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ASYMPTOTIC BEHAVIORS OF SUBCRITICAL BRANCHING
KILLED SPECTRALLY NEGATIVE LÉVY PROCESS

YAN-XIA REN, RENMING SONG, AND YAPING ZHU∗

Abstract. In this paper, we investigate the asymptotic behaviors of the survival prob-
ability and maximal displacement of a subcritical branching killed spectrally negative
Lévy process X in R. Let ζ denote the extinction time, Mt be the maximal position
of all the particles alive at time t, and M := sup

t≥0
Mt be the all-time maximum. Un-

der the assumption that the offspring distribution satisfies the L logL condition and
some conditions on the spatial motion, we find the decay rate of the survival probability
Px(ζ > t) and the tail behavior of Mt as t → ∞. As a consequence, we establish a
Yaglom-type theorem. We also find the asymptotic behavior of Px(M > y) as y → ∞.

1. Introduction

1.1. Background and motivation. A branching Lévy process on R is defined as fol-
lows: at time 0, there is a particle at x ∈ R and it moves according to a Lévy process
(ξt,Px) on R. After an exponential time with parameter β > 0, independent of the spatial
motion, this particle dies and is replaced by k offspring with probability pk, k ≥ 0. The
offspring move independently according to the same Lévy process from their birthplace
and obey the same branching mechanism as their parent. This procedure goes on. Let
Nt be the set of particles alive at time t and for each u ∈ Nt, we denote by Xu(t) the
position of u at time t. Also, for any u ∈ Nt and s ≤ t, we use Xu(s) to denote the
position of u or its ancestor at time s. Then the point process Z = (Zt)t≥0 defined by

Zt :=
∑

u∈Nt

δXu(t)

is called a branching Lévy process. We shall denote by Px the law of this process when
the initial particle starts from x and use Ex to denote the corresponding expectation. Let

ζ̃ := inf{t > 0 : Zt(R) = 0}
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be the extinction time of Z. Note that ζ̃ is equal in law to that of the extinction time
of a continuous-time Galton-Waston process with the same branching mechanism as the
branching Lévy process. Let m :=

∑∞
k=0 kpk be the mean number of offspring. It is

well-known that Z will become extinct in finite time with probability 1 if and only if
m < 1 (subcritical) or m = 1 and p1 6= 1 (critical). Moreover, the process Z survives
with positive probability when m > 1 (supercritical).

In the critical case, i.e. m = 1 and p1 6= 1, Sawyer and Fleischman [15] investigated
the tail behavior of the all time maximal position of branching Brownian motion under
the assumption that the offspring distribution has finite third moment. For a critical
branching random walk with spatial motion having finite (4 + ε)th moment, the tail
behavior of the all time maximum was obtained by Lalley and Shao [12]. Hou et al.
[8] studied the asymptotic behavior of the all time maximum of critical branching Lévy
processes with offspring distribution belonging to the domain of attraction of an α-stable
distribution with α ∈ (1, 2], under some assumptions on the spatial motion.

In the subcritical case, Profeta [14] gave the asymptotic behavior of the all time maxi-
mal position under the assumption that the offspring distribution has finite third moment.
For related results about subcritical branching random walks, we refer the reader to [13].

The focus of this paper is on the asymptotic behaviors of a branching killed Lévy
process, in which particles are killed upon entering the negative half-line. The point
process Z0 = (Z0

t )t≥0 defined by

Z0
t :=

∑

u∈Nt

1{infs≤tXu(s)>0}δXu(t)

is called a branching killed Lévy process. For any t ≥ 0, let

Mt := sup
u∈Nt,infs≤tXu(s)>0

Xu(t)

be the maximal position of all the particles alive at time t in the process Z0. We define
the all-time maximum position and the extinction time of Z0 by

M := sup
t≥0

Mt, ζ := inf{t > 0 : Z0
t ((0,∞)) = 0}.

In the critical case, i.e., when m = 1 and p1 6= 1, the asymptotic behaviors of the tails
of the extinction time and the maximal displacement of Z0 were established in [9] under
the assumption that the offspring distribution belongs to the domain of attraction of an
α-stable distribution, α ∈ (1, 2], and some moment assumptions on the spatial motion.
They also proved that the scaling limit under P√

ty(·|ζ > t) can be represented in terms
of a super killed Brownian motion. In the subcritical case, i.e., m ∈ (0, 1), under the
assumption

∑∞
k=1 k(log k)pk < ∞, the asymptotic behaviors of the survival probability

and the all time maximal position of branching killed Brownian motion with drift were
established in [10] recently.

The purpose of this paper is to extend the results of [10] to subcritical branching killed
spectrally negative Lévy processes. This extension is quite challenging since properties
of Brownian motion were used crucially in [10]. Fluctuation theory of spectrally negative
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Lévy processes will play an important role in this paper. Another important tool is the
conditioned limit theorem in Theorem 3.5 below.

1.2. Main results. Before we state our main results, we introduce some notation and
some basic results on spectrally negative Lévy processes. We always assume that the
offspring distribution is subcritical, i.e., m ∈ (0, 1). Let α := β(1 −m) and let f be the
generating function of the offspring distribution, i.e. f(s) =

∑∞
k=0 pks

k, s ∈ [0, 1]. Define

Φ(u) := β (f(1− u)− (1− u)) =: (α+ ϕ(u))u, u ∈ [0, 1],(1.1)

where ϕ(u) = Φ(u)−αu
u

for u ∈ (0, 1] and ϕ(0) = Φ′(0+)−α = 0. According to [10, Lemma
2.7], ϕ(·) is increasing on [0, 1] and under the condition

∞∑

k=1

k(log k)pk <∞,(1.2)

it holds that ∫ ∞

0

ϕ
(
e−ct

)
dt <∞, for any c > 0.(1.3)

Moreover, it is well-known (see Theorem 2.4 in [2, p.121]) that

lim
t→∞

eαtP0(ζ̃ > t) = Csub ∈ (0,∞)(1.4)

holds if and only if (1.2) holds. For any t > 0, define

g(t) := P0(ζ̃ > t).

It is well-known that g(t) satisfies the equation

d

dt
g(t) = −Φ(g(t)) = − (α + ϕ(g(t))) g(t),

thus

eαtg(t) = exp

{
−
∫ t

0

ϕ(g(s))ds

}
.(1.5)

It follows from (1.4) that

Csub = exp

{
−
∫ ∞

0

ϕ(g(s))ds

}
.(1.6)

Therefore, (1.2) is equivalent to
∫ ∞

0

ϕ(g(s))ds <∞.

