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Abstract

In this paper, we study the asymptotic behaviors of supercritical branching Markov
processes {X¢,t > 0} with spatial motions being Lévy processes having regularly
varying tails. Recently, Ren et al. [J. Appl. Probab. 61 (2024)] proved that, when
renormalized by some appropriate function h(t), {X¢,t > 0} converges weakly to some
random measure. In this paper, we first establish the large deviations of {X,t > 0}.
More precisely, we prove that, (i) when renormalized by a function A(¢) which grows
faster than h(t), {X;,t > 0}, conditioned on {R; > A(t)}, converges weakly; (ii)
when renormalized by a function A(t) which grows slower than h(t), {X¢, ¢t > 0},
conditioned on {R: < A(t)}, converges weakly, where R; is the maximum of X;. We
also characterize the almost sure envelopes of R;.
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Large deviations and almost sure convergence of branching Lévy processes

1 Introduction

1.1 Model and notation

A branching Lévy process on R is a continuous-time particle system which can be
described as follows. The system begins at time ¢t = 0 with a single particle located at =
which moves according to a Lévy process £. After an independent exponential time with
parameter 3, the initial particle dies and gives birth to k£ new particles with probability
Pk, k > 0. Each new particle moves according to the Lévy process ¢ starting from the
position of its parent’s death, and branches independently with the same branching rate
B and offspring distribution {py, k > 0}. All particles, once born, evolve independently
of one another. We use P, to denote law of ¢ starting from x and use E, to denote
expectation with respect to P,. We write P := Py and E := Eg.

We label each particle using the classical Ulam-Harris labeling system. We denote
by T the set of all particles in the tree and use o represent the root of the tree. For any
u € T, let N* be the number of the offspring of v and 7,, denote the lifetime of u. Then
{7Tu,u € T} are i.i.d. exponential random variables of parameter 3.

We will use the notation v < v to mean that u is an ancestor of v, and u < v that
eitheru <voru=v. Foranyu e T,let I :={veT:v<u}and I, :={v €T :v < u}.
Let b, and o, be the birth time and death time of u respectively. It is clear that

b, = ZTU, Oy = by + 7.

vell

Let £; be the set of all particles alive at time ¢. Then v € £; means b, <t < o,. For
u € T with b, < ¢, define 7,; = 0, At —b,. For any u € £, let £ be the position of u at
time ¢t. The measure-valued process defined by

Xt = Z 553

u€eLy

is called a branching Lévy process. For any a > 0, we define

X = 3" desan (1.1)
u€Ly

We use P, to denote the law of {X; : ¢ > 0} when the initial particle starts at position z.
The expectation with respect to IP,, will be denoted by IE,.. We write P := Py and E := [E,.
Let {F;} be the natural filtration of X and

]-"EP =0({N":u e Twith o, <t}U{r,,:veTwith b, <t}).

In this paper, we assume the branching Lévy process X is supercritical, that is,
p = Y . kpr > 1. Let S be survival event. Then PP,(S) > 0 does not depend on the
location z of the initial particle. The extinction probability ¢ := P(S¢) is the unique
root in the interval [0,1) of the equation f(s) = s, where f(s) := Y., pys”. For more
details, see [5, Section III. 4]. For any = € R, we define P%(-) := P, (-|S) and denote the
corresponding expectation by E}. We write P* := IPj and E* := IEj.

Let Z; be the total number of the particles alive at time t. It is well known that
{Z; : t > 0} is a continuous time Galton-Watson process. The following two quantities
will play important roles in this paper:

M= Bu—1), 0= / eNP(Z, > 0)dr. (1.2)
0
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By the Markov property and the branching property, the process {e *'Z;,t > 0} is a
non-negative martingale with respect to {FF}. Thus it has an almost sure limit

lim e MZ, = W. (1.3)

t—o0

It is well known that W is non-degenerate if and only if the following condition holds:
Assumption 1. Y (klogkpy) < co.
k=1

Moreover, under Assumption 1, P(W > 0) = P(S) > 0. For more details, see [5, Section
I11.71].

To state our results, we first introduce some notation. Put Ry = [—o0, o] \ {0} with
the topology generated by the set

{(a,b), (=b,—a), (a,00],[—00,—a) : 0 < a < b < c0}.

Note that every compact subset B C Ry is contained in [—oco, —§] U [§, ] for some § > 0.
Let CF (Ro) be the family of all non-negative continuous functions on Ry with compact
support, and B;r (Ro) denote the family of all non-negative, bounded Borel functions
on Ry. Denote by M(RRy) the space of all Radon measures on Ry endowed with the
topology of vague convergence (denoted by —), generated by the maps v — f fdv for
all f € CH(Ry). Forany g € By (Ro), v € M(Ro), we write v(g) := [ g(z)v(dz). A

sequence of random elements v,, in M(RRg) converges weakly to v, denoted as v, LA v, if
and only if for all g € CF(Ry), v, (g) converges weakly to v(g) (see [37, Proposition 3.19]
or [35, Theorem 4.11], for instance.)

Recently, the extremes of branching Lévy processes defined by

Ry == max§;, t>0,
ucLy

where we use the usual convention that max () = —oo, have been studied intensively.
Among these, branching Brownian motions garnered the most attention. For branching
Brownian motions, Bramson [12] (see also [13]) proved that, under some moment
conditions on the offspring distribution, P(R; — m(t) < z) — 1 —w(x) as t — oo for
all z € R, where m(t) = V2t — ;%5 logt and w(z) is a traveling wave solution. For the
large deviation of R;, Chauvin and Rouault [15, 16] studied the asymptotic behavior
of P(R; > \/Qét) for 6 > 1. Derrida and Shi [19, 20] studied the lower large deviation
of Ry, i.e., the asymptotic behavior of %1og P(R; < v/26t) for § < 1, and found that the
rate function has a phase transition at 1 — V2. Subsequently, Chen, He and Mallein [17]
studied the asymptotic behavior of P(R; < \/iét) for 6 < 1. Recently, [2, 3, 4] studied
the extremal processes of branching Brownian motions. For branching random walks,
several authors have studied the convergence of the extremes under an exponential
moment assumption on the displacements of the offspring from the parent, see Aidékon
[1], Hu and Shi [32], and Madaule [36].

In this paper we study the case when the spatial motion is a Lévy process with
regularly varying Lévy measures. Now we state our assumption on the spatial motion ¢
precisely. It is well-known that the characteristic exponent ) has the following form:

1 .
7,/}(0) = ja0 — §b202 +/ (610y —-1- i&yl{‘y‘d})n(dy),
R\{0}

where a € R,b > 0, and the Lévy measure n satisfying f]R/{O}(l A y?)n(dy) < co. We will

assume that the Lévy measure n satisfies
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Assumption 2.

(i) There exist & > 0, g1 > 0, g2 > 0 and a positive function L(z) : Ry — Ry slowly
varying at oo such that

lim z®L(z) 'n(z,+o00) = q—l, and lim z®L(x) 'n(—oco,—z) =

®
z—~+00 (67 T—+00 a .

(ii) if @ > 1, we assume that E(£;) = 0.

Remark 1.1. For a > 1, if ' := E(&;) # 0, all our results remain valid if we replace X;
with the process X; = > . d¢x—ac. We can translate results for X} to that of X.

In Lemma 2.2 below, we will show that Assumption 2 (i) implies that, for any s > 0,

as r — 0o, Px(‘/l"%f(sf)') 5 s14(-) on Ry, where
Ve (dz) = qla:*l*al(o}oo)(x)dm + q2|1’|717061(70070)(33)d33, (1.4)

which is equivalent to £, having regularly varying tails for each s > 0, i.e.,

P >x) ~ %SxfaL(x), P < —x)~ %sxiO‘L(aj), T — 00.

It is well known (see, [37, Proposition 0.8]) that therp exists a continuous function
L :[0,00) — (0, 00) slowly varying at oo such that lim, % =1, and z~*L(z) is strictly
decreasing on (0,00). In this paper, we always assume that L satisfies this property.
Note that lim,_,oz~*L(x) = oo and lim, . z~*L(x) = 0. Let H(y) : (0,00) — (0,00) be
the inverse function of z~*L(x). Then

H(y)"“L(H(y)) =y, y>0. (1.5)

It is well known (see, [11, Theorem 1.5.12] for instance) that

H(y)=y "Ly,

with L being slowly varying at co. From now on, L always stands for the function above.
Let h(t) := H(e ), that is,
h(t)"*L(h(t)) = e . (1.6)
h is strictly increasing. Recall the definition (1.1). In [39], we proved that Xgh(t))
converges weakly to a random measure N, under the following stronger condition:

(H) there exist a € (0,2), a complex constant ¢, with R(c,) > 0 and a function L(x) :
R, — R, slowly varying at oo such that 1)(6) ~ —c,0L(0~1) as 0 — 0.

In this paper, we will show that the results in [39] still hold with (H) replaced
by Assumption 2. Let H(R) denote the family of uniformly continuous functions
¢ : R — [0,1] with ¢ = 1 in some neighborhood of 0. Note that if ¢ € Cf(Ry), then
e 9 € H(R).

Theorem 1.2. Assume that Assumption 1 and Assumption 2 hold. Then
converges weakly to a random measure N,,. More precisely, for any g € C+(Ry),

X((®)

lim E(e*XEh(t))(g)) = E(eN=W) =R (exp{—C(e )W }),

t—o0
where
oo
C(p) ::/ e_/\r/ E(1 — @(z)?)ve(dr)dr, Ve € H(R). (1.7)
0 ]R()
EJP 31 (2026), paper 98. https://www.imstat.org/ejp
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Moreover, Ny, = 5. y Tjéej, where given W, > y 5ej is a Poisson random measure with
intensity 9Wv,(dz), {T;,j > 1} are i.i.d. copies of a random variable T with

o0
P(T =k)= 0—1/ e NP(Z, = k)dr, k>1, (1.8)
0
where v, (dz) is given by (1.4), ¥ is defined in (1.2), and Zj dc, and {T},j > 1} are

independent.

As a consequence, we have that under P*, % converges weakly. More precisely,

* — 9 Wa ™ .
t—o0 h(t) 0, z <0,
where
o= Ly, (1.10)
«

Now consider a function A(t) which grows faster than the function A(¢) in the sense that
tlim A(t)/h(t) = oo. It is clear that R;/A(t) — 0 in probability. In this paper, we will find
—00

the rate that P(R; > A(t)) converges to 0 as { — oo, and study the weak convergence

of XEA(”), conditioned on {R; > A(t)}, as ¢ — co. When A(¢) grows slower than h(¢)
in the sense that tlim A(t)/h(t) = 0, we study the convergence rate of the probability
—00

P*(R; < A(t)) and the weak convergence of XgA(t)).

1.2 Main results

In this subsection, we state our main results.

1.2.1 Upper large deviations

Theorem 1.3. Assume that Assumption 1 and Assumption 2 hold. If A : [0,00) —
(0, 00) satisfies tllm A(t)/h(t) = oo, then for any ¢ € H(R),

Jim e MA@ L(A®) ! (1 ~B( 1 s@(ﬁ%‘/Mﬂ)) = Cly),

ucLy

where C(p) is defined in (1.7). In particular,

lim e MA(#)YL(A(t)) " 'P(R, > A(t)) = 97,

t—o0

where 9* is defined in (1.10).

Theorem 1.4. Assume that Assumption 1 and Assumption 2 hold. If A : [0,00) —
(0, 00) satisfies tlim A(t)/h(t) = oo, then conditioned on {R; > A(t)},
—00

(1) R;/A(t) converges weakly to a random variable R* with density az™'~*1(1 ) ();

2) XgA(t)) converges weakly to Tér+, where the law of T is given in (1.8), and T' and
R* are independent.

In [41], Shiozawa studied the asymptotic behavior of the maximal displacement R; of
a branching symmetric stable process with spatially inhomogeneous branching structure.
More precisely, he proved that R;/ e /@ converges weakly, where ) is the first eigenvalue
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of the mean semigroup. Moreover, for any function A(t) growing faster than e /e he
gave the rate at which P(R; > A(t)) tends to 0.

Recently, related topics for branching random walks with regularly varying steps
have received considerable attention, see [7, 9, 10, 22] for instance. Assume that the
displacements of the offspring from the parents are i.i.d. with P(|X| > x) = 27 “L(x).
It was proved in [9] that, the point random measures }_,_, 0,-15 , where S, is the
position of v and b,, = inf{z : z7*L(x) < p~"}, converges weakly to a Cox cluster process.
Bhattacharya [7] studied the large deviations of the extremes of branching random walks.
More precisely, he proved that there exists a non-null measure m};; on M(Ry) such that
for any +, with v, /b, — oo and any measurable subset A of M(Rg) \ {0}, satisfying
mY,,(0A) = 0, for which 0 is not a limit point,

1

1 L) 2 Ssun ¢

[v|=n

Analogous problems for the case where displacements from the same parent have jointly
regularly varying tails have been studied in [7, 10]. For studies on the maximum M, of a
branching random walk with stretched exponential tails, i.e.,

P(X > ) ~ae P 4 o0,

where a > 0, L is slowly varying at co and r € [0, 1), we refer the reader to [25, 26, 27, 29].
When r € (0, 1), the maximum M,, grows polynomially. For example, if L is a constant,
then M, /nl/ " converges to a positive constant almost surely. Large deviation results
for P(M,,/n'/" > z) were given in [27]. [8] investigated the extremes for the case when
r=0and logt/L(t) — 0 (or L(t) = o(logt)) as t — oo,
Remark 1.5. Our upper large deviation results are closely related to the paper [7],
which used tools from [33]. In Theorem 1.4, we focus on characterizing the weak
convergence properties of appropriate renormalizations of X; under the condition that
the rightmost position is large (a small-probability event), which differs slightly from the
large deviations considered in [7] for branching random walks with i.i.d. displacements.
We now give some results analogous to those in [7].

