ONLINE LEARNING AS STOCHASTIC APPROXIMATIONS OF
REGULARIZATION PATHS

PIERRE TARRES AND YUAN YAO

ABSTRACT. In this paper, we study an online learning algorithm as stochastic approximations of
a regularization path convergent to the regression function. Some probabilistic upper bounds are
given for the convergence of the algorithm, under certain regularity assumption on the regression
function. In the case of a strong convergence (convergence in reproducing kernel Hilbert spaces),
the convergence rate obtained is the same as the best known rate in batch learning; and in the case
of a weak convergence (convergence in mean square distance), the convergence rate is optimal in
the sense that it reaches the minimax and the individual lower rates.

1. INTRODUCTION

Consider the following problem of learning from examples: given a sequence of random examples
(zt = (xt,Yt))teny drawn from a probability measure p on 2 x %', one wants to approximate the

regression function, fy(x) = fg, Ydpy |y, i.e. the conditional expectation of y given z. In an
optimization view, f, minimizes the following quadratic functional
1) sh=[ (@) -l

X XY

However, minimizing (1) without constraints may put f, in a too large space to search. So one
typically turns to some regularization methods to solve (1). In this paper, we focus on the following
regularized least square problem

i o 2
(2) fx = arg min &(f) + Al f15

where .77 is some Hilbert space and A > 0 is the regularization parameter. This scheme is well-
known as ridge regression in statistics and is also called Tikhonov regularization in inverse problems
[Engl, Hanke, and Neubauer 2000]. One may choose a suitable .7, such that when A — 0, fy — f,.
The map f) : Ry — 5 defined by A — f), characterizes a function path in %, which may start
from some fy, and go toward f, as A — 0. Therefore it is called here a regularization path of f, in

.

Our purpose is to seek a sequence of functions (f;)ieny € 4 with certain dependence on the
examples up to time ¢, and a sequence of regularization parameters (\;) tending to 0, such that
f+ follows f), closely and converges to f,. It is crucial to restrict the permissible form of the
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dependence of f; on historical examples. For example, f; may depend explicitly on all the available
examples at time ¢, (z;)!_;, which is often called as batch learning. In this setting existing results
[e.g. Cucker and Smale 2002; Smale and Zhou 2005] already give such a sequence f;, which is the
minimizer of an empirical counterpart of (2) by replacing the integral with a sum over the sample
set at time t.

In this paper, our departure from those batch learning results lies on the following recursive
structure imposed on (f;): for each ¢, f; depends on the example z; and f;—; which only depends
on previous examples z1,...,2—1, i.e. fi = Ti(fi—1,2) for some map T} : # x & — . Such
a sequence (f;) is called an online learning sequence, as a contrast to the batch learning. In
particular, in online learning, the sample size t is changing over time, thus one can not choose
a fixed regularization parameter based on a priori knowledge on a fixed sample size as in batch
learning. This feature forces online learning to track the entire regularization path, which increases
the technical difficulty in the treatment of online learning vs. batch learning. We note that
recent works on support vector machines [Hastie, Rosset, Tibshirani, and Zhu 2004] enables one to
construct batch learning algorithms to follow the entire regularization path with the same amount
of computational cost as a single fixed regularization.

An attractive feature of this online learning scheme, lies in that its computational complexity to
follow the entire regularization path may be as small as linear O(t) (the algorithm in this paper,
however, requires O(t?) in the worst case). In a contrast, the batch learning scheme typically
involves inverting a matrix, which is O(¢3).

The construction of such an online learning sequence (f;), as we shall see soon, is a stochastic
approximation of the gradient descent method to solve (2), for each fixed A;. In this way, our
algorithms can be regarded as stochastic approximations of the regularization path fy. For fixed
regularization parameters, Ay = A, this kind of online learning algorithms in a similar setting has
been studied in [Smale and Yao 2005], with improved upper bounds in [Yao 2005]. References
[Duflo 1996; Kushner and Yin 2003] provide more background on stochastic approximations.

As in previous results, in this paper we choose # a reproducing kernel Hilbert spaces (RKHS),
. RKHS enables us to develop results in a coordinate-free way, where the gradiend descent
method takes an especially simple form [e.g. Kivinen, Smola, and Williamson 2004]. Moreover,
RKHS provides an unified framework to include several important settings, e.g. (1) generalized
smooth spline functions in Sobelev spaces [Wahba 1990], (2) real analytic functions with bounded
bandwidth [Daubechies 1992] and their generalizations [Smale and Zhou 2004], (3) an unified frame-
work for stochastic processes [Loéve 1948; Parzen 1961]. By choosing suitable kernels, 7#% can be
used to approximate any functions in fﬁ?‘%‘, the square integrable functions with respect to the
marginal probability measure pg. For a wider background on RKHS, see for example [Berlinet
and Thomas-Agnan 2004].

In this paper, we present some probabilistic upper bounds for the convergence of (f)ien to f,, in
o or XPQ%, under the assumption of f, € % with additional regularity. The convergence rate
in .#% is shown the same as the best known rate in batch learning [Smale and Zhou 2005]; and the
convergence rate in fg‘%, is optimal in the sense that it reaches the minimax and individual lower

rate.

Our treatment starts from more general Hilbert spaces, with stochastic approximations of the
solutions for a sequence of linear operator equations, which gives the main results in this paper
when specialized to the setting in #% . Two structural decomposition theorems, namely the reversed
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martingale decomposition and the martingale decomposition, play an important role in the proof
of the main results, where the former is suitable for the strong convergence in .#% and the latter,
by exploiting the spectral decomposition, is suitable for the weak convergence in .,Sfﬁ?%. A crucial
estimate is about the drift along the regularization path, ||f\, — fi, .||, which has the same order
as the approximation error || f\, — f,||. This key estimates lead to the same rate in online learning
as in batch learning.

An open problem is also left in this paper: exponential concentration inequalities can not be
applied to bound the weak convergence in 92”/)2 ,» without sacrificing the rates. To overcome this
issue, one might need a tighter bound on the growth of f; in Dfpz ,» Which is not available at this
moment up to the authors’ knowledge. We leave this problem to further investigations.

The organization of this paper is as follows. Section 2 collects the main results in this paper.
Section 3 studies stochastic approximations of regularization paths for linear operator equations
in general Hilbert spaces, where two crucial structural decompositions are presented. Section 4
collects some estimates on the drifts along the regularization path, || fy — fu|| (A, 1 > 0), which is
the basis for later developments. Section 5 studies the upper bounds for convergence in % and
Section 6 studies the upper bounds for convergence in fpz%. Appendix A derives a probabilistic
inequality from the Pinelis-Bernstein inequality, which is used to derive the probabilistic upper
bounds in this paper. Appendix B collects some basic estimates. Appendix C gives some estimates
on the gap between the online learning sequence and the regularization path. Appendix D gives
the proof of Theorem 3.6.

2. MAIN RESULTS

2.1. Notations and Assumptions. Let 2" C R™ be closed, % = R and & = Z x % . Let
p be a probability measure on %, ps be the induced marginal probability measure on £, and
pw |, be the conditional probability measure on %" with respect to z € X. Define f, : 2" — % by
folz) = f{y ydpy |y, the regression function of p. In the sequel, we denote by E[ | the expectation.

Let ,,E,”[?% be the Hilbert space of square integrable functions with respect to p . In the sequel
| |, denotes the norm in £ .

