 “ A, Bn “ H, n ě 2, K

8
ď

n“1

Bn Ě A, �
8
ÿ

n“1

µpBnq “ µpAq.

,��¡, eA1, A2, ¨ ¨ ¨ P Q ¦�
Ť8
n“1An Ě A, K

µpAq “ µ

˜

8
ď

n“1

pAAnq

¸

ď

8
ÿ

n“1

µpAAnq ď
8
ÿ

n“1

µpAnq.

�, τpAq “ µpAq.
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(3) @A P Q,  yA P Fτ . �I�y:

τpDq ě τpD XAq ` τpD XAcq, @D P T .

eτpDq “ 8, KX. e�τpDq ă 8.

�B1, B2, ¨ ¨ ¨ P Q ¦�

8
ď

n“1

Bn Ě D �
8
ÿ

n“1

µpBnq ă τpDq ` ε.

@n, PD̂ :“ Bn.  y

µpD̂q
`

“ τpD̂q
˘

ě τpD̂ XAq ` τpD̂ XAcq, @D̂ P Q.
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(2) @D̂ P Q, D̂ XAc “ D̂zA “
řn
i“1Ci, u´

µpD̂q “µpD̂ XAq `
n
ÿ

i“1

µpCiq

ěτpD̂ XAq ` τpD̂ XAcq.

�\(3).
Ť8
n“1Bn Ě D P T , τpDq ` ε ą

ř8
n“1 µpBnq. u´

τpDq ` ε ą
8
ÿ

n“1

τpBn XAq `
8
ÿ

n“1

τpBn XA
cq

ěτpD XAq ` τpD XAcq.

(4) τ |σpQq ´ÿÝ: σpQq Ď Fτ .
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½n (½n2.3.4)

�τ ´��Q þ�ÿÝµ )¤�	ÿÝ.

(1) @A P Fτ , DB P σpQq ¦�B Ě A �τpAq “ τpBq;

(2) e?�Úµ ´σ k��, K?�ÚτpBzAq “ 0.

(1) eτpAq “ 8, K�B “ X. e�τpAq ă 8.

�Bn,1, Bn,2, ¨ ¨ ¨ P Q ¦�

Bn :“
8
ď

k“1

Bn,k Ě A �
8
ÿ

k“1

µpBn,kq ă τpAq `
1

n
.

B :“
Ş8
n“1Bn Ě A, �τpBq ě τpAq.

,��¡, Bn “
Ť8
k“1Bn,k Ě B, �

τpBq ď
8
ÿ

k“1

µpBn,kq ă τpAq `
1

n
Ñ τpAq.
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(2) ?�Ú, X “
ř8
n“1An, An P Q �µpAnq ă 8.

A “
ř8
n“1AAn,

AAn P Fτ � τpAAnq ď τpAnq “ µpAnqă 8.

�Bn P σpQq ¦Bn Ě AAn �τpBnq “ τpAAnq.

B “ AAn `BzpAAnq, �

τpBnq “ τpAAnq ` τpBn ´AAnq

ñτpBn ´AAnq “ τpBnq ´ τpAAnq “ 0.

B :“
Ť8
n“1Bn Ě

ř8
n“1AAn “ A, �

τpB ´Aq “ τ

˜

8
ď

n“1

pBn ´AAnq

¸

ď

8
ÿ

n“1

τpBn ´AAnq “ 0.
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·K (·K2.3.5, ÿÝ�%C)

�µ ´�êA þ�ÿÝ, τ �µ )¤�	ÿÝ. eA P σpA q

�τpAq ă 8, K@ε ą 0, DB P A ¦�τpA∆Bq ă ε.

�B1, B2, ¨ ¨ ¨ P A ¦�

B̂ :“
8
ď

n“1

Bn Ě A �
8
ÿ

n“1

µpBnq ă τpAq `
ε

2
.

�N ¿©�, B :“
ŤN
n“1Bn P A ,

τ pAzBq ď τ

˜

8
ď

n“N`1

Bn

¸

ď

8
ÿ

n“N`1

µpBnq ă
ε

2
.

