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FROM KILLED BBM WITH DRIFT TO BBM: THE EXTREMAL
PROCESS

YAN-XIA REN, RENMING SONG AND FAN YANG

ABSTRACT. In this paper, we study the asymptotic behavior of the extremal process of
a standard one-dimensional branching Brownian motion (BBM) with drift —p > —v/2
and absorbing barrier at level —x. We prove that the two-dimensional point process,
with first component being the extremal process of the BBM and the second component
being the running minimum of the BBM with drift, converges weakly to a decorated
Poisson point process (DPPP) on R x [0,00). This framework allows us to supply
a common limit coupling of the extremal processes for different barrier levels and to
explicitly derive the limit, as ¢ — oo, of the extremal process of the killed BBM killed
at level —x, demonstrating that the double limit, when t — oo first and then z — oo,
of the extremal process of the BBM Kkilled at level —x coincides with the limit of the
extremal process of (un-killed) BBM.

1. INTRODUCTION

1.1. Background. A classical branching Brownian motion (BBM) in R starts with a
single particle at the origin, which moves as a 1-dimensional standard Brownian motion
({B(t)}t>0, P). After an exponential time with parameter 1, independent of the spatial
motion, it dies and gives birth to a random number L offspring, with P(L = k) = py,
k=0,1,.... Starting from their birth place, each of these particles evolves independently,
according to the same spatial motion and following the same branching mechanism. We
denote by N; the collection of particles alive at time t. For any u € N, and s < ¢, let
X, (s) be the position of u at time s or the position of the ancestor of u at time s. The
process

is called a branching Brownian motion. Define F; := o(X; : s < ). We will use P to
denote the law of this BBM and use E to denote expectation with respect to P.
In this paper, we will always assume that

L>1, EL=2, EL?< .

When p; = 1, X is called a dyadic BBM.
Let M, := max,ecn,{X,(t)} be the maximum of the BBM X at time ¢. The asymptotic
behavior of M; has attracted considerable interest for decades. Bramson [7], 8] proved
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that

(1.1) tlim P(M; <my+z) = tlim u(t,my + z) =w(z), zéeR,
—00 —00

where

3
my = V2t — ——logt,

2v/2
and w solves the ordinary differential equation
1
§w” +V2uw' + f(w) —w =0,

where f(z) =2 pn2". Lalley and Sellke [I8] provided the following representation of
w for dyadic BBM

(1.2) w(z) =E [e—c*e—ﬁzzw} ,
where C, is a positive constant and Z, is the limit of the derivative martingale
(1.3) 7, = Z (\/Et _ Xu(t))eﬂ()(u(t)—\/it)‘

UENt

In the case of general offspring distributions, (1.2]) was proved by Kyprianou [17]. More-
over, it is known that

1 — ()
1.4 lim ————— =1.
(14) B " =

Study on more complete structure of the BBM seen from its tip was independently
initiated by Aidékon, Berestycki, Brunet and Shi [I] and Arguin, Bovier and Kistler [4].
Define the extremal process of BBM X, by

(c:t = Z 6Xu(t)—
u€ Ny

It was shown in [I] and [4] that, as ¢ — oo, & converges in law to a random shifted
decorated Poisson point process (DPPP). A DPPP & is determined by two components:
an intensity measure p, which is a (random) measure on R, and a decoration process.
Conditioned on y, let 3, d,, be a Poisson point process with intensity p, and let {_; 5di}

be a family of independent pomt processes with law D. Then £ = Z O, +di is a DPPP

with intensity p and decoration D, denoted by DPPP(u, D). Aldekon et al. [I] and
Arguin et al. [4] proved that

lim & = DPPP (\/ic*zooe*ﬁffdx, Dﬁ) in law |
—00

with C, as in (1.2) and

(1.5) DV2(.) := lim P <Z Oxu ()t € - )Mt > \/it) .

t—o0
'I.LGNt
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In this paper, we study branching Brownian motion with drift. For any p € R, the
process

Xt_/) = Z 5Xu(t)fpt

u€E N

is a branching Brownian motion with drift —p.
Let z > 0 and define

Ntx’_p = {u € Ny : Vs < taXu(S) —ps> —33}.

N7 is the subset of N; consisting of all the particles in BBM with drift —p that have
not hit —z by time ¢. The process

th’_p = Z 5Xu(t)fpt

ueNH P

is called a branching Brownian motion with drift —p killed upon reaching —x. According
to Kesten [10], this process dies out almost surely when p > v/2 while it survives with
positive probability when p < v/2. Therefore, p = v/2 is the critical drift separating the
supercritical case p < v/2 and the subcritical p > V2.

In this paper, for u € N;, X, (t) is always the position of particle u at time ¢ in a BBM
(without drift). Note that for u € Ny,

(Xu(t) = pt) = (my = pt) = Xu(t) — my.

Thus, the center function for X, ” is m, ”

function for Yy~ ” is also m, ”.

The extremal process of X

:=my — pt. It is proved in [20] that the center

Z O X0 (8)—me

UEN

is also the extremal process of X;”, the BBM with drift —p, and

Z O (t)—my

ueﬁf’_p

is the extremal process of Y* 7,

It is natural to ask what the limiting behavior of the limit of the extremal process of
Y#~F is as x — 0o, and whether this limit coincides with the limit of extremal process of
BBM. To accomplish this, we will study the convergence of the following point process

> 5(Xu(t)7nt, inf {Xu(s)fps}) '

uENt
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1.2. Main result. To state our main result, we first introduce a truncated version of
the derivative martingale. For 0 < s <t and x > 0, we define

Zﬁp<£lj', S, t) = Z <\/§t - Xu(t)) e\/i(Xu(t)iﬁt)]‘{inf,nSS{Xu(T)
u€N

Note that Z (oo, s,t) = Z; for any t > s > 0. Since {Z;,t > 0} is the derivative
martingale, and 1 { } does not depend on ¢, for fixed x > 0 and s > 0,

—pr}>—x}'

inf, < {Xu(r)—pr}>—z
{Z7P(x,s,t),t > s;P} is a martingale. We call Z7°(x,s,t) a “truncated” derivative
martingale. We have the following result for this “truncated” derivative martingale.