Let K : & x 2 — R be a Mercer kernel, i.e. a continuous symmetric real function which is
positive semi-definite in the sense that > ", cic; K (x,2;) > 0 for any m € N and any choice of
zi€ X and ¢; € R (i =1,...,m). A Mercer kernel K induces a function K, : 2" - R (z € ")
defined by K, (2') = K(x,2'). Let #% be the reproducing kernel Hilbert space (RKHS) associated
with a Mercer kernel K, i.e. the completion of the span{K, : x € 2"} with respect to the following
inner product: the unique linear extension of the bilinear form (K, Ky/) = K(z,2') (z,2" € Z).
The norm of % is denoted by || ||x. The most important property of RKHS is the reproducing
property: for all f € i and x € X, f(x) = (f, Kz) -

Throughout this paper, assume that

Finiteness Condition. (A) There exists a constant x > 0 such taht

k= sup Vv K(z,z) < oo.
zeX
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(B) There exists a constant M, > 0 such that
supp(p) € 2" x [—M, M)

Define a linear map L : .,%,02} — Ay by L (f)(z) = [y K(z,t)f(t)dpx. Together with the
inclusion J : Sk — 23%, Jo Lk : 05,”3% — 3,,2% is a compact operator on 02”3% [e.g. Halmos
and Sunder 1978]. The restriction Li |z, : #Kx — #% is the covariance operator of pg in ik
Li|w [ = E(f, K;)K, by the reproducing property. All the three operators, by abusing the
notation, are all denoted by Lx in the sequel. It can be shown [e.g. Cucker and Smale 2002] that
for any A € Ry,

(3) fro=(Lg+\)"'Lif, € Hx.

The compactness of Lg : .,2”5% — $p2} implies the existence of an orthonormal eigensystem
(Has Pa)aen, such that Lg ¢ = ptap. Hence also ¢, € 5. Define L, : 05,”,02% — 3,22% by

. 2 2
Lx: Ly  — 2Ly
(4) Z GoPa Z aa,Ug o
[0 «

Note that L%Q : ff ', — K is an isometrical isomorphism between the quotient space .,2”[)2 -/ ker(Lk)

and J#%. For simplicity in this paper we assume that ker(Lx) = {0}, which happens when
Hi is dense in Z2, (e.g. Gaussian kernel). With Ly, (¢a,da') i = (L b0, Lt *0w), =
o b, ¢a/>p, whence (¢,,) is a bi-orthogonal system in % and (,2”,)21 Finally denote by L.(f) =
(f, Kz) Ky = f(x)K,, whence the expectation with px is E[L,] = L.

In this paper, by C1, Co, ..., we denote various constants, which are defined ‘locally’ in the sense
that the same notation may appear in different sections for different constants.

2.2. Stochastic Gradient Algorithms. Let 7 = (Ft)icz; € X x R be the filtration F; =

o{(zk,yx) : 1 <k <t}. Denote by E; the expectation w.r.t. F; and by E the expectation over all
the random variables. Consider the following Fi-adapted process (f;)ien with values in #,

Define an online learning sequence (fi)ien as follows,
(5) fo = fie1 = vel(fi1(21) — Y1) Koy, + Mefio1],  for some fo € i, e.g. fo=0

where

(A) for each t, (z4,y;) is independent and identically distributed (i.i.d.) according to p;
(B) the step size v > 0;

(C) the regularization parameter A; > 0.

Remark 2.1. The computational cost of this algorithm typically is O(¢?). As each step t, the main
computational cost is due to the evaluation f;_;(x) which needs to access all K,, (1 <i <t)in
O(t) steps. Thus the total cost is of O(1 +2 + ... +t) = O(t?) at time t. In the cases that one
can store and access the values f;(z) for all x, e.g. on a grid of 2, the computational cost is only
linear O(t) at the requirement of large memory and fast memory access.

By reproducing property, we can see that the gradient map of

1

Va(f) = 5(f (=) ~ v +AfIE)L 2=(ey) e
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is given by gradV,(f) = (f(z) — y)K; + A\f [Smale and Yao 2005], as a random variable depending
on z. Since the expectation E[V;(f)] = 2(&(f) + M| f]|%), algorithm (5) can thus be regarded as
stochastic approximations of gradient descent method to solve (2), for each A = ;.

2.3. Main Theorems. In the sequel we consider the approximation of f, € % by online learning
sequence (f;). The following theorems are the main results of this paper. Theorem A gives a suffi-
cient condition that (f;) follows the regularization path fx. Theorem B and C provides probabilistic
upper bounds for the convergence rate of f; — f, in % and 02”5%, respectively.

First we need a definition for that (f;) follows the regularization path f.

Definition. An online learning sequence (f;) is said to follow the regularization path fy : Ry —
A, if there exists a sequence (A\;) | 0, such that

lim B[ f; — fx.llx = 0.
t—o0

The following theorem gives some sufficient conditions for (f;) following the regularization path.

Theorem A (Path Following Condition). The online learning sequence (fi) defined by equation
(5) follows the regularization path fy, if the following conditions are satisfied:

(A) Z ’Yt)\t = OQ.

t—o00
N (A
(B) tlgIolo PV 0,
. ”f/\z - f>\t—1||K
C) im ——————— =0
( )tiglo )\t'}/t ’

This theorem will be proved in Section 3, following from Theorem 3.6 in the setting of general
Hilbert spaces.

Remark 2.2. Although A\; — 0, condition (A) puts a restriction that 4A; can not drop too fast,
in fact this is necessary to “forget” the error caused by the initial guess fy. Condition (B) says
that the step size 74+ — 0, and it has to drop faster than the regularization parameter A\;. Such
a condition is to attenuate the random fluctuation caused by sampling. Condition (C) implies
that the drifts of the regularization path (f),) converges to zero, at a speed faster than y;A;. This
condition says that in the long run, the drifts along the regularization path should be slow enough
for the algorithm to follow the path.

The next two theorems present some probabilistic upper bounds which characterize the conver-
gence rates in #% and D‘ngg , under certain regularity assumptions on the regression function f,. Be-

low by L f, € .,2”,,2% (r > 0), we mean that f, lies in the image of the mapping L, : .,2”3% — 33%.
Due to the isometry L}(/2 : fgﬂw — Jk, for v > 1/2 this implies f, € ¢k, with additional regu-
larity if » > 1/2. Using the spectral decomposition of L, L’ can be regarded as a low-pass filter
as given in (4), i.e.

L. f, € .ZPQJ & fr= Zaaug@x, for some Y, a2 < oo.
(03
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Theorem B (Convergence Rates in #%). Assume that L} f, € fpi{ for somer € (1/2,3/2]. Let

to > (k +1)%. Then there is a choice of (v;) and (\¢) such that with probability at least 1 — 6, the
following holds for all t € N,

2r—1
Cl 2 r 1)\ 4r+2
15~ Sl < G+ (Caton 3 + Callz sl (3)
where i AM 20 5
CL =252 M, Cy= —L(Tk+1), Cs= - .
1 0 P 2 3 ( K+ )7 3 (27"—1)(27'+3)

One such choice is vy = (t +to) "2/ D) and A\ = (t + o)~/ @+,

Its proof is given in Section 5.

Remark 2.3. The asymptotic rate O(t*(%*l)/(““)) is the same as the batch learning algorithms
[Theorem 2, in Smale and Zhou 2005].

Remark 2.4. Note that the upper bound consists of three parts. The first term at a rate O(t 1),
captures the influence of the initial choice fy = 0, which is much faster than the remaining terms.
The second term at a rate O(t_(QT_l)/ (47’+2)), reflects the error caused by random fluctuations by
the i.i.d. sampling. The third term at a rate O(||Ly" f,||,t =@ ~V/4r+2)) collects contributions
from both drifts along the regularization path fy, — f\,_, and the approximation error fy, — f,,
since they share the same rate upto different constants.

