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On Complexity Issue of Online Learning
Algorithms

Yuan Yao

Abstract—In this paper, some new probabilistic upper bounds fy K(z,t)f(t)dpa . SinceLx +AI (A > 0) is invertible, we
are presented for the online learning algorithm proposed in may write f; = (LK+)\I)_1LKfp- Moreover, such a choice
[1], and more generally for linear stochastic approximations in avoids the estimation of covering numbers .&f, which is

Hilbert spaces. With these upper bounds not only does one ... - T . . .
recover almost sure convergence, but also relaxes the squared'ﬁ'CUIt in most cases [3], [6]; it provides a simple estimate

summable condition on the step size appeared in our early work. Of optimal upper bounds asymptotically meeting lower bounds
We also give two probabilistic upper bounds for an averaging [7], [8]; it bridges over the linear inverse problem toward other
process, both of which achieve the same rate with respect to regularization schemes [9], [10]; and more interestingly in this
sample size as in “batch leaming” algorithms. paper, it takes an especially simple form in online learning
Index Terms—Online learning, regularization, stochastic ap- algorithms [1].
proximation, averaging process, reproducing kernel Hilbert  Gjyen an independent and identically distributed random
Space. sequencexy, y:):en, the algorithm in [1] returns a sequence
(fi)ten € Hk to approximatefy,
. INTRODUCTION

UPERVISED learning, or learning from examples, is to fevr = fo = n((fe(e) = ye) Kzy + Aft), ©))
ind a function in a hypothesis spag¢, which associates
an inputz € 2 to an outputy € %, by drawing examples : o
S p v > 0 is chosen as; = O(t~") for somed € [0, 1).
(xt’f“)t.EN at randorP from a probability megsqm@p@”xy. The algorithm can be regarded as either the stochastic
By "online leaming’, we mean a sequential decision procegs roximation of the gradient descent method for (1), or the
(ft)ten in the hypothesis space, where edgh; is decided by bp 9 '

the current observation aryg which only depends on previouss'[oChaStiC approximation of the linear equation (2), which
examples, i.efir1 — To,(f,) wherez, — (z,,u,) (see, e.g was originally proposed in [11], [12]. Traditional analysis on
y LS Yt41 — Lz \Jt t — ty Yt 1 ©.Y-

[1], [2]). As a contrast, “batch learning” refers to a decisioﬁtOChaSt'C approximations has been focusing on convergence

utilizing the whole set of examples (see, e.g., [3], [4]). and asymptotic rates. A convergence result often used in

In the scheme of regularization, one wants to approxima?gphcatlons’ known as the Robbins-Siegmund Theorem [13],

a function f; as a solution of the following optimization gpogeiaozong::'c?nleggsth; S;[ﬁg lezn?ogtﬁigﬁe:cgsv:rnince
problem (see, e.g., [4], [5]), t Vi , g

(with probability one). For the step size chosen in this paper,
—0 . : ; .

min V(f(z),y)dp+ AlFI2., A>0, 1) e = O(t™"), this requiresy € (1/2,1). In this setting, the

fet Jaxw (@) w)de+ Al @) asymptotic rate has been shown @%y,/?) = O(t=9/2).

where the hypothesis spac#’ is associated with a norm NOte that the conditiord_, v; = oo, is used to “forget” the
|- lleandV : # x 2 x% — R is a loss function, €TOr caused by initial choices. However the square summable

which measures the prediction cost ¢f at = againsty. condition, 37, ~? < oo, is not necessary for the almost sure
Among a variety of choices ofi and.#, it leads to a simple convergence. For example in [14] (or see Fhe remarks in [15]),
structure but deeper understanding by selecting the quadri@@&nsure the aimost sure convergence it is enough that for all
loss V(f(z),y) = (f(z) — y)? and the hypothesis space’ > 0:

A = Ak, the reproducing kernel Hilbert space (RKHS) Ze‘”/"” < o0.

associated with a Mercer kerngl. In this setting there exists a t

unique minimizerfy, satisfying the following linear equation,

where f; € J#%, e.g. f1 = 0, and in this paper the step size

This even justifies the use of, = 1/log'*“¢ for some
(Lx + M) f = Lk fo, (2) € > 0, which is however not pursued in this paper. For more
background on stochastic approximations, see for example
[16], [17], and references therein.

In learning theory a fundamental goal is to approximate the
regression functiory,. For this purpose, it is not enough to
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where f,(z) = [, ydps|,, the conditional expectation of
y, is called theregression functionand the integral oper-
ator L : £} (%) — £2(%) is defined byLg(f) =
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In [1], we present a probabilistic upper bound based @ection is an appendix collecting some crucial estimates used
Markov's Inequality, that the following holds with probabilityin this paper.
at leastl — 6§ (6 € (0,1))

— 0 — _—
Ife = fxllx < OAT==a ¢~ 0267172 g e (1/2,1). Il. MAIN RESULTS

This upper bound is tight in the asymptotic ratetphowever,
it only implies thatf; converges tofy in probability, weaker .
than the almost sure convergence.A and remarks on notqtlon.