Proposition 1.1. Suppose p < /2. For any x > 0, the limit lim,_,o limy_,o Z~*(z, s,1)
exists P-almost surely. Let

Z7P(x) = Sli_glo tlggo ZP(x,s,t).
Then Z~*(x) is non-decreasing in x, and 0 < ZP(x) < Zy.
We use Z~*(dx) to denote the measure on (0, 00) such that
Z7°((0,x)) = Z7°(x), Yz >0.
Theorem 1.2. For any p < v/2, we have that, under P

= DPPP(\/§C*€ fydy x dZ ,'5‘[2) m law,
—00 Xy (t)—me,— inf { X, (s)—ps

where C, is as in (.2), and DV? is the law of > O(d;,0) with 375 0a; having the law DV?
given by (|1.5)).

For any 0 < s <t and u € Ny, define

(1.6) Tuls) = nf (X,(r) — pr).

For integers n > 1 and u € N,,, put

(L7) Zu(n) = VPO ZD, = 3 Zu(0)5n o,
uENy,

where Z{) is the derivative martingale limit associated with the subtree rooted at (n, Xy(n))

after resetting its time and space origins, that is,
ZW=lim Y (V25— (Xy(n+s) — X,(n)))eV2 St -Xum)=2e - p g g

b §—00
VENp45,V>-Uu

The following result gives more information about the random measure Z*(-).

Proposition 1.3. Suppose p < /2.

(i) The measures p,, defined in , converge almost surely in total variation to
Z~P(dz) as n — oo. Moreover, Z=*(dx) is an atomic random measure on (0, 00)
with total mass Z.

(ii) For any x >0, Z=P({x}) = 0 almost surely.
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(iii) If p < —V/2, then Z=*(dx) has almost surely only finitely many atoms. If —/2 <
p < V2, then Z=°(dx) has almost surely countably infinitely many atoms and
unbounded support.

As a direct corollary of Theorem [I.2] we obtain the following result, which answers the
question mentioned at the end of Section [1.1}

Corollary 1.4. Suppose p < /2.
(i) Under P,

Y > 0,0 -m Lt (x,(6)poy>—a} = DPPP(V2C.Z 7 (2)e¥2dy, DV2) im law.

uE Ny

(ii) Under P,
im Tim > 6x,0-m L fing, ., x,(0)—pops—o} = DPPP(V2C.Zoge™V?dy, DV?) in law,

r—00 t—00
uE N

that is, the double limit, when t — oo first and then x — oo, of the extremal process of
killed BBM with drift is equal to the limit of the extremal process of classical BBM as
t — o0.

Theorem and Corollary (i) give a common limit coupling of the extremal pro-
cesses for different barrier levels.

Remark 1. Let
XPTP =) Gurxu@p
u€E Ny
denote a branching Brownian motion with drift —p starting from x. Then
Z 6$—|—Xu(t)—mt
ueﬁf"”

1s the extremal process of this BBM with absorbing barrier at the origin. Yang and Zhu
[20] showed that, under P,

lim 84 x.(0)m; = DPPP (\/Ec*zgﬂe*ﬁydy, Dﬁ) in law,
—00

ueﬁfﬁp
where

ZiP=lim Y (V2= X,(t) — w)eV2otXuO=van,
t—o00 —
ueN;"F

Actually, it can be shown that
(2577 B) £ (V227 (2), P).

Therefore, Corollary[1.4) (i) is essentially the main result of [20], with the only difference
being that the starting point and the absorbing barrier in [20] are both shifted upward by
x.
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2. SOME PROPERTIES OF BRANCHING BROWNIAN MOTION

Throughout this paper we use {By,t > 0; P} to denote a standard Brownian motion
starting from the origin. Expectation with respect to P will be denoted by E. Then,
{z + By;,t > 0;P} is a standard Brownian motion starting from z.

Let {FP :t > 0} be the natural filtration of {B;,t > 0}. For BBMs, the many-to-one
lemma (see, for example, [12, Theorem 8.5] and [13]) is fundamental. We will need two
versions of the many-to-one lemma, one version being the stopping line version which can
be found in [19] §2.3].

Let D be a time-space domain. We observe each particle at the first, in the family
history, exit time from D. More precisely, for any particle u, let d, be the death time
of the particle v and we use 7p(u) to denote the first exit time of the path of v from D
defined as

7p(u) :=inf{s € [0,d,), (s, Xu(s)) &€ D}
with the convention that inf () = co. Put

Tp :=inf{s > 0, (s, Bs) ¢ D}
Define the stopping line

(2.1) Lp :={(u,t) € (U>oNVy) X [0,00) : u € Ny, p(u) =t}
and let Np be the set of particles stopped on the line, i.e.,
(2.2) Np :={u € U0V : (u,t) € Lp for some t}.

We refer to [9] for the precise definition.

Lemma 2.1 (Many-to-one formula). (i) For any nonnegative bounded measurable func-
tion F :[0,00) x R — R, it holds that

23)  E| S F (), Xulro(w) L) | = P[E7F (75, Bry) .7 < o0

uENp

(ii) For any t > 0 and any nonnegative bounded measurable function F : C[0,t] — R, it
holds that

(2.4) E|) F(Xu(s),s<t)

The proof of Lemma (i) will be given in Appendix [A] Lemma (ii) is from
Theorem 8.5 of [12].

=P ['F(B,,s <t)].

Now we introduce some results on the additive and derivative martingales of BBM. For
t > 0, define

Wy = Z V2A(Xut)=v20),
UuE N

Then {W;,t > 0;P} is called the additive martingale of BBM, which corresponds to
{W,(N\),t > 0} with A = A = v/2in [I7]. Similarly, the derivative martingale {Z,,t > 0; P}
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defined by (1.3)) corresponds to {OW;(A)} in [I7]. By [17, Theorems 1 and 3], we have
the following result.