Theorem C (Convergence Rates in .7 ). Assume that Ly f, € £7, for some r € [1/2,1]. Let

to > (k* +1)Y. Then there is a choice of () and (\;) such that with probability at least 1 — §
(6 € (0,1)), the following holds for all t € N,

1 1
1fi = follp < Dit™" + (DQ\/;—F <D3 + D4\/;> HL[_{prp) /@)

Sl
r(r+1)’
One such choice is v; = (t + to) =2/ and N, = (t + to)~V/@r+D),

where

Dy = M,(to+1), Dy =V6sM,(14rVK2+1), D3= Dy = 2V2k.

Its proof will be given in Section 6.

Remark 2.5. A special case is r = 1/2, which is equivalent to say f, € k. In this case v =
A\t = (t +t9) /2, whence it does not satisfy the Path Following Condition (B) in Theorem A. But
Theorem C suggests a weaker notion that f; follows the regularization path, i.e. lim; o E[||f; —
Fllp] = 0, which in fact converges at a rate of O(t~'/4) uniformly for all f, € .

Remark 2.6. It is still open whether the upper bound above can be improved by replacing 1/6 with
log1/4. One way to achieve this is to prove that || f¢||, < O(1/+/A¢), which is open yet. For details,
see more discussions in Remark 6.6, on the problem of using Bernstein’s type inequality here.

Note that for any f € .27, the generalization error &(f)—&(f,) = ||f = f,||2 le.g. see Cucker and
Smale 2002], which is often used to evaluate the performance of learning algorithms in literature.
We have the following corollary of Theorem C.
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Corollary 2.7. Under the same condition of Theorem C, there holds with probability at least 1 —§
(6 € (0,1)), for allt € N,

_ 1 . T /(o
E(fr) = E(fp) <2D1t7% + Q(DQ\/;+ Ds|| Ly follp + +D4\/;’LK Follp)t=2r/ ),

where D1, ..., Dy are the same constants in Theorem C.

Remark 2.8. For r € (1/2,1], the asymptotic rate O(t~2"/(2+1)) has been shown to be optimal in the
sense that it reaches the minimax and individual lower rate [Caponnetto and De Vito 2005]. To be
precise, let (b, r) (b > 1 and r € (1/2,1]) be the set of probability measure p on 2" x %, such that:
(A) almost surely |y| < My; (B) L f, € £7,; (C) the eigenvalues (i )nen of L : Z7, — XPQ%,
arranged in a nonincreasing order, are subject to the decay p, = O(n~%). Then the following
minimax lower rate was given as Theorem 2 in [Caponnetto and De Vito 2005],

liminf inf  sup Prob {(zz)tl e X 8(f) - E(fp) > Ct_%} =1
t=00 (2:){—ft pe 2 (b,r)

for some constant C' > 0 independent on ¢, where the infimum in the middle is taken over all

algorithms as a map Z* > (z;)} — fi € #¥. Moreover, for every B > b, the following individual

lower rate was given as Theorem 3 in [Caponnetto and De Vito 2005],

E[l&(f)] = €(fp)

inf sup limsup 5B > 0,
((z)i=fe)ten pe 2 (br) t—o0 t" 2B

where the infimum is taken over arbitrary sequences of functions f; : 2% — . Note that in both
lower rates the permissible f; is beyond online learning sequences. In the minimax lower rate, the
probability measure may change for each fixed ¢; while in the individual lower rate, the probability
measure is fixed for all large enough ¢, which is more suitable to the nature of learning. For more
background on these lower rates, see for example [Gyorfi, Kohler, Krzyzak, and Walk 2002] and
references therein.

Now we compare these lower rates to our upper bound. Since Ly : 3,22% — 02”/)2% is a trace-
class operator, its eigenvalues are summable. Therefore by taking b = B = 1, one may obtain an
eigenvalue-independent lower rate O(t_z"/ (2"“)) for all possible L. In this way, the upper bound
in Corollary 2.7 reaches both the minimax and the individual lower rates.

3. SEQUENTIAL STOCHASTIC APPROXIMATIONS IN HILBERT SPACES

In this section, we consider a more general setting: stochastic approximations of solutions for a
sequence of linear operator equations in general Hilbert spaces. The sequence of linear operator
equations are constructed in a spirit of regularization. A theorem for the convergence is given,
which leads to Theorem A when specialized to the setting in this paper.

Let # be a Hilbert space and A:# — # bea positive operator and b € #. Consider the
following linear equation

(6) Aw =b.
where A has an unbounded inverse. As in the standard setting of Robbins-Monro procedure [Rob-

bins and Monro 1951], we assume that A and b are the expectations of some random operators and

vectors, respectively. However due to the unboundedness of fl*l, the complexity analysis fails for
the standard algorithm [Smale and Yao 2005] .
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To solve this 1ll—posed problem with unbounded A~1, one may construct a sequence A; — A and
bt — b where each At has bounded inverse. Then one has a sequence Wy = A bt converging to

the solution of (6) and @ is continuous with respect to A; and b;. Such a sequence (i), will be
called a regularization path of the solution of equation (6).

It remains to approximate (w;), since A, and I;t are the means with respect to some unknown
probability measure, as A and b. Here we define a sequence of stochastic approximations

Wt = Wr—1 — ’Yt(Atwt—l - bt),

where A; = Ay(z) and by = by(z;) are random variables depending on the sample z;, such that
E[At(zt)} = At and E[bt(zt)] = bt.

In this section our purpose is to study the evolutions of (wy) and (), and give conditions of
their gap converging to zero.

First of all we summarize the assumptions taken in this section.

Generalized Finiteness Condition. For each ¢ € N, almost surely there holds

(A) A is invertible with unbounded inverse;

(B) A, A; and A have operator norms bounded by @ € (0, 00);

(C) A; and A; are invertible with inverse operator norms bounded by 1/, with o, — 0;
(D) b; and b; have norms bounded by § € (0, 00);

3.1. Two Structural Decomposition Theorems. In this subsection we presents two structural
decompositions of the remainder,

(7) Tt = Wy — IZ}t.

Both ways decomposes r; into three parts: one depending on rg; one depending on the following
defined drifts along the regularization path (w),

(8) Aj = I?Jt - u“}t_l;

and one random variable of zero mean, either as a reversed martingale or as a martingale. Both

decompositions are found useful, where the reversed martingale decomposition is enough to study

the convergence in % and the martingale decomposition is crucial to obtain sharp convergence
: 2

rates in .,

Theorem 3.1 (Reversed Martingale Decomposition). Define a random operator on #',
¢

[T —va), i<t

H;-(zj,...,zt): P
1, j>t.
Then for allt € N and t > g,
¢ ¢
9) re =T re — Y Il (A —by) — D TEA
j=to+1 j=to+1

Remark 3.2. Note that H§'+1 is a random operator depending on zj41,...2;, and Ajw; — b; is a
zero mean random variable depending on z;. By independence of (z)cn, the conditional expec-
tation E[y;IT5, | (A0 — bj)|2jt1,- -, 2] = 0, whence for each t, ;115 | (Aji; — b;) is a reversed
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martingale difference sequence whose sum is a reversed martingale sequence with zero mean. For
more background on reversed martingale, see for example [Neveu 1975]. This decomposition will
be used to derive Theorem A and Theorem B.