Let A satisfy the conditions in Theorem 1.4, and set B, := {v € M(Ry) : v(1,00) > n}.
By Theorem 1.4, for any Borel measurable subset A € M(R) with P(Tdx- € 0A) = 0,

lim e MA®)*LA®) 'P(XP®) € ANBy) = 9*P(Tép- € A).

t—o0

In particular, for n > 1, by taking A = B, we get

lim e MAMLA®R) T 'P(XMY € By) = 9*P(Tok- € By) = ﬂ/ e MP(Z, > n)dr,
—00 a Jo

which gives the large deviations for the n-th order statistics. Using [34, Lemma 4.4], we
can also obtain the joint distribution of the order statistics, and we omit the details.

1.2.2 Lower large deviations

In this subsection, we state our result for lower large deviations of X;. Note that if A(?)
grows slower than h(t), then R;/A(t) goes to oo as t — oo. Thus we need to consider
a class of functions vanishing in a neighborhood of co. Let Ho(RR) denote the family
of all the functions ¢ € H(RR) with ¢ = 0 on (¢, 00) for some ¢ > 0. To the best of our
knowledge, lower large deviation results have not yet been established for branching
random walks with heavy tails.
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Recall that f(s) = >, prs® and ¢ = P(S°). Note that f'(¢) € [0,1). Put
p =B - f(q)) (1.11)
For any s € [0,1] and ¢ > 0, define
F(s,t) :=E (s7).
It is well known (see, [5, Section III.8], for instance) that

lim e*[F(s,t) — q] =: A(s) (1.12)

t—o00

exists for 0 < s < 1. Moreover, the convergence is uniform in s € [0, a] for any 0 < a < 1.
Recall that W is defined in (1.3). For any 6 > 0, define

$(0) = E(e= ). (1.13)
In this subsection, we assume that the function A satisfies the following conditions:

(S1) limyyoo A(t)/h(t) = 0 and lim; o tp(A(t) 1) = 0.

(S2) Ifa=1ora > 2, sup,; tVs(A(t)) < oo for some 6 > 0, where Vj; is defined in (2.8)
below.

(S3) If p,, = 0 for all k > 3, we further assume that A(t) > ¢?* with some v > 0 for ¢
sufficiently large.

It is clear that the condition lim; ., t(A(t)~!) = 0 is equivalent to & /A(¢) Eoas
t — oo. In the Appendix, we provide the asymptotic of ¥(6) as 6§ — 0. By the definition of
Vs, Vs(x) is slightly bigger than [¢(1/z)].

Now we give an intuitive interpretation of the lower large deviations of R;. Assume
that pp = 0, then ¢ = 0. Let r(¢) be defined by h(r(t)) = A(t). Using the Markov property
and the branching property of X; at ¢t — r(t), we get that

P{R; < A(t)} =P H

ueﬁt_r(,,)

se,, (B < h(r(1))
Under (S1), we have &' ;) = o(A(t)), then ]P(;g,‘;”()(RT(t) < h(r(®) & P(Ru <
h(r(t))) = ¢(¥*). Thus,

P{R, < A(t)} = P(¢(07) 7= ) ~ e P77 A((97))

as t — oo, where the last relation follows from (1.12). Condition (S1) is a crucial
condition, while (S2) is merely a technical condition. If A(t) grows so slowly such that
& /A(t) — oo, we conjecture that the e~ *(*~"(*)) is not the correct rate for P*{R, < A(t)}.
Now we state our main results.

Theorem 1.6. Assume that Assumption 1 and Assumption 2 hold. Let A : [0,00) —
(0, 00) be a non-decreasing function satisfying (S1), (S2) and (S3), and let r(t) be defined
by h(r(t)) = A(t). Then for any ¢ € Ho(R),

im e (T ol6t/A0) = 1 ABCE)),

t—o0
u€Ly 1

where C(p) is defined in (1.7) and A(s) is defined in (1.12). In particular,

lim e”“”“”lP*(Rt < A(t)) - ILA [6(9%))].

t—o0 —q
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In Lemma 4.3 below, we show that A > p, and that the equality A\ = p holds if and
only if py, = 0 for all k£ > 3. Thus, when p; = 0 for all £ > 3, the additional stronger
assumption (S3) on A(¢) is required. Currently we do not know how to remove this
additional assumption in this case.

Using Theorem 1.6, we can get the following:

Theorem 1.7. Assume that Assumption 1 and Assumption 2 hold. Let A : [0,00) —
(0,00) be a non-decreasing function satisfying (S1), (S2) and (S3). Then under P*,
conditioned on {R; < A(t)}, ng“” converges weakly to some random measure = =
S N where

() {N¥ k> 1} areiid. with the same law as P(Ns € |Noo(R) # 0, Nog((1,00)) = 0);
(ii) K is a positive integer valued random variable with generating function

(iii) {Néf), k > 1} and K are independent.

1.2.3 Almost sure envelopes for the rightmost position

We state now our results on the almost sure convergence of R;. Recall that A = (u — 1),
H is the inverse function of 2~ L(z) and h(t) = H(e ™).
Theorem 1.8. Assume that Assumption 1 and Assumption 2 hold. It holds that

lim inf R, /H (e~ log ) = (W)=,  Pras.
—00
Theorem 1.9. Assume that Assumption 1 and Assumption 2 hold. Suppose that
G : [0,00) — (0,00) is a non-decreasing function satisfying lim;_, ., G(t)/h(t) = oo
(1) IfY", e*G(n)~*L(G(n)) < oo, then

limsup R;/G(t) =0, P*-a.s.

t—o0
(2) IfY, e’ G(n)~*L(G(n)) = oo, then

limsup R:/G(t) = oo, P*-a.s.

t—o0

This implies that, for a non-decreasing function G satisfying lim; ,., G(t)/h(t) = oo,
either hm sup R,/G(t) = 0 P*-a.s., or hm sup R,/G(t) = oo P*-a.s.. Similar result holds

for a subordlnator Ifisa subordlnator with infinite mean, then for any increasing
function G : [0,00) — (0,00) such that G(t)/t increases, limsup,_,., &/G(t) = 0 or oo
almost surely, see [6, Chapter I11.4].

Fort >0, u €T, weset X, :=&; A, — & A Then we have

Xp= Y 0ep = 05 X,
uELy u€eLy

We will see in Proposition 3.1 that the asymptotic behavior of appropriate renormalization
of X} is governed by that of the same renormalization of

=33 bx (1.14)

ueLy vel,
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For the proofs of Theorem 1.3, 1.8 and 1.9, we first establish the corresponding
results for Y; and then use them to get the desired results for X;. This technique has
been employed in [39] for branching Lévy processes and in [9, 10, 22] for branching
random walks with heavy tails. However this technique (Proposition 3.1) does not work
for the proof of the lower deviation result in Theorem 1.6. We establish lower large
deviation results of X; and Y; separately. It turns out that the results are identical,
which is somewhat surprising.

The rest of the paper is organized as follows. In Section 2 we derive several estimates
for the tail probability of £;. In Subsection 3.1, we give the one large jump principle,
Proposition 3.1, and in Subsection 3.2 we prove Theorems 1.3 and 1.4. In Section 4, we
prove the lower large deviation results for X; and Y;. Finally, Section 5 contains the
proofs of the almost sure convergence results of R;.

For the reader’s convenience, we summarize some notation and definitions used
throughout this paper.

* C(Cy) stands for a constant (depending only on 6), whose value may vary from line
to line.

* f(x) <p g(v) means that there exists a constant Cy such that f(x) < Cyg(z).
(

¢
* g1(t) < g2(t) means that g;(t) < go(t) for sufficiently large ¢.
* R :=(—00,00) and Ry := [—00,q] \ {0}.

- B;( ): the family of all non-negative, bounded Borel functions on Ry.

- CT(Rp): the family of all non-negative continuous functions g on Ry with g = 0

on (—4,0) U (0,9) for some § > 0;

- CP(R): the space of all bounded continuous functions vanishing in a neighbor-
hood of 0.

- Bi(R): the set of all the Borel functions ¢ : R — [0,1] with ¢ = 1 in some
neighborhood of 0.

- H(R): the family of uniformly continuous functions ¢ : R — [0,1] with ¢ =1 in
some neighborhood of 0.

- Ho(R): the family of all the functions ¢ € H(R) with ¢ = 0 on (¢, 0o) for some

c>0.

Ry
Ro

e T is a tree with root o

e For a particle u € T,

- N* is the number of the offspring of v, b, and ¢, are the birth and death times
of u, respectively.

- ¢} is the position of v at time ¢.

I? is the set of ancestors of u and I, := IQ U {u}.

L; is the set of all the particles alive at time ¢, and Z; is the cardinality of L;.

Dy :={u:b, <t} and |D;| is cardinality of D;.

Z} is the number of offspring of v alive at time ¢, and

Dy={ueT:b, <t Z'>0}, D,:=D;\{o}.
- Xu,t = Egu/\t - fllfumt and

M; = max X, 4, Mt’ = max X, ;.
u€Dy u€D,

Forany 0 < s <,

Ms,t = max |X'u,,t|~
u€ED_ g
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« For any nonnegative function g and measure v = Y ;_, 6,,,

Z(g,v) = [ ] gxn)-
k=1
¢ Xﬁ = Eueﬁt 55?’ Yt = Zuelﬁt Zvelu 6X1/,t = ZuEDt ZZJ(SXu.t'
« Foranya >0, X\" =Y, Sevai Yi = Y icp, Zi0x0 /-
* R;:=maxyer, &' t>0.

2 Preliminaries: Estimates on the tail probabilities of ¢

In this paper we always assume that L is a positive, continuous slowly varying
function on [0, 00) such that x~*L(x) is strictly decreasing on (0, c0). Recall that, for any
¢ >0, since L(cx)/L(x) — 1 and L is locally bounded, we have sup,. L(cz)/L(z) < oo.
It is well known (see [11, Theorem 1.5.6] for instance) that, for any ¢ > 0, there exists
a. > 0 such that for any =,y > a.,

L(y) c - L(y) c -
T = 2max {(y/2), (y/2)™},  +5 < 2max{(y/z)% (y/z)"}. (2.1
Estimates for the tail probability of £ were obtained in [39] under certain stronger con-
ditions. In this section, we prove several of these results under the weaker Assumption
2. First we give an elementary lemma, whose proof is omitted.

Lemma 2.1. Let Y7, Y5 be two independent non-negative random variables. Assume the
tail probability of Y7 is regularly varying with index —«, then
P(Y1 -Y; > x)

z—oo  P(Y] > x)

Lemma 2.2. If Assumption 2 (i) holds, then as x — oo,

P(%e))

x_(fi[/(x) i> Sl/oé(') on EO,

where v,, is defined in (1.4).

Proof. We can write € as &€ = ¢! + £2 with ¢! and £? being independent Lévy processes
with generating triplet (a, b, n|{z<13) and (0,0,n|{;>13) respectively. Since ¢! has
exponential moments, for any s > 0, we have

P(l¢!] > ) = o(27*L(z)), x — oco. (2.2)

Now we deal with the tail probability of 2. ¢? is a compound Poisson process
which can be written as the difference of two independent positive compound Poisson
processes £2! and £¢22, where ¢! and —£2? are Lévy processes with generating triplet
(0,0,n|¢z~1y) and (0,0,n|;,~_13). Since n(x, co) is regularly varying, by [24, Theorem 3]
and Lemma 2.1, we have that

P2 >2) ~ P2 > 1) ~ sn(z,00) ~ %sx_o‘L(x), x — 00. (2.3)

If go > 0, then using similar arguments, we can get

P <-1) @
o L(2) — o ¢ — 00. (2.4)

EJP 31 (2026), paper 98. https://www.imstat.org/ejp
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Now we consider the case ¢g» = 0. Let Y,k > 1, be i.i.d. non-negative random variables
with common law P(Y~ > z) = n(—o0, —z)/n(—o0, —1). Since g2 = 0, then for any € > 0,
there exists xo such that P(Y~ > x) < ez~ *L(x). So forany = > a1 and n < z/(zo + a1),
we have by (2.1),

P (Z Y, > x) <nP(Y™ >a/n) <en' T2 *L(x/n) < 2en* T L(z).
k=1

Since —¢? is a compound process with Lévy process n|g,._13, £22 4 E,]:; Y, , where
{N; } is a Poisson process with intensity n(—oo, —1). Thus it follows that
N
P22 >a) <P (> Y, >xN; <a/(xo+a) | + PNy > /(w0 + a1))
k=1
< 2ex™L(2)E((N;)*™) + E(e(mo )Ny,

P(e22>a)

Hence we have lim,_, 5 L@ =

0, which implies (2.4) also holds when ¢, = 0, since
P(&2 < —2) = P(¢2? — 21 > 0) < P(€2? > u).
Combining (2.2), (2.3) and (2.4), we get that for any s > 0,

P S . P s -
fm D> @ gy g DS @)
z—oo x~L(x) o z—oo xTL(x) a

Thus we get the desired result. O

Let CP(R) be the space of all bounded continuous functions vanishing in a neighbor-
hood of 0. By Lemma 2.2, under Assumption 2 (i), we have

li_>m °L(x)'E (g (£S>> = s/ g(x)va(dz), forall g € CY(R) and s > 0.
r—00 €T Ro
It was shown in [42] that, under Assumption 2, for any ¢ > 0,
lim z*L(x)"'P ( sup & > J:) = lim 2*L(z)"'P(& > z) = a (2.5)
T—00 0<s<t T—00 o
and
: « -1 : _ _ 1 a -1 _ — qj
$1Lr{>10x L(z)”'P (og;fgtgs < ;v) = gglggox L(z)""P(& < —x) o (2.6)

It was proved in [39, Lemma 2.2] that, under (H), there exist ¢y > 0 and zy > 0 such
that for any s > 0 and = > z,

P(&] > z) < cosz™“L(z). (2.7)

In the next lemma, we provide a similar upper bound for P(|{,| > =) under Assumption

2. We first recall a useful result for the tail probability of random walks.
Let Y be a random variable with law % Let Y,k > 1, be i.i.d. random
variables sharing the same law as Y if & < 1 and sharing the same law with Y — E(Y)

otherwise. For any ¢ € (0,1), define

x *L(x) a € (0,1)U(1,2);
r2(logz V1), a>2;
Vs(x) := x_l%, a=1; (2.8)
r2(logz V1),  a=2E(}) < oo;
x 2t a=2E() = oo;
EJP 31 (2026), paper 98. https://www.imstat.org/ejp
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where L*(z) := lz\/l y~'L(y)dy. Let S, = >_}_, Y. It is known (see, [14, Corollary 2.2.4,

Corollary 3.1.7, Remark 4.1.5] for instance) that for any 6 > 0, there exists ¢(f) > 0 such
that for all (n,z) with nVs(z) <6,

P(S,, > z) < c(@)nz=“L(x). (2.9)

Lemma 2.3. Assume Assumption 2 holds.
(1) For o € (0,1) U (1,2), there exists a constant ¢y > 0 such that for all s,z > 0,

P(&] > z) < co(l + s)x™*L(x). (2.10)

(2) Fora =1 or « > 2, let V5 be defined in (2.8) with § € (0,1). Then for each § > 0,
there exists ¢y > 0 such that for all (s,z) with 0 < sVs(z) < 6,

P& > x) < co(1+ s)z™“L(z). (2.11)
Proof. Let ag > 0. Forall s > 0,0 < x < ag, we have

:E*O‘L(:v)

P(|§5| >I) <1< m

Sao (1 +8)z7“L(z). (2.12)
In the remainder of the proof, we only need to consider the case when z is large enough.
Letd >0and ¢ € (0,1).