τ pBzAq ď τ
´

B̂ ´A
¯

“ τ
`
Ť8
n“1Bn

˘

´ τpAq ă ε
2 .

τpA∆Bq “ τpAzBq ` τpBzAq ă ε.
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½n (½n2.3.6)

�A ´�ê, µ ´σpA q þ�ÿÝ, 3A þσ k�. eA P σpA q

�µpAq ă 8, K@ε ą 0, DB P A ¦�µpA∆Bq ă ε.

dσ k��µ “ τ |σpA q.
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§2.4 ÿÝ�m���z

pX,F , µq ´ÿÝ�m. -

ĂF :“ tAYN : A P F , DB P F ¦� µpBq “ 0 � N Ă Bu.

-

rµpAYNq :“ µpAq, @AYN P ĂF .

½n2.4.1. ĂF ´σ �. rµ û½. pX, ĂF , rµq ´���ÿÝ�m.

5: rµpAq “ µpAq, @A P F . �rµ �µ �*Ü.

¡pX, ĂF , rµq �pX,F , µq ���z/��z.
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½n (½n2.4.1)

ĂF ´σ �ê. rµ û½. pX, ĂF , rµq ´���ÿÝ�m.

ĂF :“ tAYNu, N Ď B, µpBq “ 0; rµpAYNq :“ µpAq.

(1) ĂF ´σ �ê: X “ X YH P ĂF ;

pAYNqc “ Ac ´AcN “ pAczBq `AcpB ´Nq P ĂF ;
Ť8
n“1pAn YNnq “

`
Ť8
n“1An

˘
Ť

`
Ť8
n“1Nn

˘

“ AYN ,

N Ď

8
ď

n“1

Bn “: B, µpBq ď
8
ÿ

n“1

µpBnq “ 0.

(2) rµ û½. eA1 YN1 “ A2 YN2, KA1 YB1 Ě A2, �

µpA1q “ µpA1 YB1q ě µpA2q, Ón, µpA2q ě µpA1q.
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(3) rµ ´ĂF þ�ÿÝ:

rµpHq “ 0, rµpAYNq ě 0, �

rµ

˜

8
ÿ

n“1

pAn YNnq

¸

“µ

˜

8
ÿ

n“1

An

¸

“

8
ÿ

n“1

µpAnq “
8
ÿ

n“1

µpAn YNnq.

(4) pX, ĂF , rµq ��:

eC Ď AYN , µpAq “ rµpAYNq “ 0, K

C Ď AYB, µpAYBq ď µpAq ` µpBq “ 0.

�C “ HY C P ĂF .
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½n (½n2.4.2)

�τ ´��Q þ�σ k�ÿÝµ )¤�	ÿÝ, KpX,Fτ , τq

´pX,σpQq, τq ���z.

F :“ σpQq,  yĂF “ Fτ .

ĂF :“ tAYNu Ď Fτ : pX,Fτ , τq ��.

ĂF Ě Fτ : @C P Fτ ,  y: C “ A`N .

Cc P Fτ , �DB P F ¦�

B Ě Cc � τpB ´ Ccq “ 0.

PA “ Bc, N “ B ´ Cc KC “ A`N .
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~. L-SÿÝ�©Ù

F : RÑ R, �ü!mëY, K¡�O©Ù¼ê.

ν ���QR þ�ÿÝ, σ k�.

ν “ νF : pa, bs ÞÑ pF pbq ´ F paqq _ 0.

Pν )¤	ÿÝ�τ “ λF .

¡Fτ ¥�8Ü�Lebesgue-Stieljes (L-S) �ÿ8;

f : pR,Fτ q Ñ pR,BRq �L-S �ÿ¼ê; τ |Fτ �L-S ÿÝ.

AO/, F “ id �, L �ÿ8; L ÿÝ, λ; L �ÿ¼ê.

pR,Fτ , τq �ÿÝ�m, ��!σ k�.
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BR “ σpQRq, �pR,Fτ , τq ´pR,BR, τq ���z.

