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1 #$%h&'
��
��"�
�������������� �!, ���� ���� (Ω,F ,P),

�
� P(A) ������ A ∈ F ���, "�� P(ξ) :=
∫
Ω
ξ(ω)dP ���#
����

(Ω,F ,P) ����� ξ �� �!.

���
��	���!���	!�#�
�. �
$"���� (Ω,F ,P) ��	 σ

% {Ft; t ∈ T }, !" T � N �( R+, ��	  # . " {Mt; t ∈ T } ��� {Ft; t ∈ T }
�	 $%!, � P(M0) = 1, &
 σ % Ft �, !��#	 ���� Qt, t ∈ T :

dQt =MtdP|Ft .

" F∞ =
∨
t≥0 Ft. '� {Mt; t ∈ T } �	 !, #� {Qt; t ∈ T } �� {Ft; t ∈ T } �($

�. '���($
�#), " Ω �	 Polish ��, &&
 F∞ �	 )	����� Q, %

' Q|Ft = Qt. �� Q (*���� P ���! {Mt; t ∈ T } ���, $(*!��. '!
&)'�: 2013-12-12.

%&+(: '(*)��%& (No. 11271030, No. 11128101) )��**)��%& (No. BK20130545).
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{Mt; t ∈ T } �$%
!)*!������� P �+,++--, .* M∞, ��Æ/+,0

(!-1 [12, � 4 .]).

+, 1.1 �,�� A ∈ F∞,

Q(A) =

∫
A

M∞dP+Q(A ∩ {M∞ = ∞}).

-2�# Qa(A) =
∫
A
M∞dP, Qs(A) = Q(A ∩ {M∞ = ∞}), & Q = Qa + Qs � Q �� P �

Lebesgue-Radon-Nikodym �
. /���Æ�.345,

M∞ = ∞, Q -a.s. ⇔M∞ = 0, P -a.s. (1.1)

M∞ <∞, Q -a.s. ⇔
∫
M∞dP = 1. (1.2)

*�#�/+�$%!�-- M∞ ����� P �/06�.0-6,�
!���1
�� Q �-- M∞ �/��-���. ��	 �����/*7�.0(Æ, ������

/�-�.0228$1�. 2�� .345933$6�--06���.0.

2 .i/0
2.1 Galton-Watson 1j234 Galton-Watson 1j5

Galton-Watson �����	�Æ:$1�����. *���/: �40�434"�1
;�* Z0, � n 534"1;�* Zn, 
� n + 1 5��<, "� k  � n 5 562 ξn+1

k

 �5, &� n+ 1 534"�1;�*

Zn+1 =

Zn∑
k=1

ξn+1
k ,

!" {ξnk ; k = 1, 2, · · · , n = 1, 2, · · · }70"��,�70� Z0. " ξnk �8"��* p = {pk; k ∈
N}, &�� p (**������5��. �6�#��� Z = {Zn; n ∈ N} =6 Galton-

Watson ����, $(* GW ����. GW ���� Z �	 37��* N := {0, 1, 2, · · · }
�
9>:?. �����
����8(��;*<7�����, -=89����	@9
��A4:5������@9:5�����, 
 [6, 30] .	�B>6C"?�:*:;�
�	. " Z ��5�� p �D7E�*

f(s) =

∞∑
k=0

pks
k, 0 ≤ s ≤ 1,

&8F�5 �* m = f ′(1) =
∑∞

k=0 kpk, ( m > 1 (=, < 1) � GW ����*�GH (GH,

�GH) �. ����"�*I@����*���9J����, GW �����9J���
#* q := limn→∞ P (Zn = 0). �� GW �����9J����Æ�/+.

+, 2.1[51−52](Steffensen (1930, 1932)) A GW���� Z �GH��GH� p1 < 1�,

q = 1; A Z ��GH��<, q ��� s = f(s) 
 [0, 1) "�)	�
, #� GW �����	
��;��<=&K. " m <∞, & Zn

mn �	 !.
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Galton-Watson ��E!�� Galton-Watson >�45, ����>!-1 [37, 50] ��!

"�-Q�F.�
�Ulam-HarrisFR ���Galton-Watson>�G��," N0 = {1, 2, · · · },
Ulam-Harris FR .3� Æ Γ,

Γ :=

∞⋃
n=0

N
n
0

(!" N
0
0 = {∅} (*H). ( u = (u1, u2, · · · , un) ∈ N

n
0 *	 S>, |u| := n �� 5 u �


� (I�). A n ≥ 1 �, u− 1 �� (u1, u2, · · · , un−1), � u = (u1, u2, · · · , un) �7?. �,

�� i ∈ N0, u = (u1, u2, · · · , un) ∈ N
n
0 , . u �� i  �5* ui = (u1, u2, · · · , un, i). " u =

(u1, u2, · · · , un), v = (v1, v2, · · · , vm) ∈ Γ, uv�� u� v�JT uv = (u1, u2, · · · , un, v1, v2, · · · ,
vm) (u∅ = ∅u = u); " m < n, � vi = ui, i = 1, 2, · · · ,m, &. v < u, ( v � u �	 ?�. G

� u < uv, v ∈ Γ\{∅}. ��, u �#�?�@,� Æ!�#*
{v ∈ Γ; v < u} = {v ∈ Γ; &
 w ∈ Γ \ {∅} %' vw = u}.

( Γ �	 > τ *	U Galton-Watson >, -2 τ @AH�: (i) ∅ ∈ τ ; (ii) " u, v ∈ Γ,

& uv ∈ τ !�ÆK u ∈ τ ; (iii) �,�� u ∈ τ , &
 ru ∈ N, %' j ∈ N, uj ∈ τ A�VA

1 ≤ j ≤ ru. !1	 Galton-Watson >9�	 �H�>, !"A S>?�	 LR, �B


��5M2BNIOCWD�, �ÆJK���	U GW >.

∅

(1)

(1,1)

(2) (3)

(3,1)

(3,1,1) (3,1,2)

(3,2)

L 1 Galton-Watson B<E

G�, �,�� v ∈ τ ,  Æ {v} ∪ {u ∈ τ ; v < u} @,�	 � v *H� τ �>>. .

Galton-Watson >@,� Æ* T. (,�� u ∈ τ * τ �	 ���( τ "�	  5�(
	 S>. �#

Zn(τ) := τ "
�* n �S>� �,
[τ ]n ��
F n 58F (PX� n 5) ?� τ ("���>� Æ, Fn := σ([τ ]n) ��PY�

#� [τ ]n � σ 5�, F∞ =
∨
n≥0 Fn.


 (T,F∞) �&
	 �� P, %'
�� P ��� {Zn;n ∈ N} �	 GW ����, �

�5��* P(ru = k) = pk. �# 2.1 QG�
A8F�5 � m > 1 �, ��>8�	��;
���	UMH>. ����
����I+!), 
�9���, ��>�S>� �8�C
5� n J�MH�J�MH. �!�
����' Kesten-Stigum �#45-�:

+, 2.2[32](Kesten & Stigum (1966)) � {Zn} �	 Galton-Watson ����, Z0 = 1,

�5����! m @A: 1 < m <∞. � W �! Zn

mn �--, L �	 ���*�5����

���, & P[W ] = 1 �RNH�� P[L ln+ L] <∞.
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#�A�GH� GW ������5����-� L ln+ L ZD, ������9J�, �

4 n �S>� � Zn ��
��* mn. Kesten � Stigum[32] O[�������7E��
�P, ��S�P��T'N�*/+, N� 1995 K, Lyons, Pemantle � Peres[42] ���	9
����TDL��Æ�/+, �9����T9���N�	�	��T.