(1) If € (0,1) U (1,2), by Lemma A.2 in the Appendix, we know that condition (H) is
satisfied. Thus by (2.7) and (2.12), we get (2.10) immediately.

(2) Let « = 1. Let ap := a(0, §) be a constant to be chosen later. Recall the definitions
of ¢! and ¢? in the proof of Lemma 2.2. Since ¢! has exponential moments, we have

P(l¢l|>z)<e™ E(efi) + E(e_gi)} < 26770 < 267wl Vs (@)

for 0 < sVs(z) < 6, where C' = max{log E(¢1),log E(e=%1)} € [0,00). Since Vs(z)~! =
o(z), we have e #eC?/Vs(*) = o(z=*L(x)). Choose ag large enough such that for all = > aq,
e 2eC0/Vs(®) < g=o[(z). It follows that, for all (s,z) with 0 < sV;(z) < 6, and z > aq,

P(l¢}] > z) < 207 L(x).

Note that ¢2 is a compound Poisson process with ¢2 < "N v, where {N, : ¢t > 0} is
a Poisson processes with intensity n({|y| > 1}). It follows that for any z > 0 and s > 0,
A >0,

N,
P(l>2)<E|> Yi>az N, < A/Vs(x)| + P(N, > A/Vs(x))

k=
< (A)E(Ns) *L(z) + e~ Vi@ E (M)
n({|y| > 1}) sz~ *L(x) + ele=n({ly[>1})s ,—A/Vs(z)

Now choose A = (e — 1)n({|y| > 1}) + 1 and ay large enough such that e=1/Vs(*) <

x~*L(x) for all © > ap. Thus by (2.9) we get that for any 0 < s < 6/Vs(z) and x > ay,
P(e2 > z) < c(A)n({|y| > 1}) sz~ *L(x) + e /3@ <y (1 4 s)z™*L(x). (2.13)

Similarly, P(¢2 < —x) ¢ (1 + s)z~*L(z). Combining above all, (2.11) is true for o = 1.
(3) Finally, we consider the case when « > 2. By Assumption 2, E(¢;) = 0. We modify
the definition of ¢! and ¢ slightly. Let ¢! and ¢2 be two independent Lévy processes

EJP 31 (2026), paper 98. https://www.imstat.org/ejp
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with generating triplet (0,b,n|{j;<1}) and (a, 0, n|{;>1}) such that £ = ¢! 4 £2. Note that
(2.13) is still valid for a > 2.

For ¢', we have E(e!) < exp{D¢?}, where D = 0* + [, _, y*n(dy). Thus by the
Markov inequality, we have, for any ¢ > 0,

22 22 V5 (@)

P& >2) < e_CIE(ecfé + 6_65;) < 2e7@eP"s < omdDs < o Taby

9

for 0 < sVs(z) < 6. One can check that e~ Sty
22 x
enough so that e~ s < a7 *L(x), we get that for any 0 < s < 0/Vs(x) and = > ag

= o(z~*L(z)). Letting ao be large

P(|¢:] > 2) < a7 L(x).

The proof is now complete. O

3 Upper deviation of X; and Y,

We first introduce some notations to be used throughout the paper. Let D; := {u :
b, < t} be the set of all the particles born before or at ¢, and let | D;| denote the cardinality
of D;. We define
Dy:={ueT:b, <t Z >0}, D;:=D;\{o},

where Z;* be the number of offspring of u alive at time ¢{. Define the displacement of u
up to time ¢ as X, ¢ := &5 A — & o @nd let

M, = max Xut, M]:= sup Xy (3.1)

u€Dy u€D,
For any 0 < s < t, we define

M, = X .
st ulenDa:fS | u,t|
3.1 A key result on “one big jump"

For any nonnegative function g and measure v = Y, _, d,,, define

n

Z(g,v) = [ ] 9(x)-
k=1

Here we use the convention that H2:1 g(zy) = 1. Itis clear that Z(g, v) = ¢”(°29) Recall

the random measure Y, defined in (1.14). It can be rewritten as

Yi= Y Z'ox,,.

u€Dy

For any a > 0, similar to (1.1), we let Yt(a) = > uep, Zi'0x, . /a- The following key

lemma says that, under appropriate renormalizations, X; and Y; have similar asymptotic
behaviors.

t
Proposition 3.1. If a(t) is a positive function such that a(t) > e for some € € (0,1),
then for any ¢ € H(R),

lim ef)‘ta(t)aL(a(t))ilE (’I(@,Xga(t))) 7I(¢7Y§a(t)))’) = 0.

To prove the Proposition, we proceed as follows. (i) In Lemma 3.2 below, we prove
that, with high probability, for all v € £;, there exists at most one particle v’ € I, that
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experiences a “large jump” of size larger than fa(t)/loga(t). (ii) In Lemma 3.3 below, we
show that, with high probability, for all v € £;, the number of ancestors of v is less than
cloga(t). (iii) In Lemma 3.4 below, we prove that the event {M,; < a(t)} occurs with
high probability Using the results from (i) and (ii), we have that, with high probability,
|fé) a( t) t| is small enough. By (iii), we find that Y(“(t)) is governed by the following
random measure:

Y, = > Ziox,, = > ZPx,,. (3.2)

UED:t—s<b, <t u€ET:t—s<b, <t

Then, by dominating Y, ; properly, we get the assertion of Proposition 3.1.
Let a(t) be the same as in Proposition 3.1. For any ¢ > 0 and 6 € (0, 1], define

Ay(0,a(t)) := ﬂ { > Xy >0a(t)/ loga(t)}y < 1}~ (3.3)
vELy u€l,
Lemma 3.2. Foranyp € (0,2),
Jim e Ma(t)PoP(Ay(0,a(t))°) = 0. (3.4)
— 00

Proof. Note that
P(Ay(0,a(t))°|F') < Z P ({ Z 1(|x, . |>0a(t)/ log a(t)} = 2} I]:tT> . (3.5)
vely uel,

Since tVs(a(t)/loga(t)) — 0, as t — oo, by Lemma 2.3 we have that

P (| Xl > 0a(t)/loga(t)|FT) = P(I&] > Oa(t)/log a(t))|s=r, ,
% (0=t - a(t)”“[log a(t)]*L(Aa(t)/log a(t))) A1 =: p,. (3.6)

Recall that, for any v € T, n” is the number of particles in I, \ {o}. Thus |I,| = n" + 1.
Since, conditioned on F', {X, ;,u € I,} are independent, we have

n"+1
T n' +1 P
P (Z 1x, |>0a(t)/ loga(t)} = 2| F; ) Z (

uel,

n'—1 n —1
< 1 e
pt Z TL + ( m )pt
:ptn (n +1)(1 +pt)" -1

Thus by (3.5) and the many-to-one formula, we have

P(A4(0,a(t))%) < Mpi E(ny(ng + 1)(1+pe)™ ") = eMp} (2 + (1 + py) Bt) Bte "
~ (Bt)?eMp?, t — 0. (3.7)

Here we used the fact tp; — 0 as ¢t — oo. Now (3.4) follows from (3.6) and (3.7)
immediately. O

Let a(t) be the same as in Proposition 3.1. For any ¢ > 0 and ¢ > 0, define

Bi(e,a(t)) = m {n" < clogal(t)}. (3.8)

vELy
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Lemma 3.3. For any ¢ > 2a + ¢/,

lim e Ma(t)?*P(By(c, a(t))®) = 0. (3.9)

t—o0

Proof. Using the many-to-one formula (see Lemma A.4 in the Appendix), we get

P(Bt(c7a(t))c) =P ( U {nv > ClOgG(f)}) <E (Z 1{n’”>cloga(t)}>

veELy vELy

= eMP(n; > cloga(t)) < e info e~relogalt) perne)
>

_ eAte—(log log a(t)+log c—logBt—1)clog a(t)—,Bt. (3.10)

t
Since a(t) > e, we have

logloga(t) + logc > log(cdt) > log(Bt) + 2.
Thus by (3.10), we have
P(B:(c,a(t))) < eMeclogalt) =Bt — eMa(t) e P,
Since ¢ > 2a, we get the desired result. O
Lemma 3.4. If a(t) is a positive function with sup,- tVs(a(t)) < oo, then

lim limsup e~ *a(t)*L{a(t)) 'P(M,; > a(t)) = 0.

e

Proof. The proof is similar to that leading to [39, (2.14)]. To highlight the distinc-
tion between Assumption 2 and Condition (H), we give the short proof. Let 0 :=
sup,s; tVs(a(t)) < co. Recall Gs(z) = P(|€;s]| > z). By the definition of M, ;, we have that
fort > 1,

P(M > a(t) = E(Uup,<i-s{Xue > a®) <E[ Y Gr,, (at)

u,by <t—s

Soa®) LB | Y (1+7u) |,

U,by <t—s

where the last inequality follows from Lemma 2.3. In the proof of [39, lemma 2.6], it was
shown that

—Bs _ ,—As
I D e R e I

u,by <t—s

By Lemma A.5 in the Appendix, we have

E (Z 1{bu<ts}> =E(Di-s)) = g(ue”t‘s) —1). (3.11)

Combining the three displays above, we get the desired result immediately. O

Now we are ready to prove Proposition 3.1. Using the tree structure, we can rewrite
the random measure Y, ; defined in (3.2) as follows:

Yo=Y, > Ziox,, = Yy Yi. (3.12)

VEL s uv<u,by, <t vEL: s
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By the branching property and the Markov property, conditioned on F;_, {Y;t, vE L}
are i.i.d. with a common law equal to that of

= Z'x,.. (3.13)

u€D]

Proof of Proposition 3.1. Let 6, c be the two constants in Lemma 3.2 and 3.3, and let A, (6,
a(t)) and By(c,a(t)) be the events defined in (3.3) and (3.8) respectively.
Let v’ € I, be such that | X, ¢| = ma}x{|Xu7t\}. We note that, on the event A;(6,a(t)),
’ uely,

| Xu,t| < Oa(t)/loga(t) for any u € I, \ {v'}. Since & = > ; Xy on the event
A(0,a(t)) N By(c,a(t)), we have that

nv6a(t)
vo_ ’ = < < . .
‘ft XU ,t| E Xu,t S log a(t) S c@a(t) (3 14)

uel,\{v'}

For ¢ € H(R), we have ¢ = 1 on [—4,d] for some § > 0. Since ¢ is uniformly
continuous, for any v > 0, there exists n > 0 such that |p(z1) — ¢(z2)| < v whenever
|1 — 22| < n. We now fix an arbitrary v > 0 and the corresponding 7.

Recall ¢ > 2a + e¢?(3/e. Choose 6 small enough so that cf < n A (§/2). We assume
that ¢ is sufficiently large so that loga(t) > 26/5. We note that, on the event A.(6,a(t)),
| Xt < Ba(t)/loga(t) < a(t)d/2forany u € I, \{v'}, and thus ¢(X,, ;/a(t)) = 1. It follows
that on the event A.(0, a(t)) N Bi(c, a(t)),

H‘Pft/a H HQD Xuy,t/a(t) H‘Pft/a H@ v t/a(t)

vEL, vEL u€l, vELy vEL,
< >l /a(t) — e(Xus/alt)].  (3.15)
vELy

By (3.14), on A.(0, a(t)) N Bi(c,a(t)), we have
& = Xor el Ja(t) < cb < A(6/2).

Thus if | X, ;| < da(t)/2, then |¢|/a(t) < §, which implies that ¢ (&' /a(t)) —o(Xy ¢/a(t)) =
0. Hence by (3.15), on A:(6,a(t)) N Bi(c,a(t)),

T X ) = T, Y ) <9 3 Ly, mawir

VELy
YYD Wixudlsawsrzy =7 Y 2o Xug),
veLly ucl, uE&Dy

where g:(y) = 1jy/>a(+)5/2- Therefore, for any fixed s € (0,t), on A¢(0,a(t)) N By(c,a(t)) N
{M; < a(t)é/2}, we have

T X ) T v ) <0 Y ZEeKu) = Yaal).

ut—s<b, <t
Since ¢ takes values in [0, 1], we have
E|Z(e, X{") - Z(p, ¥{"")
P(A(0,a(t))°) + P(By(c,a(t))") + P(My, > a(t)6/2) + vE(Y.(g:)). (3.16)
EJP 31 (2026), paper 98. https://www.imstat.org/ejp
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Note that tV;(a(t)) — 0 for any 6 € (0,1). By (3.12) and Lemma 2.3, we have that for ¢
large enough,

E(Yat(9) =E(Zi-)B(Y{(g0)) = NTIB | Y ZVP(|Xos| > a(t)0/2|F])
u€D,

Ssa(t) " La®)M IR | Y0 ZE(1+ 7
u€D,

It follows from the display below (2.19) in the proof of [39, Proposition 2.1] that

E| Y Zirs| <E| Y Zir.| <se.

u€D! ub, <s

Recall that n* is the number of ancestors of u. By Lemma A.4 in the Appendix, we have

E Z ZY | =E ( Z n“) = M E(n,) = Bse’. (3.17)

ueD), u€EL,
Thus we get that, for ¢ large enough,
B(Yst(90)) S5 a(t)“L(a(t)e™ (8 + 1)s. (3.18)
Thus combining (3.16), (3.4), (3.9) and (3.18), we have

limsup e a(t)* L(a(t)) B |Z(e. X))~ Z(p, ¥["")

t—o00
<slimsup e Ma(t)*L(a(t) 'P(M,; > a(t)d/2) + (B + 1)s7.
t—o00
Letting v — 0 first, and then letting s —+ o0 and applying Lemma 3.4, we arrive at the
desired result. O

3.2 Proofs of Theorems 1.3 and 1.4

In this subsection, we first study the asymptotic behavior of Yt(A(t)) (see Proposition
3.6 below), and then using Proposition 3.1 to obtain the corresponding result for XgA(t)).
According to Lemma 3.4, to get the asymptotic behavior of YﬁA(t)), it suffices to study the
property of Yi{;(t)). The following result on Y, is due to [39]. We define Y;(a) similarly as
(1.1). We emphasize that the definition of M, , in [39, Section 2.3] coincides with Y’ éh(t)).