µ “ µF “ λF |BR �ν �BR “ σpQRq þ����*Ü.

�L5, b�µ �pR,BRq þ�ÿÝ.

eµ
`

pa, bs
˘

ă 8, @a ă b, Kµ “ µF . (SK�!15)

F “ Fµ : x ÞÑ µpp´8, xsq, x P R;

½ F “ Fµ : 0 ÞÑ 0; x ÞÑ

#

µpp0, xsq, x ą 0;

´µppx, 0sq, x ă 0.

¿� rBµ
R “ FλF :

FλF “ tAYN : A P BR, DB P BR¦µpBq “ 0, N Ď Bu.
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 ¡pR,BRq þ�VÇ�©Ù.

�F : RÑ R �O©Ù¼ê(�ü!mëY). qeF 5�:

F p´8q :“ lim
xÑ´8

F pxq “ 0, F p8q :“ lim
xÑ8

F pxq “ 1,

K¡F �©Ù¼ê(d.f.). (P51 „ 52.)

©Ù�d.f.��éA:

eµ �©Ù, KFµ �d.f.. eF �©Ù¼ê, KµF �©Ù;

µ “ ν ñ Fµ “ Fν , F “ Gñ µF “ µG.
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½n (½n3.2.10 (1))

�g : pX,F q Ñ pY,S q, µ �F þ�ÿÝ. -

νpBq :“ µpg´1Bq “ µ ˝ g´1pBq, @B P S .

Kν ´S þ�ÿÝ.

y: ν �K; �

g´1

˜

8
ÿ

n“1

Bn

¸

“

8
ÿ

n“1

g´1Bn

ñν

˜

8
ÿ

n“1

Bn

¸

“

8
ÿ

n“1

µ
`

g´1Bn
˘

“

8
ÿ

n“1

νpBnq.
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�pΩ,F , P q �VÇ�m, f : pΩ,F q Ñ pR,BRq. ¡

P ˝ f´1 : B ÞÑ P pf P Bq, @B P BR

�f �(VÇ)©Ù, P�µf .

eµf “ µ, K¡f Ñl©Ùµ, P�f „ µ.

¡Ff :“ Fµf �f �©Ù¼ê.

Ff pxq :“ µf pp´8, xsq “ P pf ď xq, x P R.

eFf “ F , K�¡f ÑlF , P�f „ F .

eFf “ Fg (iff µf “ µg), K¡f �g Ó©Ù, P�

f
d
“ g.
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�E�ÅCþ/�Å�þf ¦�f „ F .

�{�!�U „ Up0, 1q: �

Ω “ p0, 1q, F “ Bp0,1q, P “ λ|F , U “ id.

�F ´©Ù¼ê. �ëY_:

FÐ : p0, 1q Ñ R, t ÞÑ inftx P R : F pxq ě tu.

Ún2.5.5. FÐ ¢�!�ü!�ëY, �

FÐptq ď xô F pxq ě t.

?Ûd.f. Ñ´,r.v. �d.f.. f :“ FÐpUq „ F :

P pFÐpUq ď xq “ P pF pxq ě Uq “ F pxq.

�{�!�Ω “ R, F “ BR, P “ µF . f “ id.
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§2.5 �ÿ¼ê�Âñ5

pX,F , µq ´ÿÝ�m.

f8 A = 'u��x �·K/5�.

eD "ÿ8N ¦�·Ké¤k�x P N c ¤á,

K`T·KA�??(a.e.)¤á. 5: µ-a.e..

f, f1, f2, ¨ ¨ ¨ ´ÿÝ�mpX,F , µq þ��ÿ¼ê.

f A�??k�; A�??k.; A�??�0; ¨ ¨ ¨ ¨ ¨ ¨

½Â2.5.1. e

µ
´

lim
nÑ8

fn ‰ f
¯

“ 0,

K`tfnu A�??±f �4�.

qef a.e.k�, K`tfnu A�??Âñ�f , P�fn
a.e.
Ñ f .