Lemma 2.2. For any y € R, the limits Wy, = limy_,oo Wy and Z, = lim;_, Z; exist
P-almost surely. Furthermore, W, = 0 and Zy, € (0,00) P-almost surely.

Note that Z; can be negative. For any z > 0, define
(2.5) V7= ) (24 V2t — X (t))eV 200 t)1{infrgt(z+\/§eru(r))>0}’ t=20.
’LLENt

By [17, Theorem 9|, {V/?,t > 0} is a (non-negative) martingale. According to [17,
Theorem 13], for any z > 0, the limit V2 := lim V}* exists P-almost surely and the

t—00
convergence also holds in L!(P). Define

(2.6) eV = L e Qi VE> 0,Yu € Ny, Xu(t) < 2 + V2t
By the proof of [I7, Corollary 10], we know that

hm ‘/;Z — Voi — ZOO on ,-)/(Z,\/i)’
t—o0

and
(2.7) P(y*V?) 11 as z 1 co.

Therefore, {Z;,t > 0} can be approximated by {V;?,¢ > 0} almost surely as z — occ.
Since {V;?, P} is a non-negative martingale, we can define a probability measure P(*V?)
by
dPv2) Vi

=—, t>0.
dP 7 Vi

It was proved in [I7, Section 6] that, under ]P’(z"/i), the following spine decomposition is
valid:

(i) There is a distinguished and randomized spine. The diffusion along the spine begins
from the origin at time 0 and {z + V2t — Xe(t),t > 0} is a Bessel-3 process started
from z, where £ = {& : t > 0} is the spine, and & is the spine particle at time ¢ and
X¢(t) is the shorthand for X, (¢).

(ii) The branching rate along the spine is 2.

(iii) The distribution of offspring numbers at each fission point on the spine is the size-
biased distribution {py = kpy/2,k > 1}.
(iv) The spine is chosen uniformly from all the offsping at the fission time on the spine.

(v) The remaining particles evolve as classical branching Brownian motions.

Moreover,

(2 4+ V2= Xy () PO a0
Ve |

(28) PV (g =ul|F)=

see, for example, [5, Lemma 52].
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To prove Theorem [I.2] we also need some results on M; and the extremal process of the
BBM. The following estimate of the tail probability of M; can be found in [3, Corollary
10].

Lemma 2.3. There exists to > 0 such that for any y > 1 and t > ty,

3 _\/i_ﬁ_’_ilogt
P M>\/§t——]0 t—l—)<be V=2 TRl
(t_ 2\/5 g Yy =0y

for some constant b > 0.

It follows from Lemma 2.3 that

3
2.9 P(M>Vo———logt+y| < bye V2
(2.9) ( ;> 2\/5 g y>_ Y

for y > 1 and t sufficiently large, since — —|— 5 fylotg ! <1 in this case.

3. PROOF OF THEOREM

In this section, we fix p < v/2. First, we need the following technical lemma, whose
proof is postponed to Appendix

Lemma 3.1. There exists C = C(p) > 0 such that for any x,y > 0,
(3.1) limsupP(Ju € N, : & + X, (t) > mi + v, il?f](x + Xu(r) — pr) <0)
re(0,t

t—o0
<C(l+z+ y)e_‘/ﬁ“@p—‘/ﬁ)m.
As a direct corollary of Lemma , taking y = z — A in (3.1)) yields the following decay
in x,

limsupP(3u € Ny : v+ X, (t) > my + 2 — A, inf (z+ X,(r) —pr) <0)

t—o00 T‘E[O,t]
<C(1+ x)e_Q(ﬁ_”)x.

Recall the definition of ~,(s) given by ([1.6). Based on the lemma above, we obtain the
following result, which plays a key role in the proof of the main theorem.

Lemma 3.2. For any A > 0, it holds that
lim limsup P (Ju € Ny : Xo(t) = my — A, vu(t) # vu(s)) = 0.

5700 {00
Proof. Since p < /2, we can choose § > 0 satisfying p + 6 < v/2. For any t > s > 0, let
I(s,t) :==P(Fu e N, : Xp(t) > my — A, Xu(s) < (p+9)s),

I1(s,t) :zIP’(EIueNt.X()>mt A, X, (s) > (p+6)s, inf (X,(r )—pr)<0).

re(s,t

Then
IP)(H’LL - Nt . Xu(t) Z my — 77u( ) 7é '7u( ))
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rE(s,t]

<P (Elu € Ny : Xy(t) >my — A, inf (X, (r)—pr) < O)
< I(s,t)+11(s,t).

Notice that
I(s,t) =P(3u € Ny : Xyu(t) > my — A, Xu(s) < (p+9)s)

<E )

E Lix,(s)<(046)s,3umv,ue Ny, X (8)>my— A}
vE N,

where u > v means that u is a descendant of v. It follows from the Markov property that

I(s,t) <E Z Lix, (5)<(p+6)5 B [1{BusvueNe, Xu (t)>mi—A} | fs}]

LvEN,

=E | > 1ix, o< Pl@ + My(v) > my — A) !wzxv(s>] :

LveE N,

where given Fy, {M;_s(v) : v € N} are independent copies of M;_;. Therefore, by the
many-to-one formula ([2.4)), we have

I(s,t) < €E [1{p,<(p1a)5) P(x + Mi—s(v) > my — A) |o=p,]

(p+d)s 1 22
= ¢’ e =P(x+ M_s(v) >my — A)dx
o \/% ( t ( ) t )

(p+06)s 1 2 \/_ 3 t
=e’ TP Mi_s(v) > my_s — A — 2s — ——1 dz.
e/_ e 2 < s(v) > my T+ V2s Wi ogt_s) x

0 21s

Let y(z) = \/55—1‘—14—2\% log ---. For z € (—o0, (p+6)s), noticing that (p+4)s < v/2s,
we see that y(z) > 1 for s,t large enough. By ([2.9)), we get that for s,¢ large enough,

(p+d)s 1 22 V()41
I(s,t §es/ e 2 by(x)e VYT .
so<e [ =

Thus there exists a constant C' depending only A such that
(p+0)s 1 (2—v/25)2
I(s,t SC/ V2s —2)e % da.
(s,1) - s )

Using the change of variables z = x — v/2s, we get

~(VEIp-)s ., N
I(s,t) < C’/ Z e hmdy = O s
—so V2T \/ﬁ

Hence

lim limsup I(s,t) = 0.