Lemma 3.5. For any s > 0 and ¢ € H(R),

T—00

lim z®L(x)~! {1 D) (I(@,Y’S(w)))} = /OS (e’\(s_7') — e_ﬁ(s_r)) /]RE (1 — go(y)ZT) Ve (dy) dr.

Proof. Under (H), it has been proven in [39, (2.17) and the first display on page 636]
that for (z) = e~9(®) with g € Cf (Ry),

lim A(6)*L(h() " [1 — B (Z(e, Y ))]

t—o0
:/ (eA(H) —6_5(5_”) / E (1 - o(y)*) va(dy) dr.
0 R

Under Assumption 2, we observe that, replacing (2.7) by Lemma 2.3, the argument
above remains valid, and that the desired result holds for any ¢ € H(R). O
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Recall that B;(R) be the set of all the Borel functions ¢ : R — [0,1] with ¢ = 1 on
[—9, 6] for some 6 > 0. We can extend the definition of C(y) in (1.7) to ¢ € By (R). Note
that for any ¢ € B1(R)

C(p) ::/ e‘”/ E(1 — o(2)%")ve(dz)dr < oco.
0 Ro
If {on,n > 1} C B;(R) are such that ¢ and ¢,, are identically 1 on [—§, §] for some § > 0,
and that ¢,, — ¢ almost everywhere, then by the dominated convergence theorem,
Clen) = Clp).

Hence C(y) is continuous in ¢.

Proposition 3.6. If A(t) is a positive function with tlim A(t)/h(t) = oo, then for any
— 00

v € H(R),

lim e MA(H)*L(A(t) ! (1 _E (I(@,Yt(A(t))))) = O(p), (3.19)

t—o00

where C(yp) is defined in (1.7). Furthermore,
Jim e MA)YL(A®) TP(M; > A(t)) = 97, (3.20)

where M, is defined in (3.1), and ¥* is defined in (1.10).

Proof. For ¢ € H(R), we have ¢ = 1 on [, ] for some § > 0. It is easy to see that
for any 0 < s < t, on the event {M,; < JA(t)}, it holds that I(¢,Y§A(t))) = I(@,Ygﬁ(t))).
Thus, forany 0 < s < t,

[ (2, YN)) = B (2tp, YOO | < P(M, > 5(1). (3.21)
Using the Markov property and (3.12), we have that

1-B (2. Y)FL) =1 [T B (T Yot ) 7o)
vELy
—1 - [ (2. ¥ 00| (3:22)
It follows from Lemma 3.5 that, as ¢t — oo,
1= B (Z(p, YAO)) ~ G LIAWD),
where C, = [; (X7 —e=B6=1) [LE (1 — ¢(y)?") va(dy) dr. Thus
~10g E (Z(p, YIAO)) ~ 1~ F (Z(p, YIAO)) ~ CoAM) ™ L(A®))
and consequently

7 og E (T(p, Y{AD)) ~ IO A1) LIALE)) - W,

which tends to 0 as ¢ — oo since thm A(t)/h(t) = co. Combining this with (3.22), we get

— 00
that, as t — oo,

lim e MA(t)*L(A(t)) " (1 ~E (z(%ygﬁw)m_s))

t—o00
= flim e—AtA(t)O‘L(A(t))—th_S(_ logE (I(go, Y{S(A(t)))))
- / (X7 = e / E (1 ¢(y)?") va(dy) dr - W. (3.23)
0 R
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Moreover,

eMAB LA (1-E (2, YD) R ) )
<2 A LA (1- B (Z(, ¥AO)))

§26_’\3/ (e’\(s_’") — e_ﬁ(‘s_")) / E (1 — <p(y)ZT) Ve (dy) dr - e M=) gz, . (3.24)
0 R

In the first inequality we used the inequality 1 — 2™ < n(1 — z),z € (0,1). Note that

e M-Sz, W as. andFE (e—Mt—S)Zt_S) SEW =1, t— oo, (3.25)

where we used Assumption 1. Combining (3.23), (3.24) and (3.25), and using the
dominated convergence theorem we get

lim e MA@ LA®) (1B (Z(e. YD) )

t—o00
:ef)‘s/ (eA(Sfr) - efﬂ(sfr)) / E (1 - ¢(y)?") vo(dy) dr. (3.26)
0 R
Using (3.21), Lemma 3.4 and (3.26), we get that
lim e A(t)*L(A(t)) " (1 _E (z@,sd“%))
t—00

lim e*AS/ (eMS*”—e*ﬁ(S*’”))/E(l—w(y)Z’”)Va(dy) dr
0 R

§—00

/ T [ (o)) vatan)ar = Co).
0 R

We now prove (3.20). For any ¢ € (0,1), define I., I. € #(R) by

L, y <1,
I.(y) := < linear, 1<y<1+e,
0, y>1+c¢
and
1, y<l-—eg,
L(y):={ linear, 1—e<y<1,
0, y > 1.

It is clear that I.(y) < 1(—s0,1)(y) < I:(y). Applying (3.19) to I. and I., and by the
continuity of C(¢), we can get (3.19) still holds for ¢(y) = 1(_,1j(¥), that is,

Jim e MA@ L(AW)P(M; > AW)) = C(1 )

= / e / P(Z, > 0)vy(dy)dr = Ly,
0 1 @
The proof is now complete. O

Proof of Theorem 1.3. Applying Proposition 3.1 and Proposition 3.6, we have that

lim e MA(H) L(A(t) ! (1 - EI(@,XEA(”))) = C(p), e HR). (3.27)

t—o0

By the continuity of C(y), we can get (3.27) still holds for ¢(y) = 1(_,1)(y), that is,

Jim e MAR)YLA®) T TP(Ry > A(t) = C(1(—0o)) = V™. (3.28)
—00

O
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Proof of Theorem 1.4. By (3.28), we have for z > 1,

tli}m P(R: > zA(t)|Re > A(t)) =2~ = P(R" > x).

For any g € CJ (Ro) and 6 > 0, applying Theorem 1.3 with ¢(y) = e=%®1__ 1)(y) and
o(y) = e, we have that

lim e”\tA(t)aL(A(t))’IIE(e’exim))(g), R, > A(t))

t—o0

— iy oA -1y _ —ox M) (g) (1 _ —ox{M ) (g)

= lim e MA() L(A(1)) [1 E(e 9 R, < A(t)) (1 E(e g ))}

= / e / E[e~%9W2r; 7. > 0], (dy)dr. (3.29)
0 1

By (3.28) and (3.29), we have

lim (e @R, > A / / [e=09W) %0, 7. > v, (dy)dr
t—00 q119
- F ( —0T-g(R*) )
The proof is now complete. O

4 Lower deviation of X, and Y,

We first give some results about the continuous time branching processes {Z; : t > 0}.
Recall that the extinction probability ¢ € [0,1), the constant p defined in (1.11), the
function A(s) defined in (1.12), and F(s,t) = E (s?*). The function A(s) is the unique
solution of

A(F(s,t)) = e P A(s) (4.1)

with A(q) =0, A’(¢) = 1. Since A(s) is the limit of power series, it is itself a power series

oo
s) = Z a;s’.
=0

Itis clear that ag <O0anda; > 0,57 > 1. Forany0 < c¢<1—gand s € [0,1],

Ales +q) = A(cs +q) — A(q) = f:aj[(cs +q) —¢’] = f: [f:aj (i) qj_k}cks’“.

=1 k=1 j=k

Thus ‘%(quq)) s € [0,1], is a probability generating function.

Lemma 4.1. For any s € [0, 1),

A(s)=s—q+ /00 BeP'V(F(s,r)) dr,

0

where

0<V(s):=f(s) = f(a)s —a(l = f'(q)) < f'(sVq)(s — q)*. (4.2)
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Proof. By the Markov property and the branching property, we have that
t
F(s,t) =se Pt 4 / Be PTf(F(s,t —7))dr
0
t t
=se P + / Be T f(F(s,t —r))dr — / e P"Bf (q)F(s,t —r)dr
0 0
t t
=se Pt + / Be PV (F(s,t —r))dr + qp/ e Prdr
0 0

¢
=e Pt <s —q+ / B’V (F(s,T)) dr) +q.
0

By (1.12), we have

t

A(s) = lim e (F(s,t) —q) = s —q+ lim [ Be”V(F(s,r))dr
> Jo

t—o00
=s—q+ / Be’"V (F(s,r))dr.
0
Since ¢ = f(q), we have V(s) = f(s) — f(q) — f'(¢)(s — q). Now (4.2) follows immediately
from Taylor’s formula. O

Recall that ¢(6) = E(e=").
Lemma 4.2. For any 6 > 0,

A((0)) = /oo Be*V [¢ (0e**)] ds.

—00

Proof. By the branching property and the Markov property, we have

Zive= Y Zi,

u€Ly

Given Z,, {Z}, ,,u € L,} are i.i.d. with the same law as Z;. It follows that

_ As —AXtr7u __ _—As u
= lim e~ E e Nz, =e E wH,

t—o0
ueLy uELy
where {W",u € L,} are i.i.d. with the same law as W. Thus we have
(0e™*) =B (¢(0)%) = F(4(0), 5). (4.3)

Hence by Lemma 4.1 and (4.3), we have for any = > 0
ﬂeps (¢ (0e°)] ds = e*" / Be”*V (0] ds
0

=e~ / Ber*V [F(¢( ),s)] ds = e "[A (¢(96_>\I)) — ¢(0e™ ) + ¢
=A(F(p(0e™7),2)) — e P (¢(0e™*") — q)
=A(¢(0)) — e " (p(0e™") — q),

where the fourth equality follows from (4.1). Letting x — oo, the desired result follows
immediately. g

Lemma 4.3. It holds that \ > p. Moreover, A = p if and only if p;, =0 for all k > 3.

EJP 31 (2026), paper 98. https://www.imstat.org/ejp
Page 21/48


https://doi.org/10.1214/26-EJP1554
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations and almost sure convergence of branching Lévy processes

Proof. Note that A — p = B(f'(1) + f'(¢) — 2). We first consider the case when py = 0.
Then ¢ =0 and f'(¢q) = f'(0) = p;. Hence we have

fA)+f0)-2= <kak +p1— 221%) =Y (k—2)pr > 0.
k=1 k=1 k=2

Furthermore, the left hand side is equal to 0 if and only if p, = f*)(0) = 0, k > 3.
If pg > 0, then ¢ > 0. Define

f(s) — f( _;1)5;‘@) —q

, for0<s<1.

It is well knovyn (see [5, ChapteI‘A 1, Section 12]) j:hat f is a probability generating
function with f(0) = 0. Note that f(1) = f/(1) and f'(0) = f’(¢). Applying the previous
paragraph to f, we get that

FQ)+ fg)—2=f 1)+ f(0)-2>0.

Moreover, the left hand side is equal to 0 if and only if f(*)(0) = (1—¢)*~ 1 f®)(q) = 0,k >
3. It is easy to see that f®)(q) = > 7%, k(k — 1)(k — 2)prg* =2 = 0 if and only if p;, = 0,
k> 3.

The proof is now complete. O

Note that the skeleton {Z,,n = 0,1,---} is a Galton-Watson process with offspring
generating function f(s) := F(s,1). It is clear that f/(1) = P(Z;) = ¢* > 1 and P(Z; =
1) > P(r, > 1) > 0. By [28, Theorem 4], we have that, for any nonnegative sequence a,
with a,, — oo and a,, = o(e*"), there exists a constant ¢ > 0 such that

PO< Z,<a,) <cPO<W< e_k"an), n>1. (4.4)
Furthermore, it was proven in [21] that there exist ¢1, co > 0 such that for any = € (0,1),
1P/ < PO<W<zx)< cox/ (4.5)

By (4.4) and (4.5), there exists C' > 0 such that

P(0 < Z, < an) < Calre™", n>1. (4.6)

4.1 Lower deviation of X;

We first give the proof of Theorem 1.2.

Proof of Theorem 1.2. Under condition (H), we have proved in [39, Proposition 2.1] that
Y,gh(t)) converges weakly to N, that is for any ¢ = e~9 with g € C:F (Ry),

lim E(Z(p, Y"")) = E(Z(p,Nx)) = E (exp {~C(p)W}). 4.7)

Now we replace condition (H) with the weaker Assumption 2. By inspecting the
arguments in [39], replacing (2.7) with Lemma 2.3, and using (3.11) and (3.17), we can
show that (4.7) is valid for any ¢ € H(RR) under Assumption 2.