In this paper, we always assume that ξ = ((ξt)t≥0, (Px)x∈R) is a Lévy process on R and
we will use Ex to denote expectation with respect to Px. For any z ∈ R, define

τ+z := inf{t > 0 : ξt ≥ z} and τ−z := inf{t > 0 : ξt < z}.
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It follows from [9, Lemma 2.8] that, if E0(ξ1) = 0 and E0(ξ
2
1) ∈ (0,∞), then Ex|ξτ−0 | <∞

and the function

R(x) := x− Ex

(
ξτ−0

)
= −E0

(
ξτ−−x

)
, x ≥ 0,(1.7)

satisfies the following:

(1) R(x) ≥ x and R(x) is non-decreasing in x;
(2) there exists a constant c > 0 such that R(x) ≤ c(1 + x) and

lim
x→∞

R(x)

x
= 1− lim

x→∞

Ex(ξτ−0 )

x
= 1;

(3)
(
R(ξs)1{τ−0 >s}

)
s≥0

is a Px-martingale for any x > 0.

In the case ξ is a Brownian motion with drift, it is obvious that

(1.8) R(x) = x, x > 0.

Now we introduce some basics on spectrally negative Lévy processes. Let ξ be a
spectrally negative Lévy process on R. For any λ ∈ C with Re(λ) ≥ 0, the Laplace
exponent of ξ is given by

Ψ(λ) = lnE0

[
eλξ1
]
= aλ+

η2

2
λ2 +

∫ 0

−∞

(
eλx − 1− λx1{|x|<1}

)
Π(dx),

where a ∈ R, η ≥ 0 and the Lévy measure Π satisfies
∫ 0

−∞ (1 ∧ x2)Π(dx) < +∞. It is
well known that

E0 [ξ1] = Ψ′(0+) = a +

∫

(−∞,−1]

xΠ(dx) ∈ [−∞,∞).

In some results, we will assume that ξ satisfies one or both of the following conditions:
(H1) There exists δ ∈ (0, 1) such that Ex

(
|ξ1|2+δ

)
<∞.

(H2) The law of ξ1 is non-lattice.
For q ≥ 0, let

ψ(q) := sup{λ ≥ 0 : Ψ(λ) = q}

be the right inverse of Ψ. By Kyprianou [11, Theorem 8.1], for any q ≥ 0, there exists a
scale function W (q) : R → [0,∞) such that W (q)(x) = 0 for x < 0 and W (q) is a strictly
increasing and continuous function on [0,∞) with Laplace transform

∫ ∞

0

e−rxW (q)(x)dx =
1

Ψ(r)− q
, for r > ψ(q).

In the case when ξ is a standard Brownian motion with drift −b, by using tables of
Laplace transforms, one can easily get that

(1.9) W (q)(x) =
2ebx√
b2 + 2q

sinh(
√
b2 + 2qx), x ≥ 0, q ≥ 0.
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For any c ≥ 0 and x ∈ R, since {ec(ξt−x)−Ψ(c)t : t ≥ 0} is a Px-martingale, we can define
the change of measure

dPc
x

dPx

∣∣∣
Ft

= ec(ξt−x)−Ψ(c)t,(1.10)

where Ft := σ{ξs : s ≤ t}, t ≥ 0. According to [11, Theorem 3.9], ((ξt)t≥0, (P
c
x)x∈R)

is also a spectrally negative Lévy process and its Laplace exponent Ψc(λ) is given by
Ψc(λ) := Ψ(λ+ c)−Ψ(c). We will use Ec

x to denote expectation with respect to Pc
x. Let

W
(q)
c be the scale function of ((ξt)t≥0, (P

c
x)x∈R).

According to [11, Theorem 3.9], the Lévy measure of ((ξt)t≥0, (P
c
x)x∈R) is given by

1(−∞,0)e
cxΠ(dx). Thus, for any p ≥ 1, if ((ξt)t≥0, (Px)x∈R) has finite p-th moment, then

((ξt)t≥0, (P
c
x)x∈R) also has finite p-th moment. In case c > 0, ((ξt)t≥0, (P

c
x)x∈R) will have

finite exponential moment. It is also easy to see that ((ξt)t≥0, (P
c
x)x∈R) is non-lattice

if and only if ((ξt)t≥0, (Px)x∈R) is non-lattice. In particular, if ((ξt)t≥0, (Px)x∈R) satisfies
(H1) (or (H2)), then ((ξt)t≥0, (P

c
x)x∈R) also satisfies (H1) (or (H2)). It follows from [11,

Theorem 3.9] that, if ((ξt)t≥0, (Px)x∈R) is a Brownian motion with drift, ((ξt)t≥0, (P
c
x)x∈R)

is also a Brownian motion with drift.
When Ψ′(0+) < 0, we have ψ(0) > 0. In this case, Ψ is strictly convex and admits a

unique minimum at a λ∗ > 0 and Ψ(λ∗) < 0, Ψ′(λ∗) = 0 and Ψ′′(λ∗) > 0. Consequently,
the function ψ is well-defined on [−q∗,+∞), where −q∗ = Ψ(λ∗). Taking c = λ∗, we
define the change of measure,

dPλ∗
x

dPx

∣∣∣
Ft

= eλ∗(ξt−x)−Ψ(λ∗)t.(1.11)

Then ((ξt)t≥0, (P
λ∗
x )x∈R) is a spectrally negative Lévy process and its Laplace exponent

is given by Ψλ∗(λ) := Ψ(λ + λ∗) − Ψ(λ∗). It is easy to see that Ψ′
λ∗(0+) = Ψ′(λ∗) = 0.

Let Eλ∗
x be the expectation with respect to Pλ∗

x .
Suppose that ((ξt)t≥0, (Px)x∈R) has finite second moment, then ((ξt)t≥0, (P

λ∗
x )x∈R) also

has finite second moment. Since Eλ∗
0 (ξ1) = Ψ′

λ∗(0+) = 0, by [9, Lemma 2.8], we have
Eλ∗
x |ξτ−0 | <∞. Define

R∗(x) = x−Eλ∗
x

(
ξτ−0

)
, x ≥ 0.(1.12)

Define the dual process of ξ by:

ξ̂s := −ξs, s ≥ 0.

For any z ∈ R, we define τ̂−z := inf{s > 0 : ξ̂s < z} and

R̂∗(x) := x− Eλ∗
x

(
ξ̂τ̂−0

)
, x ≥ 0.(1.13)

Denote R+ = [0,∞). Our first main result is on the large-time asymptotics of the
survival probability.

Theorem 1.1. Assume that (1.2) holds and that ((ξt)t≥0, (Px)x∈R) is a spectrally negative
Lévy process satisfying (H1). Let x > 0.
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(1) If E0 [ξ1] = 0, then

lim
t→∞

√
teαtPx(ζ > t) =

2CsubR(x)√
2πσ2

,

where Csub is defined in (1.6) and R(x) in (1.7).
(2) If E0 [ξ1] > 0, then

lim
t→∞

eαtPx(ζ > t) = CsubE0 [ξ1]W
(0)(x).

(3) Assume further that ((ξt)t≥0, (Px)x∈R) satisfies (H2). If E0 [ξ1] < 0, then

lim
t→∞

t3/2e(α−Ψ(λ∗))tPx(ζ > t) =
2C0R

∗(x)eλ∗x√
2πΨ′′(λ∗)3

,

where C0 := limN→∞ e(α−Ψ(λ∗))N
∫
R+

Pz(ζ > N)e−λ∗zR̂∗(z)dz ∈ (0,∞), R∗ is de-

fined in (1.12) and R̂∗ in (1.13).