Proof of Theorem 3.1. By definition,
e o= wp— Wy
= w1 — Ye(Apwi—1 — by) — Wy
= (I —2A)(wi—1 — We—1) — ye(Apy — by) — (I — 74 Ap) (W — Wy—1)
which gives
(10) re = (I — v Ar)re-1 — y( Ay — b) — (I — AL Ag.
The result then follows from induction on ¢ € N. g

Theorem 3.3 (Martingale Decomposition). Let x; = (A; — A w1 + (by — by), and
t

o) T =wd). G<t
-

i=j
) j>t.
Then for allt € N and t > ty,
¢ ¢
(11) T = H£0+1Tto + Z VjH§'+1Xj — Z H;-Aj
Jj=to+1 Jj=to+1

Remark 3.4. This decomposition was proposed in [Yao 2005]. Note that in this decomposition only
the second term is random. The operator H; 41 1s deterministic and x; is a zero mean random

variable depending on z1,. .., z;. Therefore the conditional expectation E[’yjﬂz- aXile, ez =

0, whence for each t, fyjﬂz 11Xj is a martingale difference sequence for all t € N, whose sum is a
martingale sequence of zero mean. Note that this martingale property holds even for dependent
sampling z;(21,...,21-1).

Remark 3.5. An importance feature of this decomposition used in this paper, lies in that the
operator Hz- is deterministic and when taking A; = Lx + A;, it has a spectral decomposition by the

eigenfunctions of L : 05,”3% — ff - This feature plays a key role in the proof of Theorem C. But
a disadvantage is that the term x; depends on w;_1, which increases the difficulty to bound x;. In
fact, the open problem how to improve Theorem C by replacing 1/§ to log 1/, depends on how to
get a tighter bound on ||x¢||, see Remark 6.6 for details.

Proof of Theorem 3.3. By definition,
T = wp — W
= w1 — Ye(Apwi—1 — by) — Wy
= (I —7A) (w1 ——1) + [(Ar — Awi1 + (b — Apig)] — (I — v Ay) [1y — 1)
Using fltﬁ)t = Bt for all t € N, we obtain
(12) e = (I — A1 +[(Ar — Ad)we_q + (b — b)) — (I — 4 Ay) (b — 1)

The result then follows from induction on ¢t € N. O
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3.2. Convergence of Remainder and The Proof of Theorem A. Here we give an application
of the reversed martingale decomposition, Theorem 3.1, to derive Theorem A. A general theorem
is first given to study E||r¢|| — 0, which leads to Theorem A when specialized to r; = f; — f),.

Theorem 3.6. Suppose that the variance E|| Apby — by||? is uniformly bounded for allt € N. Then
Ejr:]| — 0,

if the following conditions hold:

(4) Z%gt = 00

(B) lim 2 = =0,

t—o0 O‘t

=0,
o e

Its proof was included in Appendix D. Equipped with Theorem 3.6, we are in a position to prove
Theorem A.

Proof of Theorem A. Let # = #i and w; = f;. Define Ay = L+ MI (Ly := L3 = (, Ka,) x Ku, )
Ay = Ly + Ml, by = yK,,, and by = Ly fy,. Therefore oy = Ay and w; = fy,. With these
replacement, it suffices to check the uniform boundedness of

E||Agidy — be||* = E||(fa (20) — ) Kay + Mo k-

But this can be seen by Lemma 5.5(B) which gives E|[(f,(z:) — y) Ko, + XS ll% < 10s%M3.
Theorem A then follows from Theorem 3.6. d

4. ESTIMATES FOR THE DRIFTS

In this section, we provide some estimates on the drift || fx— fu (A, > 0), in #f-norm or £7, -
norm. When specialized to p = 0, these estimates give the approximation errors | fy — f,||. Note
that we extend the range of r to (0,00) (or (1/2,00)), from (0, 1] (or (1/2,1]), usually considered
in literature [e.g. see Smale and Zhou 2005]. Such an extension was firstly pointed to us by H.Q.
Minh. Note that for large enough r (r > 1 in 32 _norm or 7 > 3/2 in .#% norm), the rates in
the upper bounds can not be improved. This phenomenon is related to the saturation problem of
regularizations [Engl, Hanke, and Neubauer 2000].

Theorem 4.1. Let A > pu > 0. If p = 0 we define f,, = f,. Assume that L} f, € Dfpz% for some
r > 0.

(A) If r € (0,1], then

L% foll
[ = fullp < A" = /J‘T‘%5

(B) If r > 1, then for any 1 < s <,

1fx = fullp < K27V = wlll L5 Foll 3
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(C) If r > 1/2, then
A =]
A

Hf/\ - fu”K <

1ol

(D) If r € (1/2,3/2], then

L r— ”Lirf ||
1fs = Fullie < [Ar—12 — pr-v/2 12e Jelle,

2
(E) If r > 3/2, then for any 3/2 < s <r,
13 = Fullie < 23PN = wl| L2 ol -

Remark 4.2. From (A) and (B) (or (D) and (E)) we can see that || fx— f,|, < O(|]A™B1) — min(1))
(or || fa — full e < O(A™RC=1/21) _min(r=1/2,1)|)) " Tn this way the upper bounds ‘saturate’ in the
rates when f, has large enough regularity indexed by r > 1 (or r > 3/2).

Proof. Assume that A > u for simplicity. By definition,

(Lx + M) fx = Lify, (Lx +pl)f, = Lk fp,
which yields

(13) = fu= (=N (L + )Ly +pl) Lt
(A) If r € (0,1],
1= Fullp, < A= AILx +AD T follp < = AI(Lx + XD L LK foll
< = Ak + M) ILL follo = Aw) " = AITIILE foll
where
1 23
Ap)=—>2%, and J=\N"YLg+ )L

)

>=

Now ||J]| <1 and
1
A b
(n) =

where we use, for u :=1— pu/\, that u < (1 — (1 —u)")/r, since u — (1 — (1 — u)")/r (defined on
(—o0, 1]) is convex and remains above the tangent line at 0. In particular, A(0) = 1. This completes
the proof of (A).

(B) For any s <r, L f, € .,2”/)2% implies L f, € Zp%%. If s > 1, by equation (13),
13 = Fullpy < I = AIZx +AD T follp < = A (L + DT LENNLE Follo
< =AML folly < #2671 = NILEE foll,o
C) In particular if » > 1/2, this implies f, € 5%, whence by (13
p

- - = Al
13 = Fullie < 1= All(Zxe + AD I (Ere + D) Licllll foll e < = Mol

(D) If r € (1/2,3/2], then similar to (A),
Ion = Fullx = 1L 25 = £l < A =2 = X2 Fll,
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where
1-£& . .
— A _\3/2-r r—3/2
Ap) - (§)T_1/2, and J=2A (Lx + M) )

We complete the proof by replacing r with » — 1/2 in (A).
(E) It follows from (B) by replacing s with s — 1/2. O

5. UPPER BOUNDS FOR CONVERGENCE IN 7%

In this section we are going to give a probabilistic upper bound for

1fe = ol

as a proof for Theorem B. Throughout this section, we assume that L."f, € ‘iﬂpz% for some
r € (1/2,3/2], which implies f, € #% with additional regularity.

The idea in the proof starts from the triangle inequality
1fe = follx < I[fe = Pl + ILfxe = follx-

The first term can be further decomposed into the reversed martingale decomposition as Theorem
3.1, which can be rewritten as

¢ ¢
(14) re = jro — Z’YjH;H(Ajwj —bj) — anA
j=1 =
Where’l”t:ft—f/\t,At:Lt—F)\t Lt :L K th),bt:ythﬂwt:f/\tyAt:f)\t_f)\t_p
and
t
(I —~i(Li +ND)), <t
H;-(a;j, NN g !
1, j>t,
with the choice that
1 1
= At = —— =, for some 6 € [0,1
T T 1) P b)Y 0, 1]

For convenience, we make the following definitions.
Definitions of Errors]

[
(A) Initial Error: &pit(t) = ||ITi7||, which reflects the propagation error by the initial choice fo;
(B) Sample Error: &samp(t) = || 22:1 V; ]+1(A w; — bj)||, where & = fyjH;H(Ajﬁ)j —bj) is a
reversed martingale difference sequence, reflecting the random fluctuation caused by sampling;
(C) Drift Error: &gipe(t) = || Z;Zl H;A]‘H, which measures the error caused by drifts from fy, ,
to fy, along the regularization path;
(D) Approzimation Error: Euppros(t) = |[fx, — fpllx, which measures the distance between the
regression function and the regularization path at time ¢.