2.2 Galton-Watson 1j23EFkGH4lI5
" {Zn} �� 2.1 ��	� Galton-Watson ����, &
 Galton-Watson ��>��

(T,F∞) �&
	 �� P, %' {Zn(τ)} 
� �����5��*U���� p = {pk; k ∈
N}. 
!��� (T,F∞) ��
�!�VQ\	 �� Q, %'
*���, +,++#��

>?�	 MH>, (��> τ̂ *�M Galton-Watson >. �#��� p̂ = {p̂k; k ∈ N}, !"
p̂k := kpk

m , k = 0, 1, 2, · · · , (*�5�� p ��M��, G� p̂0 = 0. �M Galton-Watson > τ̂

WJ�Æ]&�VQ: 40�4H ∅ WJ (p̂k) 62 r̂∅  �5, ���F.��2 r̂∅  �5"
��RK	  5 ξ1, SMR"� 58WJ P �]N70O62>>; � ξ1 8WJ ∅ ���
]N62>> ('� p̂0 = 0, ξi K!MRK, i = 1, 2, · · · ), .�X5MR"�S>* ξ2, .��

5MR"�S>* ξ3, OY�Æ. " ξ0 = ∅, ξ = {ξ0, ξ1, · · · }, ( ξ *!#
> τ̂ �	�. ��'

N	 Z	���M> (τ̂ , ξ). �JI[>�/V�B[��>�	 	�/V:

∅

GW ξ1

GW ξ2

ξ3

ξ4

ξ5 GW

GW

GW

GW GW

L 2 GW E)TO=E Galton-Watson E

� Q̃ �WJ�Æ]N'N� (τ̂ , ξ) �^Æ��, Q � Q̃ 
>�� (T,F∞) ��\U��,

&
�� Q ��> τ̂ (*�M Galton-Watson >. H_�M> τ̂ �VQ, *>�� n 5S>�
 ���]O

Zn = 1+

n∑
i=1

Z(i)
n ,

!" {Z(i)
k ; k ≥ i}, i ≥ 1, �	W(`70	��5��?* p � GW ����, � Z

(i)
i =

r̂ξi−1 − 1, �9�
(*�����	��
. Z
(i)
n �Y#�	�"� i − 1 5S>��5"^
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� ξi V� r̂ξi−1 − 1  S>
� n 5��5�, n ≥ i.

\	�Æ, Lyons, Pemantle � Peres[42] DL��� Q � P �	 !��. " Z0 = 1, &

Wn = Zn

mn �F7* 1 �$%!, �,�� n ∈ N,

dQ|Fn
= WndP|Fn

. (2.1)

� /+!�2�Æ�_P"'N. � τ ��	U
� n+1 5��5���>, W� u �	 

� n+1 5�S>. " [τ ; u]n+1 ��	�Z�/Q	��>�R5, %'��>S� [τ ]n+1 �	

�2H ∅ �N u, "�T��0. � τ �H� k  �5, ��62>> τ (1), τ (2), · · · , τ (k), S> u


� > τ (i) �. ��,

Q̃[τ ; u]n+1 =
kpk
m

· 1
k
Q̃[τ (i); u]n

∏
j �=i

P[τ (j)]n =
pk
m
Q̃[τ (i); u]n

∏
j �=i

P[τ (j)]n.

'aU��T'N

Q̃[τ ; u]n =
1

mn
P[τ ]n.

b�'N (2.1), �

Q[τ ]n = Q̃[τ ]n =
Zn
mn

P[τ ]n =WnP[τ ]n.

��
!���� Q �, Galton-Watson ���� {Zn} �	��
. X
��	-c��	�
�TDL Kesten-Stigum �#, *��
��		 Y#:

m, 2.1 " X,X1, X2, · · · �70"���$%����, &

lim sup
n→∞

1

n
Xn =

{
0, "E[X ] <∞;

∞, "E[X ] = ∞.
(2.2)

+, 2.2 EnL �# σ % G := σ(Z
(i)
i : i ≥ 1), ��	��S>��5 �Z[. &

Q̃
[
Wn

∣∣G] = 1

mn
+

n∑
i=1

Z
(i)
i

mi
.

H_Y# 2.1 ),

∞∑
i=1

Z
(i)
i

mi
<∞ A�VA Q̃

[
ln+ Z

(i)
i

]
<∞, �(.3�P[L ln+ L] <∞.

\	�Æ, {Wn} 
�� Q̃ ��	 $%�!, `a��+,++--, .*--* W . 'H�

�!� Fatou Y#': A�VA P[L ln+ L] <∞ �,

Q̃
[
W
∣∣G] ≤ ∞∑

i=1

Z
(i)
i

mi
<∞.

`�, A�VA P[L ln+ L] < ∞ �, W < ∞, Q-a.s. W'�# 1.1 !)�.3� ∫ WdP = 1, �

P[W ] = 1.
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	��T�!��
�����!V
����", A Galton-Watson �����GH�
(�GH�, *��8
�-��W9J. Geiger[21−22], Roelly-Coppoletta � Rouault[48] DL
�
$9JH���GH��GH� GW ��������������	 !��, *H�

��E�	�/V, 2���� �3I+�&K���% �d���. GW ����
XA
�b�E�eY�3--, &!�'N@9:5�����, Lambert[36] I+�@9:5���
��	�/V. "��34"�S>f��"�9�, ��"9��S>f��"����M,

&!��=89������45S>34�\�. 	��T�V!���N189����
��K, �!���N�-=89� Kesten-Stigum �#�DL. Lyons, Pemantle � Peres[42]

�cN�gd
�cN, 8�������(��:<7���]=��?�h0
� cNI
@8�. �Æ��		��T
=89�����Æ�	 ��, ��W�		��
�+K


��Æ���/2.

2.3 OPo1j23EFkGH
X
QZ=89����, 34"�S>!�* d 9�"�9�, �9� * {1, 2, · · · , d}.

'� Galton-Watson > τ ∈ T �[Q\�� 5�i^/V, *�UKA S>�9�/R, �


j�A S> u ∈ τ f�	 �� Xu. �
� (τ,X) ��	UZ��#.�>, � T ���
�Z��#.�>�R5. j�> τ ��S>!�* d 9�"�9�, �#

Zj,n(τ) := τ "
�* n ���* j �S>� �, j = 1, 2, · · · , d,

�

Zn(τ) = (Z1,n(τ), Z2,n(τ), · · · , Zd,n(τ)) .

� σ- % Fn ���4 n 8F (PX n �4) Z�#.�>�Z[, F∞ =
∨
n≥0 Fn. 
��>

�� (T ,F∞) �!�h0	 �� P, %' Zn �	 d 89� Galton-Watson ����. "

L(i,j) �	 i �S>62 j ��5� �, i, j = 1, 2, · · · , d. �� k = (k1, k2, · · · , kd), "

p
(i)
k = P(Li,j = kj , j = 1, 2, · · · , d).

� mij = P
[
L(i,j)

]
��-�, �F7DS M = (mij) ��!_�, !�3/RH ρ > 1. ��

d 89�����(*�!_��GH����. " qi ��	 i � 562� d 89���
��9J��, & qi < 1, i = 1, 2, · · · , d. " v ����� ρ ��!DS M �B/R`�, �∑d

i=1 vi = 1, u ����� ρ �DS M �I/R`�. ' Perrons-Frobenius �#' ρ ���

/R`���� 1 a�, � vi, ui > 0, i = 1, 2, · · · , d. Kesten-Stigum �#QG�
:

+, 2.3 &
	 	a���� W , %'�Æ+,++--&
:

lim
n→∞

Zn
ρn

=Wv,

� P(W > 0) > 0 A�VA

P

[
d∑

i,j=1

L(i,j) ln+ L(i,j)

]
<∞.
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��.� d 89�����!-- W 06
�	��T"�!���-��#�: �,�

���> τ , �#����

Wn(τ) = ρ−n
Zn(τ) · u
Z0(τ) · u

.

&�� {Wn} �	 $%!. �����!��*
dQ
∣∣
Fn

=WndP
∣∣
Fn
.