In this paper, we present two new probabilistic upper bounds/" this paper, let2” C R™ be compact?” = R, and 2 =
by using exponential probabilistic inequalities for martingale < & - Assume that there is &/, > 0 such thatupp(p) <
in Hilbert spaces [18], both of which lead to almost surd * [=M,, M,]. Define
convergence and extend the rate of step sizé ® [0,1),

Before presenting the main results, we need some definitions

at the sacrifice of rates oh. Ck = max K(z,x) < oc. (%)
The first upper bound (as Theorem A) says that with
probability at leastt — ¢ (6 € (0,1)), and a constant only depending 6re [0, 1),
fi— fillxe <OV 9/2 106121 /5), 9 € [0,1).
1fe = Sllx < O /6) [0,1) D9:1+2f09<1+1“< 1 >)>1. ©)
This upper bound implies almost sure convergence for all 1-0

6 € (0,1), by changingl/§ to log1/5. Note that when i
6 — 0, algorithm (3) is often called thédaline or Widrow- A\Ssume that the example,, y).cn are independent and

Hoff algoirthm ([19], or see Chapter 5 in [20]), which is notidentically distributed (i.i.d.) according to.

guaranteed to converge in this setting. In this paragraph, we provide a short background on re-
The second upper bound (as Theorem B) is given for tiRgoducing kernel Hilbert spaces (RKHS). A functidd :
averaging procesgroposed in [21], [22], X x X — R is called aMercer kernel if it is a continuous

symmetric real function which ipositive semi-definiten the
sense thag,i._j:1 cic;K(z;,z;) > 0 for any! € N and any
choice ofz; € X and¢; € R (i = 1,...,1). Let #% be the
Reproducing Kernel Hilbert Space associated with a Mercer
that the following holds with probability at least—d (6 €  kernel K. Recall the definition as follows. Consider the vector
(0,1)), spaceV generated by K, : = € X}, i.e. all the finite linear
If — fillx < O()\*Qt”m 10g1/2 1/6), 6€0,1). combinat_ions o_TKx, where for eachr € X, the funct_ion[_(x_:
X — R is defined byK,(z') = K(z,2'). A semi-definite
In contrast to “batch learning” case with a ratéA~"'¢~'/?) inner product( , ), on this vector space can be defined as
[7], this upper bound achieves the same fixed ratefor all  the unique linear extension ¢, K,/) - := K(z,2'). The
6 € [0,1), while losing the rate in\. induced semi-norm i¢{f||x = \/(f, f)x for eachf € Vi.
It is possible to improve the rate in by turning back Notice that the zero sety = {f € Vi : ||flx = 0} is
to Markov's Inequality. In fact, the reason of loss Mlies a subspace. Then the semi-definite inner product induces an
in the application of the Hoeffding-style inequalities whichinner product on the quotient spatg /Vp. Let # be the
compared to Markov's Inequality, replace the variance by it&mpletion of this inner product spa&& /v, with respect to
uniform upper bounds. Based on this observation, we obtfﬂinHK. The most important property of RKHS is the so called
the following result (as Theorem B*) for the averaging procesgproducing property for any f € #5, f@) = (f, Ko) g

F= i fi= Rt - fo) i=h, @)
j=1

by using Markov’s Inequality, (z € X). RKHS can be regarded as a generalization of real
1, — fille < ON"1~1/2671/2) g e 0,1), Eiznsa]lly[tizil;unctions (or band-limited functions), see for example
which holds with probability at leadt-4 (6 € (0,1)). Wecon-  Recall the definition of theincomplete gamma function

jecture that this can be improved to©¢\~'t~1/2log'/* 1/6)  restricted on0, o) x [0, c0),
by using other variance-based inequalities, such as Bennet's or
Bernstein’s Inequality.

The organization of this paper is as follows. In Section I,
we present our main results and discussions. In Section Ill, we
study a more general problem, linear stochastic approximatibhe gamma functions defined byl’(a) = I'(a,0). Finally we
in Hilbert spaces, from which we derive Theorem A and B in Bake a remark on notation. When < m, the product and
special case. We propose in Section IV a martingale decompgesmmation,[ " ~z; and "  z;, are understood to be
sition for remainders, which is crucial for later developmeng@nd 0, respectively. We us&. andE. ., to denote the ex-

All the proofs for the theorems in Section Ill are collectegbectation and conditional expectation, respectively. Shorthand
in Section V. In section VI we prove Theorem B* via anotationE is also used when its meaning is clear from the
reverse martingale decomposition for remainders. Conclusiedntext.

and open problems are summarized in Section VII. The lastThe following are the main results in this paper.