By Proposition 3.1 we have for any ¢ € H(R),

lim B(Z(e, X)) = B(Z(1p, o)) = B (exp {~C(p)W})

The proof is now complete. O
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For any function g and z # 0, we define the function m,g(-) by the relation m,g(y) =
g(y/x). By the definition of C(y) in (1.7), it is easy to see that

Cmep) =27°C(p), ¥ € Bi(R).
Lemma 4.4. Ifa(t), b(t) are functions with a(t)/h(t) — a > 0 and b(t)/a(t) — 0, then for
any ¢ € H(R),
Jlim By (Z(, X)) = Eexp{—a™C(p)W}).

u€ELy

Since ¢ € H(R), we have ¢ = 1 on [—§,] for some 6 > 0. Moreover for any

€ > 0, there exists n = n(e) > 0 such that |¢(z) — ¢(y)| < € whenever |z —y| < 7. It

follows from the assumption that for any ¢ > 0, there exists ¢’ such that for all ¢ > ¢/,

(1= )a(t) < ah(t) < (1+ €)a(t) and [b(t)] < e'a(t)
We now fix an arbitrary ¢ > 0 and 0 < ¢/ < 5

t>t,
y+ b(t) (1+€)y| , 0 0 )
< <[1
’a(t) <o s\ttt e Y
< Z —1, thenfort >t

Proof. Note that

and that if a‘hy )

‘y+b(t) y ‘<6/ |yl

o) ah(® ah@® ¢ ="

Thus for any ¢t > t/,

y +b(t) Y|
o ) ) “"(ah(t)> S lygccnn Tl sy

Hence we have that

(1 (%)) = (1L -l

uel

o (5509) ()]
ueLy
<E 1/\<€Z {l;l£<tt>> 5/2}> +EIIA {;f(tt>>a(n/6’—1)}]' (4.8)
ueLy ueLly

Since Xih(t)) converges weakly to NV, we have, as t — oo,

d
€ E {f{t>> 6/2}%@]\/00({3/6]}{; ly| > ad/2})
ueLl

and

D L ey Moy ERs gl > aln/e = 1)}
u€Ly vt

Thus letting ¢ — oo first and then ¢ — 0, and finally ¢ — 0 in (4.8), applying the
dominated convergence theorem, we get

&'

h(t)

e (T (S552)) = e (1T o

u€Ly
— E (exp {~C(map)W}) = E(exp{—a—"C(p)W}).
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Foranyt¢ > 0, x € R and ¢ € B;(R), we define

Usﬂ(tvx) = Ex(I(QOaXt)) =L, ( H @(fg)> (4.9)

ueLy

and
u(t,z) == Us_ o (t,2) =Pu(R <0) =P(R; < —x). (4.10)

By the Markov property and the branching property, we have

t
Ut 2) = e P, (p(&)) + E, /0 Be™P* F(U(t - 5,€,))ds,

which implies that
t
Uw(t, 33) — eﬁ(f/(Q)*l)tEx(@(gt)) + Em/ ﬁeﬁ(f/(Q)*l)Sf(Uw(t _ 3,53)) ds
0

t
E, / P DD/ (U (¢ — 5,6,) ds
0

= e_ptE$(<p(€t)) + El/() 66—PSV(U¢(t -5, 55)) ds + Q(l - e—pt),

where p is defined in (1.11) and V is defined in (4.2). Thus

t
Up(t,2) — q = e " (B(p(& +2)) — q) + E / Be PV (Uy(t— s, +€)) s, (4.11)

The following lemma will used in the proof of Theorem 1.6.

Lemma 4.5. Let ¢ > 0, and let A(t) be a non-decreasing function satisfying (S1) and
(S2). Let r(t) be defined by A(t) = h(r(t)). For any ¢ € (0,1), there exist c(¢) > 0 and
te > 0 such that for any t. < s <t —r(t),

E[(u(r(t) + 5, —c h(r(1) + & (o)) —0)%] < ()% [ 72179 e (= (OnEN A0,

Proof. We always assume 0 < s <t —r(t). Letl =t —r(t) — s, and we sometimes write r
for r(t) for short. Define (¢, z) := P(—oco < Ry < —z) = u(t,x) — P(Z; = 0). Then
E[(u(r + s, —ch(r) + &) — ¢)?] < 2E[(a(r + s, —ch(r) + &))?] +2(q¢ — P(Z, s = 0))?
< 2B[(a(r + 5, —ch(r) + &) + 2(¢ — P(Z: = 0))*. (4.12)
By (1.12) with s = 0, we have

lim e”(¢ — P(Zs =0)) = —A(0) € [0, 00). (4.13)

Ll de el

For t > 0, define
T; :=inf{s > 0: Z, > t3}.

Here we use the convention that inf ) = co. Let K > 3 be an integer. Note that

(s +r,—ch(r) + ) = P(~00 < Ry < ch(r) — z)
<P (T > (K = 1)s/K, Zx—1)s/x > 0)

K-1
+ Y P ((k—1)s/K <T, <ks/K,Royr < ch(r) — z). (4.14)
k=1
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By (4.6) with a,, = (2K)3n3, there exists a constant Cx > 0 such that
P(0 < Z, < (2K)%n®) < Ok (2Kn)>/*e=r", n>1.
It follows that, fors > K and k=1,2,--- ,K — 1,
P (Ts > ks/K, Zysyx > 0) <P (0< Zpsyie) < 8°) <P (0< Zjgsi) < (2K)? | ks/K]?)
< Ok (2K5)*/* e hs/ K] < Cpe (2K)30/Xep - 550/ Ne=PRs/ K (4.15)
Choose b > 1 such that e **/® < 1. Note that lim;_, h(t)/h(t +b) = e */* < 1. By

(1.9), we have lim; o, P(R; < h(t)) = E(e=?"") < 1. Thus there exist ¢, c; € (0,1) and
t; > 0 such that for all t > ¢, and ¢’ > b,

P(R; < h(t)) <ci, and h(t) < cah(t+b) < coh(t +1').

Note that
RS‘H“ = 1max (617:3/1( + RZ+T)’

UELs K

where, given ]-"gc/K, {RY,,,u € Lys/x} are i.i.d. with the same law as Ry, _j/k-
Moreover, given ]-'ES/K, {g;;s/K, u € Lys/k } have the same law as ¢,/ x, and {g;;s/K, u €
Lis i} and {RY,,,u € Ly, k} are independent. Applying [30, Lemma 5.1] in the first
inequality below we get that, fork =1,2,--- K — 1, r > t; and s > bK,

P(Rusr < eh(r) = 2l 1) < Pléun + max RY, < chlr) = alFl )
ks/K

<P(z+ &5/ < ch(r) —h(s+1 —ks/K)) + [P(Ryir_ps/x < h(s+1 —ks/K))|7r=/5
<Pz + &y < —(1 = coa)h(s + 1 — ks/K)) + ¢ "/
Thus we have that fork=1,2,--- ,K — 1, r > t; and s > bK,
P((k—1)s/K <Ts <ks/K,Rsyr < ch(r) —z)
<P(z + &ps/x < —(1 —cez)h(s +r — ks/K))P (TS > (k—1)s/K, Z—1)s/x > 0)

+E (Cf“/K; (k—1)s/K < T, < ks/K) . (4.16)

Note that
E (/%4 (k= 1)8/K < T, < ks/K)
<& + P ((k— 1)s/K < Ty < ks/K, Zy/xc < %)
<+ P(E>0: 7 < |22 = |5°))
<ci + (Ezj)qugJ—LSZJ <o+ (PTG T = e, (4.17)

Combining (4.14), (4.15), (4.16) and (4.17), we get that there exist C’,’c and ¢5 > 0 such
that for any r > t3,s > ts and z € R,

[P(—00 < Reyr < ch(r) —x)]? < O §8P/ X p—2p(K~1)s/ K

K—1
I Z 500/ Xe=20(k=1)s/K P4 4 §ps/k < —(1—cea)h(s +r — ks/K))} (4.18)
k=1

Now we consider z = ;. Note that

(I+ks/K)Vs((1 —cea)h(s+r—ks/K)) <tVs((1 —cca)h(r(t))) = tVs((1 — cca)A(2)),
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and tV5((1 — cea)A(t)) is bounded by (S2).
By the Markov property of £ and Lemma 2.3, we get that

E[P(z + sy < —(1 —cez)h(s + 1 — ks/K))|o=¢/]
=P ({1ps/x < —(1 —cex)h(s + 1 —ks/K))
Sc3te—k(r+s—kS/K)’

for some constant c3 > 0. It follows from (4.18) that

E[i(s +r, —ch(r) +&)]?

K-—1
<CY. {S6p/xe—2p(K—1)s/K 4§60/ Z e—wf—1>s/Ke—A<r+s—ks/K>}
k=1

<c |:56p/)\672p(K71)s/K n Kst/)\tef/\ref()\/\@p))(Kfl)s/K:|7

where C% = C} (1 + c3) and in the last inequality we used
20k — 1) + MK — k) > (AA2p)(K —1), k=1,--- K.

For any ¢ > 0, we choose K such that 1/K < ¢, we get that there exists ¢(¢) > 0 such
that

2E[(a(r + 5, —ch(r) + &)°] < c(e) s/ [6_2’)(1_6)3 + te e (WNEAII=Is )

Combining this with (4.12) and (4.13), we immediately get the desired result. The proof
is now complete. O

Proof of Theorem 1.6. Since ¢ € Ho(R), there exists ¢ > 0 such that ¢(y) = 0 for all
y > c. For any t > 0, define r = r(t) by h(r(t)) = A(t), then e~ " = A(#)~*L(A(t)).
Since lim;—, oo A(t)/h(t) = 0 and A(t) — oo, we have t — r(t) — oo and r(t) — oo as t — oo.
Thus for any T' > 0, there exists ¢y > 0 such that ¢ — r(¢) > T and r(¢) > T for all ¢t > t,.
In the remainder of this proof, we assume ¢t > t3. Note that

(1-gE" ( II w(ﬁ?//\(t))>

u€Ly
=E ( 11 w(é?//\(t))> —q+q-E < 11 w(f?//\(t));86> - (4.19)
ueLy ueLy
By (1.12) with s = 0, we have
0<q¢g—-E ( H @(ﬁf/A(t));Sc> <q-P(Z, =0)~—A(0)e " (4.20)
u€Ly

By (4.11), we have that

E ( II @(53/1\(?5))> —q= e "(B(p(&/A1)) —a) + I (1),

ueLy
where
t—r(t)—T t—r(t)+T t
so=([ [ RV gl
0 t—r(t)—T t—r(t)+T
=J1(t,T) + Jo(t,T) + J3(¢, 1),
EJP 31 (2026), paper 98. https://www.imstat.org/ejp
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oi(y) = o(y/A(t)) and U, is defined in (4.9). It is easy to see that

e~ (B(p(& /A1) — @) = (e =),

We now deal with J;(¢,T), J2(¢,T) and J5(¢t,T) separately.
(1) Since 0 < V(s) < f(s) <1, we have

PO Jo(t, T) < Pt (1) / Be PP ds = ;,e*pT. (4.21)
t—r(t)+T 1—-f"(q)
Hence limy_, o, limsup,_, . e?¢="(1) J3(¢, T) = 0.
(2) Note that
T
ep(tir(t))JQ (tv T) = / ﬂepSEV(U@Ot (S + T'(t)), gt—r(t)—s) ds. (422)
-T

Since A(t) = h(r(t)), we have

Up, (s +7(t), &mr)—s) =Ber_ . | [T 2(€8miy/R(r()))

UL (1)
By (S1) and the fact that A is non-decreasing, we have that for any s € [T, T],

|€t7r(t)fs| — 1 ‘gtfr(t)fs| < lim 6_%5 Iftfr(t)fs| -0

150 h(s +7(t))  tooo MIOA(E) s A(E—r(t)—s)

in probability. Note that h(r(t))/h(s + r(t)) — e~ a*. By Lemma 4.4, we have that for
se[-T,T],

Jim U, (5 4 7(0), v —s) = Blexp{~e*C()W}) = 9(XC()),

in probability. Since V(s) is bounded and continuous, by (4.22) and the dominated
convergence theorem we have

t—o0

T
lim e’ ="W) 1, (¢, T) = / BeP*V [p(e*C(p))] ds. (4.23)
-T

(3) We now deal with J;(¢,T). Recall u is defined in (4.10). Note that
t—r(t)

PO gy (t,T) = / BeP EV Uy, (s + (), &—r1)—s)) ds
T

t—r(t)
< / Be BV (u(s +r(t), —ch(r(t)) + &—r@)—s))]ds, (4.24)
T

where in the last inequality we used the fact that
Up, (s +7(t),2) S Pu(Reprry < ch(r(t))) = uls +r(t), —ch(r(t)) + ).
(a) We first consider the case A > p. By Lemma 2.3 we have

LIi(t,s) :=E[V(u(s +7(t), —ch(r(t)) + &—rt)—s); [Et—r)—s| > h(s +1(t)))]
<E[§—r(t)—s| > h(s +7(t))]
<Cte—NsHr(0)
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where in the last inequality we used the fact (¢t — r(t) — s)Vs(h(s + 7(t))) < tVs(h(r(t)))
tVs(A(t)), which is bounded by (S2). It follows by (S1) that

t—r(t) t—r(t)
/ BeP* I (t,s)ds < Cte=®) / ﬁe(p_)‘)s ds (4.25)
T T
< fi A “L(A®)) — 0.

By (1.9), we have P(R; < (1 + ¢)h(t)) — E(e=? 1+ "W) ¢ (4,1). Thus there exists
€ (g,1) such that when T is large enough,
P(R; < (1+c)h(t) <a, t>T.

If |§—rt)—s| < h(s+7(t)), then for any ¢t > to and s € (Tt —r(t)),

u(r(t) + s, —ch(r(t)) + &—rty—s) < P(Royry < ch(r(t)) + h(s +r(t)))
SP(Repry < (I +c)h(s+r(t)) <a
Thus by (4.2), we have

V(u(r(t) + s, —ch(r(t)) + &—r)-s)) < f7(@)(u(r(t) + s, —ch(r(t)) + &—ripy-s) — 0)*.