1���, d 89�����	��
/V: �> τ �H�9�* l0, l0 ∈ {1, 2, · · · , d}. 1b
���, *S>]c, OJ�M��

p̂
(l0)
k :=

p
(l0)
k k · u
ρul0

62 k  �5, !1,� i �S>62 0  �5��� p̂
(i)
0 = 0, i = 1, 2, · · · , d. 2���5"

��� ui

k·u Rd	 9� i �S>N*	�"�� 1 5�S>, i = 1, 2, · · · , d. SMR"�S>
8WJ P �]N��70O62	 d 89���>, �MR"��S>9�* l1, &*S>
8��� p̂

(l1)· 62�� �5, W2��S>"��OR3	�"�� 2 5S>, O��Æ. �

�, � n 5S>� �*
Zn = eln +

n∑
i=1

Z(i)
n ,

!" eln �� d a1b`�: B�� ln  ���7* 1, !V���7?� 0, 1 ≤ ln ≤ d; Z
[i]
n �

�	��� (i − 1) 5�S>62��5^^� i 5�	�"S>��S>WJ P 62� d 8

9�����
� n 5 (B� (n− i) 5\��) S>� �, n ≥ i.

+, 2.3 EnL �_�189��K, " G = σ(li,Z
(i)
i , i = 1, 2, · · · ), &

Q̃(Wn

∣∣G) = uln
ρn

+

n∑
i=1

Z
(i)
i · u
ρi

.

!" Z
(i)
i + eli , i = 0, 1, 2, · · · (`70	���e2�M�5�� (p̂(li−1)). e*S>�9��

�-�, #��A �������189�+#`Tb��P, 2�!�'N*�#/+.

�f��	�W$!�-J [7],�V, Georgii� Baake[23] ���=89�����	�/
V�P�A  5�?���ka��. Olofsson[44] �g	��T��N�;*	!���-
L logL D������
�����.

-2��34"�A S>�Vb���, �
��WJ	��]Nb���f�, h�j

�A S>�bc�d�7����, &
,���4 t, �
!�QZ34"S>
����
���. 45����34\��	��N�����@9����� Markov ��. f5��

�45�
� 3 �UK.

3 .i Markov /0
3.1 1j Markov 23+pTUFkGH

�41
QZ��� Markov �������g����l4��. 
 1968 K� 1969 K,

Ikeda, Nagasawa � Watanabe[31] 
V
��e�."34O�	�	!��� Markov ��.
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� E �	 mfn�!�����, " EΔ := E ∪ {Δ} �� E �1�n6, BE � BEΔ ���

� E � EΔ �� Borel σ- %. � E ��,�E� f , �# f(Δ) = 0, �ÆhN�E� f ?�


�9�#�lVN EΔ ��. E ���-���� !���* μ =
∑n

i=1 δxi ��� μ, !"
xi ∈ E, n = 0, 1, 2, · · · (A n = 0 �, μ := 0), .#��-���@,� Æ* Mp(E), &
fg

oih�, Mp(E) �	 mfn�!�����.

(E,BE) ���� Markov ���	�37��* Mp(E) �
���, '�Æ� �I�
�Ni@,: (i) (E,BE) �� Markov �� Y = {(Yt,Πx); t ≥ 0, x ∈ E}; (ii) $%!�E�

β : E → [0,∞); (iii) �,�� x ∈ E, ���� {pk(x); k ∈ N}, @A�,�W� k ≥ 0, pk(x) �

� BE !�, �� �! M(x) :=
∑∞
k=0 kpk(x), x ∈ E ��-�.

�� Markov ��9�����"�S>
&K���70Ob�C�������. �

�2 Galton-Watson >K�, �� Markov ��E!��>:/V. �� Markov ��!�'

�#�� Galton-Watson >�45, �#�� GW >� A  5 u ?�#� (Yu, σu, ru) �

GW >, !" σu � 5 u �2&��, ` u �]c��� ζu =
∑

v≤u σv (ζ∅ = σ∅), K2�
�� bu =

∑
v<u σv, (σ∅ = 0); Yu: [bu, ζu) → EΔ � u ���pi, ��,��4 t ∈ [bu, ζu),

Yu(t)�� 5 u#
���bX; ru �S> u
]c�462��5 �. .�#�� Galton-

Watson>* (τ, Y, σ, r) (�$.* (τ,N)),.#��#�� Galton-Watson>@,� Æ* T =

{(τ,N); τ ∈ T}. 
,��-�� t > 0, 
 T ��# σ- 5�

Ft := σ
({

u, ru, σu, (Yu(s), s ∈ [bu, ζu)) : u ∈ τ ∈ T @A ζu ≤ t
}

∪
{
u, (Yu(s), s ∈ [bu, t]) : u ∈ τ ∈ T � t ∈ [bu, ζu)

})
;

� σ- 5� F∞ =
∨
t≥0 Ft. Ft ��4 t 8F>�!�#.�#�Z[. .
�4 t > τ "&K

�S>@,� Æ* Lt(τ) = {u ∈ τ ; bu ≤ t < ζu}, 
�#�� GW >�� (T ,F∞) �&
�

��� P
x @A Y∅(0) ≡ x, �
�� P

x �,

(i) 
j) u 
�4 t &K���4 t F�pq Yu(s), s ∈ [0, t] �H��, S> u 
��

[t, t+ dt) ]c���� β(Yu(t))dt + o(dt), ��( β *����E�.

(ii) 
U� Yu−1(ζu−1−) � bu �H��, {Yu(t); t ∈ [bu, ζu)} �	 
�4 bu K2, 2�

Yu−1(ζu−1−) K��W��� ΠYu−1(ζu−1−) ��� Markov ��. "�2&�S>
 E "��
70. Y (*G��.

(iii) "S> u 
 x �]c, S> u 62��5� ru e2��: P
x(ru = k) = pk(Yu(ζu−)),

k ∈ {0, 1, · · · }. 12�S>
� Yu(ζu) WJjI�]N70O��.


�� P
x �, r���

Xt =
∑
u∈Lt

δYu(t)

9�	 47* δx ��� {Ft; t ≥ 0} ����� Markov ��. ;	!O, �,�� μ =∑n
i=1 δxi ∈ Mp(E) \ {0}, �
!�VQ2 μ K����
���: � n  40bX���

x1, x2, · · · , xn �S>*?�, W�Æ��M70O\�. � X i
t ��40�
� xi �S>*?

�62���
���, & Xt =
∑n
i=1X

i
t 9�	 40� X0 = μ �37� Mp(E) �
��

�, � P
μ ��������, G� P

δx = P
x.

"G�� Y �	 Hunt ��, &( X *�� Hunt ��. /�O, "G�� Y �	 �

�g�, &( X *	 ����g�; " Y �	 l4��, &( X *	 ��l4��; "
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Y �	 ����, &( X *	 ������.

" {Pt; t ≥ 0} �� Y �-fkj, �

Pth(x) = Πx[h(Yt)], h ∈ B+(E).

� A � {Pt, t ≥ 0} �MHk2,l, �#�5���7E�* ψ(x, λ) =
∑∞

k=0 pk(x)λ
k , λ ∈

[0, 1], & X �-fkj� Laplace lE*: � E �,��$%!�E� f ,

u(t, x) := P
x [exp{−〈f,Xt〉}] (3.1)

��Æ������k$%
: ⎧⎨⎩
∂u

∂t
= Au+ β(x)(ψ(u) − u);

u(0, x) = e−f(x).
(3.2)

!1�� Markov �����'� ei)	s�, �'G�� Y , ��� β ����M ψ s

�. .@A�ÆH���� Markov ��* (Y, β, ψ)- �� Markov ��.

"G�� E �d��� R, G�������, MHk2,l A = 1
2
∂2

∂x2 , j��5���

O[���bX, & (3.1) "�����!�m*
∂u

∂t
=

1

2

∂2u

∂x2
+ β (ψ(u)− u) , (3.3)

!" u : R× R
+ → [0, 1]. *���(* Fisher-Kolmogorov-Petrovskii-Piskounov��, $(*

FKPP ��.

� E �&
	 �R�m�; Radon �� m, � {Pt; t ≥ 0} � L2(E,m) ��	Yk@9
kj, {P̂t; t ≥ 0} � {Pt; t ≥ 0} 
 L2(E,m) ���lkj, &∫

E

h(x)Ptg(x)m(dx) =

∫
E

g(x)P̂th(x)m(dx), h, g ∈ L2(E,m).