Ia,z) = / s% e %ds, wherea, z > 0.
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A. Probabilistic Upper Bound with Almost Sure Convergenand with probability at least — ¢ (6 € (0, 1)),

2

Theorem A. Let A < A, v« =t~ /(C% + \) for somed € Evwmp(t) < Co <1> llogl/Q 2

[0,1), and f; = 0. Then for allt € N there holds P A t 0
2 *

||ft - f*HK S éaznzt(t) +éasam (t)y Here Cl = DQ(AO + OK)Hf)\”K and 02 =
* Y 93+0 Dy Cre M, (Ao + C2).
where . ) ) .
Enin(t) < eﬁ(l—tl’s)”f:\«HK The proof of Theorem B will be given in Section Ill as a

corollary of Theorem 3.2.

and with probability at least —4 (3 € (0, 1), Remark 2.3:Assume without loss of generality that =

I\ /1 2 s 2 C%. Whend = 0, Dy = 3 and this gives the following bound
Esamp(t) < Cpo.x (/\) <t> log"/ 5 for combinedAdaline-Averagingalgorithm
1
Here C, g x = 163/DpCrc M, (X + C%)1/201-0), Emit(t) < 6CE| ]Ik <)\t> ;

The proof of Theorem A will be given in Section Il as

a . -
corollary of Theorem 3.1. and with probability at least — 4 (¢ € (0,1)),

2
Remark 2.1:The second inequality is equivalent to Esamp(t) < 480}”(Mp (;\) \/3102;1/2 %
—ce?t?

Prob{&amp(t) > ¢} < 2¢ The rate in A can be improved. Letr? = E[|(y —
where ¢ — )\%1%‘)/03,9,1( . For eache > 0, denote byA, f;*(a:))K_,,—)\f;‘||fK fo_r someoy > 0. By Markov's Ir}equalit_y
the event{&,amp(t) > ¢}. Then }fxeszlgtt%: 'it;le following theorem, whose proof will be given

—cet? .

> _Prob(4) <23 e < 00 Theorem B*. Let A < \o, 3¢ = t~?/(C% + \) for some

tel te 0 €[0,1), and f; = 0. Then the following holds for ali € N,
By the Borel-Cantelli Lemma, we harob(A4; i.0.) = 0, _ .
i.e. it is of zero probability thatl; happens for infinitely many 1fe = fXllze < Einie () + Esamp(?),
valuest € N, whence&somp(t) — 0 almost surely (with \yhere

- 1

probability one). Enis(t) < Do(ro + O £ 11 (/\t> ’

Remark 2.2:Note that whend = 0, the Widrow-Hoff
algorithm [19] can't ensure its convergence by this uppeand with probability at least — § (5 € (0, 1)),
bound. However, it can be combined with the averaging

0
process to achieve a convergence rat®@f-'/2), which will Esamp(t) < 21)79”.
be discussed in the next subsection. Aot
B. Averaging Process Remark 2.4:Proposition 6.5-3 gives an estimate oy,
It is natural to consider the average of the ensemble ox < M, [5(Xo + C2.).
{f1,..., ft} up to timet, which might improve the conver-

gence rate since by intuition averaging may reduce varianceRemark 2.5:1f % = 0, we obtain the following upper
In stochastic approximation, this acceleration by averagitigpund in a deterministic setting,

was firstly observed independently by [22] and [21] (or see ~ 1

[25]) based on asymptotic analysis; recently this phenomenon Ife = £illx < Do(Mo + CF5 N x <)\t> )
has also been noticed in learning theory society (see, e.g.,

[2]). A recent result [26] studies this averaging process in a . . .

more general framework of two-time-scale linear stochasfic Comparison with “Batch Learning” Results

approximations with asymptotic analysis. Below we show a Given a samplez = {(z;,y;) : i = 1,...,t}, “batch
probabilistic upper bound with a fixed rate(t—'/2) for all learning” means solving the followinggularized least square
6 €[0,1). problem (see, e.g., [4], [3])
Theorem B. Let A < \g, 14 = t7%/(C% + \) for somed € R
[0,1), and f; = 0. Then for allt € N there holds for (4) Jnin ST(f@) —w)* + Ak, A>o0.
i=1
1fe = fXllrc < Einit(8) + Esamp(t)- There exists a unique minimizgf, , satisfying
where

(goznzt(t) S Cl (;) ) f)\,z('r) = XEGLK(Qf,xb)
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wherea = (ay, ..., a;) is the solution of the linear equation  Theorem 3.1:Let v, = =%/ pimax (0 € [0,1)) andw; = 0.
Then for allt € N, there holds
(MI+ Kz)a=y, <
—w*|| < Ei ,
with ¢ x ¢ identity matrix 7, ¢ x ¢ matrix K, whose(i, j) entry e = 2wl < Ginie(t) + Esamp (1),
is K (z;,z;) andy = (y1,...,y) € R. where L
A probabilistic upper bound fof fx. — f5|lx is given in Emit(t) < eT 78D,
[27], and this has been substantially improved by [28] usin

also some ideas from [29]. Moreover, [30] gives error boun d with probability at least — 4,

expressed in a different form. A recent result (Theorem 1 in 16/ Dy 1\ 1tz /1\%2 9
[7]) shows that, Esamp(t) < T‘)ﬂ <a> <t> log/? .
Theorem 2.6:With probability at leastl — ¢ (0 € (0,1)) L
there holds For the averaged sequengg = n ij, we have
. 6CK M,log(2/9) j=1
[frz = il < ———F—— o
Mt Theorem 3.2:Let v = 7% /pimax (0 € [0,1)) andw; = 0.