§70  tso0



10 Y.-X. REN, R. SONG AND F. YANG

Now, we estimate [1(s,t). By the Markov property and (2.4)), we have

II(s,t) =T (Hu €Ny : Xy(t) >my — A, Xy (s) > (p+9)s, inf (X, (r) —pr) < 0)

re|s,t

< E Z 1{XU(3)>(p+6)s;3u>v,u€Nt,Xu(t)2mtA,infTE[M](Xu(r)pr)<0}]
LveE N,

=K Z 1{Xv(s)>(p+5)s}E |:]-{3u>—v7uENt:Xu(t)2mt—A, infre[s’t](Xu(r)—pT)<0} ’ fs]]

| vEN

o 1 22
=e’ e x=E[1 dz
/(p+5)s N 271s ( {EIuENt_S:x+Xu(t—s)>mt—A,re[ior}tfS](x+Xu(r)—p(r+8))<O})

> 1 22
=€’ e =E |1 dx
/(p+§)s \/21s ( {EIuGNtS:m—ps+Xu(t—s)th—ps—A,Te[iOr,ltf_S](m—ps+Xu(r)—pr)<0})
Note that
{z —ps+ Xu(t—s) >my —ps — A}

3 t
= — — > — — _ .
{Q? pS-'-Xu(t S) my_s + (\/5 p)S A 2\/§ lOgt S}

Using Lemma With t replaced by t — s, x replaced by x — ps and y replaced by
(V2—p)s—A— f log - ., we have that there exists a constant C' depending only on p
and A, such that

o 1 22
limsup I1(s,t) < C’es/ o5 o V2((V2-p)s—A)
(

t—o00

By the change of variables = x — ps, we get
_ (@+ps)? N
limsup I1(s,t) < CeV?A B oS +V2ps (j; + (V2 — s) e(20—V2)2 45
t—>oop (s, 55 A /277 ( p)

vaa [Crt+ (V2 —p)s _eremng?

- Ce e 2s d
ds vV 28

= CeV? /Oo Vez+ (V2 - p)s /A pv?
5v/s Vo

where we used the change of variables z = x/4/s in the last equality. This completes the
proof. O

i

dz — 0, as s = o0,

In [6], Bovier and Hartung studied the convergence of the extremal process of BBM by
adding an extra dimension that encodes the “location” of the particle in the underlying
Galton-Watson tree. We adapt some ideas from [6] to prove Theorem [1.2]
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We prove the convergence of Zue N, O(Xu(t)—me,— inf{Xu(s)—ps}) i tWO main steps. In the
s<t

first step, we show that the points of the local extrema converge to the desired Poisson
point process, which is formalized in the proposition below. The second step is the proof
of Theorem in which we incorporate the siblings of local extremal particle and shows
that all of them converge to the decorated Poisson point process.

We also use the concept of thinning classes introduced in [3], 6]. More precisely, we
consider the following collection of particles define below. For ¢ € (s,t), define

(3.2) N{ = {uENt dv e Nyst. us>=wvand X,(t) = max Xw(t)}.
weNg,w-v
Define the corresponding point process by
Z 5Xu —m,—vu(t)) t > O
uEN]

which is a thinning of &. For the thinning measures {&/,¢ > 0}, we have the following
limit result. We will use PPP () to denote a Poisson point process with intensity .

Proposition 3.3. Under P, it holds that
lim lim & = PPP(\@C’*e’ﬁydy x dZ7") in law,

q—00 t—00
where Z~° is the random measure on Ry characterized in Proposition . Moreover,
/3 o\
(3.3)  lim Jim Z (. () B M) (5)) = PPP(V2C,e V¥dy x dZ77) in law,
vENg
where {M(v) : v € N,} are i.i.d. with law w given by (1.1)).
The proof of Propositionrelies on the definition of Z~?(dx), which needs Proposition

[I.1] We first prove Proposition [I.I] then Proposition Then we prove Theorem [1.2]
and finally Proposition [1.3|

Proof of Proposition [1.1. Recall that, for fixed x > 0 and s > 0, Z7"(z, s,t) is a martin-
gale for t > s. For ﬁxed s,x,z € (0, oo), define

VA, s,1) 1= D (V2= X, (1) + z)eV 2000720
u€E Ny
Recall that {V;*}, defined by . is a non-negative martingale. Since 1 {inf, <. (Xu(r)—pr)>—2}

does not depend on ¢, we know that V?*(z,s,t) is a non-negative martingale for ¢ > s.
Therefore,

inf (Xu(r)—pr)>—z, inf (\/ﬁr—Xu(r)—l-z)ZO} ’

V#(x,s) := lim V*(x, s,t) exists P-a.s.

t—o00

Recall that 4(*V2) is defined by (2.6). Notice that on A(z:V2),

Vz((L'7 S, t) == Z_p(l‘, 87 t) + z Z eﬂ(Xu(t)_\/Qt)l{lnf < (Xu(’l“)fp’f‘)>*.’lf}

”LLGNt
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and
: V2( Xy (t)—V/2t) ; _
fmz ) e Lint, . (tu(r)-pry>—o} < Z i Wi = 0.
u€E Ny
Therefore, on v*V2 we have Z*(z,s) := limy o Z*(x, s,t) exists and Z*(z,s) =

VZ#(x,s) > 0. Moreover, it follows from that Z7°(z, s) := lim_,0 Z (2, s,t) exists
P-almost surely and Z~*(z,s) > 0.