Remark 1. Combining the result above with (1.8) and (1.9), we immediately recover
the first two conclusions of [10, Theorem 1.1] as a corollary. Furthermore, when ξ is a
standard Brownian motion with drift −ρ, we have Ψ(λ) = −ρλ+ 1

2
λ2 and λ∗ = ρ. When

ρ > 0, a straightforward calculation yields that

lim
t→∞

t3/2e(α+
ρ2

2
)t
Px(ζ > t) =

2C0xe
ρx

√
2π

.

This result is consistent with [10, Theorem 1.1, (iii)], where C0(ρ) = C0.

Our second main result is on the asymptotic behavior of the tail probability of Mt.

Theorem 1.2. Assume that (1.2) holds and that ((ξt)t≥0, (Px)x∈R) is a spectrally negative
Lévy process satisfying (H1). Let x > 0.

(1) If E0 [ξ1] = 0, then for any y ≥ 0, we have

lim
t→∞

√
teαtPx

(
Mt >

√
ty
)
=

2CsubR(x)√
2πσ2

e−
y2

2σ2 .

(2) If E0 [ξ1] > 0, then for any y ∈ R, we have

lim
t→∞

eαtPx

(
Mt >

√
ty + E0 [ξ1] t

)
=
CsubE0 [ξ1]W

(0)(x)√
2π

∫ ∞

y
σ

e−
z2

2 dz.

(3) Assume further that ((ξt)t≥0, (Px)x∈R) satisfies (H2). If E0 [ξ1] < 0, then for any
y ≥ 0, we have

lim
t→∞

t3/2e(α−Ψ(λ∗))tPx (Mt > y) =
2C1(y)R

∗(x)eλ∗x√
2πΨ′′(λ∗)3

,

where C1(y) := limN→∞ e(α−Ψ(λ∗))N
∫
R+

Pz(MN > y)e−λ∗zR̂∗(z)dz ∈ (0,∞).
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Noticing that Pz(MN > 0) = Pz(ζ > N) for z > 0, C0 in Theorem 1.1 and C1(0)
in Theorem 1.2 are the same. Combining the result above with (1.8) and (1.9), we
immediately recover [10, Theorem 1.3] as a corollary.

Combining Theorems 1.1 and 1.2, we immediately get the following Yaglom-type con-
ditional limit theorem.

Corollary 1.3. Assume that (1.2) holds and that ((ξt)t≥0, (Px)x∈R) is a spectrally negative
Lévy process satisfying (H1). Let x > 0.

(1) If E0 [ξ1] = 0, then we have

Px

(
Mt√
t
∈ ·
∣∣∣ζ > t

)
d

=⇒ R(·),

where R is the Rayleigh distribution with density ρ(z) = ze−z
2/21{z>0}.

(2) If E0 [ξ1] > 0, then we have

Px

(
Mt −E0 [ξ1] t√

t
∈ ·
∣∣∣ζ > t

)
d

=⇒ N(0, σ2),

where N(0, σ2) is normal distribution with mean 0 and variance σ2.
(3) Assume further that ((ξt)t≥0, (Px)x∈R) satisfies (H2). If E0 [ξ1] < 0, then there

exists a random variable (X,P) whose law is independent of x such that

Px

(
Mt ∈ ·

∣∣∣ζ > t
)

d
=⇒ P(X ∈ ·).

Our third main result is on the asymptotic behavior of the all-time maximum M . Note
that we do not need any assumption on the spectrally Lévy process in the following result.

Theorem 1.4. Assume that (1.2) holds and that ((ξt)t≥0, (Px)x∈R) is a spectrally negative
Lévy process. There exits a constant C2(α) ∈ (0, 1] such that for any x > 0,

lim
y→∞

eψ(α)yPx(M > y) = C2(α)W
(α)(x)Ψ′(ψ(α)),

where W (α) is the scale function of ((ξt)t≥0, (Px)x∈R).

Combining the result above with (1.9), we immediately recover [10, Theorem 1.2] as a
corollary.

Organization of the paper: The rest of the paper is organized as follows. In Section
2, we give some results on spectrally negative Lévy processes which will be used in the
proofs of our main results. We establish the conditioned limit theorem for Lévy process
in Section 3. The proofs of Theorems 1.1 and 1.2 are given in Section 4, and the proof of
Theorem 1.4 is given in Section 5.

In this paper, we use φ(·) to denote the standard normal density, i.e., φ(t) = 1√
2π
e−t

2/2,

use ρ(·) to denote the Rayleigh density, i.e., ρ(x) = xe−x
2/21{x>0}, and use R(x) to denote

the Rayleigh distribution function, i.e., R(x) = (1 − e−x
2/2)1{x≥0}. For v > 0, we define

φv(x) =
1√
2πv
e−x

2/(2v) and ρv(x) = (x/v)e−x
2/(2v)1{x>0}. We use F (x) ∼ G(x) as x → ∞

to denote limx→∞ F (x)/G(x) = 1. In this paper, capital letters Ci and Ti, i = 1, 2, . . . ,
are used to denote constants in the statements of results and their value remain the same
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throughout the paper. Lower case letters ci, i = 1, 2, . . . , are used for constants used in
the proofs and their labeling starts anew in each proof. ci(ǫ) and Ci(ǫ) mean that the
constants ci and Ci depend on ǫ.

2. Preliminaries

In this section, we always assume that ξ = ((ξt)t≥0, (Px)x∈R) is a spectrally negative
Lévy process with Laplace exponent Ψ. Recall that ψ(q) := sup{λ ≥ 0 : Ψ(λ) = q} is
the right inverse of Ψ. It is well known, see [11, Section 8], that for any q ≥ 0,

E0

(
e−qτ

+
x 1{τ+x <∞}

)
= e−ψ(q)x.

Moreover, since ξ is spectrally negative, we have

E0(ξτ+x = x|τ+x <∞) = 1.

The following result on exit probabilities is contained in [11, Theorem 8.1].

Theorem 2.1. (1) For any x > 0, if Ψ′(0+) > 0,

Px(τ
−
0 <∞) = 1−Ψ′(0+)W (0)(x),

and if Ψ′(0+) ≤ 0, Px(τ
−
0 <∞) = 1.

(2) For any 0 < x ≤ y and q ≥ 0,

Ex

(
e−qτ

+
y 1{τ−0 >τ

+
y }

)
=
W (q)(x)

W (q)(y)
.

The following result, which can be found in [11, Lemma 8.4] and [16, Proposition

1], gives the relationship between W
(q)
c for different values of q, c, and the asymptotic

behavior of W (q)(x) as x→ ∞.