Remark 2.7:A recent result [8] shows that the rateThen for allz € N there holds
O(\~'t~1/2) is optimal in the sense that it leads to a
convergence rate asymptotically meeting the minimax lower
bound. Theorem B tells us that the averaging process achiewggere

||wt - w*” g &nzt(t) + gsamp(t)v

O(A"2t=1/2), which is optimal int but suboptimal in\. Enin(t) < Dy <1) 1|
Theorem B* improves this t@)(\~'t~'/2), though it only - at ’
leads to convergence in probability. and with probability at least — 4,
0 2
I1l. L INEAR STOCHASTIC APPROXIMATION IN HILBERT Eramp(t) < 249Dy (1) \/T10g1/2 2.
SPACES " max «Q t 1)

In this section we study a more general problem, stochastic
approximation of linear equations in Hilbert spaces. Some Proofs of Theorem A and B
general upper bounds are given and they lead to Theorem
and B in a special case.

Let W be a Hilbert spaceA(z) : W — W a random
positive operator depending onh € % and B(z) € W a
random vector. Defined = E.[A(z)] and B = E.[B(z)).
Consider the following linear equation

AProof of Theorem A:We first show that the algorithm given
by (3) can be derived from equation (8); then Theorem A
follows from Theorem 3.1.

Let E, : ##x — R be the evaluation operator such that
E.(f) = f(x). Let EX : R — % be the adjoint of
E, defined by (y, E.(f))r = (EL(y).f) ., Whence by

Aw = B, (7) reproducing property (z) = (f, K,), we haveE} (y) = yK,.
) o iz Now take W = 7%, define A(z) : stk — Ak by f —
whose unique solution i8* = A" 5. E:E,(f) + A and B(z) = Ei(~y). ThenA = Lk + AI and

In the sequel, we assume that almost surely, B = —Lgf,. By this substitution, equation (8) becomes (3).

Finiteness Condition. A. piminl < A(2) < fimax] (0 < Notice thatpmax = A + Cx, pmin = A, and g = Cx M,,.

Pmin < fimax < 00) @nd leta = pmin/fmax € (0, 1]; Theorem A thus follows from Theorem 3.1. ]
B. [|B(2)]| < 8 < oo; N
C.E|A(z)w* — B(2)|* = 0% < . Proof of Theorem B: In a similar way to the proof of

) o ) Theorem A, Theorem B follows from Theorem 3.2. [ ]
Given an i.id. sequencgz;)cn, define a sequence

{w:}tew as successive stochastic approximationsyof

IV. MARTINGALE DECOMPOSITION OFREMAINDERS
Weyp1 = wy — Ve (Apwy — By), wy €W (8) . . . )
In this section, we decompose the remaindeaind its aver-

where A; = A(z), By = B(z) € W andy; = 1/umaxt’ for  ager, into the sum of two parts: one is deterministic reflecting

some¢_9 €[0,1). _ the error caused by initial choice, and the other is a martingale
Define aremaindersequencér;);cn by reflecting the fluctuation caused by random sampling. Upper
" bounds for them will be given in the next section. Such a

= We — W, .. . . .
¢ ¢ decomposition is somehow close to the treatment in Robbins-

which measures the deviation between and w*. It can Siegmund Theorem [13], wherr,||? is transformed into a
be seen that botlv; andr;, are W-valued random variables supermartingale. But our problem benefits from the linear

depending on, . .., z;—1. In this note we assume th@f;);cy  structure and get a direct decompositiongn\We note that
is a i.i.d. sequence, but the method we used here candueh a martingale decomposition can be extendedri?
extended to more general cases. in nonlinear stochastic approximations, which however is not

The main results in this section are in the following. pursued here.
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First of all we introduce some short-hand notations. Define Proposition 4.2:For all t € N,
a random positive operator di,