Since, for fixed z > 0, 1finf, . (x,(r)—pr)>—z} IS DOD-increasing in s, we have that V*(z, s)
is non-increasing in s and so is Z7*(z,s). It follows from 0 < V?*(z,s) < VZ that
0 < ZP(x,s) < Zo. Hence, Z7P(x) := lim, 00 Z °(x,s) exists P-almost surely. Note
that V?*(z,s) is non-decreasing in x P-almost surely, and so is Z *(x,s). Therefore,
Z~P(z) is non-decreasing with respect to x. d

Proof of Proposition[3.3. Let f € CF(R x Ry), where CF(R x R, ) denotes the class of
all the non-negative continuous function on C,(R x R, ) with compact support. We need

to study the limit of E <ei 2ueny f(X“(t)fmt’ﬂ“(t)))

CH(R x Ry) admits non-negative rectangular simple functions f, and f,", all supported
in a common compact set, such that

< F<h = flle — 0.

For every locally finite point measure v,

By uniform continuity, every f €

e*(f?z"ﬂ/) < e < e~ nw)

Moreover, by bounded converge theorem, the Laplace functional of the proposed limiting
point process evaluated at fI converges to its value at f. Thus, applying the squeeze
argument to the corresponding upper and lower limits, it suffices to establish the claimed
Laplace functional limits for simple functions of the form

f(yv Z) = Z ailAixBi(y7 Z)a
=1

where a; > 0,
A= (4, A], B =(B;,Bi,
and the bounded rectangles A; x B; are pairwise disjoint. Let —A = min;<;<, 4, and
Asp(A) = {Vu € Ny with X,,(¢) —my =2 —A: 7(t) = 7u(s)}-
It follows from Lemma [3.2] that
(3.4) lim limsup P ((A;+(A))°) = 0.

§70  t oo

Hence, it suffices to show that

(35) E (6_ Zuewf F(Xu(t)=me,—7u (t))lAs,t(A)>
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converges to the desired limit. Note that on A,;(A),

D A = my, =(8) = > FX(t) = my, —(s)).

ueEN] ueEN]
Using (3.4) again, we get that (3.5)) is equal to
E <€_ ZuEth f(XU(t)_mtv_Wu(S))> + Os,t(l)a

where 054(1) is a quantity such that lim, . lim; ,,, 0,4(1) = 0. Conditioned on F,, we
have

(36) lim E (6_ ZuEth f(Xu(t)—mt,—’Yu(s))>

t—o00

= lim E H E [e_f(X” — e g tmaxue Ny usv(Xu (1)~ Xo(2) = 1me—g,~70(s)) | Fy
t—o0 eN
vEelNg

=& | [[ B[e /@A) 7]

vENy

where we used the fact that lim, %5 log ﬁ = 0, and given F,, maxyen, uso(Xu(t) —

X,(q)) — my_q converges weakly, as t — oo, to the limit of M; — my, see (1.1). The
equation above is also the Laplace functional of ZveNq O(Xy (q) =g+ M(v)—yu(s))-  Define

Su(q) == \/§q — Xu(q). Set
F(=Sy(q), —(s)) i= 1 — B [e /S @M=5() | F1
Then, by (3.6),
(3.7) lim E (ei Zueny f(X“(t)*m“’W“(S))> ) [GZUENQ log[lfF(*Sv(Q),*%(s))}] .

t—o00

Note that min,ey, S,(q) — oo almost surely as ¢ — oo. This implies that

max F'(=S,(g), = (s)) = 0 as ¢ = oc.
ve q

It follows from —z — 2% < log(1 — z) < —x for 0 < x < 1/2 that
E [6— Yoeng [F(—SU<q>,—%(s)>+F<—su(q),—ms))?]}

(38) < E |:€Z’U€Nq lOg[l_F(_S’U(Q)v_’YU(S))]:|

<E[ Toeng (—sv(q),w(s»]

Now we prove the lower bound and upper bound have the same limit. Since f is a simple
function, we have

P(=Sua) =) = S (1= g (-(s) [ dw

i=1 Ai+Sy(q)
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Using the asymptotic behaviors ([1.4)), we get that

n

F(=S,(q), =w(s)) ~ > (1= e )15, (—(5))C. [(Ai + 5, (q))eVEAFS(a)

i=1
_(ZZ + Sv<q))e—\/§(zi+5v(q»] ’
where ~ means that the ratio of the left-hand and right-hand sides converges to 1, as

q — 00, P-almost surely. Since the additive martingale W, = 3" _ N, e~ V25u(9) converges
to 0 P-almost surely, we know that

Jim > F(- o(s))

vEN,

— _ —V2(Ai+Su(a)) _ —V2(Ai+5.())
= i €30 (1 e (ol [Si o) Su(a)e ]

vENg 1=1
= C*Z 1 - @‘%)(Z p(Bi,S) — Z_p(ﬁi,s)) <6—\/§Ai e 2Ai) .
i=1

This yields the limit of the upper bound in 1) For the lower bound in (3.8]), we have
Z F(=S,(q),— Z S,y(q)%e V250 @) 5 0, as ¢ — .

vENg vEN,

Therefore, the limits of the upper bound and low bound are the same. And then
(3.9) lim E [ezvewq log[l—F<—Sv<q>,—%<s)>q

eXp{ —C, Z (1—e %) (ZP(By,s) — Z°(B,,s)) <e’\/§éi — e’Mi> }] .