In this way we may bound

Hft - prK S gz‘m’t(t) + gsamp(t) + gdrift(t) + gapprom(t)-
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In the remaining of this section, we are going to provide upper bounds for each of the four errors,
which, roughly speaking, are

Eapproz(t) < Ot (r=1/2)(1=6)y
Earipe(t) < Ot~ (r=1/2)(1-0))
Enit(t) < O™
Esamp(t) < O(t777)

It is not surprising that the approximation error and drift error have the same rate, as both
of them come from the estimates on drifts in Theorem 4.1. Theorem B then follows from these
bounds by setting 0 = 2r/(2r + 1).

5.1. Approximation Error. The approximation error is derived from Theorem 4.1(D) by setting
A= X and p=0.

Theorem 5.1 (Approximation Error). Forr € (1/2,3/2],
1 = follie < Cu(t + 1)~ 1/20=0),
where C1 = (r — 1/2) YL foll-

5.2. Drift Error.
Theorem 5.2 (Drift Error). Assume that a =1 and t > k? + 1.
Eprigi(t) < Ca(t + o)~ r=1/201=0)

4(1-6)
1—(r—1/2)(1—0)

where Cy =

LK Follp-

Proof. By Theorem 4.1(D), it follows that

1AL = 1fr = Faes e <AL= 0)(t + to)~ =201 Lrp )
where we use
N 2 _ PV 1/2| = |(t+1to) VD0 _ (4 4ty — 1)~ —1/20-0)
< (r=1/2)1=0)(t +ty — 1)~ - /20=0)-1

(15) < Al —1/2)(1 - 0)(t +to) D01 ot

b+1

where the second last step is due to the Mean Value Theorem with h(z) = 2= "0=% and h/(z) =
—r(1 —0)2~"(1=9=1 such that

2%1fb>a>0,

|h(t +to) —h(t+to— 1) = | (n)| < |W(t+to—1)], forsomene (t+ty—1,t+1).
By Lemma B.2(B),
|| < 2 Fto
M=t +t+ 1’
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whence
2 o AL < 22— OILE follp (r—1/2)(1-0)
wigt) = 1Al < = 5 Z + o)
=1
4(1 = O)[[ L follp —(r—1/2)(1-6)
S T—ro1pa-glt
since

! t 1—(r—1/2)(1-6)
. —(r— - t+to)

S+ t) U0 < / b \——1/2)(1-0) g,  (EF 10

j:l(H g —Jo (&t t0) - 1—(7“—1/2)(1—9)

]
5.3. Initial Error.
Theorem 5.3 (Initial Error). Let tg > (k%4 1)/%. Then for all t € N,
Emit(t) < Ca(t+1to) ",
where Cg = (to + 1)||ro]|.
Proof. By Lemma B.2(B) with j =1,
to+1 to+1
< ot <t l
o+1 " t+1o

This gives &nit(t) < (to 4+ 1)||rol|(t + o)~ . O

5.4. Sample Error.

Theorem 5.4 (Sample Error). Let a = 1, t§ = (k +1)2) and v = tag. The following holds with
probability at least 1 —§ (§ € (0,1)) in the space Z¢,

éasamp S 04(t + t0)1/2_0

where Cy = 32 (Tk + 1) log 2.

Before the formal presentation of the proof, we need some auxilary estimates.
Lemma 5.5. Let Ay — by = (f, (1) — ye) Koy + M fr, -

(A) | Ay = bell i < (5 +1)2Mp/v/ A

(B) E[|| Avir — be||%] < 4x*M].
Proof. Recall that

Apy — by = (fa,(w0) — ye) Ky + Aefr,-
Then

(A) Using ||frllx < M,/v/X in Lemma B.3(A),
HAve = bl < [ fa (@) Kool + [l 1 i+ Mell facll i < Mpr?/ v/ A+ Myt + M/



ONLINE LEARNING AS STOCHASTIC APPROXIMATIONS OF REGULARIZATION PATHS 15

since || fa, (20) K i = (s Ko 1B i < L i 1B 3 < M2 //3. Tt remains to see
Mg/ M+ Mok + M/ N < (K24 5+ 1D)My// e < (5 +1)2M,/ /N
(B) Using A¢fx = Lr f, — Lk fx we obtain
(f>\t (xt) - yt)Kzt + )\tf)\t = (Lt - LK)f)\t + LKfp - ytht-

Ell|Avde = bel|”] = El(Le = Lic) fr, + Lic fp — ye K, |l
< 2E[|(Ls — L) Pl + 1L fp = yeka, |1 %]
< 2E[|Lefa N + lye K %) < 265 (0N + M) = 467 M
since E[L;] = Lk, E[y:K,,] = Lk f, and || fA||, < M, by Lemma B.3(B). O

Now we are ready to give the proof of the sample error bounds, Theorem 5.4.

Proof of Theorem 5.4. Denote X ]H(A w;—bj) = fyjHE-H{j, which is a reversed martingale
difference sequence. It suffices to prove that

(16) 151 < 2900 (5 + 1)°M,

(17) Ej—1]X;]1? < 165> M7~

Then by Proposition A.3, a varied form of Pinelis-Bernstein inequality,

t
2 _ 2
Gumplt) = 13551 < 2 (52072 12, + b0V o

2
< M, (g(m 1)t 4 t0) % + 8%) (t +t0) /> % log 5

2
< M, (g(m +1) + 8;<;> (t +t0)/?> % log 5

since t§ > (k + 1)2.
To see (16) and (17), note that for t§ > (x + 1) > k% + 1, ||H§|| < HE:j(l — YiAi), whence

t

1 1 1 1
||'7jH§‘+1|| < 'YJ)\ H =3 |z H(l_. e mh=—r
Aj =11 Aj |+t =71 1+ 1o t+to
< i ,1 -j+t0+1 by Lemma B.1
T N i+t t+to+1
2 a+1 a
< — > —forb>a > 0.
= Nlt+to+1) br1=p ="

Then it follows from Lemma 5.5,

205 +1)°M, _ 20k +1)°M, _ 2w(s+1)*M,

NPt +1) T NP +t) VA

11 < T I <



16 PIERRE TARRES AND YUAN YAO

and
_ 4 Ele |2 1642 M2 _ 1652 M2
S o bk < 13 2 =2

Nt +to + 1)2 A2 (t + to +1) A(t+to)
as desired. ]

E|| X, = 1677 K> M,

5.5. Total Error and Proof of Theorem B. Finally we derive Theorem B by combining the
four error bounds obtained above.

Proof of Theorem B. By
I\fe = follx < Eupproa(t) + Earift(t) + Einit(t) + Esamp(t)
with Theorem 5.1, 5.2, 5.3, and 5.4, we obtain
1fe = Follze < (Cr+ Co)(t+ to) ™" M2 4 Cy(t 4 10) ™! + Cu(t + o)/,
Setting 6 = 2r/(2r + 1), we obtain
(18) Ife = foll ik < (Cr+ Co + Cyyt=Cr=D/H2) o Cgpt,