t—1 t—1 t—1
1 . 1 o
t F,o= = I’ - I 12
Ht _ Vi), >0 (9) 7=0 k=1 Jj=k
' T k>t Proof: By equation (10),
If we replace A; by A, we obtain a deterministic positive Feo= lzr‘j
operator, sayl,. DefineY; = A,w*— B;, alW-valued random t =1
variable depeanin|g|320mt. g:learly]Etht = 0 and by Finiteness ) i1 =
Condition-C,E||Y;||* = o= for all ¢. = |1+ ey -2 e
The following proposition gives a decompositionsgfinto t ; R ;/;% e
the sum of a deterministic part and a martingale. " . "
" 1 — . 1 — .
Proposition 4.1:For all t € N, = 5 S I |- 2D W 1, | xx
-1 Jj=0 k=1 j=k
re =107 =Y Il (10)  which ends the proof. [ ]
k=1
R R Let
WhereXk = (Ak — A)wk + B — By, (]. <k< t). 5 t—1
A .
Proof: By equation (8) T = 7(2 I )xe, 1<E<t
Tl = Wi —w" =1 — Y (Agwy — By) 0, k>t
= (I =nA)ri—n((A — Are +Y7) Then (n)ken is @ martingale difference sequence and its sum
= (I —vA)ri—yxe, is a martingale. With this we have
where we can check that 1 (&L, it
R Ty = 7 ZHJ1 r— ZT}k. (13)
xe = (A—Ar+Y 3=0 k=1
= (A —Aw+ B - B, Now define aninitial error by &, (t) = |[III"'r| (or,
Then equation (10) follows from induction an B &) = ||% (ZE;E ﬁ{) r1|| in averaging process), which
Note that II. ., is deterministic, 7, depends on is deterministic and reflects the ptrf)lpagated effect,ofand
2o 21, A, — A and Y, are both of zero means@ Sample errorby &uamy (1) = [ 324 &kl (ON, Esamp(t) =

t—1 . . . .
depending only onz,. Recall that given a sequence ofl 2x—1 7|l In averaging process), which is random and

random variableg¢,),cn such thaté, depends on random reflects the stochastic er_ro_r<_:aused by samples. The initial error
variables{z : 1 < i < k}, (&) is called amartingale ©&n pe boundgq Qeterm|nlstlcally. For the gample error, we can
difference sequencié E., ., .. ,[&] = 0. The sum of a obtain probabilistic upper bounds by using the exponential
martingale difference sequence is callednartingale This inequaliies for martingale difference sequences in Hilbert
motivates the following definition of a martingale differencéPaces [18]. We will show this in the next section.

sequence,
V. PROOFS OFTHEOREM 3.1 AND THEOREM 3.2

& = { Wik, 1<k<t For simplicity, in this section we choose Hoeffding's in-
& =0, k>t equality for martingale difference sequences in Hilbert spaces
With this we write, [31]. We note here that by choosing Bennet-type inequalities
i1 [18], one can get tighter bounds depending on variances
ry = Ty — ng’ 1) Ell4 - A||? andE||B; — B||?, in the sense that when these
part variances approach to zero, they lead to deterministic upper
bounds.

Now consider the averaging process. Define Before presenting the proofs, we need some preliminary

- 14 - 1 - - results. The first one is an extension of Hoeffiding’s Inequality
wy = gzwi =Wi-1+ g(wt —Wi-1), Wi =wi, from real numbers to Hilbert spaces, which is due to losif
i=1 Pinelis [31] (see also Theorem 3.5 in [18]).

Lemma 5.1 (Pinelis-Hoeffding)et (¢;).en € 4 be a
martingale difference sequence in a Hilbert spa€esuch that
for all ¢ almost surelyi|¢;|| < ¢; < co. Then for allt € N,

2
>eb <2expl—— 5.
222:1612

and we study upper bounds for theveraged remainder
sequence

t

t
thwt—w*=12(wi—w*):1;ri.

i=1

t

&

i=1

. . . g PrOb
The following proposition gives a decomposition i§f
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The following proposition collects some useful estimatesA. Proof of Theorem 3.1

Proposition 5.2:Let o/ = «/(1 — 6). The following holds

for all t € N,
L < e
holds for ||TTZ |;

2. For all integers: € [0, ¢],

an+1 = {

The same also holds fdry~’_, TI;
3. [|w*[| < B/ ptmin;
4. |Vl <28/
5. flwe | < e O~ flwn| + 36/ i
6. HTtH < ea/(l—tlfe)leH + 4ﬁ//lmin;
7. xell < 2ptmaxe® D fwy || + 88/ ar.

Proof: 1. By Lemma A.3-1 withp = 1,

I | < (17f)<awc“’<t+1>1 1.
] H 3

o [KP 0 — (1)t

sl

Similar to ||TT%]|.
2. By Lemma A.3-2,

anﬂ <1+Z H (1—f)<1+D

j=k+1i=k+1

(k+1)7,

where if k = 0, r.h.s. < Dgpa™!, and if k > 1, r.h.s. <
29D90171]€9.

3. [lw*[| < JATHHIBI < B/ pmin.

4. HY;” = ”AtIU* _BtH < /’LIIIB.XB/,[LIIHH +4< Zﬁ/a, since
= Mmin/ﬂmax-

5. By equation (8)

Wiyl — 7 (Aywy — By)
= (I —vA)w + 7By
t
= Twi+ Y Il B,
k=1
whence
t—1
weall < [T lwon || + ﬂZVkHHZHH
k=1
< eo/(l—(t+1)1’9)||w1|| + 3ﬁ

min

where the last step follows from part 1 and Lemma A.3-3.
6. Since||r¢|| < ||we]l + ||w*||, using part 3 and 5 gives the

result.
7. sincel|xe|| = [|[(Ae—A)ywi+B—By|| < 2ptmax|we]|+28,

apply part 5 and notice thai3/a + 28 < 83/«, which gives

the result. [ ]

Now we are ready to give the formal proofs of Theoren?he second bound follows from (14).