Choose € € (0,p/2 A (A — p)). By Lemma 4.5, we have for any 7' > t. and s € (T, ¢t — r(t)),

I(t,s) == E(V(u(s +r(t), —ch(r(t)) + &—r)—s)); [&e—rr)—s| < h(s +7(t)))
"(@)E(u(s +r(t), —ch(r(t)) + &—r(—s) — a)°
(a)c 6)86/)/)\[6—2p(1—6)8 + te—/\r(t)e—(2p/\>\)(1—e)s]
(a)c(e)

SGp/)\[(l + te—)\r(t))e—Qp(l—e)s + te—)\r(t)e—/\(l—e)s]'
It follows that

t—r(t)
/ BeP°I(t, s)ds

T

Sf”(a)c(e) |:(1 + te—)\r(t)) /OO SGp/Ae—(p—Qe)s ds + te—)\r(t) /OO SGp/)\e—()\—p—e)s ds
T T

—>f”(a)c(e)/ §0P/Xe—(p—2€)s ds, t— oo. (4.26)
T

By (4.25) and (4.26), we have

(4.27)

t—o00

lim sup e?*~") J, (¢, T) < f”(a)c(e)/ §9P/Ae= (=295 g g,
T

(b) We now assume A\ = p. Since A(t) é e"t, we have

t
e = A(t) T L(A(F) < A(t)™/? < e /2,

t
which implies that r(t) > 5{t. Let e € (0, 5% A §), and let T’ > t.. By Lemma 4.3, we get

pr =0 for k > 3. Thus f”(1 ) < 00. By (4.2), we have, for any ¢ > to and s € (T,t — r(t)),

V(u(r(t) + s, —ch(r(t)) + &e—rit—s)) < f' (D (u(r(t) + s, —ch(r(t)) + &—r(—s) — 0)*-
Applying Lemma 4.5, we have for any ¢ > ¢y and s € (T,t — r(t)),

E(V (u(s +7(t), —ch(r) + &—r)-s)) < [ (1)e(e) s/ A2 4 e rDemplimae],
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By (4.24), it follows that

0o t—r(t)
ep(tfr(t))Jl (t, T) < f//(]_)C(G) [/ SGp/)\ef(p72e)s ds + tef/\r(t) / SGp/)\epes CL;|
T T
S
Sf”(l)C(E) |:/ Sﬁp/)\e—(p—Ze)s ds + (pG)—1t1+6p/>\e—a'yt/26)\et:|
T
—>f”(1)c(e)/ §9P e~ (P=205 4 1 — o0, (4.28)
T

Combining (4.21), (4.23), (4.27) and (4.28), and letting 7' — oo, we obtain that

t—o00

tim e = [ B [6(C(9)] ds = AGC). @29

Thus by (4.19), (4.20) and (4.29), we have that

lim eP“*T(t))]E*( 1T <p(§f/A(t))) = iqA[ab(C(w))]-

t—o00 1
u€Ly

Since C(yp) is continuous in ¢, the above limit is also valid for ¢(y) = 1(_,1j(y), that is,

lim e?(t—TM)E* (Rt < A(t))

t—o0

= TqA(QS((hﬁ/O‘))

The proof is now complete. O

Proof of Theorem 1.7. For any g € C:F(Rg) and § > 0, applying Theorem 1.6 with ¢(y) =
e %W _ 1(y) we get

ePt—r() (efGXE“‘”@); R < A(t))

im B* (e~ %" (9) — i
tl;rgloE (6 " YR < A(t)) o t1l>ngo eP(t=rM)P*(R, < A(t))
_AW(C()
A(e(9%))
By the definition of =, we have
o s A7) = @B N=@) 4+ g)
E(e=0) = 3" P(K = j) [E(e=N=®)]” = 4.30
(=) = 3P 3) [ Bem V=) G (4.30)
Note that {N.(R) > 0} = {W > 0}. Thus
E(e”N<9) = B(e" N~ |N(R) > 0,Na(1,00) = 0)
7E(e"9N°°(9);NOO(IR) > 0, Noo(1,00) = 0)
PNy (R) > 0, Noo(1,00) = 0)
~ B(e""=(90; Ny (1,00) = 0) — P(Ni(R) = 0)
_E(exp{-C(e)W}) ~P(W=0) _ ¢(C(¢)) —q
E(exp{-*W}) - P(W =0) () —q
By (4.30), we have that
= A(o(C
The proof is complete. O
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4.2 Lower deviation of Y;

For the proof of Theorem 1.3, we first established the upper deviation for Y;, and
then used it to get the corresponding result for X;. However we cannot get the lower
deviation of X; from that of Y;. In Section 4.1, we established the lower large deviation
of X4, see Theorem 1.7. In this subsection, we establish the lower deviation of Y;. Recall
that ¢ is defined by (1.13).

Proposition 4.6. If A : [0,00) — (0, 00) satisfies A(t) — oo and
t2A(t)"“L(A(t)) = 0, A(t)/h(t) = 0,
ast — oo, then for any ¢ € H(R),
Jim e? OB (T, YM)) = A(6(C(9)),
where r = r(t) is defined by A(t) = h(r(t)). In particular,
T et OP* (M, < A(1)) = A[B(07)]

Proof. Since ¢ € H(R), there exists 6 > 0 such that ¢ = 1 on [0, §]. Note that

(1 — QB (Z(p, YI") = BEZ (o, Y ) — g+ ¢ — B(Z(p, VM )); 89).
On the event {Z; = 0}, we have I(cp,Yt(A(t))) =1, thus

0<q— B, Y");8%) < q—P(Z = 0) ~ —A(0)e ™" = o(e =7 (1)),

By the definition of Y,.; given by (3.12), we have

? (b))t r(t)

Zy_r(t
B VM) < B YO =B (B v @) ) aay

where Y] is defined in (3.13). If Z,() = 0, then Z(¢p, Y (] ) = Z(p, ¥, {(;") = 1; if
Zr(t) > 0 then

(e, Yy ") =T, Y ) - Koy [(r(0))) 7
>T(, VI )  11x, o 1<oneny
By Lemma 2.3 and (1.6) we have for ¢ large enough,
P(|Xom0| > 0h(r(8)) S5 r(t)(A(r(1)) = L(h(r(1))) = r(t)e " — 0.
Thus by (4.7) we have

. h(r . h(r
Jim B(Z(p, Y, ") = Jim B(Z(e, V(7)) =0(Cle) <1 (432

Thus, by (1.12), we have that

i =0 (B ( [E2(e, ¥ )] ) <) = 010D

t—o00
Hence by (4.31) we have

lim sup e” ") (E(Z(o, YD) — ¢) < A (6 (C(p))).

t—o0
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On the other hand,

At
E(Z(p, YO F

T (h(r(®)))y| £T
EIP(uEDt:Igluzié}i—r(t) | Xu.t| < 0R(r(t))|F, >E(I(@7Yr(t),t )Fy ). (4.33)

Note that {u € D; : by, <t —r(t)} C D). Thus by Lemma 2.3 we have that

P X, . < Ty > PX, ] < T
(oo | u7t|_6h<r<t>>|ft>_u€y() (1 Xl < 8h(r(8)IF])

é(l _ Céte_)‘r(t))‘Dt—r(t) |

By (4.33), we have that
t
BZ(p, V) 2 B ((1 - Cote 7 O)Perol . 75, YE)))

) ((1 _ C(Ste—)\’l"(t))‘thr(t)‘ . [EI(<)07Y’/!‘((/t\)(t)))]Ztir(t)>

> ((1 _ Céte—)\'f'(t))C-(t—"‘(t))zt—r(t) [EI(SOvY;((Iz)(t)))]ZFT(”;

Di—ry| < - (t—r(t) Zi—r(p))
>E (C(t)zt’r(”) —P(|Di—pyl > - (t = 7(t) Zi—r1)),

where C(t) = (1 — C(;te*’\r(t))“"(t*”(t))EI(ga,Y’T((Iz)(t))) and ¢ > 0 is a constant. Since

2= = 2\ (1)~ L(A(t)) — 0, by (4.32), we have

lim C(1) = lim EZ(p, Y3 = ¢ (C(p)) < 1.

t—o00 r(t)

By (1.12), we have that

lim e?~"ON(E (C(1)Z-0) — q) = A($(C(¢))) -

t—o0

Note that [D;_,.;)| < Zuect,rm |I,|. Thus by the many-to-one formula,

P(IDyripy| > ¢+ (t = () Zicp)) <P | Y [l > (t=7(1)Zerr)
uE[:t_T(t)

<SPl Y ey 21 SEL Y gnsee—ro)

UELy (1) UELy (1)
< e)\(t—r(t))P(l + Ny > c- (t — ’I“(t)))
< ptmr®)g=et=r®) ge(tni—rm)) = ¢ . AE=r1) gme(t=r(1)) gle=1)B(E=r(t))
— e . e (c=A=(e=1)B)(t—r(?))
Now we choose ¢ such that ¢ > A+ (e — 1) — p. Then
im ePt—r(®) - =
tli}r{.lo & ]P(lptfr(t)l > C(t r(t))thr(t)) 0.

Hence we have

lim inf " " ON(E(Z(p, YI*)) — q) > A (¢ (C(9))).

t—o0
The proof is complete now. O
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5 Almost sure convergence results

In this section we will give the proofs of Theorems 1.8 and 1.9. We first prove the
corresponding results for Y. Note that for any a > 0,

{Rt < a} = I(]-(—oo,a]7xt)v {Mt < CL} = I(]-(—oo,a]ayt)~

By the continuity of C(¢p), the results established in the previous sections for #(RR) are
also valid for 1(_ . 4-

5.1 Almost sure convergence results for 1,
Lemma 5.1. Suppose that G : [0,00) — (0, 00) satisfies lim; o, G(t)/h(t) = oo.
(1) IfY", e’ G(n)~*L(G(n)) < oo, then
lim sup M,,/G(n) <0, P-a.s.

n—roo
(2) IfY", e’G(n)~*L(G(n)) = oo, then
lim sup M,,/G(n) = oo, P*-a.s.

n—oo

Proof. (1) Assume that }_, e*"G(n)~*L(G(n)) < cc. By Proposition 3.6, we have for any
c>0,
Jim e MG L(G(t)) T TP(M, > ¢G(t)) = ¢~ 9",

where ¥* is given in (1.10). Combining this with > e*"G(n)"“L(G(n)) < oo, we get
that for any ¢ > 0,

iIP(Mn > c¢G(n)) < oo.

By the Borel-Cantelli lemma, we get that
limsup M,,/G(n) <¢c, P-as.

n— oo

Letting ¢ — 0, we get the desired result.
(2) Assume that > e*"G(n)"*L(G(n)) = co. For 0 < s < t, define

M(Q) = max Xt

8t WEDy t—s<by <t
For any ¢ > 0, we have that
P(M,, > ¢G(n)|Fn1) = P(MZ) > cG(n)|Fur). (5.1)
By (3.23) with s =1, t =n, A(t) = ¢G(t) and ¢ = 1(_co,1), We get that, as n — oo,

e MG(n)* L HG(n)P(MP) > ¢G(n)|Fpr_i)

n

1
%cfo‘%ef)‘/ (e)‘r — 6757’) P(Zi— > 0)dr - W as. (5.2)
0

Combining (5.1) and (5.2), we obtain that, for any ¢ > 0, on the event {W > 0},

ZIP(Mn > ¢G(n)|Fn-1) =00, P-as.

n=1

Applying the conditional Borel-Cantelli lemma, we get that for any ¢ > 0,
P*(M,, > c¢G(n),i.0.) = 1.

Since c is arbitrary, desired result follows immediately. O
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Lemma 5.2. It holds that

M, i
lim inf < (W)=, P*as.

n—oo H(e=*logn)

Proof. For any € € (0,1), choose ¢ > 0 small enough such that (1 + €¢')(1 +¢/2)"* < 1.
Let ng = LkHE'J, k > 1, where |z] is the integer part of z. It is easy to see ny < ny41 for

any k > 1. Let
log ny, e~ log ny
Uy, =H =\ )

Since H(y) =y~ "/*L(y~"), we have

. Uk BT * 1/a _ * 1/ *
kl;rgo H{e—m logng) klirr;o(ﬁ Whey) ¢ = (0"W)He, P*-a.s. (5.3)

Applying the conditioned Borel-Cantelli lemma and (5.3), to prove the desired result, it
suffices to show that for any € > 0,

Z]P (My, < (14 €Uy|Fn,_,) =00, P-as.ond. (5.4)
k

Note that Uy, € F,,,_,. Thus we have
P (M, < (1+ Ukl Fny ) > L, <(te/2yvi} b (5.5)
where
T =P (V€ Ly 1y Xomy — Xomy o < €Up/2, M2, < (14 ¢/2)Up|Fn, )

and My = maxyep,:v<u Xu,t-
We first show that, on the survival event S, {M,,,_, > (1 + €¢/2)U,} can occur only
finitely many times. By (4.6), we have for p > \/p,

ZIP(O <e Mz, < n P) < C'Zn_pp/A < 00. (5.6)

n=1 n=1
Note that
P (M, , > (1+¢/2)Us,S)
<P(e 17, < PLS)+P (M, , >(1+¢/2Use M1 Z,, | >n;?)