Lemma 2.2. For any x ≥ 0, the function q 7→ W (q)(x) may be analytically extended to
q ∈ C. Furthermore, for any q ∈ C and c ∈ R with Ψ(c) <∞, we have

W (q)(x) = ecxW (q−Ψ(c))
c (x), x ≥ 0,

where W
(q−Ψ(c))
c is the scale function of ((ξt)t≥0, (P

c
x)x∈R). Furthermore,

W (q)(x) ∼ eψ(q)x

Ψ′(ψ(q))
, as x→ ∞.(2.1)

The following lemma gives the joint asymptotic behavior of the tail of τ−0 and the Lévy
process ξ when E0 [ξ1] > 0.

Lemma 2.3. Assume that E0(ξ1) > 0 and σ2 := E0(ξ
2
1) <∞, then for any x > 0,

lim
t→∞

Px(τ
−
0 > t) = Px(τ

−
0 = ∞) = Ψ′(0+)W (0)(x).(2.2)

Moreover, for any y ∈ R, we have

lim
t→∞

Px

(
τ−0 > t, ξt −E0 [ξ1] t >

√
ty
)
= Px(τ

−
0 = ∞)

∫ ∞

y
σ

φ(z)dz.
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Proof. Note that (2.2) follows immediately from Theorem 2.1 (1). Fix t > 0, for m ∈
(0, t), by the Markov property,

Px

(
τ−0 > t, ξt − E0 [ξ1] t >

√
ty
)
≤ Px

(
τ−0 > m, ξt − E0 [ξ1] t >

√
ty
)

= Ex

[
1{τ−0 >m}Pξm

(
ξt−m − E0 [ξ1] t >

√
ty
)]
.

By the central limit theorem, for any z, as t→ ∞, we get

Pz

(
ξt−m −E0 [ξ1] t >

√
ty
)
→
∫ ∞

y

φσ2(z)dz.(2.3)

Letting t→ ∞ first, then m→ ∞, we get that

lim sup
t→∞

Px

(
τ−0 > t, ξt − E0 [ξ1] t >

√
ty
)
≤ Px

(
τ−0 = ∞

) ∫ ∞

y

φσ2(z)dz.(2.4)

On the other hand, we have

Px

(
τ−0 > m, ξt −E0 [ξ1] t >

√
ty
)
≤ Px

(
τ−0 > t, ξt −E0 [ξ1] t >

√
ty
)
+Px

(
τ−0 ∈ (m, t]

)
.

It follows from (2.3) that

lim
m→∞

lim
t→∞

Px

(
τ−0 > m, ξt − E0 [ξ1] t >

√
ty
)
= Px

(
τ−0 = ∞

) ∫ ∞

y

φσ2(z)dz,

this combined with

lim
m→∞

lim
t→∞

Px

(
τ−0 ∈ (m, t]

)
= lim

m→∞
Px

(
τ−0 ∈ (m,∞)

)
= 0

yields that

lim inf
t→∞

Px

(
τ−0 > t, ξt −E0 [ξ1] t >

√
ty
)
≥ Px

(
τ−0 = ∞

) ∫ ∞

y

φσ2(z)dz.

Combining this with (2.4), we get the the desired result. �

The following lemma is an important tool for proving Theorem 1.4.

Lemma 2.4. For any a > 0, 0 < x ≤ y and nonnegative Borel function h, we have

Ex

[
1{τ+y <τ−0 }e

−aτ+y −
∫ τ+y
0 h(ξs)ds

]
= eψ(a)(x−y)Eψ(a)

x

[
1{τ+y <τ−0 }e

−
∫ τ+y
0 h(ξs)ds

]
.

Proof. By [3, Theorem 6], {τ+y < τ−0 } ∩ {τ+y < t} = {τ+y ∧ t < τ−0 } ∩ {τ+y ∧ t < t} is

Fτ+y ∧t-measurable. For a > 0, since e−aτ
+
y 1{τ+y =∞}=0, using (1.10) with c = ψ(a), we have

Ex

[
1{τ+y <τ−0 }e

−aτ+y −
∫ τ+y
0 h(ξs)ds

]
= lim

t→∞
Ex

[
1{τ+y <τ−0 ,τ

+
y <t}e

−aτ+y −
∫ τ+y
0 h(ξs)ds

]
(2.5)

= lim
t→∞

Eψ(a)
x

[
e−ψ(a)(ξt−x)+ate−aτ

+
y −

∫ τ+y
0 h(ξs)ds1{τ+y <τ−0 ,τ

+
y <t}

]
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= lim
t→∞

Eψ(a)
x

[
e−aτ

+
y −

∫ τ+y
0 h(ξs)ds1{τ+y <τ−0 ,τ

+
y <t}E

ψ(a)
x

[
e−ψ(a)(ξt−x)+at

∣∣∣Fτ+y ∧t

]]
.

Note that (e−ψ(a)(ξt−x)+at)t≥0 is a P
ψ(a)
x is a martingale with respect to Ft. Using the

optional stopping theorem and the absence of positive jumps, we get that, on {τ+y < t},

Eψ(a)
x

[
e−ψ(a)(ξt−x)+at

∣∣∣Fτ+y ∧t

]
= e

−ψ(a)(ξ
τ+y ∧t

−x)+a(τ+y ∧t)
= e−ψ(a)(y−x)+aτ

+
y .

Combining this with (2.5) and using the fact that P
ψ(a)
x (τ+y <∞) = 1, we get

Ex

[
1{τ+y <τ−0 }e

−aτ+y −
∫ τ+y
0 h(ξs)ds

]
= eψ(a)(x−y)Eψ(a)

x

[
1{τ+y <τ−0 }e

−
∫ τ+y
0 h(ξs)ds

]
.

This gives the desired result. �

3. Conditioned limit theorems for Lévy processes

The purpose of this section is to prove Theorem 3.5, a conditioned limit theorem for
spectrally negative Lévy processes. Theorem 3.5 will play an important role in this paper.
We make some preparations first. The following result follows from [9, Lemmas 2.12 and
4.1].

Lemma 3.1. Assume that ((ξt)t≥0, (Px)x∈R) is a Lévy process satisfying E0(ξ1) = 0 and
(H1). Then for any x > 0 and a ∈ (0,∞], it holds that

lim
t→∞

√
tPx

(
ξt ≤ a

√
t, τ−0 > t

)
=

2R(x)√
2πσ2

∫ a
σ

0

ρ(z)dz,

where σ2 := E0(ξ
2
1). Furthermore, for any x > 0 and any bounded continuous function h

on (0,∞), it holds that

lim
t→∞

√
tEx

[
h

(
ξt

σ
√
t

)
1{τ−0 >t}

]
=

2R(x)√
2πσ2

∫ ∞

0

ρ(z)h(z)dz.

Recall that δ is the constant in (H1). The following result is [9, Lemma 2.11].

Lemma 3.2. Assume that ((ξt)t≥0, (Px)x∈R) is a Lévy process satisfying E0(ξ1) = 0 and
(H1). Then there exists a Brownian motion W with diffusion coefficient σ2 starting from
the origin such that for any κ ∈ (0, δ

2(2+δ)
), there exists a constant C3(κ) > 1 such that

for all t ≥ 1,

Px

(
sup
s∈[0,1]

|ξts − x−Wts| > t
1
2
−κ

)
≤ C3(κ)

t(
1
2
−κ)(δ+2)−1

.