3.1 and 3.2.

I whenk < t, and the same

Proof of Theorem 3.1:By equation (11) we have

t—1
T 7+ 1) &l

= @@init (t) + gsamp(t)~

The upper bound o#3,,;;:(t) follows from Proposition 5.2-
1. For the upper bound 0l (t), by Proposition 5.2-6 with
wy =0, ||xx|l < 86/«, whencegy, is bounded by

1€ |

N

el <

IN

Vel Wi, -1 x|

e 05 =

Hmin k41

Applying Pinelis-Hoeffding inequality (Lemma 5.1), we obtain
t—1
D &

2
Prob{ ZE}SQeXp{—I;Q}.
k=1 22 k=1C%

Let the right hand side equal then

128 2
: —2<ch> P28 ittt 2
where
Z B I3
1=k+1
We complete the proof by applying the upper bound for
¥3(t, @) in Lemma A.3-4. ]

B. Proof of Theorem 3.2

Proof of Theorem 3.2:By equation (13) we have

t—1 ) t—1
DI | e[+ 1D el
3=0 k=1

- (g{;nit (t) + (gosamp(t)-

The initial error bound follows from Propoistion 5.2-2 with
k = 0. As to the sample error bound, by Proposition 5.2-2
and Proposition 5.2-7 witlhv; = 0, we obtain

Il < 5

t—1

Yk o
el < = DT ||
j=k
29+36D9,U/max
t,umin2 - 677' (14)
Applying Pinelis-Hoeffding inequality (Lemma 5.1),
t—1 2
Prob an Ze}S?exp{ },
{ k=1 QZk 1 7]
and setting the right hand to lde we obtain
e < V2te, log'/? =.
|
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VI. REVERSEDMARTINGALE DECOMPOSITION AND and with probability at least — § (6 € (0,1)),
PROOF OFTHEOREM B* 0
. . . . > 2 DgO’ 1 1
In this section we give a proof of Theorem B*. Note that in Esamp(t) < — <
i Vipimax N/ V 1

the martingale decompostion in Section /,= (A;— A)r;+
B — B, whose variance grows in proportion fte;||2, whence ~ Proof: The initial error bound follows from Propoistion 5.2-
there is no improvement replacing Hoeffding’s Inequality b¢ With & = 0.

Markov's inequality. However, we may avoid this by turning As to the sample error, note that

to the remainder decomposition used in [1] where we directly t—1 t—1 -2 t—1
deal with the variancez” = E||Y;||*. Yet this approach leads  E|| Y n)? < > TSEII > T PR YR
to a reversed martingale decomposition for remainders, as we k=1 k=1 =k
shall see soon. 220 D252
The following lemma is taken from [1], whose proof is < mt .
included here for completeness. _ e - o
where the last is due to Proposition 5.2-2 and Finiteness
Lemma 6.1:For all ¢ € N, Condition-C. The sample error bound then follows from
t—1 Markov inequality by takingX = || 22;11 Mel?. [ ]
re = Hi_lrl — nykﬂ};;llyk
k=1 Proof of Theorem B*: Setting timax = A + Cx, fimin =
Proof: Note that A a =X+ C%), ando = o, the result follows from
. Theorem 6.4. n
rt+1 = wt+1 o w . . . .
= wy — e (Ayws + By) — (I — A w* — v A’ The following proposition gives an estimate ®f.
= (I—yA)r —nY,. Proposition 6.5:1. || fi|lx < M,/VX;
; ; 2.1 fXllgz < 2M);
The result then follows from induction ane N. [ ] 4
3.0x < My \/5(A+ C%).
It leads to the following decomposition for the averaged Proof: 1. N h
remainder. roof: 1. Note that
* . _ 2 2
Lemma 6.2:For all t € N, fx =arg Jnin 1 = follizz + Al f [l
1 =1 - 1 Vi -1 - v Taking f = 0, we have
e =7 Z 1 7‘1_27 Z k+1 | 2k * 2 12 2 2
= =t \= 15 = folZs + A5 < Wfpl%s < M2, (15)
For k € Z, define which leads to the result.
e h2. Frlcl)m (15), we obtain|f{ — fylz2 < M,. The result
k j ) then follows from
=l T ST | Ve, 1<k<t
j=k

1£5les < 55— Follgs + 1ol s < 2M,.