Finally,

2 20r —
Cr+ G = (5 + 53 ) MRl = G T g 16 ol

By Lemma 5.5(A) with fo =0

M 1
Iroll = ll£30ll € 5= =t5™"* M,

VAo
4r+3

whence C3 = (to+1)| fa, || < 2ty""* M,. We end the proof by plugging these constants into (18). O

6. UPPER BOUNDS FOR CONVERGENCE IN .ZpQ%

In this section we are going to give a probabilistic upper bound for

1fe = follo

as a proof for Theorem C. Throughout this section, we assume that L. f, € XE% for some
r € [1/2,3/2], implying f, € % with additional regularity. Note that the case r = 1/2 is not
included in the study of convergence rates for || f; — f,| k-

Similar to Section 5, the idea in the proof starts from the triangle inequality

1fe = Follp < W fe = Fxllo + 15 = Follo-

But for the first term, instead of using the reversed martingale decomposition, here we need the
martingale decomposition in Theorem 3.3, which can be rewritten as

t t
Ty = Hi?“() + Z 7jH§'+1Xj — Z H;A
p j=1
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where x; = (LK - Lt)ft—l + (yth - LKfp) (Lt = L? = < 7K96t>KKSCt)7 Ay = f>\t - f>\t71’ and

t
[[T-wE@Zx+XD), i<t

.
(19) II; = P
) j>t.
with the choice that
B 1 N 1
Tt T Ut t)
The reason of using such a decomposition, is that due to the isometry L}(/z : ff?% — ¥ such

that |||, = HL}(/QT,:HK, one can benefit from the spectral decomposition of L}(/zﬂz to get a tighter

estimate. However such a nice feature is lost in the reversed martingale decomposition in that
L}(/Qﬂs» does not have an obvious spectral decomposition. On the other hand, due to x; depends
on fi_1, which increases the difficulty to estimate ||x;||,. For this reason, we can not directly apply
Pinelis-Bernstein’s inequality to improve Theorem C by replacing 1/§ with log1/4.

As in Section 5, we make the following definitions for convenience.
Definitions of Errors]

[

(A) Initial Error: Epit(t) = |[Tirol|,, which reflects the propagation error by the initial choice fo;
(B) Sample Error: Esump(t) = || 22:1 YL 11 x;llp, where x; is a martingale difference sequence,
reflecting the random fluctuation caused by sampling;

rift Error: Egripe(t) = . IIEA|| ), which measures the error caused by drifts from fy.
C) Drift E Eprife(t "y [ A |, which th d by drifts f i
to f); along the regularization path;

pproximation Error: &Eupprox(t) = || fa, — , which measures the distance between the
(D) A imation E Eapprox(t) | fx. = follps which the dist bet th
regression function and the regularization path at time ¢.

In this way we may bound
| fe — fp”p < Enit(t) + éasamp(t) + ‘fdv“ift(t) + gapp?“ox(t)-

In the remaining of this section, we are going to provide upper bounds for each of the four errors,
which, roughly speaking, are

éaapp,,-ox(t) S O(t_r(l_e))
Earip(t) < O@179)
Emitt) < O™
Evamp(t) < O?)

Theorem C then follows from these bounds by setting 6 = 2r/(2r + 1).

6.1. Approximation Error.
Theorem 6.1 (Approximation Error). For r € (0,1],
gapprox (t) S CB (t + tO)iT(lie)v

where Cs =YL follp-

Proof. 1t follows from Theorem 4.1(A) with A = \; and p = 0. O
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6.2. Drift Error.

Theorem 6.2 (Drift Error). Assume t} > x?+1. Forr € (0,1] and Ly f, € £?

pa’
Egript(t) < Co(t + to)fr(l—e)

4(1—6)

mHLK fPHP'

where Cg =

Proof. By Theorem 4.1(A), it follows that

1A = 1Lfx = Frillp < 41 = 0)(¢ +t0) "= 7HILE foll,

use inequality (15) by replacing r — 1/2 with r. By Lemma B.1,

< L
M= t4+t+1
whence
t
41 =)L foll
() = A < pllp to) —r(1-0)
éadrzft() ||]z; j JHK_ Pt + 1 Z +
4(1 — Q)HLl_(TfPHP —r(1-0)
S Tiora-g ¢t
since
¢ . ,
j+to) " §/ w4te) Ty < (4 ) 00
;( ) 0 ( ) 1—r(1- 9)( )

6.3. Initial Error.
Theorem 6.3 (Initial Error). Let a =1 and to > (k%4 1)Y/?. Then for all t € N,
Sinit (t) < Cr(t +1o) ",

where C7 = M, (to + 1).

Proof. Similar to Theorem 5.3, by Lemma B.2(D) with j = 1 we obtain

to+1
t+to’

I <

which gives
Emit(t) < (to+ 1)|lroll(t +to) ™"
For fo =0, using Lemma B.3(B), [|roll, = || faoll, < M,.
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6.4. Sample Error.

19

Theorem 6.4 (Sample Error). Assume that Ly f, € .32” for some r € [1/2,1] and t§ > Kk + 1.

Then with probability at least 1 — 6 (§ € (0,1)), there holds forallt € N,
éasamp@) < CStia/Q

where

2 —-T
Cy = \/;’f(\/gMp + QHLK fp”p + V/3(K? + 1)5Mp)

Before presenting the formal proof, we need an auxillary estimate.

Lemma 6.5. Assume that Ly f, € Z3,. for somer € [1/2,1] and t8 > Kk24+1. Then for allt € N,

there holds
El|x:ll% < Co.
where
Co = 2k*(BM + AL foll2 + 3(k* + 1)s* M)

Proof. By definition
Xt = (At — A w1 + by — by = (Lx — Lt) fi—1 + v Koy — Lic [
where L; := (, K;,)Ky,. Then
Ellxel% < 2E|(Lx — L) ferllic + 2By Ko, — Lic follkc < 2Bl Lefilli + 2Ellye Ko, |5

using for E[X] = p, B(X — p, X — p) = E||X||? — ||]|?> < E||X||?, with the replacement that X = L,

and p = Ly, or that X =y, K, and p = L f,, respectively.
Note that the second term E|y: K, ||% < x2M p2. It remains to bound the first term,
BlLofi 1l = Ellfis (o) Kl < w2E1fr 2 < 262N fit — oy 12+ s 2,
where using Lemma B.3, || fi||, < M,, and Corollary C.3 for the bound on E| fi—1 — fi,_, H%,
r.h.s. < 2;@2(2Mp2 + 4\|L;(rfp||3 +3(k% + 1)/@2M5).

Putting two terms together gives the result.

Now we are ready to prove the bound for the sample error.

Proof of Theorem 6.4. Denote X; = 7]-1213- 4+1Xj, which is a martingale difference sequence. It suffices

to show

¢

(20) B[ Y X502 < Co(t + to)~™*
j=1

Then it follows from the Markov inequality

[HZJ 1X I3 ]

t—9
6

t
Prob{ ()i € 27> X, >
j=1



20 PIERRE TARRES AND YUAN YAO

Setting the right hand side to be §, and noticing that

C 2
,/ 2 \[ (BM2+A|| Ly foll2+3(k*+1)r* M2)? < \[m(\/ﬁMﬁzuL;fpanr 3(k2 + 1)k M,)
using (a® + b + 22 < a+ b+ c for a,b, ¢ > 0, we obtain the result.