The following result is a conditioned limit theorem for Lévy processes with explicit
rate of convergence. See [7, Theorem 2.7] for an analogous result for random walks.

Lemma 3.3. Assume that ((ξt)t≥0, (Px)x∈R) is a Lévy process satisfying E0(ξ1) = 0,
E0(ξ

2
1) = σ2 and (H1). Then one can find a constant ε0 ∈ (0, δ

4(2+δ)
) with the property
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that for any ε ∈ (0, ε0) there exist positive constants T0(ε) and C4(ε) such that for any
x, y > 0 and t > T0(ε),

∣∣∣Px

(
ξt

σ
√
t
≤ y, τ−0 > t

)
− 2R(x)

σ
√
2πt

R(y)
∣∣∣ ≤ C4(ε)(1 + x)

t1/2+ε
.

Proof. Let W be the Brownian motion in Lemma 3.2. For any r > 0 and ǫ ∈ (0, δ/(2(5+
2δ))), define

Ar :=
{

sup
s∈[0,1]

|ξsr − ξ0 −Wsr| > r
1
2
−2ǫ
}
.

Let (Sn)n≥0 be the random walk defined by Sn := ξn, n ∈ N. For any b ∈ R, define

τS,+b := inf{j ∈ N, |Sj| > b}.
By the Markov property, we have the following decomposition:

Px

(
ξt

σ
√
t
≤ y, τ−0 > t

)
=

4∑

k=1

Ik,

where

I1 := Px

(
ξt

σ
√
t
≤ y, τ−0 > t, τS,+

t1/2−ǫ > [t1−ǫ]

)
,

I2 :=

[t1−ǫ]∑

k=1

Ex

(
Pξk

(
ξt−k

σ
√
t
≤ y, τ−0 > t− k, At−k

)
; τ−0 > k, τS,+

t1/2−ǫ = k

)
,

I3 :=

[t1−ǫ]∑

k=1

Ex

(
Pξk

(
ξt−k

σ
√
t
≤ y, τ−0 > t− k, Act−k

)
; τ−0 > k, ξk > t(1−ǫ)/2, τS,+

t1/2−ǫ = k

)
,

I4 :=

[t1−ǫ]∑

k=1

Ex

(
Pξk

(
ξt−k

σ
√
t
≤ y, τ−0 > t− k, Act−k

)
; τ−0 > k, ξk ≤ t(1−ǫ)/2, τS,+

t1/2−ǫ = k

)
.

We now deal with Ii, i = 1, 2, 3, 4, separately.
(i) Upper bound of I1. Set K := [tǫ − 1] and l := [t1−2ǫ]. Since Kl ≤ [t1−ǫ], we have

I1 ≤Px

(
τS,+
t1/2−ǫ > [t1−ǫ]

)
≤ P0

(
max

1≤j≤Kl
|x+ Sj| ≤ t1/2−ǫ

)
(3.1)

≤P0

(
max
1≤j≤K

|x+ Slj| ≤ t1/2−ǫ
)
, x > 0.

By the Markov property, we have

P0

(
max
1≤j≤K

|x+ Slj| ≤ t1/2−ǫ
)

≤
(
sup
x∈R+

P0

(
|x+ Sl| ≤ t1/2−ǫ

))K
.(3.2)
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According to the display below [9, (4.6)], there exist positive constants c1 ∈ (0, 1) and
t1(ǫ) such that for t > t1(ǫ),

P0

(
|x+ Sl| ≤ t1/2−ǫ

)
< c1 x ∈ R+.

Plugging this into (3.2), taking c2 = − ln c1, and combining with (3.1), we get that for
t > t1(ǫ),

I1 ≤ cK1 = e−c2[t
ǫ−1] ≤ c2

t1/2+ǫ/4
.(3.3)

(ii) Upper bound of I2. By part (ii) of the proof of [9, Lemma 4.1], for any ǫ ∈
(0, δ/(2(5 + 2δ))), we have

I2 ≤
C3(2ǫ)x

t1+δ/2−(5+2δ)ǫ
≤ C3(2ǫ)x

t
1
2
+ǫ/4

,(3.4)

where C3(2ǫ) is the constant in Lemma 3.2.
(iii) Upper bound of I3. Repeating the argument in part (iii) of the proof of [9, Lemma

4.1] leading to [9, (4.8)] and using [6, Lemma 7.7], we can find ǫ1 > 0 with the property
that for any ǫ ∈ (0, ǫ1 ∧ δ/(2(5 + 2δ))) there exists a positive constant c3(ǫ) such that

I3 ≤
1√
t

[t1−ǫ]∑

k=1

Ex

(
Sk; τ

S,−
0 > k, Sk > t(1−ǫ)/2, τS,+

t1/2−ǫ = k
)

(3.5)

≤ c3(ǫ)(1 + x)

t1+δ/2−ǫ(1+ǫ+δ/2)
≤ c3(ǫ)(1 + x)

t
1
2
+ǫ/4

.

(iv) Upper bound of I4. For k ≤ [t1−ǫ] and x′ > 0, define

K(k, x′) := Px′

(
ξt−k

σ
√
t
≤ y, τ−0 > t− k, Act−k

)
.

Set

x∗ :=
x′ + (t− k)

1
2
−2ǫ

σ
and y∗ :=

y
√
t√

t− k
+

2

σ(t− k)2ǫ
.

It follows from [9, (4.13)] that

K(k, x′) ≤ 2√
2π(t− k)

(
x′

σ
+
t
1
2
−2ǫ

σ

)∫ y∗

0

ρ(z)e
zx∗√
t−kdz.(3.6)

We claim that there exist positive constants t2(ǫ) and c4(ǫ) such that for t > t2(ǫ),

K(k, x′) ≤ 2

σ
√
2πt

(
1 +

c4(ǫ)

tǫ/2−ǫp

)(
R(y) +

c4(ǫ)

tǫ/2

)(
x′ + t

1
2
−2ǫ
)
.(3.7)

To prove this claim, note that for any k ≤ [t1−ǫ] and x′ ≤ t(1−ǫ)/2, there exist positive
constants t3(ǫ), c5(ǫ) and c6(ǫ) such that for t > t3(ǫ), the following holds:

x∗√
t− k

≤ c5(ǫ)
t(1−ǫ)/2 + t

1
2
−2ǫ

√
t

≤ c6(ǫ)t
−ǫ/2.
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For y ∈ [0, tǫ
p
] with p ≥ 2 being a positive constant, and z ≤ y∗, there exist positive

constants t4(ǫ) and c7(ǫ) such that for t > t4(ǫ),

z ≤ y
√
t√

t− k
+

2

σ(t− k)2ǫ
≤ c7(ǫ)t

ǫp,

and thus there exists a positive constant c8(ǫ) such that for t > t3(ǫ) ∨ t4(ǫ),

e
zx∗√
t−k ≤ ec6(ǫ)c7(ǫ)t

−ǫ/2tǫ
p

≤ 1 +
c8(ǫ)

tǫ/2−ǫp
, for z ≤ y∗.