3. Note thatE[yK,] = Lk f, andE[f}(z)K,| = Lk f5.
hen

0, otherwise

Recall that a sequence of random varialiles) is called a T
reversed martingale difference sequeiiicér_j) is a martin-
g_ale difference sequence. T.h(-:vmc) is a reversed martingale o3 = E|(y— f{@) K. — M55%
difference sequence; since it depends{ap, ..., 21} and = E[(f;(z) - y)2K(z,2)]

E., 201,021 k] = 0, which implies that(n_) is a mar- . . 9 pe12
tingale difference sequence. FMI L (X = fo)) i + XM
We will use the following well-known Markov’s Inequality. where

Lemma 6.3 (Markov)Let X be a nonnegative random E[(f5(z) — y)°K (z, )]
variable. Then for any real number> 0, we have *
Y o < OIS = follZez + E(fo(@) —9))
Prob{X > ¢} < ElX] }. < 5CEM7,
€
Theorem 6.4:Let v, = t7%/pimax (0 € [0,1)) andw; = 0. © o
Define @ = pimin/ptmax € (0, 1]. Then the following holds for <fA1’/2 K*(fA f”l)/l’( .
all t e N, < L flr IS = fo)llx
1 01 € Eoie0) + Brp1) - Ml A= dole;
< 2Mj,

Here

1 2 * (|2 2
Emit(t) < Dy <at) Irll, and \?[| fx[|% < AMj. Thus we end the proof. [ |
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VII. CONCLUSION AND OPEN PROBLEMS 2. (For By ,) Similarly if 7 < 0, equation (A-1) has

In this paper, we have shown by probabilistic upper bounds U
that a two-stage online learning algorithm, the stochastic rh.s < ¢ / e Ydy
approximation of the gradient descent method followed by an - 1=
averaging process, can achieve the almost sure convergence _ T (1— efa(tl_gfl))
with an optimal asymptotic rate with respect to the sample a(l—0)
size, as good as “batch learning”. Moreover considering the T
regularization parameter and confidence, the best results ob- < m'
tained so far areP(A~2t~1/21og!/?1/6) (Theorem B) or
O(A\~1t~1/25-1/2) (Theorem B*). 3. (For A4 .,) Note that for0 < y < t7% -1, s =

Thus it is still an open problemjf we can achieve y/t'~% € (0, 1), whence
O(\~1t=1/210gY/%1/5), the optimal rate known in “batch

learning”. = 1 n
g T + ; S
APPENDIXA: SOME ESTIMATES BASED ONGAMMA < 14 y/tt—Y
FUNCTION - 1— (-0 —1)/t1-9
= 1+uy. (A-2)

Lemma A.LLetf € [0,1), a > 0 andt > 2. Then for any Thus for7 > 0 the right hand side of (A-1) is bounded by

T €R,
t - 1701
et / 2=+ ™ gy = O(t77). rhe < 15 /0 (1+y) /=D emvdy
L .
. 7/(1-0)4—7 1
In fact, if - >0, < 27t/ e”Ydy
-7 —at™~ —(6+471) jax! -7 7/(1—0)4—T =01
Ae,at <e /1 T € dx < Aé’ \Ty ot +2 /( )t / y‘f'/(l—ﬁ’)e—aydy
. 1-90 1
and if < 0, or/(1=0) Sl
1—6 t 1—6 S 1 0 t e Udy
Byrat T <e ™ / a0+ e " gy < By t77. . 0
1
i (1+7-0)/(1-0)—1,—ay 4 }
Here e /0 Y ¢ Y
A 1—e o 7-D o7/(1-6)
b= """ £
a(1-9) ST
27/(1-9) 1+7-0 /oy (LT =0V o
A 2 ({yr/aep (T +a r({———) )t
b.ma a(19)( ta 1-6 ’ 1-90
5 97/(1-0) (] _ ¢=a) 4B 1 4. (For By -,,) By equation (A-2), forr < 0 the right hand
T,a — , an a= 1T - i - i
0,7, a(1—0) 0, a(1-0) side of (A-1) is bounded by
1 ]
Proof: Let y = t!=% — 2'=%. Then v hs > / - (14 y)™/ =0 avgy
t - 1-46
emat'™’ / g O+ e’ ™ g (A-1) o7/(1-6)4—
> 7/ e”Ydy
a-o_ 1-6  Jo
= L —7/(1=0) g=ay T7/(1—0)4—T1 tt=0—1
-~ / (10 )7/ Oy e
—7/(1-0) 1—0 Jo
= _ YN\ —ay gy, or/(1-0)4—7 [l
-0 1 t1—9> ey 2 —4—g / e “dy
- 0
1. (For Ag.,) For0<y<t1 0_1, 1—L<1 Thus if B 27/(1*9>(1—e*a)t_7
T >0, equation (A-1) has N a(l—6)
ot This completes the proof. |
r.h.s. > / Wy
1-0 Lemma A.2:Let 6 € (0,1). Then
t—7 1-0
- - (1= —al(t -1) B 0o B
a(l - 9)( ¢ ) Cot? < et 9/ e dw < Ot
t

L (1—e @770y p >0

T whereCy = 1/(1 — ) andC}) = 29/0-0)(1 + T(1/(1 - 9))).
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Proof: 1. Lower bound.Consider the continuous function

fz) =

By the mean value theorem, when> ¢ > 0, there exists a
¢ € (t,z) such that

20,

fO) = flx) = FQOt—2)=0-0¢"t-2)
> *(1 - o)xie(x - t)v
whence
et179 /OO e_xkedx
>

oo
/ e—(l—e)t*"(x—t)dx
t
(oo}
6(1—9)9*9/ e—(1—9)t*%dx
t

t(f
1-06
2. Upper bound.lt is enough to show that for > 1 and
a>1,

[(a,2) < Gue "2, Go=2""11+T(a)). (A-3)

If this is true, the result follows from setting= 1/(1-6) > 1,
Cj = G1/1-e), and replacinge by t*=°.
To show (A-3), by setting = x« + 7,

oo
/ s¢te%ds
xT

x“_le_””/ e_T(1+T/:v)“_1dT,
0

x“_le_””/ 6_7(1—&—7)“_1d77
0

(by x > 1 anda > 1),

1
% e {2“_1/ e Tdr
0
—4—2“71/ eTTaldT}
1

2971+ T'(a))z te ™.