It remains to prove (20). By isometry Ll/2 Z2, — M,

t t
1/2 1/24
EIIY X7 = E|Ly ijui = ST EILPI gk
2 2 2

t
[ LY 2779 1 ViR 1 1P

IN

Using Lemma 6.5, we have E||y;[% < Cy. To estimate Z; 17 2| +1LKHJ+1|| we use the spectral
decomposition of Ly : £, L 33%. Let (ttas @a)acy be an orthonormal eigen-system of L, by
Mercer’s Theorem. For sunplicity7 denote a; = v \; + %,ua, then

t

Z% ||H +1LKHj+1|| < SUPZ% Hao H (1- ai)2
I

@ g=1 i=j+1
t t
= Supz Vi H (I —ai)| - |Vita H (1 —ai)
Hor = i=j+1 i=j+1

t t
< supq [sup7y; H 1 —a;) Z’Yyﬂa H (1-a)

Ha J i=j+1 i=j+1
where for large enough g,
t t

J +to
21 sup v, 1—a;) <sup~, 1—vA) <sup <(t+t) 7,
SO E( i) < su :H+< ) S8 sy e < )0
and
¢ t t t t

S vipa [T Q—a) <D (0= (1 =wpa) [T @ —7isa) =1-J[Q = vina) < 1,

j=1 i=j+1 j=1 i=j+1 i=1
which gives (20). O

Remark 6.6. It is still an open problem, if we can improve this bound to replace 1/ with log 1/4, by
using the Pinelis-Bernstein inequality for the martingale difference sequence. The difficulty seems
that, the Pinelis-Bernstein inequality needs a uniform bound on ||~; ; 41X llp, which so far is only

- 1/2 _
O(t=(1=20) by Lemma B.4 such that |x:]|x < O(||fi-1llx) < O(1/A¢) and ||; LY. I, | < O™
as in the proof above. Then using the Pinelis-Bernstein inequality in Proposition A.3, we have

Evamp(t) < O™ 72D) +O(™?),

where the first term has a decreasing rate slower than O(t~%/2) when 0 = 2r/(2r 4+ 1) for r €
[1/2,1]. The successful application of Pinelis-Bernstein, may rely on an improved estimate || f¢||, <
O(1/+/A¢), which is still open at this moment.
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6.5. Total Error and the Proof of Theorem C. Choosing 6 € [0, 1] properly, we obtain the
Theorem C.
Proof of Theorem C. By triangle inequality,
Hft - fp”p < gapprax(t) + gdriﬁ(ﬂ + éaim't(t) + gsamp(t)
Combining Theorem 6.1, 6.2, 6.3, and 6.4, and setting 8 = 2r/(2r + 1), we obtain
I fe = Follp < (Cs + C + Co)(t 4 t0) ™/ Y 4 Co(t + o)

where
1 4 _ or—+1 _
=(Z+ = V1Ll = —— L7~
Cot Co= (1 + 7 ) I fols = oV ol
whence
6 5 1 5r +1 _y
05“1‘06“1‘08 = *HMp(l—i-/i\//ﬁ —i—l)—i— 2\/5/& -4 —F HLK prp,
§ § r(r+1)
which ends the proof. O

APPENDIX A: A PROBABILISTIC INEQUALITY

The following result is quoted from [Theorem 3.4 in Pinelis 1994].

Lemma A.1 (Pinelis-Bennett). Let & be a martingale difference sequence in a Hilbert space.
Suppose that almost surely ||&|| < M and S t_ E;_1||&|? < o7, Then

Prob Zt:{ > € <2exp{—at2g<]we>}
i=1 I N M? of ’

where g(x) = (1 + z)log(1 4+ ) — = for x > 0.

Using the lower bound g(z) > 2(%1/3), one may obtain the following generalized Bernstein’s
inequality.

Corollary A.2 (Pinelis-Bernstein). Let & be a martingale difference sequence in a Hilbert space.
Suppose that almost surely ||&|| < M and S i_ E;_1||&||? < o7, Then

t 62
2¢ ZE}SQeXp{‘%a%Me/s)}‘

The following result will be used as a basic probabilistic inequality to derive various bounds.

(A-1) Prob {

Proposition A.3. Let & be a martingale difference sequence in o Hilbert space. Suppose that
almost surely ||&] < M and Y'_ Bi1||&||> < of. Then the following holds with probability at

least 1 — ¢ (6 € (0, 1))7
= 3 t gd'

t
&
=1
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Proof. Taking the right hand side of (A-1) to be §, then we arrive at the following quadratic equation
for e,

2M 2 2
62 — TEIOgS — ZO'EIOgg =0.

1)2M 2 4M? 2 2
€ = 2{3log5+\/ 9 log25+80t210g5}

M, 2 M\? 2 2
= 3log5+\/(3> log25+2aflog3

2M 2 / 2
< ?logg + 1/ 202 log 5

where the second last step is due to va? + b% < a+b (a,b > 0) with

M 2 / 2
a:?logg, and b= 20t210gg.

We complete the proof by relaxing /202 log2/6 < 204log2/4 since 2log2/§ > 1 for § € (0,1). O

Note that € > 0, then

APPENDIX B: BASIC ESTIMATES

Lemma B.1. For alltg > 0 and a > 0,

t . a
H 1_‘(1 S ]"—t()
+ L 1+ 1o t+ty+1

i=j

Proof.

=7

I -

t+to+1
< exp{—a/ zldx}
J+to

exp | In 7j+t0 ’ = 7j+t0 ’
P trto+1) [~ \ttio+1

Lemma B.2. If tg > k2 + 1, then the following holds for all t € N,

1
A) | — Al <1 — ——;
(A) I = Al < 1=
j+to
B) ||| < —————;
(B) I < ==

N 1
C)IIT —~vAl <1 — ——
()” Tt t”— t+ 1o

)
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. it
(D) it < LT
J t+to+1

Proof. (A) First we show that v(k? + \¢) < 1. In fact, for t € N,

1 K2 1+ k2
A + ikt = + < <1.
’Yt t "Yt t+t0 (t+t0)9 = tg >
Therefore
1
I — v Al = 1T — Ly — || <1 =y =1 —
H Ve tH H Vet — Vi tH = Vet tt ity

since || L¢|| < 2.

(B) To show this,
t

t t ) '
I | 1 jtto—1 J+to
) = [ TT(7 = wdnl <[] =) =[]0 - ) = _
1=J i=j :

Pl i+ to t+tg ~t+to+1
where the last step is due to Lemma B.1.
(C) and (D) are similar to (A) and (B), respectively. O
Lemma B.3. For any A > 0,
(A) 11l < Mp/V/A;

(B) 1 1xllp < Mp.

Proof. (A) Note that
. 2 2
= — A .

fa = arg in | = £+ NIk
Taking f = 0, we have
(B-1) 1Fx = folls + M A < 1£117 < M,
which leads to the result.

(B) By definition we obtain
1Asllo = I(Lx + AD T Licfollp < Lk +ADT Ll W follp < M follp < M.

Lemma B.4. If fy =0, then for allt € N,

KM,
| fill e < N £
¢

Proof. Since
fo = fier = v((fim1(20) — ye) Koy + M fio1) = (1= vehe — L3 fim1 + vy K,
then for tg > [(1 4+ £2)]Z /27 ~ k2 + 4.\ < 1, whence
[ fell e <111 = yeAe = wLE M fe-rllx +vellveKe e < (1 =y | fiillx + yrd.
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By induction on t, we have

t t

t
”ftHK H 1 — %A ||f0”K +5Mp2% H (1 _’Yz‘)\i)-

j=1 i=j+1

The first term is 0 since fy = 0. In the second term
¢ ¢

ZVJ H (1—=i\i) < 1H<1]34§t Z’}/] H (1 =) < ;t

Jj=1 i=j+1 i=j4+1
since
t t t
Z’Vj)‘j H (1 72)\2) =1- H(l - 'Yl)\z)
j=1 i=j+1 i=1
This gives the bound. O

APPENDIX C: ESTIMATES FOR THE PATH GAP

In this section we derive some direct estimates for the remainder variance E||f; — £y, %, in
norm or .,Sfﬁ?% norm. The result in Lemma C.2 will be used to derive a constant upper bound

for E|| fy — f, |2 when L f, € £7, with r € [1/2,1], i.e. Corollary C.3. Another application of
Lemma C.2, which is not pursued in this paper, is that it can be used to derive Theorem A directly.