This implies that when y ∈ [0, tǫ
p
], for t > t3(ǫ) ∨ t4(ǫ), it holds that

∫ y∗

0

ρ(z)e
zx∗√
t−kdz ≤

(
1 +

c8(ǫ)

tǫ/2−ǫp

)∫ y∗

0

ρ(z)dz.

Moreover, by the definition of y∗, there exist positive constants t5(ǫ) and c9(ǫ) such that
for t > t5(ǫ),

y∗ − y ≤ c9(ǫ)

tε/2

Thus using the fact that ρ(z) ≤ 1 for all z ≥ 0, we get that for any ǫ ∈ (0, ǫ1∧δ/(2(5+2δ)))
and t > max{ti(ǫ) : 3 ≤ i ≤ 5},

∫ y∗

0

ρ(z)e
zx∗√
t−kdz ≤

(
1 +

c8(ǫ)

tǫ/2−ǫp

)
(R(y) + y∗ − y)(3.8)

≤
(
1 +

c8(ǫ)

tǫ/2−ǫp

)(
R(y) +

c9(ǫ)

tǫ/2

)
.

For y > tǫ
p
, using [6, (7.31)] we get that there exist positive constants t6(ǫ) and c10(ǫ)

such that for t > t6(ǫ),
∫ y∗

0

ρ(z)e
zx∗√
t−kdz ≤

(
1 +

c10(ǫ)

tǫ/2−ǫp

)∫ y

0

ρ(z)dz + c10(ǫ)e
−c10(ǫ)tǫ

p

(3.9)

≤
(
1 +

c10(ǫ)

tǫ/2−ǫp

)(
R(y) +

c10(ǫ)

tǫ

)
.

Combining (3.6), (3.8) and (3.9), we get that there exists a positive constant c11(ǫ) such
that for any y > 0 and t > max{ti(ǫ) : 3 ≤ i ≤ 6}, we have

K(k, x′) ≤ 2x∗√
2π(t− k)

(
1 +

c11(ǫ)

tǫ/2−ǫp

)(
R(y) +

c11(ǫ)

tǫ/2

)
.(3.10)

Since k ≤ [t1−ǫ], there exists a constant t7(ǫ) > 0 such that when t > t7(ǫ),

1√
t− k

≤ 1√
t

(
1 +

c12(ǫ)

tǫ

)
,

and

x∗√
t− k

≤ 1

σ
√
t

(
1 +

c13(ǫ)

tǫ

)(
x′ + t

1
2
−2ǫ
)
,(3.11)
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for some positive constants c12(ǫ) and c13(ǫ). Taking t2(ǫ) := max{ti(ǫ) : 3 ≤ i ≤ 7},
then the claim (3.7) follows from (3.10) and (3.11).

Note that on {τS,+
t1/2−ǫ = k}, we have ξk = Sk ≥ t1/2−ǫ. Thus, t1/2−2ǫ ≤ t−ǫξk on

{τS,+
t1/2−ǫ = k}. Also note that, by using that

(
R(ξs)1{τ−0 >s}

)
s≥0

is a Px-martingale for any

x > 0 and the optional stopping theorem,

R(x) = Ex

(
R
(
ξτS,+

t1/2−ǫ

)
; τ−0 > τS,+

t1/2−ǫ

)
, x > 0, t > 0.(3.12)

Hence, by (3.7), for t > t2(ǫ),

I4 ≤
2

σ
√
2πt

(
1 +

c4(ǫ)

tǫ/2−ǫp

)(
R(y) +

c4(ǫ)

tǫ/2

)

×
[t1−ǫ]∑

k=1

Ex

(
ξk + t

1
2
−2ǫ; τ−0 > k, ξk ≤ t(1−ε)/2, τS,+

t1/2−ǫ = k
)

≤ 2(1 + t−ǫ)

σ
√
2πt

(
1 +

c4(ǫ)

tǫ/2−ǫp

)(
R(y) +

c4(ǫ)

tǫ/2

) [t1−ǫ]∑

k=1

×Ex

(
ξk; τ

−
0 > k, ξk ≤ t(1−ǫ)/2, τS,+

t1/2−ǫ = k
)

≤ 2(1 + t−ǫ)

σ
√
2πt

(
1 +

c4(ǫ)

tǫ/2−ǫp

)(
R(y) +

c4(ǫ)

tǫ/2

)
Ex

(
ξτS,+

t1/2−ǫ
; τ−0 > τS,+

t1/2−ǫ , τ
S,+

t1/2−ǫ ≤ [t1−ε]

)

≤ 2(1 + t−ǫ)

σ
√
2πt

(
1 +

c4(ǫ)

tǫ/2−ǫp

)(
R(y) +

c4(ǫ)

tǫ/2

)
Ex

(
ξτS,+

t1/2−ǫ
; τ−0 > τS,+

t1/2−ǫ

)

=
2R(x)(1 + t−ǫ)

σ
√
2πt

(
1 +

c4(ǫ)

tǫ/2−ǫp

)(
R(y) +

c4(ǫ)

tǫ/2

)
,

where in the last equality we used (3.12). Thus, there exist positive constants t8(ǫ), c14(ǫ)
and c15(ǫ) such that for t > t8(ǫ),

I4 ≤
2R(x)

(
1 + c14(ǫ)

tǫ/2−ǫp

)(
R(y) + c14(ǫ)

tǫ/2

)

σ
√
2πt

≤ 2R(x)R(y)

σ
√
2πt

+
c15(ǫ)(1 + x)

t
1
2
+ǫ/4

.(3.13)

(v) Lower bound of I4. Repeating the proof of [6, (7.40)], we get that there exist positive
constants t9(ǫ), c16(ǫ) and c17(ǫ) such that for t > t9(ǫ),

I4 ≥
2R(x)

σ
√
2πt

(
1− c16(ǫ)

tǫ/2−ǫp

)(
R(y)− 1

t2ǫ

)
− c16(ǫ)(1 + x)

tδ/2−ǫ(1+ǫ+δ/2)
(3.14)

≥ 2R(x)R(y)

σ
√
2πt

− c17(ǫ)(1 + x)

t
1
2
+ǫ/4

.

Set ǫ0 := min{δ/(2(5 + 2δ)), ǫ1}, ε := ǫ/4, ε0 := ǫ0/4 and T0(ǫ) := max{ti(ǫ) : i =
1, 2, 8, 9}. Using the fact that there exists c18 > 0 such that R(x) ≤ c18(1 + x), and
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combining (3.3), (3.4), (3.5), (3.13) and (3.14), we arrive at the conclusion of the lemma.
�

The duality relations in the following lemma, especially (3.15), are well known in prob-
abilistic potential theory. We give an elementary proof here for the reader’s convenience.