Since (B.6) holds for any g € (s, 1), using ) and (3.9)), we have
(6— Cueng f(Xu(t)—mt,—%(t))>

lim lim E
qg—00 t—00

= lim lim lim E
§—00 q—00 t—+00

= lim lim E |:€ZveNq lOg[lfF(*Sv(q):*'Yu(s))]}
§—00 q—00

= lim E exp{ C. E 1 —e % Z p(B“S) Z_’J(ﬁi,s)) (6_\/§Ai o e_mi> H
S—00

x o fie -t )]

which is the Laplace functional of PPP(ﬂC*e_ﬁydy x dZ~F). We complete the proof.
Il

(e— uend f(Xu(t)—mt,—Vu(S))>
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Proof of Theorem[1.2. The proof is similar to that of Theorem 3.1 of [6]. For complete-

ness, we give the details here.
For any t > 0 and u,v € N, define

d(u,v) :=sup{s > 0: Jw € N satisfies w < u and w < v},
which is the death time of their most recent common ancestor. For v € NV, define

max
) = arg max X,(t
t guENt,u>v u( )

and

Aﬁf;? = Z 5Xu(t)—XU{nax(t)1{d(u,v?‘ax)>t—r}-

UEN¢,u>v

Then the limit AY := lim,_, . Aﬁj’,’ exists and it is an independent copy of A,, which is
defined by

Ar = tliglo Z 5Xu(t)7Mt 1{d(u,arg maxy,e N, Xu(t))>t—r}-

UEN

By [1, Theorem 2.3], we have that

UEN¢,u>v

(3.10) (XU(Q) —V2¢+ max (X,(t) — Xu(q) — mi_y), Agj;))

Lt (Xv(q) —V2q+ M(v), Aﬁ“)yﬂ ,

as t — oo, where {M(v) : v € N,} are independent copies of M with distribution function
w given by (1.2)). Moreover, A is independent of {M(v) : v € N}

Using an argument similar to that in the proof of Proposition [3.3] we get that for any
feCIR xRy,

(311) E (e* Suen f(xu<t>fmt,fwu<t))) _E (e, Tuen, f(xu(t)fmt,m@))) +o0g4(1),

where 054(1) is a quantity such that lim,_, lim; ,o 05,(1) = 0. For D C R, define the
event

Cis(D) == {Vu,v € Ny with X, (t), X,(t) € m¢ + D : d(u,v) ¢ (s,t —s)}.
It follows from [2] Theorem 2.1] that for any compact set D C R,
(3.12) lim sup P ((C:s(D))¢) = 0.
570 1>3s

Since f has compact support, there exist compact sets Dy C R and Ef C R, such that
suppf C D; x Dy. Put a = inf D; and D% = [a, k], then for k sufficiently large, we have
Dy C D’J?. Note that

(3.13) 1= T + Lnpoe,. o) + L. oh)

where Hf := {M; —m; < k}. On the event Hf N (C;s(D})), any u € N, has position
X.u(t) < my+k and any two particles u, v with position X,(t), X, (t) € m;+ D have their
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common ancestor either smaller than s or larger than ¢t — s. Recall that for g € (s,t), N/
is defined by (3.2), and Ny = U,ena{v € Ny : d(u,v) > q}. Therefore, we have

(3.14) E (e, Euen OuO-meuly o S(Dk)))

Y ena X5 FXu () —mit (AL ) v (s))
:]E (6 Gth J T ].Hécn(ct’s(Dl;))

where u(q) 1s the ancestor of u at time ¢ and (A (q))) are the atoms of A( “2) For fixed
k>0, (3.12) yields that

(3.15) sliriloffggp ((Ces(DF))°) = 0.

By , we have

(3.16) lgrolotlg?oP ((H)) = h_}ngo( w(k)) = 0.
Thus, combining (3.13)), (3.14)), (3.15) and (3.16)), we have
(3.17) E (e— Suen, f(Xu(t)—mt,—w(s))>

(u(@)y . _
_F (e—zueNg 5, FXu()—met (AL, vu(s))) + opas(1)

where oy 54(1) is a quantity such that limy_, limg o lim;_ o 05 5(1) = 0. Moreover,

equation (3.10) yields that

Hm Z Z5<Xu(t)—mt,—%(s>>+<<A£}‘;q)’>]-,o>

uENq J
D DD DL S AR +(257)5,0)
vENg J
Letting ¢ — o0, s — oo and then & — oo, using (3.3), (3.11) and (3.17), we get the
desired result. This completes the proof of Theorem O

Now, we prove the properties of the random measure Z*(dz).

Proof of Proposition |1 ( ) Recall the definitions of y, given by ([1.7] . Notice that
Tors = Z V2Xu(n Z (\/_S_( J(n+s) — X, (n)))ef(Xv(nJrs)— u(n))—2

u€ Ny, VENp 15, V>~U
+ § e\/iXu(n)an E /‘ Xu(n)e\/i(Xv(nJrs)qu(n))st
u€Np, VENp 45, V>-U

Letting s tend to infinity on the both sides of previous equation, the branching property
and W, = 0 P-almost surely give

(3.18) Zoo = Z Zy(n), Zu(n) = Z Zy(m), m>n, P-as,

uENp VENp,, v>=u
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where the second identity can be obtained by using a similar argument. These identities
hold simultaneously at all integer levels. Moreover, Z,(n) > 0 for every such n,u € N,
almost surely, since L > 1 and the derivative martingale limit is strictly positive on
survival.

For integers m > n, define

Dam = Zu(m)Lint, <, e (Xor)—pr) <0

VEN,
By (3.18)), D, is non-decreasing in m. Therefore, we can define
D, = lim D, .

m—ro0

Then, using (3.18]) again, we have that D,, is non-increasing in n and 0 < D,, < Z,,. We
claim that

(3.19) D, 10, P-as.