_ 1
<P (e 12, <n?,S)+P (Mn“ > (1+¢/2)H (1%)) .
k—1

By (5.6), we have

WK

P (ef)\nk,Ian71 < TL]ZEDS) < ZIP (O < ei)\nkilznkfl < nl;fl) < 0. (57)
k=1

£
Il

1

Observe that ngy — ng—1 ~ (1 + e’)kel. Thus

I log ny, log g, —1/a
. ﬂ*n’;fle)\nk . ﬁ*n;fleknk
lim = lim | ———— = 00.
k—o0 h(ng—1) k—o0 e~ AMk—1
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Hence by Proposition 3.6, we have that as &£ — oo,

log ng
P (Mn,” > (1+€¢/2)H <W>>

_ log ng - log n
9% oA —1 a
e (1+¢/2)"“H (19* = th) L (H (19* = e)\nk>>

P
B o Me—1 log ng
=(1+¢/2) A1)

(5.8)

. . . 1 nk- 1 IOg nk‘
where in the last equality we used (1.5). Since n; = |k |, we have ok A=)

00. Combining (5.7) and (5.8), we get that

i]P My, . > (1+€¢/2)Up}NS) < oo.
k=1

Using the Borel-Cantelli lemma, we get that

(5.9)

Z 1{M¢L,€,1>(1+6/2)Uk} < oo, P-as.onS.
k=1

Now we consider Ji. Recall that M is defined in (3.1). By the Markov property and

the branching property, we have that

Zn
Jk = {IP (Xo Nk —Nk—1 < 63:/2 nk Ng_1 — (1 + 6/2) )] ’ |x=Uk
_oZria 1og1P(XMk gy Sex/2,M), 1§(1+E/2)I)|x:Uk
> o Zmi log(l—IP(Xo,nk—nk71>€x/2) —]P(Mﬁkfnk,1>(1+6/2)ﬂf)> |o=0r, - (5.10)

Note that, on the survival event S, Uy, — oo and n;V5(Uy) — 0. Then by Lemma 2.3 we

have for k large enough,
<Ce(nk — ni—1)Uy “L(Uk)
log ny,

:Ce(’flk - nk—l) ’19*an e)\(nk—nkfﬂ

IP (Xo,nk—nk,1 > 61‘/2) |I:Uk

—0, P-ass.onS (5.11)

as k — oo. By Proposition 3.6 we have
P (M, > (14 ¢/2)2) Loz, P (Maoniy > (1+€/2)2) =,
~ N e-1) (1 4 e /2) U L(Uy)

1
—a 98 o Pas.onS  (5.12)

Nk—1

= (1+¢/2)

| k<], using (5.11) and (5.12), we obtain that

as k — oco. Since ng =
M, .., (1—|—e/2)x))x:Uk

1
limsup ———2,, .1 (1—]P Xone—n 9 —IP(
llrcibip logk ™ "1 08 (Xopp—np_, > €x/2)
nk 1 (IP (Xonk —Ng_1 >€I/2)+IP< NE—Nk_1 (1+e/2)x))m:Uk

=limsu
k—>oop lOg k

<(1+€)(1+¢/2)"*<1, P-as.onS.

(5.13)
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Combining (5.10) and (5.13), we get that

Z Jr = o0, IP-a.s.onS. (5.14)
k=1
Combining (5.5), (5.9) and (5.14), we get (5.4). The proof is now complete. O

We now modify the definition of D, and L, slightly. For any § > 0, and ¢ > 0, define
‘Ct,é = {u €Ly Z;J_H; > 0},

Dt’g = {U S T : bu < t, Ziu_i_é > O} = UHELt,JIU7

R;s = max &', M;s:= max X,;, and M, ; := max X,;.
’ u€Ly,s b ’ u€Dy s wh &9 u€Dy, s\ {o} “

Using argument similar to that in the proof of Lemma 3.5 with ¢ = 1(_ 1}, we get
the following result. We omit the proof.

Lemma 5.3. For any § > 0, it holds that

lim JJQL(JI)_IIP(M;6 > ) = q—l/ (eM’ - e_ﬁr) P(Zsi5—r > 0)dr =: c(s,9).
0

T—00 «

Lemma 5.4. For any § > 0, it holds that

.. Mné,(s S *
where U5 = L [ e " P(Z, 15 > 0) dr.
logn

Proof. For1 <m < n,letU,, = H ( ) when Z(, s > 0and Uy, =0

Z(n—m)éc(mdv 5)
when Z(,,_,,)s = 0. Note that

Mpss > max max Xy pns,
ueL(n—m)rS ’UE'D;‘L&B

where Dy's = {v € Dy . : v > u}. By the Markov property and the branching property,
we have that, conditioned on F(,, )5, {maxyepr, Xy ns, u € L(—m)s} are i.i.d. with the

same law as M, s ;. Let Gy, 5(z) := P(M,, 5 ; > =). Note that Uy ,n € F(n_m)s- Thus for
any € € (0,1), we have

P (M7L6,5 < (1 - €)Un,m|‘/—-v(n7m)6) S (1 - G?n,é((l - G)U’n,?n))z(”im)&
Se_Z(n—m)SG7n,5((1_€)Un,m).

Note that on the survival event S, lim,,_,o Uy, = 0o. Thus by Lemma 5.3, we have that,
on the survival event S, as n — oo,

Z(3—m)sGm,s (1=€)Un,m) ~ Zn—m)sc(md, 6)(176)*aUrzfnL(Un,m) = (1—¢)"*logn, P-as.

where in the last equality we used (1.5). Since (1 — €)~* > 1, we have that, on the
survival event S, for any m > 1,

oo (oo}

> P (Muss < (1= Uil Finomys) € 3, e HrmmeGrallm90em) < oo, Pas..
n=m-+1 n=m-+1
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By the second Borel-Cantelli lemma, we have that, on the survival event S,

o0

Z 1{Mms,5<(1—€)Un,m} < 00, P-a.s.

n=m-+1

Thus, by the definition of H, we obtain that under P*, for any ¢ € (0,1) and integer
m>1,

logn —Ya
.. Mys.s P (]- - €)Un m . Z(n—m)zSC(m(sa 5)
1 f——— >1 f———————=(1—-¢) 1
T 00 H(e=*dlogn) — ey H(e=*%logn) (1-¢) o0 e~ logn
= (1—¢) (We >™c(mé,6))'", P*as. (5.15)

Note that lim,, ., e~ *™°c(md, §) = J5. Letting m — oo and € — 0 in (5.15), we get the
desired result. The proof is now complete. O

5.2 Proofs of Theorems 1.8 and 1.9

Lemma 5.5. If{a, : n > 1} is a sequence of positive numbers satisfying >, e*"a,P* < oo
for some p € (0,2), then for any § > 0,

limsup(Ry,6 — My s)/an <0, P*-a.s. (5.16)
n—roo
and
limsup(My, s — R} 5)/an <0, P*-as. (5.17)
n—oo

Proof. Let a(t) be a positive function satisfying a(t) é et for some € € (0,1). Let
¢ > 2a + e%3/e? be a constant. We choose 6 € (0,1) so that ¢ < 1. Let A;(6,a(t)) and
By(c,a(t)) be the events defined in (3.3) amd (3.8). We claim that for n sufficiently large,
on the event A;(0,a(t)) N Bi(c,a(t))N{Z; > 1},

{Ri5— Mys > a(t)} U{M;5 — R/ > a(t)} = 0.
In fact, by (3.14), we have that on the event A.(6,a(t)) N Bi(c,a(t)) N {Z; > 1},

R, s = max & < max X, +a(t) < M5+ a(t) (5.18)
vELYs vELY s

and

M; s = max max X, ; = (max XU/,t> \Y, ( max " }Xu7t>
I, \{v’

vELy s uEl, vELt s vELy 5,u€
< < max &+ a(t)) V (fa(t)/loga(t)) < R 5 + alt) (5.19)
vELy s ’

for ¢t large enough so that loga(t) > 6. Hence, by (5.18) and (5.19), the claim is true.
Combining (3.4), (3.9), we get that for any p € (0,2),

lim sup e~ Ma(f)"P (({Rm — Mys > a(t)} U{Mys5 — Ri; > a(t)}) n{z > 1})

t—o0

<limsup e Ma(t)P*{P(A(0, a(t))®) + P(By(c,a(t))%)} = 0.

t—o00
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Thus we have

lim e Ma(t)PP (({Rm — Mys > a(t)} U{ My — Ri; > a(t)}) n{z > 1}) —0.

t—o00
Since Y, e*a, P* < oo, we have a,, § eva . It follows that for any € € (0,1) and p € (0,2),

P* (Rn)g — Mm(s > ean) <

1
< WIP (Rns — My 5 > €an, Zn > 1) = o(e*a, P*).

So we have that -

> P (Rps — My > €ay) < oo

n=1
Applying the Borel-Cantelli lemma and then letting ¢ — 0, we get (5.16). Similarly, we
can get (5.17) as well. O

Proof of Theorem 1.8. Note that
H(e_”\"‘s logn) = ernd/o (log n)_l/ai(e)‘”‘s/ logn).
Applying Lemma 5.5 with § = 0 and 6 > 0, we have

R, — M, Mn66_3+55
li e L ) li 7m0 P*-a.s.
el H(e ™ logn) = el H(e ™logn) = a8
By Lemma 5.2 we have

M, R, — M,

lim inf __R® <liminf —————+limsup ——————
t—oo H(e Mlogt) = n—oo H(e *logn) P H(e=*logn)

< (W)Y, P*aas.
We now consider the lower bound of lim inf;_, e R(t)

e os D - By Lemma 5.4 we have
gt)
that for any 6 > 0,

lim inf i > lim inf My lim su M
n—>00 f](e_)‘”‘S logn) T n—oo H(e‘>‘"‘s 10g n) n%oop H(e—AmS log n)
> (9sW)V*, P*-as. (5.20)

Forany n > 1, let Q,, 5 = inf,,5</<(n+1)s R:. We claim that for any ¢ € (0,1) and 0 > 0,

Yop (Qn,é < (1— &) H(e ™ logn) (05Wns)* — H(n’2)|}'m;) <o, Pras. (5.21)
n=1
Let B, := {Rus5 < (1 — €)H(e " logn) (195Wms)é}. Note that
P (Qus < (1= ) H(e ™ logn) (95Was) ¥ — H(n™?)|Fus )
<P(B,|Fns) + P (Bfw Qus < (1— ) H(e " logn) (05Wos) ™ — H(”_2)|fn5) . (5.22)

By (5.20) and the Borel-Cantelli lemma, we know that on S,

> P(Bu|Fns) <00,  P-as. (5.23)

n=1

Now we consider the second term of the right hand side of (5.22). Take Zy = v =
Zszl 0a, With a; > a2 > --- > ax. We use Zt(J) to denote the number of descendants at
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time t of the j-th particle, and £§j ) the set of all the descendants of j alive at time ¢. For
any z,y we have that

P, (Ros > x,Qos <z —Yy)

Pz =0,1<j<k—1,2" >0,ar >2,Qos <z —7)

Z9 =0,1<j<k-1,2" inf - -
(25" =0,1<j<k-1,Z >O’O%rg§6urél?§§)(§t ag) < —y)

IA
1= 10 11>
=

— k-1 : _
P(Zs =0)"""P(Zs > O,Ogtlgé R, < —y)

E
Il
-

1

<—— Pz inf —y). 24
=57 50) (5>0,0£S§Rt< Y) (5.24)

By the many-to-one formula, we have

P(Zs > 0’0225 Ry <-y)<E (Z 1{inf0§t§5 i<y} 2 1) <E < Z l{infOStsa §lf<—y}>
u€Ls u€Ls

— NS : ) o 225 —a
=e P(oi?£5£t< y) e oy L(y), Yy oo,

where the last limit follows from (2.6). Combining the Markov property and (5.24) with
v=X,sand y = H(n"2), we get

P (B, Qus < (1= H(e " logn) (95Was)* — H(n™2)|Fps)

1

Sm (5.25)

P(Zs >0, inf R, < —H(n?)) < ﬂquf2
07 Doci<s ! “P(Zs>0)a
where the last inequality holds for n large enough. Combining (5.22), (5.23) and (5.25),
we arrive at (5.21).
Using the Borel-Cantelli lemma and (5.21), we have that for any § > 0,

lim inf @n.s

1
— > (9sW) =~ P*-a.s.
n—oo H(e=2"d logn) z (%sW) a-s

Since H (e **logt) is increasing in t for ¢ large, for any § > 0, we have

. R, VO .. Qns VO H(e " logn) Y 1
1 f———— >1 f d > /e (9T )=
P H (e~ logt) 00 H(e=*dlogn) H(e=*+1d Jog(n +1)6) ~ ¢ WsW)*

P*-a.s. Letting § — 0, we get the desired result. The proof is now complete. O

It follows from Lemma 5.5 that Lemma 5.1 also holds with M, replaced by R,,.
To get the limit of R; as ¢ — oo, we need to deal with sup,<,<; Rs. If po = 0, then
SUPg< <t s = maxyer, Supg<s<; §¢ - Thus by the many-to-one formula, we have that

P < sup R > $> <E (Z 1{Sup0<s<t 5;’2w}> — NP < sup & > $> .

0<s<t vELy 0<s<t

In the following lemma, we show that this assertion is still valid when pg > 0.
Lemma 5.6. For any x > 0 and t > 0, it holds that

IP(sup RSZx)ge/\tP(sup 55293).

0<s<t 0<s<t
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Proof. For r > 0 and = € R, let P, , denote the law of X starting with an individual at
position z at time r, and P, , stands for the law of £ condition on {¢, = x}. We still use
0, to denote the death time of the initial particle. Fix ¢ > 0. Forany 0 <r <t and x < 0,
we have that

w(r,z) =P, < sup R, < O) =P, < sup Rs < 0,0, > t)

r<s<t r<s<t

+ P, ( sup Ry <0,r <o, < t)
r<s<t

=: Il + IQ.

We first consider I;. Let T := inf{u > r : £, > 0}. Since o, — r ~ £(5) under P, ,, we
have

L =P, , ( sup & < 0) P, (00 > t)

r<s<t

= PTJ(TO > t)e_B(t_T) = Prvaj (T() >t,e” Jren ﬁds) .

By the branching property and the strong Markov property, we have

I, =E,, (IPT’I ( sup Ry < 0,7 <o, < t-7:00>)

r<s<t

t [e’¢) k
= Er,m </ 1{To>u} Zpk (Pu,éu ( sup Ry < O)) Be—ﬁ(u—r)du>
T k=0 u<s<t
tAT,
=E; / flw(u, &))Be P du |,

where f(s) = > p-, pks®. Consequently, w(r, z) satisfies the equation
ToAt tATo
(A}(T’, .T) = PT,w (TO > t> e fr Bds) + Er,m / f((U(U7 fu))ﬁe_ﬁ(“—r)du .
Then, 1 — w(r, z) satisfies the following equation
Tont tATY
1-wrne) =Pre (TO <te ) Bds) + Er o / (1— flw(u,&,)))Be P du | .