Lemma 3.4. For any t > 0 and any bounded Borel functions g, h : R 7→ R+, we have∫

R+

h(x)Ex

[
g(ξt)1{τ−0 >t}

]
dx =

∫

R+

g(y)Ey

[
h(ξ̂t)1{τ̂−0 >t}

]
dy(3.15)

and ∫

R

h(x)Ex

[
g(ξt)1{τ−0 ≤t}

]
dx =

∫

R

g(y)Ey

[
h(ξ̂t)1{τ̂−0 ≤t}

]
dy.(3.16)

Proof. For x > 0, by the change of variables x+ ξt = y, we get∫

R+

h(x)Ex

[
g(ξt)1{τ−0 >t}

]
dx =

∫

R+

h(x)E
[
g(x+ ξt)1{τ−−x>t}

]
dx

=

∫

R+

h(x)E

[
g(x+ ξt), inf

s≤t
ξs > −x

]
dx =

∫

R+

h(x)E

[
g(x+ ξt), inf

s≤t
ξt−s > −x

]
dx

=

∫

R+

g(y)E

[
h(y − ξt), inf

s≤t
(ξt−s − ξt) > −y

]
dy

=

∫

R+

g(y)E

[
h(y + ξ̂t), inf

s≤t
ξ̂s > −y

]
dy =

∫

R+

g(y)Ey

[
h(ξ̂t)1{τ̂−0 >t}

]
dy,

which completes the proof of (3.15). Using the same argument, we can also get∫

R

h(x)Ex(g(ξt))dx =

∫

R

h(x)E(g(x+ ξt))dx =

∫

R

g(y)E(h(y − ξt))dy(3.17)

=

∫

R

g(y)E(h(y + ξ̂t))dy =

∫

R

g(y)Ey(h(ξ̂t))dy.

Note that for x < 0, Px(τ
−
0 > t) = Px(τ̂

−
0 > t) = 0. Therefore, (3.15) is equivalent to∫

R

h(x)Ex

[
g(ξt)1{τ−0 >t}

]
dx =

∫

R

g(y)Ey

[
h(ξ̂t)1{τ̂−0 >t}

]
dy.

Combining this with (3.17), we get (3.16). �

Before stating Theorem 3.5, we first introduce some necessary notation and definitions.
Let h1, h2 : R 7→ R+ be Borel functions and ε > 0. We say that h1 ε-dominates h2 and
write h2 ≤ε h1 if

h2(u) ≤ h1(u+ v), ∀u ∈ R, ∀ v ∈ [−ε, ε].
For any a > 0 and Borel function h : R 7→ R+, we define Ik,a = [ka, (k + 1)a] for k ∈ Z

and

h̄a(u) :=
∑

k∈Z
1Ik,a(u) sup

u′∈Ik,a
f(u′), ha(u) :=

∑

k∈Z
1Ik,a(u) inf

u′∈Ik,a
f(u′), u ∈ R.
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The function h is called directly Riemann integrable if
∫
R
h̄a(u)du < ∞ for any a > 0

small enough and

lim
a→0

∫

R

(
h̄a(u)− ha(u)

)
du = 0.

Define

h̄a,ε(u) := sup
[u−ε,u+ε]

h̄a(v), ha,−ε(u) := inf
v∈[u−ε,u+ε]

h̄a(v), u ∈ R,(3.18)

then it holds that

ha,−ε ≤ε ha ≤ h ≤ h̄a ≤ε h̄a,ε on R.

For more details about directly Riemann integrability, see [5, Section XI.1].
The following theorem will play an important role in this paper. We refer the reader

to [7, Theorem 1.9] for an analogous result for random walks.

Theorem 3.5. Assume that ((ξt)t≥0, (Px)x∈R) is a spectrally negative Lévy process sat-
isfying (H1), (H2) and E0 [ξ1] < 0. Let f : R 7→ R+ be a Borel function, which is not
0 almost everywhere on R+, such that f(x)e−λ∗x(1 + |x|) is directly Riemann integrable.
Then for any x > 0, it holds that

lim
t→∞

t3/2e−Ψ(λ∗)tEx

(
f(ξt), τ

−
0 > t

)
=

2R∗(x)eλ∗x√
2πΨ′′(λ∗)3

∫

R+

f(z)e−λ∗zR̂∗(z)dz,

where Ψ is the Laplace exponent of ξ.

Remark 2. Recall that, when E0 [ξ1] < 0, ((ξt)t≥0, (P
λ∗
x )x∈R) is a spectrally negative Lévy

process with Laplace exponent Ψλ∗(λ) = Ψ(λ+λ∗)−Ψ(λ∗) and that Ψ′
λ∗(0+) = Ψ′(λ∗) = 0.

Using (1.11), we get that

Ex

(
f(ξt), τ

−
0 > t

)
= eΨ(λ∗)t+λ∗xEλ∗

x

(
f(ξt)e

−λ∗ξt , τ−0 > t
)
.(3.19)

Therefore, to get the assertion of Theorem 3.5, we only need to consider the asymptotic
behavior of

Eλ∗
x

(
f(ξt)e

−λ∗ξt , τ−0 > t
)
, t→ ∞.

Theorem 3.6. Assume that ((ξt)t≥0, (Px)x∈R) is a spectrally negative Lévy process sat-
isfying (H1), (H2) and E0 [ξ1] < 0. Let h : R 7→ R+ be a Borel function, which is not
0 almost everywhere on R+, such that h(x)(1 + |x|) is directly Riemann integrable. Then
for any x > 0, it holds that

lim
t→∞

t3/2Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
=

2R∗(x)√
2πΨ′′(λ∗)3

∫

R+

h(z)R̂∗(z)dz,

where Ψ is the Laplace exponent of ξ.

Remark 3. Taking h(x) = f(x)e−λ∗x in Theorem 3.6 and using (3.19), we immediately
get the conclusion of Theorem 3.5.
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In the next four lemmas, we provide some upper and lower bounds forEλ∗
x

(
h(ξt)1{τ−0 >t}

)
.

In the remainder of this section, ε0 will be the constant in Lemma 3.3. Recall that ρ(·)
stands for the Rayleigh density.

Lemma 3.7. Assume that ((ξt)t≥0, (Px)x∈R) is a spectrally negative Lévy process satisfy-
ing (H1), (H2) and E0 [ξ1] < 0. Then one can find a constant C5 > 0 with the property
that for any ε ∈ (0, ε0) there exist positive constants T1(ε) and C6(ε) such that for any
x > 0, t > T1(ε) and any integrable functions h,H : R 7→ R+ satisfying h ≤ε H,

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≤2(1 + C5ε)R

∗(x)√
2πΨ′′(λ∗)t

∫

R+

H(w)ρ

(
w√

Ψ′′(λ∗)t

)
dw

+
2C5

√
εR∗(x)

Ψ′′(λ∗)t

∫ ∞

−ε
H(w)φ

(
w√

Ψ′′(λ∗)t

)
dw

+ C6(ε)(1 + x)‖H1[−ε,∞)‖1
(

1

t1+ε
+

1

t1+δ/2

)
,

where Ψ is the Laplace exponent of ξ.