To see this, fix z > 0 and let

VD () = {sup<xu<r> Ve < } |

r<t

It follows from (2.6) and (2.7) that P(U,cy, ~=V2)) = 1. For ¢ > m, set
Vin(t) = Z (z+ V2t — Xu(t))eﬁX“(t)*%lv&zﬁ) (t)1{infn9§m(xu(r)—pr)<o}7

u€ Ny

which is non-negative. Note that on 'y(z"/i), the upper truncation is inactive. Combining
this with the branching property and Wy, = 0, we have lim; .o V;7,,(t) = D, P-almost
surely. Then, by Fatou’s lemma and (2.8)), we get that

(3.20) E[Dymlvp] < liminf BV, (¢)
—00 ’

. 7% — X V2(Xu(t)-v2t)q
—liminf 2B |22 50 SRR 700 4 { \

t— z inf (X (r)— 0
0o z weN, ‘/t <1n<m( w(r)—pr)<

t—o00

= lim inf zE®V? [Z P(Z’ﬂ)@t =u| ]:t)l{ inf (Xu(r)—p )<0}
<m ulr=er

u€N n<r

= PV2) ( inf (Xe(r)—pr) < O) :

n<r<m

Under PGzV2), {z++/2t =& : t > 0} is a Bessel-3 process starting from z and limy_,. (2 +
V2t — &)/t = 0. Thus,

Xe(t) — pt = 2+ (V2 = p)t — (2 + V2t — X(1)) = +00, PEY2as,
Letting m — oo in (3.20]), we obtain

E[Dp1 (.va) < 2PEYD (3t > n: Xe(t) — pt < 0) — 0.
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Since D,, is non-increasing, its limit is zero almost surely on each 'y(z"/i). Taking the
union over positive integer z yields

Recall the definition of ~,(s glven by (L.6). For v € Nu, vo(m) < v(n) implies
inf,,<,<m (X, (r) — pr) < 0. Using (3.18) to express both measures at level m, we get

> 2= Y Zmi

VENm, UE N, VENp,, v-u

<2 ) Zu(m) L,y < 2Dnm < 2Dn,

|t = pnllTv =

TV

where ||n]lvv = supjs<; | [ fdn|. Thus u, converges almost surely in total variation to
a finite positive measure p. By the first identity of (3.18]), the total mass of p, is Z,
which implies that the total mass of u is Z,. Each pu, is supported on the countable set

= U{—fyu(n) tu € Nyt
n>1
Consequently p(I'¢) = 0, so p is purely atomic.
By the branching property, it holds that
Z P(x,n) = tlim Z7P(x,n,t) = u,((0,2)).
—00

Since Z~*(z, s) is non-increasing in s, we can take the limit along integers and then obtain
that almost surely

Z7#(@) = Jim Z*(e.n) = m un((0,2)) = p((0.))

n—oo

which implies that Z~?(dx) = pu. We finish the proof of (i).

(ii) For any fixed x > 0, the many-to-one formula and the continuity of the distribution
of ming<,(Bs — ps) give P(z € T') = 0. Therefore, Z~?({x}) = 0 almost surely. Hence
Z7P((0,z)) and Z~*((0,x]) agree at each such z almost surely, which proves (ii).

(iii) If p < —+/2, the additive martingale with critical parameter —/2 satisfies

1 qu I
}B&Z =0 P-a.s.
u€ Ny

Therefore,

mz}vx(—\/ﬁXu(t) —2t) > —0 ast —» oo P-as,
ue N

and there exists a random time 7" € Z, such that for any ¢ > 7" and u € Ny,
X, (t) — pt > X, (t) + V2t > 0.

The 7,(s) can not decrease after time 7. By (3.18)), p,, = pr for every integer m > T,
and hence Z?(dz) = pr(dx) has finitely many atoms P-almost surely.

Finally, suppose —v/2 < p < v/2. If X,,(n) — pn < —z, by (3.18)) and the definition of
Ly

Z7((,00)) = pn((,00)) = Zu(n) > 0.
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Therefore,

P(Z"((z,00)) =0) <P (min Xu(n) — pn > —x> —0 asn— oo.

UEN,

Taking a countable intersection over positive integer = shows that Z*((z,00)) > 0

simultaneously for every x > 0, P-almost surely. Hence, the support of Z~7(dz) is

unbounded. By (i), it has countably infinitely many atoms. This completes the proof of

(ii). O
Now, we prove Corollary [I.4]

Proof of Corollary[1.4 (i) Theorem [1.2] yields that for any f € CF(R x Ry),

(3:21) im E (e— Suen, f(xu(t)—mt,_%(t»)
— 00

=) (exp {—/ V20, e VPE (1 — e‘<f('+y"+z)’ﬁﬂ>> Zp(dz)dy}> :
yeER,zeR

where DV2 is a random measure with law 5‘/5, and (f, u) denotes the integral of f with
respect to p for some measurable function f and o-finite measure . For any continuous
function g : R — R with compact support, take

f(y,2) = 9(y)102)(2)-
Fix x > 0, and write

[1]

t = Z 5(Xu(t)_mt7_"/u(t))'

u€E Ny
Let Z denote its limit in Theorem [I.2] with the point measures regarded as measures on
R x R, equipped with the vague topology. By Proposition (1.3)) (ii),

Z7P{z}) =0 P-as

Conditional on Z~?(dx), the Poisson process of cluster centers defining = has zero inten-
sity on [—m, m] x {0, z} for every positive integer m. Since the decorations do not change
the second coordinate, it follows that

E(Rx {z}) =0 P-as

The discontinuity set of f is contained in supp(g) x {z}. Thus, by the Portmanteau
theorem for vague convergence, the map v +— (f,v) is continuous at = almost surely.
The continuous mapping theorem and the boundedness of the exponential function on
(—o0, 0] therefore yield

lim E [€_<f’5t>} =E [e_<f’5>] )

t—o0

Then, it follows from ([3.21)) and the definition of DV? that
(3.22) lim E (e— Tuem 9<Xu<t>—mt>1w>>_x})
t—o0

=E <exp {_ V2C,e VR (1 - 6_<g('+y)’Dﬂ>l{ze(O’m>}) Zp(dz)dy})
yeR,zeR
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_ E(exp {— eR\/io*Z—p(g;)e—“%]E (1= e fot=n-07)) dy}) ,

where DV2 is a random measure with law DVZ2. This proves (i).
(ii) It follows from Proposition |1.3| that

lim Z77(z) =Zs P-as.