This completes the proof.
Lemma A.3:1. Fora € (0,1], p > 0, andé € [0, 1],

I'(a,x)

IN

IA

<

t—1
a\P
I(-5)
exp 1_0(k‘1 0 tl_e)}, 0 €[0,1)

IN

()"

2. Fora € (0,1], # € ]0,1), and allt € N,

=7 « Dy —1
_ _ o o —1,0.
wha) =Y [T (1= 5) < 2 ter
j=ki=k
3. Fora € (0,1], 8 € [0,1], and allt € N
t—1 t—1
1 o 2
1
wite)=3 5 II (1-5) <5
k=1 i=k-+1

4. Fora € (0,1], 0 € [0,1), and allt € N,
t—1 1 t—1 an?
2 _ —_
¢a(ta0) - Z: k2 H ( 26>

k=1 i=k-+1

() (3)

Proof: The following fact will be used repeatedly in the
proof,

<

In(l+2) <z, forallz>—1. (A-4)

1. By the inequality (A-4), we have fat € [0, 1],

a\P ap
n(1-5) <-%
Thus
t—1 D t—1 1
Zln(l—i—e) < —ozpzi—e
i=k i=k
t
1
< —ap [ —pdo
k xr
which equals
ap 1-6 1-6
k t
T )

if 9 €[0,1), and

ap
In <k) ,
t

if # = 1. Taking the exponential gives the inequality.
2. Notice that Lety = /(1 —0). Using part 1 withp = 1,
we obtain

o' [k =0 = (1))

(-5 =

i=k
whence
t—1
H (1 B 19)
j=ki=k
t—1
< & =G+
j=k
S ea/kl—s/ 67alzl_6dz
k
< (O/)_1/(1_0)Cé[(a/)l/(l_e)k]e,
(by Lemma A.2)

1 1
< 20/0=0 441 =
- + 1-6 «@
_ Dy — 1k9

— k-

3. Notice that

1
9""2;49

The first term is bounded by/« for ¢t > 1. It is sufficient
to show the second term is bounded bj. To see this, we
consider seperately two casés [0,1) andf = 1.

vyt o) =

i (1-%)

i=k+1
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If 8 €[0,1), from part 1 withp = 1, we have

IA
('ts‘
;
{
|

where

IN
[N}
B
|
- %)
7 N
>
+ | =
—_
N———
)
9]
=
+
=
<

IA
[\
R i
a
i
D
H»—
|
)
8
Iy
N
8

IN
\
g
>
s

as desired.
If =1, from part 1 p = 1),

IN

|

[ N =
=
7 N
>
~|+
—
N——
2

IN
|

IN
|
8
)
A
U
&

where ifa =1,

andif0<a<1,

2 [t 2 [t*—1 2

— [ zo7ldx = ( ) < —.
" J1 Q . (67

4. Notice that

9 1 A
%(taa):m‘FZ II (1—2-7»

The first term is bounded by

1 - 229
(t _ 1)29 — t20 !

Then
t—2 t—1

1 a2
> 11 (1-5)
k=1 i=k+1

t—
926 1 o/ [(k+1)1 =0 =17
( 29

IA
ES
I
w

1

1-6 _ /7 1—6
—2a’t / T 20 204& dx
1

90/(1-0)+20—1
< 14 (22/)79/0-9)
S Taa-e0 {1+ @)

()

(by Lemma A.1 withr = 6).

L\ 0/(1-0)
(20/)—6'/(1—0) < <> ,

«

IN

where by

we obtain

1/(1-6)
r.h.s. < 20/(1=0)+20-1 (1, 1 l .
1-6 «

Combining two terms together, we obtain
Uy (t, @)
< 220t729 4 29/(170)4’2971 {1 4 1—\ < 1 >}

1-46
1/(1-6
(1) /( )t_(’
o)

< 9 {al/(19>(2/t)9+29/(19) [1+F (1 1 9)”
1/(1-06
(1 /( )t_9
(8%
1\ /=9
< 2Dy (> =,
(6%

for t > 2, as desired. Fot = 1, we complete the proof by
noting that«? (1, a) = 0. [
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Below we are going to give an upper bound on the second

term. Leta/ = /(1 — 6). By part 1 withp = 2,

t—1

I (- %)2 < exp{2/[(k +1)'% — )},

i=k+1
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