. A � Â ��* {Pt; t ≥ 0} � {P̂t; t ≥ 0} 
�� L2(E,m) "�MHk2,l. ���
j
B�#E� M(x) =

∑
k kpk(x), x ∈ E, �������5����!E�, j� M � E ��

	 �H!�E�. �# Feynman-Kac kj {P (M−1)β
t ; t ≥ 0}:

P
(M−1)β
t h(x) := Πx

[
h(Yt) exp

(∫ t

0

((M − 1)β)(Yr)dr

)]
, h ∈ B+(E). (3.4)

&�,��47 X0 = μ ∈ MF (E) �$%!�E� f , �Æ�!nO,0:

P
μ〈f,Xt〉 = 〈P (M−1)β

t f, μ〉. (3.5)

"�, �
!�'N {P (M−1)β
t ; t ≥ 0} � {P̂ (M−1)β

t ; t ≥ 0} 
 L2(E,m) ��"�MHk2,l
��* A+ (M − 1)β � Â+ (M − 1)β. . λ1 * A+ (M − 1)β � Â+ (M − 1)β 8"�Z/
R7, φ � φ̃ ���B
�(�� λ1 �/RE�. &!R3 φ � φ̃, %' φ, φ̃ ≥ 0, m-a.s., �

φ(x) = e−λ1tP
(M−1)β
t φ(x), φ̃(x) = e−λ1tP̂

(M−1)β
t φ̃, x ∈ E. (3.6)
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�V, ���kj�@A�Æ�j�:

[\ 1 (1) 
 E × E �, &
 Y �	Yno;�@9-fm�E� {p(t, · , · ); t > 0}, �
�,�� (t, x) ∈ (0,∞)× E,

Ptf(x) =

∫
E

p(t, x, y)f(y)m(dy), P̂tf(x) =

∫
E

p(t, y, x)f(y)m(dy).

(2) kj {P (M−1)β
t ; t ≥ 0} � {P̂ (M−1)β

t ; t ≥ 0} � U- 
on� (ultracontractive), ��,

�� t > 0, &
 ct > 0 %'

p(t, x, y) ≤ ct, (x, y) ∈ E × E.

(3) kj {P (M−1)β
t ; t ≥ 0} � {P̂ (M−1)β

t ; t ≥ 0} @AW U- 
on
� (intrinsic ultracon-

tractive property), ��,�� t > 0, &
 ct > 0 %'

p(M−1)β(t, x, y) ≤ ctφ(x)φ̃(y), (x, y) ∈ E × E. (3.7)


��H��!�DL φ, φ̃ 
 E ��no;�, �
R3 φ, φ̃ %'
∫
E φ(x)φ̃(x)m(dx) = 1. b

	pj�40�� μ @A 〈φ, μ〉 > 0, �#��

Mt(φ) := e−λ1t
〈φ,Xt〉
〈φ, μ〉 , t ≥ 0. (3.8)

& {Mt(φ); t ≥ 0}�	 �� {Ft, t ≥ 0}� P
μ- $%!, 2��+,++--, .* M∞(φ). "

*!T�06* 0, &*�� Markov��� ���
��. 
� �#�, �aN�.0*-

-�/06.

Harris � Robert[29] ��#�� Galton-Watson >@,���*�� Markov�� X ��

���, 34O�	�A�5��@A p0(x) = 0, x ∈ E �, X �	�/V. �,�� τ ∈ T, R

d	 i3 ξ = {ξ0 = ∅, ξ1, ξ2, · · · }, !" ξn+1 ∈ τ � ξn ∈ τ �	 �5, n = 0, 1, · · · . (�6
�	 i3*> τ �	 	�, .�#��	�* (N, ξ). � u � τ "�	 S>, "&
	 

i ≥ 0, %' u = ξi, &. u ∈ ξ. .#�Z	���#� Galton-Watson >@,� Æ*

T̃ = {(τ, Y, σ, r, ξ); ξ ⊂ τ ∈ T}.

" Ỹ = {Ỹt; t ≥ 0} ��� 	����pi, op Ỹt ��	�
�4 t ���bX. .	�

�4 t8F���Y�* nt, �� u ∈ Lt∩ξ �, Ỹt = Yu(t), nt = |u|. `
 P

x ��� {Ỹt; t ≥ 0}
�	 ��* Πx � Markov ��. " nodet((τ,N, ξ)) � nodet(ξ) ��	�"
�4 t &K�

S>�/�, &

nodet(ξ) := nodet((τ,N, ξ)) := u, " u ∈ ξ ∩ Lt,

G� nodet(ξ) = ξnt .

" F̃t �Z	���#� GW >
�4 t 8F�#�Z[@,� σ %, F̃∞ =
∨
t≥0 F̃t. &


 (T̃ , F̃∞) �!��#	 ���� P̂
x %'S>�bc	��	62�5����
 P

x ��

�M	], �FÆ� (i), (ii) � (iii) qr��; "�@A	��S>�2	��S>��5".
!\R3, �" v ∈ ξ �
]c�4 ζv 62 rv  �5, 	�" v ��	 S>
���5"F
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.OR3. " Ov �� v �SMR"��5@,� Æ, " vj ∈ Ov, & (τ,N)vj ��� vj *H

��#�� GW >. � P̂
x ��6VQ��	��#� GW >���, oppC	�, P̂x !�

-��#: 
 F̃∞ �,

dP̂x(τ,N, ξ)
∣∣
F̃t

= dΠx
(
Ỹ
)
dLβ(Ỹ )(n)

∏
v<ξnt

prv
(
Ỹζv
) ∏
v<ξnt

1

rv

∏
{j:vj∈Ov}

dP
Ỹζv

t−ζv
(
(τ,N)vj

)
, (3.9)

!" Lβ(Ỹ )(n) �pCpi Ỹ �k���* β(Ỹt)dt � Poisson ��� n = {nt; t ≥ 0} ���,

Πx �2 x ∈ E K�� Ỹ ���, prv(y) =
∑

k≥1 pk(y)I{rv=k} �j)S> v ∈ ξ 
� y ∈ E �

2���62 rv  �5���, Pxt ��2 x �K���#� GW >
�4 t 8F�����.

FÆ�VQ��!1�� P
x ��� P̂

x 
 (T ,F∞) ��qr.

q "s] p0(x) > 0, &FÆ�tPq�,0, Q��!\	�
�-��]c. �
�Æ

�N�dt� p0(x) ≡ 0 ��K.

3.2 ^_`1j Hunt 23EL logLab
� X = {Xt; t ≥ 0} ����� (E,BE ,m) ��	 (Y, β, ψ)- �� Markov ��. ��{

Mt(φ) :=
〈φ,Xt〉
〈φ, μ〉 e−λ1t; t ≥ 0

}
� (3.8)�#�!,&*!+,++goN� --M∞(φ). " ln+ t = ln t∨0, t > 0. Asmussen

� Hering[5] ���l4��cN�	 L logL .�d&: � D ⊂ R
d �	 �H C3- �%, A

�� Markov ���G�� Y � D ��	 ;&l4���, Mt(φ) �-- M∞(φ) $06�

RNH�� ∫
D

m(dy)φ̃(y)β(y)
∑
n

pn(y)(nφ(y)) ln
+(nφ(y)) <∞. (3.10)

[5]"�DLZN���P��T, 	��TE!���DL� L logLd&. �Æ�
��	

�9DL�T.

j� X �	 �� Hunt ��, λ1 > 0, �*����GH�, !G�� Y @A� 3.1 �

"�j� 1. ���
R3�/RE� φ, φ̃ @A ∫E φ(x)φ̃(x)m(dx) = 1, &�� X ���!
{Mt(φ)} �Æ�/+,0.