Lemma C.1. Let f € #¥k, and y,A € Ry. For all z = (z,y) € X xR, let
[r=F=((f(2) =) Ko + Af) = f = (L + Af) —97),  where g% := y K.
Then
Ef* = Al < (L= = A2 =201 =4 = 2962 | L (f = A)IE +77C
where x stands for either p or K, and
o — 6k°M2, *x=K
* { 3(k%+ 1)k 2M2 *x=p
Proof. Using the expression Afy = Li f, — Lk fx from (Lx + XI)fx = Lk f,,
fF=I = f=H =Lk +AD)f-97)
I =Lk +AD](f = f3) + (L + A (f = f2) =v(Lk + M) f —g7)
[ —y(Lx + ADI(f = fr) +v(Lx = L) f = (L fp — 9°)

Therefore
(C-1) Ellf* = AllZ = IlI —v(Lx + AD](f = AN +7%¢(F)
where
C(f) :=E[[(Lx — L) f — (Lr fp — 9°)II3]
since

E[(Lx = Lg)f — (Lxfp—9°)] = 0.
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Let us now study the two terms in equation (C-1). First,

I — (L +AD](f — £
= (1 =2 f = A2 =290 = AL (f = £, f — B, 2Lk (f = A2
< (1= = Al =29 =AML = P2+ 2 R2ILLEf — AP

It remains to estimate ((f):

((f) = Ell(Lx —Li)(f — )+ (Lx — Li) fr+ (Licfo — 9°)|I2]
< BE[[(Lx — Li)(f = PIE + I(Lx = LE)AE + 1(Lrcfo — )]
< BE[ILF(f = fOIE + I LR AE + g™ 113
< BR2ILIL(f — PN+ 1L Fl2 + M2
where if x = K,

rohes. = 3R2(|L(F = POl + 1L Al + M) < 362 f = fal2 + 652 M2
using L1 fallc = [ £allp < M,, and if % = p,
rohs. = 3R2(LEL(F = A2+ 1L AR+ M2 < 362 L2 (F = IR+ 3(s2 + 1)s2M?
using ||L}</2f/\\|p = k[ fallp < KM,. Combining the two estimates gives the result.

Lemma C.2. Let
t

(C—2) at = H (1 - ’71')‘1') , k<t
k i—k
1, k>t.

If for all t € N, (A +2x2%) < 1, then

t 2 t
a0 = Pl
Ell fi — frllZ < il fo— fonf + Zﬂiﬂ—k ’Yk)\kk — + C*Z’Ygﬂltcﬂ-

k=1 k=1
where * stands for either p or K, and

6k2M2, x=K

G = { 3(k* + 1)R*M7, x=p

Proof. Using Lemma C.1, for v;(\; + 2x2) < 1,

Ellfe = facllz < (1= vA)? 1 feer = Fallz + Cu
Note that
i1 — aelle < N femr = Pl + 11 = Freoa s
[fim1 = faalle + 60, define & := || fa, — fo I«
< fimr = A 2@+ 7ed) + 67 (1 + 1/ ()
using that, for all a,b,c € Ry,

(a+b)?<a*(1+c)+ b1 +1/c)
with = := || fi1 — f, 4 |l«, @ =0 and b := ).

25
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This gives the iteration formula,
2

1)
Ellfi — Hll? < @ =7 fier — FualF+ (1 =7

2
+7; Cs,
e )\t ’)/t *

which, by induction, leads to

52
Elfi — A < 7l fo - on||*+Z7Tk+1%)\ + Cx Z%ﬂkﬂ

which ends the proof. O
Corollary C.3. Assume that L} f, € fﬁ?% with v € [1/2,1] and t§ > k2 + 1. Then
Ellfi = fally < Mg +4ILY follp +3(s7 + 1)k M;

Proof. For t9 > k2 + 1, we have k2 + ’yt)\t < 1, whence by Lemma C.2 with fy =0,

15, = fa, I 7
(C-3)  Elfi- fAtn?manonMZw L VR e Z AT
j=1 J J

The first term is not larger than ]\42 using 7¢ <1 and ||f)]|, < M, in Lemma B.3(B).
Now consider the second term. By Theorem 4.1(A) with r € [1/2,1],

1L fp

e = Pl < e = A EE Telle <4y gy g g9y 001 Lo g 1,

where we use
XL =Nyl = [+ to) D — (4t — 1))
< r(1=0)(t+1to— 1) DT < dr(1—0)(t + o) O,

using the Mean Value Theorem and (a +1)/(b+ 1) > a/b for b > a > 0. This gives for all ¢t € N,
to >1and 6 € [1/2,1],

Hf)\t f)\t 1Hp <16
Vet
Using the telescope sum

(1= 02N LE foll 3t +t0) =7t <4 L f 17
t
(C-4) nyj/\jW;Jrl =1- 7ri <1,

we have a bound for the second term

1fx; = fa I ;
Z Y J+17—]1p<4HL o
J

7=1

17

It remains to bound the third term. Note that for 6 € [1/2, 1],
e

At

Together with the telescope sum (C-4), the third term is not larger than C,. This completes the
proof. O

= (t+to)" @V <1,
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APPENDIX D: PROOF OF THEOREM 3.6

Proof of Theorem 3.6. For convenience suppose that
(D-1) E[|(Ajw; —b))[* < C < co.

By Generalized Finiteness Condition (C) a4 — 0 and condition (B) above v;/a, — 0, we have
vt — 0. Thus for a sufficiently large ¢y, we have for all ¢t > to, @ + 1, < 1 and thus

t
(D-2) I < (X —a:),  where a; := i, and t > j > t.

Note that by condition (A), >, a; = >, viq; = o0.
The first term in (9) converges, by > . a; = oo and thus

t
_\t .
T reoll < T (1= ad)llrell < e =01 %y, || — 0.
i=to+1

Now consider the second term in (9). By independence of (z:),

2

t t t
> Il (A —bj) Z WEIT, (A — b)) <C > 77 [ 0-a)? =1

Jj=to+1 Jj=to+1 Jj=to+1 i=j+1

using (D-1) and (D-2). I can be further split into two parts: for each € > 0, choose a large enough
J1 € N such that for all j > Ji, vj/a; < \/€/2C (by condition (B) v;/a; — 0), whence

J ¢ ¢ ¢
€
I1<C Z'y?H(l—aif—Fg Z G?H(l—ai)QZZI]_‘i‘IQ.
j=n+1  i=j+1

j=to+l  i=j+1

Clearly I < €/2, by using telescope sum

t t t t t
(D-3) Z IT -a)= 21— 1—a)] [T O-a)=1- ] A-a)<1.
j=J  i=j+1 = i=j+1 i=to+1
‘ 1. 20J
Also I} < €/2, since there is a large enough 75 € N such that for all ¢ > T, Z a; > 3 log 721
€Q

i=J1
(as condition (A) >, a; = 00). Therefore I < e which shows the convergence of the second term.

As to the third term in (9), denoting d; = ||A¢||, by (D-2) we obtain
t t t
> wals Y 5 [[a-a
j=to+1 j=to+l  i=j+1

By condition (C) d§;/a; — 0, using a similar splitting treatment in the second term, we can obtain
the convergence of the third term. O
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