5: fn
a.e.
Ñ f ¥%@f a.e. k�.
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½Â2.5.2. e@δ ą 0, DA P F ¦�µpAq ă δ �

lim
nÑ8

sup
xRA

|fnpxq ´ fpxq| “ 0,

K`tfnu A���Âñ�f . P�fn
a.u.
Ñ f .

5: 3Ac þ��Âñ.

5: Ø´A�7,��Âñ.

5ÿÝØ6Ç���¡ ��ö: 4]!ÙE



 

·K (·K2.5.1)

fn
a.e.
Ñ f ��=�@ε ą 0,

µ

˜

8
č

m“1

8
ď

n“m

t|fn ´ f | ě εu

¸

“ 0.

5: efpxq ´ gpxq Ã{½Â, K5½x P t|f ´ g| ě εu.

Aε :“
Ş8
m“1

Ť8
n“mt|fn ´ f | ě εu.

!

lim
nÑ8

fn ‰ f
)

Y t|f | “ 8u “
8
ď

k“1

A 1
k
“Ò lim

kÑ8
A 1
k
.
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·K (·K2.5.2)

fn
a.u.
Ñ f ��=�@ε ą 0, k

lim
mÑ8

µ

˜

8
ď

n“m

t|fn ´ f | ě εu

¸

“ 0.

ñ: fn
a.u.
Ñ f �

@δ ą 0, DA P F ¦�
:::::::::
µpAq ă δ �fnpxq

xPAc

Ñ fpxq.

fnpxq
xPAc

Ñ fpxq �: �½ε ą 0. Dm ¦��n ě m �,

x R Añ |fnpxq ´ fpxq| ă ε.

�n ě m �, |fnpxq ´ fpxq| ě εñ x P A. =,
:::::
‹ Ď A.

-δ Ñ 0 �
::::::::::::::::::
Ó limmÑ8 µp‹q “ 0.

ð: @δ ą 0, Dmk ¦�µ
´

Ť8
n“mk

t|fn ´ f | ě
1
ku

¯

ă δ
2k

.

A “
Ť8
k“1Ak, KµpAq ă δ, �fnpxq

xPAc

Ñ fpxq.
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½Â2.5.3. e@ε ą 0,

lim
nÑ8

µp|fn ´ f | ě εq “ 0,

K¡tfnu �ÿÝÂñ�f . P�fn
µ
Ñ f .

·K2.5.1. fn
a.e.
Ñ f iff @ε ą 0, µ

´

Ó lim
mÑ8

Ť8
n“mAn

¯

“ 0.

·K2.5.2. fn
a.u.
Ñ f iff @ε ą 0, µ

`
Ť8
n“mAn

˘

Œ0.

½n2.5.3.

fn
a.u.
Ñ f ñ fn

a.e.
Ñ f Ú fn

µ
Ñ f.

eµpXq ă 8, K

fn
a.u.
Ñ f ô fn

a.e.
Ñ f ñ fn

µ
Ñ f.
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½n (½n2.5.4)

fn
µ
Ñ f ��=�tfnu �?�f��3Ùf� tfn1u ¦�

fn1
a.u.
Ñ f .

ñ:  yefn
µ
Ñ f , K�3tfnu � f� tfnku ¦�fnk

a.u.
Ñ f .

n0 “ 0. 48/�nk ą nk´1 ¦�

µp|fn ´ f | ě
1
k q ď

1
2k

, @n ě nk.

@ε ą 0, D 1
m ă ε, t|fnk ´ f | ě εu Ď

 

|fnk ´ f | ě
1
k

(

,

µ
`
Ť8
k“m ‹k

˘

ď µ
`
Ť8
k“m ‹k

˘

ď
ř8
k“m

1
2k
“ 1

2m´1

mÑ8
ÝÑ 0.

ð: �y{. ÄKDε ą 0 ¦�µp|fn ´ f | ě εq Û 0.

Dδ ą 0 9f�tnku ¦�µp|fnk ´ f | ě εq ą δ.