+, 3.1 � {Xt; t ≥ 0} �	 (Y, β, ψ)- �� Hunt ��, ��@Aj� 1. �#

l(x) =
∞∑
k=1

kφ(x) ln+(kφ(x)) pk(x), x ∈ E. (3.11)

&�,�� μ ∈ Mp(E)\{0}, M∞(φ) � L1(Pμ) --�RNH��∫
E

β(x)l(x)φ̃(x)m(dx) <∞. (3.12)

H_��
�, �
Qu� μ = δx ��KUKDL. *�#�DL�I��� P
x �!��

dQx|Ft =Mt(φ)dP
x|Ft
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��� Hunt ���	��
. *�s��	
 Qx ��� Hunt ���	�/V, �Yr	�

�s�	�/+. �#��

η̃
(3)
t (φ) := φ(Ỹt) exp

(
−
∫ t

0

(λ1 − (M − 1)β)(Ỹs)ds

)
� σ % Gt := σ(Ỹs : 0 ≤ s ≤ t), & η̃

(3)
t (φ) �	 �� {Gt; t ≥ 0} � Πx- $%!. �#

G =
∨
t≥0 Gt ��� Πx �!��:

dΠφx
dΠx

∣∣∣∣
Gt

= φ(x)−1η̃
(3)
t (φ).

&
1�� Πφx �, �� Ỹ �	 tk�
���, � φ(x)φ̃(x) �!-fkj�)	����
m�E�. j�-fkj P

(M−1)β
t �m�E�* p(M−1)β(t, x, y), t > 0,��,�� h ∈ B+(E),

P
(M−1)β
t h(x) =

∫
E

p(M−1)β(t, x, y)h(y)m(dy).

& (Y,Πφx) �-fm�E�Y pφ(t, x, y), !�]O*

pφ(t, x, y) =
e−λ1t

φ(x)
p(M−1)β(t, x, y)φ(y).


W U- 
on
H� (3.7) �, !�DL&
;�� c � ν, %'∣∣∣∣∣e−λ1tp(M−1)β(t, x, y)

φ(x)φ̃(y)
− 1

∣∣∣∣∣ ≤ c e−νt, x ∈ E, t > 1.

�/L-fm�E� {pφ(t, x, y); t > 0, x, y ∈ E} �	]goN����m�E� φ(x)φ̃(x) �.

m, 3.1 �U�pi Ỹ , n = {nt; t ≥ 0} �	 t�k�* β(Ỹt) � Poisson ��, ζi, i =

1, 2, · · · , � n �2� i Yv��4, &

η
(1)
t :=

∏
i≤nt

M(Ỹζi) · exp
(
−
∫ t

0

((M − 1)β)(Ỹs)ds

)

�	 Lβ(Ỹ )- !.

" Lt = σ(ns : s ≤ t), L =
∨
t≥0 Lt. 
U�pi Ỹ �H��, �# L ��!������

L(Mβ)(Ỹ ),

dL(Mβ)(Ỹ )

dLβ(Ỹ )

∣∣∣∣∣
Lt

=
∏
i≤nt

M(Ỹζi) · exp
(
−
∫ t

0

((M − 1)β)(Ỹs)ds

)
.

$wux
 L(Mβ)(Ỹ ) �, n �,	 k�E�* Mβ � Poisson ��.

�#�M�5�� p̂k:

p̂k(y) =
kpk(y)

M(y)
, k ≥ 0, y ∈ E.


 (T̃ , F̃∞) �!��#	 ���� Q̃x %'

(i) 	����pi {Ỹt; t ≥ 0} WJ Πφx ���;
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(ii) 
U� Ỹt �H��, 	�����4V,�������	 t�k�* (Mβ)(Ỹt) �

���;

(iii) AS> v ∈ ξ 
 ζv �4]c�, B
� Ỹζv 62 rv  �5, rv e2�� p̂(Ỹζv );

(iv) 2 v � rv  �5".!\OR3	 S>N*	�"��	5S> ('� p̂0 = 0, ξi

K!MRK);

(v) v ��5"SMR"� rv − 1  S> vj ∈ Ov WJ P
Ỹζv 70O2,>> (τ,M)vj .

oppC	�, Q̃x !���,:

dQ̃x (τ,N, ξ)
∣∣∣
F̃t

= dΠφx
(
Ỹ
)
dLMβ(Ỹ )(n)

∏
v<ξnt

p̂rv
(
Ỹζv
) ∏
v<ξnt

1

rv

∏
{j:vj∈Ov}

dP
Ỹζv

t−ζv
(
(τ,N)vj

)
.

(3.13)

�#�� Q̃x 
 (T ,F , (Ft)t≥0) ��qr�� Qx := Q̃x|F . [24] "��# 6.4 /L��� Qx

9� (3.8) "�#� P
x ��� Mt(φ) �!��, E9�/,

dQx

dPx

∣∣∣∣
Ft

=Mt(φ).

+, 3.2 (	��
) �#��	�#�Z[� σ %:

G̃ = σ
(
Ỹ , nodet(ξ), ζu, u < nodet(ξ), ru, u < nodet(ξ), 0 ≤ t <∞

)
.

&
�� Q̃x �, Mt(φ), t > 0, ��Æ�	��
:

Q̃x
[
φ(x)Mt(φ)

∣∣G̃] = φ(Ỹt)e
−λ1t +

∑
u<ξnt

(ru − 1)φ(Ỹζu)e
−λ1ζu . (3.14)

.�!-- M∞(φ) $06�\	 I@��Æ��_�Y# 2.1 �--/2.

m, 3.2 $. ζi := ζξi , ri := rξi .

(i) "
∫
E
β(y)l(y)φ̃(y)m(dy) <∞, &

∞∑
i=0

e−λ1ζiriφ(Ỹζi ) <∞, Q̃x -a.s. (3.15)

(ii) "
∫
E
β(y)l(y)φ̃(y)m(dy) = ∞, &

lim sup
i→∞

e−λ1ζiriφ(Ỹζi) = ∞, Q̃x -a.s. (3.16)


�Æv /+�I@�, ������I+�_, ��
���!���-- M∞(φ) �

�-
�I+
�����$06
�.

+, 3.3 � {Xt; t ≥ 0} �	 (Y, β, ψ)- �� Hunt ��, @Aj� 1, &�,�� μ ∈
Mp(E)\{0}, M∞(φ) � L1(Pμ) --�RNH��∫

E

β(x)l(x)φ̃(x)m(dx) <∞. (3.17)
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���� Markov ���	��
�I+�GH�K��
������F!�-Q [16–

17].

4 efg
4.1 hijE+p

���	
����. 
������
�. [9] � [54] "MVQK�, ��
	3W�

�F"2�"�w�M45, - Aldous [3–4], Dawson [10], Duquesne � Le Gall [11], Dynkin

[13–14], Le Gall [37], Li [39] � Perkins [46]. "MF (E) �� E ��#��-��� Æ, "G

�� E �	 Polish ��, &
���fgoih�, MF (E) E�	 Polish��. �	�


�����37��* MF (R
d) ���7
���. �
2N*�������--�w��

45�uP��
����.

U� R
d ��	 ������ Xε = {Xε

t ; t ≥ 0}. � ε > 0, A S>���* ε, ���
* β

ε , &
,��4 t ≥ 0, 34"S>�����* X̂ε
t := εXε

t . �U�� μ ∈ MF (R
d), &


X̂ε
0 , %'A ε J� 0 �, X̂ε

0 fgoN μ. " Xε ����M@A	��H�, &��7�� X̂ε

���fgoN	 47* μ � MF (R
d) 7� Markov ��, �
���#�*��)	. .