Using [23, Lemma 1.5], we get that g(r,z) := 1 — w(r,z) also satisfies the following
equation

ToAt tATo
g(r,z) =Pro (To <tel’ *dS) +E,. (/ (1— f(w(u, fu)))ﬂe/\(“r)du>

tATD
~ e / pBg(u, &)X du |, 0<r<txz<0.
Note that 1 — f(1 — ¢g) — pg < 0. So we have that for 0 <r < ¢, and z <0,

9(7“7 37) S Pr,a: (TO S ta efrTOAt Ads) S e)\tPr,a:(TO S t)
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Using the time-homogeneity and space-homogeneity of branching Lévy processes and
Lévy processes, we get that for any ¢ > 0 and x > 0,

IP(sup R32x>:1—IP<sup Rs<x):g(0,—x)

0<s<t 0<s<t

<eMPy_L(Ty <t) = MP ( sup & > x) .
0<s<t

The proof is now complete. O

t
Proof of Theorem 1.9. Since lim;_,., G(t)/h(t) = oo, we have that G(t) > eiat. By
Lemma 5.5 with 3/2 < p < 2, we get that

limsup(R, — M,,)/G(n) <0, limsup(M, — R})/G(n) <0, P*-as. (5.26)
n—oo

n—oo

(1) Assume that > e*G(n)"“L(G(n)) < co. By Theorem 1.8, we have P*(3T >
0,vt > T, R, > 0) = 1, which implies that

limsup R;/G(t) = limsup R} /G(t) > 0, P*-as..
t—o0 t—o0
Let Vi, := sup,,<;<(n41) B¢, n > 0. Since G is non-decreasing, by Lemma 5.1 and (5.26),
we have, under P*,

limsup R;/G(t) <limsup V,,/G(n) < limsup(V,, — R,)/G(n).

t—o0 n—00 T—00

By the Borel-Cantelli lemma, to get the desired result, it suffices to prove that, for any
c>0,

> P*(Vi = Ry > ¢G(n)) < oo. (5.27)
n=1

Vi = max (&, + V') < R, + max V),
u€Ln u€ELy
where
V)= su max =&,
nStSI?H-I UEﬁt,ugv(gt § )

It is clear that, conditioned on F,,, {V,*,u € L, } are i.i.d. with the same law as (1}, P).
Thus

(1-q)P*(V,, — R, > cG(n)) <P(V,, — R, > cG(n), Z, >0) < IP(IIé%X V> cG(n), Zy, > 0)

IN

E(Z,)P(Vy > c¢G(n)) = P (Vy > cG(n))

AP sup & > cG(n)),
0<t<1

IA

where the last inequality follows from Lemma 5.6. By (2.5), we have that
AP < sup & > cG(n)) ~ e L AnG () L(G(n)).
0<t<1 @

Thus (5.27) follows immediately.
(2) Assume that Y e’ G(n)"“L(G(n)) = co. By Lemma 5.1 and (5.26), we have

limsup R, /G(t) > limsup R, /G(n) > limsup M,,/G(n) — limsup(M,, — R})/G(n) = o,
n—oo n— oo

t—o0 n—00

PP*-a.s., which implies that lim sup,_, . R:/G(t) = cc.
The proof is now complete. O
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As a consequence of Theorem 1.9 and Theorem 1.8, we have the following result.
Corollary 5.7. (1)

log Rf —log H(t te ) 1

lim sup -, P*-a.s. (5.28)
t—s00 loglogt «
(2) N
log R A
lim 8% _ Z  P*as.
t—00 t «

Proof. (1) For any ¢ > 0, by Theorem 1.9 (1) with G(t) = H(t"'e=*)(logt)1+e)/,

lim su Ry
P H(i— e ) (log 1) (1+9/a

=0, P*as.

N
which implies that for any § > 0, H(t,le,xtiﬁogt)uﬁ)/u

for t large enough,

< ) when t is large enough. Thus

1
log R —log H(t™'e ™) < logd + te loglogt, P*-a.s.
o)
Therefore N L
1 —log H(t te~ 1
lim sup 0s iy o H(t"e”™) < +E, P*-a.s.
t—s00 loglogt «
Letting € — 0, we get
1 F—log H(t le M 1
lim sup og iy —log H(t™ e )g—, P*-a.s.
t—00 loglogt o

For any ¢ € (0,1), by Theorem 1.9 (2) with G(t) = H(t"'e~*)(logt)*~9)/*, we have for
+
any é§ > 0, limsup, . H(t*lewﬁiogguﬂ = >, which implies that

log R —log H(t te=* 1 1- 1-—
lim sup 08 og H(t e )Zlimsup 089 + € _ <

t—00 loglogt t—o0o loglogt «@ «

Therefore letting ¢ — 0, we get

1 + —loc H t71 —At
lim sup 08 og H(t™ ™) >

1
—, P*as.
t—o00 loglogt Q

Hence we have (5.28).
(2) Note that

A 1 = A
log H(t te ) = —t4— logt + log L(te) ~ ~t.

By (5.28), we have
log R' A
lim sup 08 _ -, P*-a.s.
t—o00 t o

On the other hand, by Theorem 1.8, we have

log R; _log H(e *logt)

lim inf =0, P*-a.s.
t—o00 t
Note that \ ) \
log H(e Mlogt) = =t — = loglogt + log L(e/logt) ~ =t.
«Q a «Q
The proof is now complete. O
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Remark 5.8. Since H(y) = y~/*L(y~'), we have

log H
lim 128 (y)

y—0 logy~! =1/ 29

Assume that L(z) = (logz)", where r € R. By (5.29), we have that
H(y) =y "/ *(log H(y))"/* ~ o~/ *y~"*(log(y™"))"/*, y—0.

Hence we have

A1
log H(t te™) — Zt — Rl
o

logt — T log(A/a), t— oo,
a

and
H(e Mlogt) ~ (M a)/*t"/*(logt) /oMt = .

A Appendix

Recall that £ is a Lévy process with characteristic exponent given by:
. 190 i0 .
¥(0) = iab — =b*0° + (e =1 —ibylyy <1y)n(dy).
2 R\{0}

In this section, we study the behavior of ¢)(f) as § — 0 under Assumption 2. We will
show that as § — 0+,

COL(O~); ae(0,1)U(l, )
o, a=1E(|&]) <
$(0) ~ 4 COL*(07Y), a=LE(&]) =
CO?L*(671), a=2E(lal) =
(

Co?, a>2E(&%) <

Here L*(x f1 t~1L(t)dt, and C stands different complex constants which satisfies
R(C) < 0 when a # 1 and might be 0 when o = 1. By Lemma A.1(1) below with r = —1,
we have L(z) = o(L*(x)).

If o >2ora=2with f{‘y|>1} y*n(dy) < oo, then since E(&;) = 0, it follows immedi-

ately that
lim 6~ 24(0) = 1 <62 +/ y2n(dy)> .
6—0 2 R

Ifo=1and f{|y|>1} yn(dy) < oo, then

1 =ila n :
lim 0-14(0) = B(&1) = ( +/{|yl>1}y (dy))

Now we consider other cases.
We first recall Karamata’s theorem ([11, Theorem 1.5.11] or [37, Proposition 0.8]).

Lemma A.1l. Let L be slowly varying at oo and locally bounded in [a,+c0) for some

a > 0.
(1) Ifr > —1, then
" L(x
lim li() =r+1.
w—oo [T4r L(t)dt
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(2) Ifr > 1, then
" L(x)

m ———""—"=
a=oo [TO4—r[(t)dt

For any 6 > 0, we define a measure ny(dy) as follows: for any positive function g,

/ 9(y)ne(dy) = / 9(fy)n(dy).
R/{0} R/{0}

Vo (dz) = qlzflfal(o,oo)(x)d:r + q2|x|717°‘1(_0070)(z)dm.
Lemma A.2. Assume that Assumption 2 holds. Then as 0 — 0+,

ffooo(eiy — Ve (dy), a e (0,1);
ffooo(eiy —1—iyva(dy), «€(1,2).

Ifa =1 and f{|y|>1} yn(dy) = oo, then as § — 0+,

Recall that

O L(O~Y) () — {

01 (L (07 1) (o) —» i L2

[e%

Proof. For any 6 > 0, let ng(dy) := §~*L(6~!)"Ing(dy) and 7(x) = n(x, ). By Assump-
tion 2, we have that for any x > 0,

fig(z,00) = 6~°L(0~") " 'n(z/0, 00) — ‘2 2% = vz, 00), 60— 0+,
and
fig(—00, —) = L0~ "'n(—o00, —2/0) = L2 = vo(—c0,~z), 00+,

(6

Thus ny — v, on Re. Since v, ({—1,1}) = 0, thus

oene ) [ @ Dny) = [ (e ()
lyl>6-1 {lyl>1)

— [e — 1]ve(dy). (A.1)

{ly|>1}

Now we consider the integral over (0,6~'). By Fubini’s theorem
o o
[ @1y =io [ (€ - 1)) - w67 dy
0 0
1
= [ it~ 1)(atu/6) ~ w6~ ).
0
If a < 2, then by the dominated convergence theorem we have, as § — 0+
971 . q 1 .
9—%(9—1)—1/ (€% — 1 — ify)n(dy) — El/ i — 1)(y=* — 1)dy A.2)
0 0

= / (eiy — 1 —iy)v,(dy).
0

Note that for 6 < 1,

R

1

0~
+/ z)dz — 6 7 (671, (A.3)
1
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—1
(1) If 0 < @ < 1, by Lemma A.1, we have that ff m(@)de ~ Gty 07 T PYL(071). Thus
we have

o I o« !
lim 9_QL(9_1)_1/ fyn(dy) = —— = — — = / YV (dy). (A.4)
1 0

6—0+ l—aa« o

By (A.1), (A.2) and (A.4), we obtain that

Jim 07 L0 [ @ =10y cni@n) = [ = D)

Similarly, we can deal with the integral over (—o0, 0), i.e.

0 0
- —ag(p—1y—1 i0 : i
Jim 6707 [ (@ =1 ity apn(n) = [ (@ = va(ay).
Thus the desired result follows for the case when a € (0, 1).
(2)Ifa=1and f{‘y|>1} yn(dy) = oo, then E(|¢1]) = co. Since 7(z) is regularly varying

with index —1, thus
O~ tm(6~1) _a oy L6~

A TR0 T e ey
Then we have by (A.3) that
g1 g1
lim (L*(Gfl))fl/ yn(dy) = lim (L*(Gfl))fl/ m(x)de = a (A.5)
0—0+ 1 0—0+ 1 (0%

Combining (A.1), (A.2) and (A.5), we obtain that

: —1l7rx/p—1\— > 0 . g1
egrg+0 Lxe~1) 1/0 (e y—l—z@yl{‘mﬂ})n(dy):zg.

By similar arguments, we obtain the corresponding result for the integral over (—oc, 0),
ie.
0 0 q2
lim 6~'L*(0~H)~! 0y 1 —ify1 dy) = —i—.
Jm 07) _Oo(e 0yL{jy<1y)n(dy) = —i

Thus the proof for the case when a = 1 is complete.
(3) Now we consider the case when « € (1,2). By Fubini’s theorem, we have that for
a>1

/0+1oo yn(dy) = /;loo (/Oy dx) n(dy) = /061 da /:j n(dy) +/0+jo dx /;oc n(dy)
+o0

=070 ) + / 7(z)dx.
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Thus by Lemma A.1 we have for a > 1
1y—1 oo q1 q1 oo
lim 7L~ )" Oyn(dy) = —+ — = «(dy). A.6
00+ 67 /9_1 yn(dy) e * ala—1) /1 yva(dy) (A.6)

Thus by (A.1), (A.2) and (A.6), we obtain that for o € (1,2),

lim H_O‘L(H_l)_l/ (e — 1 —ify)n(dy) = / (e — 1 —iy)ve(dy).
6—0+ 0 0

Using similar arguments, we can get

0 0
lim 9‘“L(9_1)_1/ (e — 1 —ify)n(dy) = / (€ — 1 — iy)ve(dy).

6—0+ o o
The proof is now complete. O
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Lemma A.3. Assume that Assumption 2 holds with o« = 2 and f{|y|>1} y*n(dy) = oo.
Then as 6 — 0+,

2 1 _ @1t q
g, 07210 0) = -

Proof. Note that f{‘y|>1} y?n(dy) = oo is equivalent to [~y 'L(y) dy = cc. By (A.1) and
(A.6), we only need to prove

g1
. _ 1 ; . + q2
lim 0~ 2L* (9~ 1/ 0y _ 1 _ify)n(dy) = - LT 9
im A ify)n(dy) 5

In the following, we only deal with the integral over (0,6~!). By Fubini’s theorem we get
that

91 61!
/ (€% — 1 — ify)n(dy) —29/ ¢ = 1)(n(y) = m(67")) dy
971
_19/ e — dy+z€/ e — 1 —ify)m(y) dy—92/ ym(y) dy
1
= / (e — 1)dym(67).
0
By Assumption 2, we have
ot q
¢ [ uw)dy~ DL (1)), 650+,
1
Note that
1 1
o[- vrtas] <o [ uman
0 0

By Lemma A.1 (a) with » = 0, we have

o1 g1
o[ @ -1-itpray| <6 [ ay~ LerLa/e).
1 1

Combining above all, we get that

g1
/ (€% — 1 — ify)n(dy) ~ 7%9%*(1/9).
0

Similarly, we have that
° q
/ ("% — 1 — ify)n(dy) ~ 75202L*(1 /).
—6-1
Now we finish the proof. O
For the reader’s convenience, we provide a special many-to-one formula. For more

general many-to-one formulas, see [31, Theorem 8.5]. For any u € T, let n* be the
number of particles in I, \ {o}.

Lemma A.4 (Many-to-one formula). Let {n;} be a Poisson process with parameter 3 on
some probability space (2,G, P). Then for any g € B; (R),

E (Z g(n“>> = ME (g(ny)).

vELy
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Lemma A.5. Foranyt > 0,

B(D) = 5 (ne 1),

Proof. Applying Markov property and branching property at the first split time, we have
t
g(t) ;== E(|Dy|) = e P +/ Be™ > " pr(1+ kg(t — s))ds
0 k

¢
=e Pty / Be P (1 + pg(t — s))ds.
0

Using Feynman-Kac formula, we get that

t
g(t) = eM —I—/O Berds = g(,ue)‘t -1).
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