Ø�3 tfnku �f�tfn1u ¦�fn1
a.u.
Ñ f .
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~1. pR,BR, λq, fnpxq “ It|x|ąnu. K

fpxq Ñ 0,@xñ fn
a.e.
Ñ 0 “: f.

�ε “ 1, µp|fn ´ f | ě εq “ 8, @n. �fn
µ
Ñ 0 Ø¤á.

�fn
a.u.
Ñ 0 Ø¤á.

~2.
`

p0, 1s,Bp0,1s, λ
˘

. fk,i “ I
t i´1
k
ăxď i

k
u
, i “ 1, ¨ ¨ ¨ , k.

nØ pk, iq: pf1, f2, ¨ ¨ ¨ q “ pf1,1, f2,1, f2,2, f3,1, f3,2, f3,3, ¨ ¨ ¨ q.

nÑ8 iff k Ñ8.

λp|fn ´ f | ą εq ď
1

k
Ñ 0, @ε ą 0 ñ fn

µ
Ñ f.

@x, fnpxq Û fpxq. �fn
a.e.
Ñ 0 Ø¤á. l, fn

a.u.
Ñ 0 Ø¤á.
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VÇ�m

�pΩ,F , P q �VÇ�m(p.s.),

f, f1, f2, ¨ ¨ ¨ ´�ÅCþ(r.v.).

A�??U¤�A�7,.

~, fn
a.e.
Ñ f U¡�A�7,Âñ, P�fn

a.s.
Ñ f .

fn
P
Ñ f U¡��VÇÂñ.
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�F ´¢�¼ê. P

CpF q :“ tx : F 3 x ëYu.

�F, F1, F2, ¨ ¨ ¨ ´�ü�¢�¼ê. e

lim
nÑ8

Fnpxq “ F pxq, @x P CpF q,

K¡tFnu fÂñ�F , P�Fn
w
Ñ F .

�F, F1, F2, ¨ ¨ ¨ ´©Ù¼ê, fn „ Fn, n “ 1, 2, ¨ ¨ ¨

½Â2.5.4. eFn
w
Ñ F , K¡tfnu �©ÙÂñ�F ,

P�fn
d
Ñ F .

qef „ F , K¡tfnu �©ÙÂñ�f , P�fn
d
Ñ f .
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½n (½n2.5.6)

fn
P
Ñ f ñ fn

d
Ñ f .

P ph ď yq ď P ph ď y, |h´ g| ă εq ` P ph ď y, |h´ g| ě εq

ď P pg ď y ` εq ` P p|h´ g| ě εq.

F pxq “ P pf ď xq, Fnpxq “ P pfn ď xq.

�h “ fn, g “ f , y “ x.

lim sup
nÑ8

Fnpxq ď F px` εq, @ε ą 0.

�, lim sup
nÑ8

Fnpxq ď F pxq.

�h “ f , g “ fn, y “ x´ ε.

F px´ εq ď lim inf
nÑ8

Fnpxq, @ε ą 0.

@x P CpF q, F pxq ď lim inf
nÑ8

Fnpxq. lFnpxq Ñ F pxq.
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 ½n (½n2.5.8, Skorokhod ½n)

efn
d
Ñ f , K�3VÇ�mp rX, ĂF , rP q �Ùþr.v. t rfnu Ú rf ¦�

rfn
d
“ fn, n “ 1, 2, ¨ ¨ ¨ rf

d
“ f, rfn

a.s.
Ñ rf .

®y: U „ Up0, 1q ñ FÐpUq „ F .

Ún2.5.7. eFn
w
Ñ F , KFÐn

w
Ñ FÐ.

RzCpFÐq �ê. �FÐn pUq
a.s.
Ñ FÐpUq.

�Fn :“ Ffn , F :“ Ff =�.
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�ÿ¼ê: f a.e. ½Â. �òÿ� rf :

rf :“ f ¨ INc , Ù¥ µpNq “ 0.

e��9�ê�¼ê, Kf “ g �f
a.s.
“ g.

fn
a.s.
Ñ f , fn

a.u.
Ñ f , fn

µ
Ñ f .

r.v. �a.s. ½Â�k�.
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