*--��* X = {Xt; t ≥ 0}, & X �	 
���, !-f��� Laplace lE!�'	 

$y
Mz���)	v�: �,�� f ∈ Cb(R
d),

Pμ(exp{−〈f,Xt〉}) = exp{−〈ut(f), μ〉}, (4.1)

!" 〈f,Xt〉 ��x�
∫
f(x)Xt(dx), ut(f) ��Æ$y
���)	
⎧⎨⎩

∂ut(f)

∂t
=

1

2
�ut(f)− ψ(ut(f));

u0(f) = f.
(4.2)

!�DL�Æ$y
z���"�$y
E� ψ 	�f��ÆKO:

ψ(x, λ) = α(x)λ + β(x)λ2 +

∫ ∞

0

(e−λr − 1 + λr)n(x, dr), (4.3)

!" α, β � R
d ��!�E�, β �$%�, n �2 R

d N (0,∞) �	 !�y. �
( ψ *


��������M. 
 [14] ", Dynkin DL�A α, β �H� supx∈Rd

∫∞
0 r ∧ r2n(x, dr) < ∞

�, � ψ *���M�
��&
. dt� Dynkin[14] �QZ����MO[����
���
�. ��V�	�w�
����, `K�j����M�O[���-�.

E� ut � X ��9�3��l�3. ��� Laplace lExu': �,�� f ∈ Bb(Rd),

Pμ[〈f,Xt〉] =
〈
Π·
(
f(Yt)e

− ∫
t
0
α(Ys)ds

)
, μ
〉
, (4.4)

!" Y = (Yt,Πx) *2 x K������, *nO(*
����!nO.

G�� R
d !�ÆvN	!�	 Polish�� E,G�� Y !�R* E �,��	 Hunt

��, ����� X 4(*
��� (Y, ψ)- 
��. " Y �	 l4��, &(*��*
l

4. � Y ��% D ⊂ R
d ��	 l4��, !MHk2,l L '�ÆU�:

L =
1

2
∇ · a∇+ b · ∇,
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!" aij , bi ∈ C1,η(D), i, j = 1, 2, · · · , d, η ∈ (0, 1], ���,�� x ∈ D, DS a(x) = (aij(x))

�	 �(;�DS. & (Y, ψ)- 
l4 (Xt,Pμ) � MF (D) ��	 ��7
���, μ ∈
MF (D). X �-f��� Laplace lE*: �,�� f ∈ Bb(D),

Pμ (exp{−〈f,Xt〉}) = exp (−〈ut(f), μ〉) , (4.5)

!" ut(f) ��Æ$y
���)	
:⎧⎨⎩
∂ut(f)

∂t
= Lut(f)− ψ(ut(f));

u0(f) = f.
(4.6)

�
KO��
�����$R	6�, b��
E!�'N�!nO (4.4). ��{���l
4��!nO (3.5) KO��("�, #���
l4�
E!�'N	 $%!.

Mt(φ) := e−λ1t
〈φ,Xt〉
〈φ, μ〉 , t ≥ 0. (4.7)

!" λ1 * L+ α �Z/R7, φ �(��;�/RE�.

�
���45^���Æ��OV,��2��x��Æ45�,!-1 [46];�(2>:
/V�45�, !-1 [3–4, 11, 37], 2�
w|�>:/V�E!�45
���	�/V. �

(!�2 Palm ��#+�45�9/V, !-1 [10, 46]. 
QZ
����"���, �"�

���T��DN�"�N�.

2
l4� LaplacelE!�'N, 
l4�MF (R
d) ����	 MH!����. �,

�� x ∈ R
d, $. Pδx* Px. " Nx �� ψ- 
���� (Xt, t ≥ 0;Px) � Dynkin-Kuznetsov

N- �� (!-1 [15]), &�,�� f ∈ C+
b (R

d) � t > 0,

Nx

(
1− e−〈f,Xt〉) = − lnPx

(
e−〈f,Xt〉), (4.8)

�d�, (4.8) � X �pi��� Lévy-Khinchine nO, � Nx x\C Lévy ���wy.

4.2 ^_`hijEL logLab
Liu, Ren � Song[40−41] I+��GH
����
����, ��	��TI+��GH


�����! {Mt(φ)} --�06��, 'N�
 L logL D�-�H��, !--�	 L1

--. ��
��
! Mt(φ) �����	�/V��� Markov���	�/V(_, 
��

�W�	. �
8
�	�I+
���	�/V, h������K
, �
V�	45
�
���
���/+. �#

l(y) :=

∫ ∞

1

rφ(y) log(rφ(y))n(y, dr). (4.9)

+, 4.1 � X = {Xt, t ≥ 0;Pμ} �	 47� μ ∈ MF (D) � (Y, ψ(λ))- 
l4, !G

�� Y �@Aj� 1 �l4��, � λ1 > 0. & M∞(φ) � L1(Pμ) --�RNH��x�∫
D φ̃(y)l(y)dy �-.

+, 4.2 � D � R
d ��	 �Hg , {Xt, t ≥ 0;Pμ} � D ��	 
l4��, @A

j� 1, � λ1 > 0, &&
	 Ω �> Ω0 @A: �,�� μ ∈ MF (D), Pμ(Ω0) = 1, h�" f
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� D ��,��H Borel !�E�, !�@9�@,� Æ* Lebesgue 7� , �&
 c > 0

%' f ≤ cφ, &�Æ/+,0: �,�� ω ∈ Ω0,

lim
t→∞ e−λ1t〈f,Xt〉(ω) =M∞(φ)(ω)

∫
D

φ̃(y)f(y)dy. (4.10)

#�
�GH�K, A
∫
D
φ̃(y)l(y)dy < ∞ �
l4�9J�, 
l48+,++O� �

�� eλ1t �
. 
GH��GH�, 
�9JH���
����������!��, �!�
�"�N�!E� Mt(φ), 
 [18–20, 33, 38, 45, 49] "?�(�W$�I+.

5 kr.lstmlnouv%wx
5.1 1jpqyrE FKPP s3Eztu

2�	f��I+!), 	��T�	 y}�
1����1VQ����, 2����

= pi�
����-6,	 pi
����. �9�T��KX
 [8] ", *�����
���I+����!���	��
: ��� {Xt} � R ��	 ������, ���*	
 �� β > 0, 8F�5 ��	 �� m > 1. �,�� λ ∈ R, �#��

Wt(λ) :=
∑
u∈Lt

e−β(m−1)te−λYu(t)−λ2t
2 =

∑
u∈Lt

e−λ(Yu(t)+cλt),

!" cλ(t) =
λ
2 +

β(m−1)
λ . & {Wt(λ)}�	 $%�!,`+,++--W∞(λ) = limt→∞Wt(λ)

&
. ����!!��#���!��: �,�� t > 0, �# Ft = σ(Xs; s ≤ t),

dQx

dPx

∣∣∣∣
Ft

=
Wt(λ)

W0(λ)
.

Chauvin� Rouault[8] I+�X��������
1����	��
/V,��z��9/
VI+��������I[S>�3My��� Yaglom ����#. �
�
V�	
!
{Wt(λ)} ����������	�/V�*!
 FKPP �����
��
.�"���.

ky
Mz������
	Æ��?zN1
���, z(!-1 [53] �!"�-Q�
F. [25 –28, 34] .	��.hK� FKPP ����
���
T. 
1�� Qx �, {Xt} �	
��
/V*:

(i) 	�2�����40bXK�, WJ{f3�* −λ �����b�l4��;

(ii) 	�70�B���, �-�* mβ � ����{62�5;

(iii) 	���5 �e2���*�M�� {p̂k};
(iv) 	��A S>��	5�Rd, ��("���2B��5"��R3;

(v) SMR"�S>82K2�O�, �* y, K�, ��� P
y 70O2,������.

���_� GW �����!--06�/�.��T, !�'N�Æ�� W∞(λ) �/+. $

. P
0 = P,

+, 5.1 " λ =
√
2β(m− 1), &-- W∞(λ) @A�Æ�
�:

(i) " |λ| ≥ λ, & W∞(λ) = 0, P-a.s.