T—00

Then, letting x — oo on the both side of (3.22)), we get that

lim lim E (e_ Luen, g(X“(t)—mt)l{—vuu)@})

T—00 t—00
=E (exp {—/ V20, Zooe VPR <1 — e_<g('+y)’Dﬂ>) dy}) -
yeR
This completes the proof of (ii). O

APPENDIX A. PROOF OF LEMMA [2.1] (i)

Proof of Lemma (i). We only prove for F support by [0,a) x R for some a > 0
since the general case then follows from the monotone convergence theorem.

Note that ({(¢, Bt) }+>0, Prz) is a time-nonhomogeneous strong Markov process, where
P, . is the law of (¢, B;) starting from (r,z) € [0,00) x R. Now we consider a branching
Markov process as introduced at the beginning of the paper with ({ B(t)}+>0, P) replaced
by ({(t, Bt)}t>0, Pr2), and other rules unchanged. We use P,, to denote the law of
branching Markov process starting from one particle at (r,z). Set

Y=Y Frp(u), Xu(r5(1) Liry (u)<c0)

’I.LGND

and

u(r,z) =P, (Z F(TD(U)aXu<TD(u)))1(TD(u)<OO)> :

UEND

For A > 0, define
up(r,x) = —log Prﬁme_w.

It follows from [I0, Theorem 1.4] that vy (r, z) satisfies the equation
™D
(Al) e*?})\(T,:B) — an |:/ (b(e*v)\(syBs))dS + e_)‘F(TDvBTD)l(TD<oo)7:| T € D7

where ¢(2) = > °  pn2™ — z. Note that ¢/(1) = > 7 np, — 1 = 1. Differentiating both
sides of (A.1)) with respect to A\, we get that

P, (Ye )
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D
P, [F<m,BTD>e-AF<TD’BTD>1<TD<oo> [ ) B, (Ve ) ds|
Then, letting A = 0, we get u(r, z) satisfies the following Schrodinger equation:

D
u(r,z) =P, {F(TD,BTD)I(TD@O) +/ u(s,Bs)ds} , x€eD.

By [11, Lemma A.I.1.5] the solution to above Schrédinger is unique and given by
u(r,x) =P, [eTD*TF(TD, B.,), o < oo} )

Letting r = 0, we get (12.3)).

APPENDIX B. PROOF OF LEMMA |3.1]
Proof of Lemma|3.1. For any a,b € R, we define
70 .=inf{s > 0:a+ B, < bs}.
For any u € Ny, define
72(u) = inf{s € [0,] : a + X,(s) < bs}.

Then for any fixed p € (0,1), we have

P (Elu € Ny :tx+ X,(t) > me + v, ir[hf](x + Xu(r) —pr) < O)
re|0,t

<P(Jue Ny:x+ Xu(t) >me+y, 72 (u) €0, pt])
+P(Fue Ny :x+ X, (t) >my +y, 72 (u) € (pt, t])
= [[1 +I[2

For the second term, it follows from ([2.4) and the Markov property that
I, =P(Ju e Ny :x+ X, (t) > my +y, 70 (u) € (pt, t])

IA

E

u€ Ny

IN

[et Liree(pe, 33+Bt2mt+y}]

E
E [e'lppeunP@+ 2+ Bior 2 mi+ ) [oop, =t

‘ 22

where for the last equality we used the fact that x + B,» = pr when 77 = r. For any
z € R, an application of Markov’s inequality shows that

e P(Biy > V2t — 1)+ 2) < eV

:et/tP(rg € dr)P (Bt_r > V2(t—1)+ (V2 —p)r — ilogtvL.U) )
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It follows from [I5, Section 3.5.C] that

(B.1) P( € dr) = V% exp {—(‘”_2—;””)2} .

Therefore,

(BQ) 112 r X 7(1 o) —(2— fﬂ)’l’-ﬁ- logt— fyd’f’

3
Tt (G- fra—vay g,
ot V2T i
1 _\/5 z t 1 _(L_l)%n
< e V¥Yxe™ —e V2 dr — 0, as t — .
V2 pt P2
For any a,b € R, define

Db = {(t,y):t>0,a+y > bt}
Recall the definition of the stopping line given by and of the set of particles stopped
on the line given by . Note that
II =P (3u e N, : 78(u) € [0, pt], x + X, (t) > my +y)
=P (Jv e Npe : 72(v) € [0,pt], Ju > v,u € Npyx + Xo(t) > my + )
and this probability is less than or equal to the expectation of the number of v € Npp

which satisfies 72(v) € [0, pt] and Ju > v,u € Ny, X,,(t) > m; + y, we have the following
estimate

IL<E Z 1{T£(v)e[o,pﬂ,3u>v,ueNt,x+Xu(t)2mt+y}]
_UGNDQ

< E E( Z 1{T£(v)€[0,pt],3u>—v,uENt,m+XU(t)2mt+y}|FT£>]

UENDg

=E| > LpweopnP@ + 2+ My (0) 2 mi +9) lox,)r=rw) ] )

L vGNDg

where F_» is the filtration generated by the spatial paths and the number of offspring of
the individuals before hitting the stopping line Lpe and M;_ ¢,y (v) = maxXysyuen, Xu(t).
By the many-to-one formula (2.3) and Lemma we have

pt
11 < / e"P(rf e dr)P(pr + My_.(v) > m; +y)
0

Pt 3 t
= e"P(r? € dr)P(M,;_,(v >my_, +V2r — ——1lo +y— pr
/0 ( JP(M—r(v) = my 25 8, 1Y pr)

v T (e—pn)? ~V2(V2r—pr- 335 log T +y) +1
< e’ e b(1+V2r — pr+y)e TR B T )T gy
| e or - u)e
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3
t 2 z—(V2—
1+vrr mﬂ%ﬁ(v———> P @’fﬁm

/ N 1—p)t
where C' is a positive constant. Using (B.1]), we get
VB (20— N Va-
11 < Ce VeV (Vo B (1201 s, )+ (4B (1 )]

(B.3) < C(1+z+y)e Vv

where the last inequality relies on the identity E[rY2*] = 7=, derived in [15, Exercise
3.5.10]. Combining (B.2)) and (B.3)), we complete the proof. O
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