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Geometric Data Analysis:

Local Tangent Space
Alignment (LTSA)
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Manifold Learning

* Given a set of data points x;,...,x, in R™
X, = f(rl.)+el., i =1,...,.N

* Manifold Learning: reconstruct f from x.
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Spectral Geometric Embedding

Given z1,...,x, € M C RY,
Find y1,...,y, € R* where d << N
s ISOMAP (Tenenbaum, et al, 00)
s LLE (Roweis, Saul, 00)
» Laplacian Eigenmaps (Belkin, Niyogi, 01)
» Local Tangent Space Alignment (Zhang, Zha, 02)
» Hessian Eigenmaps (Donoho, Grimes, 02)
» Diffusion Maps (Coifman, Lafon, et al, 04)

Related: Kernel PCA (Schoelkopf, et al, 98)



Recall: PCA

e Data points sampled from a d-dimensional affine subspace, i.e.,
z,=c+Ut+¢, 1=1,..., N,
U orthonormal columns. In matrix format, let
X=lxy, -,zn], T=lm, -,7n, E=le, -, enl

e Find ¢, U and T to minimize the reconstruction error F, i.e.,

min|| B[l = min || X — (ce” + UT)]|

e Solutions are given by
C=2X
T, = VdT<£IZZ' — C)

V; = d largest left singular vectors of centered X



Tangent Spaces

e At a reference point 7, first-order Taylor expansion,
f7) = f(@)+ Jp(7) - (F =)+ O(I7 — 7"
with J;(7) € R"™*? the Jacobi matrix,

Si(7)
f(r) = : , then Jy(7)= : : :
Sm(T) | Ofn/0T1 - Ofn/O0T4 |

e Local linear approximation in a neighborhood of 7,
f(7) = f(r) + Jp(7) - (T = 7)

Points in the neighborhood lie close to a d-dimensional affine sub-
space spanned by columns of J¢(7).
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Local vs. Global Coordinates

e (). orthonormal basis of tangent space at 7
Je(m) - (T—7)=Q0,, T—7T= Jf(T)QTH% = L_6-
e Local vs. global
T=z+Q:0: T=7+ L0z

l.e., local coordinates 6> and global coordinates 7 are related by an
affine transformation.

e Note. If f is locally isometric, J¢ is orthonormal, and L is orthog-
onal.



Alignment

Find global coordinate 7 and local affine transformation L, to mini-
mize (Symbolically),

/Q(/Q(T)HT—T—LTQ(T)|d7’//Q(T> dr)dr

over all possible nonsingular L.



Meta-Algorithm

* Construct a neighborhood graph
e Construct a positive semi-definite kernel
* Find the spectrum decomposition
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K-NN Neighborhood Graph

o For each z;, let X; = |z;,, ..., x; | be its k-nearest neighbors in-
cluding x;, say in terms of the Euclidean distance. (Other possibili-
ties and acceleration.)
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PCA =
Approximate Tangent Space

Apply PCA to each neighborhood X; = |z;,, ..., x; | = sensitive to
outliers.




Weighted PCA as
Approximcn‘e Tangent Space

wa|\azzj L+ U@ )5 = mln waﬂxz (c+Ub,)]5,

Weight selection

Choose the initial vector T, (o) as the mean of the £ vectors z;,, ..., z;,,

1. Compute the current weights,

w{) = exp(—7|zi, — Z,4-1]13).

S

2. Compute a new weighted center
k

— Z ’ng)ﬂfis.
s=1



Tllustration

Local Tangent space approximation



Alignment

e In each nbhd, apply (weighted) PCA to X, = |z;,, ..

i, =3+ V8, j=1,...k
Vi orthonormal basis.
e Global vs. local,
n =7+ LY, j=1,....k
Let T, = |73y, ..., 7, | and ©; = [9@, e ,H,g)]
T.J,—LO,~0, +=1...,N

with J, = [ — eeT/k, centering matrix.

- ZIZ’Z'k],



Alignment (con't)

e A minimization problem (over T', L;)

Z Hﬂjk — L2@2H2 — min

7

e Fix T; and minimize

| TiJk — Li©;]]
o Let W; = Jp(I — ©76;). Note.

WWl = J.(I — 66;)J;,

orthogonal projection onto span([e, ©7]).



Alignment (con't)

e Define S; a selection matrix such that
EZTSZ, T:[Tla“'aTN]'
o Let

[T81W1, ce ,TSNWN] =TV

leading to

in || TW]|% = min trace (T(YW)T") .
min TV || % min race (T'( )T)
e Normalization 77" = I;. Solution T' given by the eigenvectors of
® = WU’ corresponding to the 2nd to d-+1st smallest eigenvalues.
(more on normalization later).



Computational Issues

e Forming Krylov subspaces (¢ = W)

K,(®,vy) = span{vg, Py, vy, . .., PP g}
e Matrix-vector multiplications ®x

dx = SSWWL STz + - + S\WyWi Sy,

where .
W;= (I — EeeT)(I — 070;).

Each term involves the x;'s in one neighborhood.

o With the SVD of X; — 2,7 = QX HY

1
W; = I—%eeT—HiHiT = I—-[e/Vk, H]le/Vk, H]F = I-G,GF.



Local Tangent Space Alignment

Given N m-dimensional points sampled possibly with noise from
an underlying d-dimensional manifold, this algorithm produces N d-
dimensional coordinates 7' € R for the manifold constructed from
k local nearest neighbors.

Step 1. [Extracting local information.] For each i =1,--- | N,
1.1 Determine k nearest neighbors x;. of x;, j =1,... k.
1.2 Compute the d largest eigenvectors gy, - - - , gq of the correlation matrix (X; —z;e’ )T (X; —

z;eT), and set
Gi = [6/\/E, g1, -, gd]

Step 2. [Constructing the alignment matrix.] Form the the alignment matrix ® by locally summation if
a direct eigen-solver will be used. Otherwise implement a routine that computes matrix-vector
multiplication Bu for an arbitrary vector wu.

Step 3. [Computing global coordinates.] Compute the d+ 1 smallest eigenvectors of ® and pick up the
eigenvector matrix [ug, - -, ugy1| corresponding to the 2nd to d + 1st smallest eigenvalues,
and set T = [ug, -+ - , ugs1]”.



Comparisons of Manifold
Learning Techniques

e MDS

e PCA
 |SOMAP

* LLE

* Hessian LLE

e Laplacian LLE

e Diffusion Map

* Local Tangent Space Alignment
* Matlab codes: mani.m

Courtesy of Todd Wittman



How To Compare

Speed Noise

Manifold Geometry Non-uniform Sampling
Non-convexity Sparse Data
Curvature Clustering

Corners

High-Dimensional Data: Can the method
process image manifolds?

Sensitivity to Parameters

K Nearest Neighbors: Isomap, LLE, Hessian,
Laplacian, KNN Diffusion

Sigma: Diffusion Map, KNN Diffusion



Speed on Swiss Roll

MDS5:10.8982s
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Now go to Todd Wittman’s slides, page 13th...
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