(ii) " |λ| < λ, & W∞(λ) � L1(P) --A�VA
∑∞

k=2 k ln k pk < ∞, /& W∞(λ) = 0,

P-a.s.
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A W∞(λ) $06�, *--�	 lE�(� FKPP �����
. �������
FKPP ��*

∂u

∂t
=

1

2

∂2u

∂x2
+ β(f(u)− u), (5.1)

!" f(u) =
∑∞
k=0 pku

k, u : R × R
+ → [0, 1]. 	 ��
� 	 XY@9!z�1|}�E

� Φc : R → [0, 1], @A Φc(−∞) = 0 = 1− Φc(∞), �� u(x, t) = Φc(x− ct) ��� (5.1) �
,

c ∈ R (*����. & FKPP �����
���
�*:

(1) v_`w{ A |c| < c :=
√
2β(m− 1) = λ �, ��
�&
;

(2) ^_`w{ A |c| > c �
∑∞

k=2 k ln k pk < ∞ �, �,�U���� c, �)	���




Φcλ(x) = P
(
exp{−e−λxW∞(λ)}

)
,

!" |λ| ∈ [0, λ) %' c = cλ. ��*)	���
��Æd���: A x J�;MH�,

1− Φcλ(x) ∼ const · e−λx, λ > 0.

��GH�K, � |c| = c ���, �ÆYru�!. "g Wt(λ) {,� λ �E�, � λ x

u, &!�'N\	 !

∂Wt(λ) = − ∂

∂λ
Wt(λ) =

∑
u∈Lt

(Yu(t) + λt) e−λ(Yu(t)+cλt),

�
(� !*u�!, � u�!��$%�. �ÆQZ	 ��(��$%!, *��#�

�H

Γ(−x,λ) :=
{
(y, t) ∈ R× R

+ : y + λt = −x
}
.

�,���4 t > 0, �#	 Lt �> L̃t, �  Æ'#�
�4 t &K�T�?��pq

�4 t 8F|� Γ(−x,λ) �S>@,. b��#��

V xt (λ) =
∑
u∈L̃t

x+ Yu(t) + λt

x
e−λ(Yu(t)+cλt).

&*�� {V xt (λ)} �	 $%!, `��+,++--, .* V x∞(λ). ����*!!�'N�
� P

x �!������ Qx:
dQx

dPx

∣∣∣∣
Ft

= V xt (λ).


1���, ��������Æ�	��
/V:

(i) 	����pq Y @A: {x+ Yt + λt; t ≥ 0} �	 2 x K�, (0,∞) �� Bessel-3 �

�;

(ii) 	������	 k�* mβ � Poisson ��;

(iii) 
	��2���, �5 ����*�M��

p̂k =
k

m
pk, k ≥ 0;

(iv) 	�"A S>��	52� S>��5"�("�����R3;
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(v) SMR"�S>82K2�O�K�, �~�* y, ��� P
y 70O2,������

b�\�.

�� 	��
/V*I@, Yang� Ren[55] ��FÆ�_�I+�T,'N�� V x∞(λ)�

�Æ/+:

+, 5.2 �� x > 0, {V xt (λ)} �+,++-- V x∞(λ) @A�Æ
�:

(i) " λ > λ, & V x∞(λ) = 0, P-a.s.

(ii) " λ = λ, V x∞(λ) � L1(P) --�RNH��
∑∞
k=2 k(ln k)

2pk <∞;

(iii) " λ ∈ [0, λ), & V x∞(λ) = 0, P-a.s. �RNH��
∑∞

k=2 k ln k pk = ∞; �( V x∞(λ) �

L1(P) --�RNH��
∑∞

k=2 k ln k pk <∞.

Kyprianou[34] DL�A |λ| ≥ λ �, ∂Wt(λ) � V xt (λ) I�(.� �d; 2�
� �d
�I@�, ���! {V xt (λ)} �I+'N��Æ��u�!�--
�.

+, 5.3 �� |λ| ≥ λ, P �+,++-- ∂W (λ) = limt→∞ ∂Wt(λ) &
. ��,

(i) A |λ| > λ �, ∂W (λ) +,++.� 0;

(ii) A |λ| = λ �, P (∂W (λ) = 0) = q �RNH��
∑∞
k=2 k(ln k)

2pk < ∞, !" q *9J

��.

��, ���� (5.1) 
 |c| = c ����
��Æ����:

(3) _`w{ A |c| = c �
∑∞
k=2 k(ln k)

2pk <∞ �, FKPP �� (5.1) �)	�� c *�

����


Φc(x) = P
(
exp{−e−λx∂W (λ)}t

)
,

h�, A x J�MH�, � )	���
��Æd���:

1− Φc(x) ∼ const · xe−λx.

5.2 hpqyrE FKPP s3Eztu
���
��	-c�����TI+
������� FKPP����
���
��

����, �f�W$!-1 [35] ��!"�-Q�F. ��	�+#���������
�
|~�_, 
s*���cfq��!�--.

� X = (Xt, t ≥ 0;Pμ), μ ∈ MF (R), �	 
����, B����M ψ ��Æ�KO: �

,�� λ ≥ 0,

ψ(λ) = αλ + βλ2 +

∫ ∞

0

(e−λr − 1 + λr)n(dr), (5.2)

!" α, β ���, � α < 0, β ≥ 0, n � (0,∞) �	 σ- �-��, �
∫∞
0

(r ∧ r2)n(dr) < ∞.

j� ψ(∞) = ∞, (@A��H���� X * ψ- 
����. '� ψ �no��, ψ(0) = 0,

� α < 0, ` ψ 
 (0,∞) "�)	�H, .* λ∗. `� limt→∞Xt(1) = 0 �;���2, .

E := {limt→∞Xt(1) = 0}, &
Pμ(E) = exp{−λ∗μ(1)}. (5.3)

�
����(�� FKPP ��*

∂

∂t
ut(x) =

1

2

∂2

∂x2
ut(x)− ψ(ut(x)). (5.4)
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.* FKPP�� (5.4) �1|��
* Φc(x− ct), & Φc ∈ C2(R), Φc(−∞) = λ∗, Φc(+∞) = 0,

��
 R ��$%1|}}�. `� Φc @A�z���
1

2
Φ′′
c + cΦ′

c − ψ(Φc) = 0. (5.5)

��: �,� x ∈ R
d, Pδx M$.* Px. � λ ∈ R, �#�� W (λ) = {Wt(λ); t ≥ 0}, &� �

��	 ��x� σ % (Ft) � Px- !, !"
Wt(λ) := e−λcλt〈e−λ·, Xt〉, t ≥ 0. (5.6)

'�*!�	 $%!, #��+,++--, .* W∞(λ). �,�� λ, x ∈ R, �#���!
��

dP−λ
x

dPx

∣∣∣∣
Ft

=
Wt(λ)

W0(λ)
, t ≥ 0.

&
1��� P
−λ
x �, X !�
,v 70f���: �	f�"������
��, �Xf

��	 f}��, � f}���pC	 	�S>�(*�<2S>� Poisson ���. f

5O/, (Xt,P
−λ
x ) �	�/V!�VQ-�:

(i) (Fk) 	��� Y = (Yt,Π
−λ
x ) �	 2 x K��{f3�* −λ ∈ R �����.

(ii) (y|}~z) U�	� Y , n �	 Poisson ���, n p��bX (t, Yt), �k�

2βdt × dNYt 62K��7�� Xn,t := {Xn,t
s ; s ≥ t}, !" Nx � ψ- 
���� (Xt,Px) �

Dynkin-Kuznetsov N- ��.

(iii) ({~z) U�	� Y , m �	 70� n � Poisson ���, m p��bX (t, Yt),

70� n, �k� dt× rn(dr)×dPrδYt
62K40��* r ���7�� Xm,t = {Xm,t

s ; s ≥ t}.
&�,�� t ≥ 0, (Xt,P

−λ
x ) ��Æ��
:

Xt = X ′
t +X

(n)
t +X

(m)
t , (5.7)

!".OI[� ��(`70, {X ′
t; t ≥ 0} "��� (Xt,Px),

X
(n)
t =

∑
s≤t:n

Xn,s
t , X

(m)
t =

∑
s≤t:m

Xm,s
t , t ≥ 0.

!" X(n) � X(m) �407?� 0, � X ′ �407* X ′
0 = δx.


����9	�/V!�2���#�'N, !�DL�� (Xt, t ≥ 0) 
�� P
−λ
x �q

��
���, !-f��� Laplace lE!���,�Æ�KO:

+, 5.4 � λ ∈ R, g ∈ C+
b (R), &

P
−λ
x

[
e−〈g,Xt〉] = Px

[
e−〈g,Xt〉]Π−λ

x

[
exp

{
−
∫ t

0

φ(ug(s, Yt−s))ds
}]

, (5.8)

!" φ(λ) = ψ′(λ) − ψ′(0+) = 2βλ +
∫∞
0 (1 − e−λr)rn(dr), λ ≥ 0, ug �47E�* g � X �

log-Laplace �� (5.4) �
.

2*!E!�'N	 u�!. �,�� λ ∈ R, �� ∂W (λ) = {∂Wt(λ); t ≥ 0} �	 �
� (Ft) � Px- !, !"

∂Wt(λ) := − ∂

∂λ
Wt(λ) = 〈(λt+ ·)e−λ(cλt+·), Xt〉, t ≥ 0. (5.9)
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b����v !�--
�, ��Æ�/+:

+, 5.5 �
∫∞ 1√

ψ(λ)
dλ <∞, &�Æ/+,0.

(i) W∞(λ) �! Wt(λ) � L1(Px) --�RNH�� |λ| < λ ��
∫∞
1 r(ln r)n(dr) <∞. �

�, {W∞(λ) > 0} = E , Px-a.s.
(ii) A |λ| ≥ λ �, ∂W (λ) �	 $%�+,++-- ∂W∞(λ). " |λ| = λ �∫ ∞

1

r(ln r)2n(dr) <∞,

& {∂W∞(λ) > 0} = Ec; /& ∂W∞(λ) = 0, Px-a.s.

*�#��	 /+�DLq���8F
����"DL$%!--06�/#�N�
�T, FÆj�	�
! Wt(λ) ����
�����	�/V, ��_�p|!�DL (i), f

5�I+�W�	, :;DL1 [35]. �X /+�DL��������u�!�--�DL
�_:VQ	 �u�!�--	]�$%! {V −y

t (λ)}, ��	��T'N$%! {V −y
t (λ)}-

-�$06H�, b�'Nu�!--�&

�$06H�. �Æ�
��	DL (ii) �ZN
p|.

� Xc �	 G���{f3�* c�����, ���M� ψ �
��.QZ�% Dt
−y =

{(s, z) ∈ R+ × R; s < t,−z < y}, t, y > 0. . Xc �K Dt−y ���* Xc
Dt

−y
. . bλ = cλ − λ =

−α
λ − λ

2 , λ > 0, � λ =
√
−2α. �#	 $%!

V −y
t (λ) = e−λbλty−1〈(y + ·)e−λ · , Xλ

Dt
−y

〉, t ≥ 0, (5.10)

2�*!�+,++--, .* V −y∞ (λ). $. P = P0 = Pδ0 , �# P ��*!�!�� P
−y:

dP−y

dP

∣∣∣∣
Ft

= V −y
t (λ), t ≥ 0. (5.11)

& (Xt,P
−y) �	�/V-�:

(i) (Fk) 	��� Y = (Yt, Π̂
−y) @A (y + Yt + λt,P−y) �2 y K�� Bessel-3 ��.

(ii) (y|}~z) U�	� Y , n �	 Poisson ���, n p��bX (t, Yt), �k�

2βdt× dNYt 62K��7�� Xn,t := {Xn,t
s ; s ≥ t}.

(iii) ({~z) U�	� Y , m �	 70� n � Poisson ���, m p��bX (t, Yt),

70� n, �k� dt× rn(dr)×dPrδYt
62K40��* r ���7�� Xm,t = {Xm,t

s ; s ≥ t}.
��!��	��T��$%! {V −y} �go
�'N�Æ�/+.

+, 5.6 �� y > 0, &

(i) " λ > λ, & V −y
∞ (λ) = 0, P-a.s.

(ii) " λ = λ, & V −y
t (λ) 
 L1(P) �#�goN V −y∞ (λ) A�VA

∫∞
1 r(ln r)2n(dr) < ∞;

/& V −y
∞ (λ) = 0, P-a.s.

(iii)" λ ∈ (0, λ),& V −y
t (λ)
 L1(P)�#�goN V −y∞ (λ)A�VA

∫∞
1 r(ln r)n(dr) <∞;

/& V −y
∞ (λ) = 0, P-a.s.

2�'�����
�!�'NA |λ| ≥ λ �, V −y
t (λ) � ∂Wt(λ) (y�f�
�� t R

�3�!�~~. ��9'N��# 5.5 �/+ (ii). z��v�!�--!�'N FKPP ��

(5.4) ���
��������
/+.
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+, 5.7 �
∫∞ 1√

ψ(λ)
dλ <∞, &�Æ/+,0:

(i) �
∫∞
1 r(ln r)n(dr) < ∞, � λ ∈ (0, λ). &�� (34) ���
 Φcλ ��Æ�KO (~~

	 !e���):

Φcλ(x) = − lnP
[
e−e−λxW∞(λ)

]
. (5.12)

�A x J�;MH�, Φcλ(x) ∼ const · e−|λ|x.

(ii) �
∫∞
1
r(ln r)2n(dr) <∞, � λ = λ, &�� (34) ���
 Φcλ ��Æ�KO:

Φcλ(x) = − lnP
[
e−e−λx∂W∞(λ)

]
. (5.13)

��, A x J�;MH�, Φcλ(x) ∼ const · xe−λx.
^��Æ189 FKPP ����
�I+V, Ren � Yang[47] I+�=89�����

������@���
�����
�. X
jB��=�.�I+����g�"�_�
(5.6) � (5.9) "!�
�, h����
��
s�"���, - [1–2, 43] ..
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661-687.

[36] Lambert, A., Quasi-stationary distributions and the continuous-state branching process conditioned to be

never extinct, Electron. J. Probab., 2007, 12(14): 420-466.

[37] Le Gall, J.-F., Random trees and applications, Probab. Surv., 2005, 2: 245-311.

[38] Lee, T.Y., Conditional limit distributions of critical branching Brownian motions, Ann. Probab., 1991, 19(1):

289-311.

[39] Li, Z., Measure-Valued Branching Markov Processes, Berlin: Springer-Verlag, 2011.

[40] Liu, R.L., Ren, Y.X. and Song, R., L logL condition for a class of superdiffusions, J. Appl. Probab., 2009,

46(2): 479-496.

[41] Liu, R.L., Ren, Y.X. and Song, R., Strong law of Large numbers for a class of superdiffusions, Acta. Appl.

Math., 2013, 123(1): 73-97.

[42] Lyons, R., Pemantle, R. and Peres, Y., Conceptual proofs of L logL criteria for mean behavior of branching

processes, Ann. Probab., 1995, 23(3): 1125-1138.



2� :;L, <>?: B<MCN@D=AEO=BPBCD 205

[43] Maillard, P., The number of absorbed individuals in branching Brownian motion with a barrier, Ann. Inst.
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Spine Decomposition and Applications of

Branching Processes and Related Models

LIU Rongli1, REN Yanxia2

(1. Department of Mathematics, Nanjing University, Nanjing, Jiangsu, 210093, P. R. China;

2. School of Mathematical Sciences, Peking University, Beijing, 100871, P. R. China)

Abstract: Due to their close connections to both biology and other branches of mathe-
matics, branching processes, branching Markov processes and superprocesses have been receiving
more and more attention. Early studies of these processes are mainly based on analytical meth-
ods. In recent years, many people started to use probabilistic methods to study these processes.
One of these probabilistic methods is the so-called spine method. The spine method mainly uses
martingale transforms of measures and spine decomposition of the processes to reduce the study
of a random number of sample paths of these processes to the study of one sample path. The
spine method greatly simplifies the arguments, and makes the arguments more intuitive. In this
paper, we give a survey of the spine method and its applications to the three types of processes
above.

Keywords: branching process; martingale change; branching Markov process; superpro-
cess; traveling wave solution