Proof. Fix ε ∈ (0, ε0) and let h,H : R 7→ R+ be integrable functions satisfying h ≤ε H .
Fix t ≥ 1 and set m = [εt]. By the Markov property,

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
=

∫

R+

Eλ∗
y

(
h(ξm)1{τ−0 >m}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
.(3.20)

Define a random walk (Sn)n≥0 by Sn := ξn, n ∈ N. Since h1[0,∞) ≤ε H1[−ε,∞), it follows
from [7, Theorem 2.7] that there exist constants c1 (independent of ε) and c2(ε) such that
for any n ≥ 1,

Eλ∗
x

(
h(Sn)1{Sn≥0}

)
− 1 + c1ε√

Ψ′′(λ∗)n

∫

R

H(z)1{z≥−ε}φ

(
z − x√
Ψ′′(λ∗)n

)
dz(3.21)

≤ c2(ε)

n(1+δ)/2
‖H1[−ε,∞)‖1.

Thus, for any y > 0,

Eλ∗
y

(
h(ξm)1{τ−0 >m}

)
≤ Eλ∗

y

(
h(Sm)1{Sm≥0}

)

≤ 1 + c1ε√
Ψ′′(λ∗)m

∫

R

H(z)1{z≥−ε}φ

(
z − y√
Ψ′′(λ∗)m

)
dz +

c2(ε)

m(1+δ)/2
‖H1[−ε,∞)‖1.

Plugging this into (3.20) yields that

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≤
∫

R+

[
1 + c1ε√
Ψ′′(λ∗)m

∫

R

H(z)1{z≥−ε}φ

(
z − y√
Ψ′′(λ∗)m

)
dz

]
(3.22)

×Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
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+

∫

R+

c2(ε)‖H1[−ε,∞)‖1
m(1+δ)/2

Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)

=: A1(x) + A2(x).

By the definition of τ−0 , we have

Pλ∗
x

(
τ−0 > s

)
= Pλ∗

x

(
inf
l≤s

ξl > 0

)
≤ Pλ∗

x

(
inf
j≤[s]

Sj > 0

)
≤ c3

1 + x√
s
,(3.23)

for some positive constant c3 (independent of ε), where in the last inequality we used [1,
(2.7)]. Therefore, by (3.23) and the definition of m, there exists a positive constant c4(ε)
such that

A2(x) =
c2(ε)‖H1[−ε,∞)‖1

m(1+δ)/2
Pλ∗
x

(
τ−0 > t−m

)
≤ c4(ε)(1 + x)

t1+δ/2
‖H1[−ε,∞)‖1.(3.24)

Now, by a change of variables, we get

A1(x) =

∫

R+

[
1 + c1ε√
Ψ′′(λ∗)m

∫

R

H(z)1{z≥−ε}φ

(
z −

√
Ψ′′(λ∗)(t−m)u√
Ψ′′(λ∗)m

)
dz

]

×Pλ∗
x

(
ξt−m√

Ψ′′(λ∗)(t−m)
∈ du, τ−0 > t−m

)

=

∫

R+

ϕt(u)P
λ∗
x

(
ξt−m√

Ψ′′(λ∗)(t−m)
∈ du, τ−0 > t−m

)
,

where the function ϕt is defined by

ϕt(u) :=
1 + c1ε√
Ψ′′(λ∗)m

∫

R

H(z)1{z≥−ε}φ

(
z −

√
Ψ′′(λ∗)(t−m)u√
Ψ′′(λ∗)m

)
dz

= (1 + c1ε)

√
t−m

m

∫

R

H(
√
Ψ′′(λ∗)(t−m)w)1{

√
Ψ′′(λ∗)(t−m)w≥−ε}φ

(
w − u√

m
t−m

)
dw.

Using integration by parts, we get that for any x ∈ R+,

A1(x) ≤
∫

R+

ϕ′
t(u)P

λ∗
x

(
ξt−m√

Ψ′′(λ∗)(t−m)
> u, τ−0 > t−m

)
du.(3.25)

It follows from Lemma 3.3 that for t−m > T0(ε),

∣∣∣Pλ∗
x

(
ξt−m√

Ψ′′(λ∗)(t−m)
> u, τ−0 > t−m

)
− 2R∗(x)√

2π(t−m)Ψ′′(λ∗)

∫ ∞

u

ρ(z)dz
∣∣∣

≤ C4(ε)(1 + x)

(t−m)
1
2
+ε

,
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which together with (3.25) implies that there exists a constant c5(ε) such that for t−m >
T0(ε),

A1(x)−
2R∗(x)√

2π(t−m)Ψ′′(λ∗)

∫

R+

ϕ′
t(u)e

−u2

2 du ≤ c5(ε)(1 + x)

(t−m)
1
2
+ε

∫

R+

|ϕ′
t(u)|du.(3.26)

By the definition of ϕt and a change of variables, we get that∫

R+

|ϕ′
t(u)|du

≤ (1 + c1ε)

∫

R+

∫

R

t−m

m
H(
√
Ψ′′(λ∗)(t−m)w)1{

√
Ψ′′(λ∗)(t−m)w≥−ε}

∣∣∣φ′

(
w − u√

m
t−m

)∣∣∣dwdu

= (1 + c1ε)

∫

R+

∫

R

H(
√
Ψ′′(λ∗)mu)1{

√
Ψ′′(λ∗)mu≥−ε}|φ

′(u− y)|dudy

= (1 + c1ε)

∫

R

H(
√
Ψ′′(λ∗)mu)1{

√
Ψ′′(λ∗)mu≥−ε}du

∫

R+

|φ′(u− y)|dy.

Since there exists a constant c6 > 0 such that
∫
R+

|φ′(u−y)|dy ≤ c6, a change of variables

yields that
∫

R+

|ϕ′
t(u)|du ≤ c6(1 + c1ε)

‖H1[−ε,∞)‖1√
Ψ′′(λ∗)m

.(3.27)

Using integration by parts, we get∫

R+

ϕ′
t(y)e

− y2

2 dy =

∫

R+

ϕt(y)ρ(y)dy

= (1 + c1ε)

∫

R+

∫

R

√
t−m

m
H(
√
Ψ′′(λ∗)(t−m)w)1{

√
Ψ′′(λ∗)(t−m)w≥−ε}φ

(
w − y√

m
t−m

)
dwρ(y)dy

= (1 + c1ε)

∫

R+

∫

R

√
t

m
H(
√
Ψ′′(λ∗)tu)1{

√
Ψ′′(λ∗)tu≥−ε}φ

(
u− z√

m
t

)
duρ

(√
t

t−m
z

)√
t

t−m
dz.

According to [6, Lemma 3.3], for any v ∈ (0, 1
2
] and s ≥ 0, it holds that

√
1− vρ(s) ≤ φv ∗ ρ1−v(s) ≤

√
1− vρ(s) +

√
ve−

s2

2v .(3.28)

Letting v = m
t
, we get

∫

R+

ϕ′
t(y)e

− y2

2 dy = (1 + c1ε)

∫

R

H(
√
Ψ′′(λ∗)tu)1{

√
Ψ′′(λ∗)tu≥−ε}φ

m
t
∗ ρ t−m

t
(u)du

=
(1 + c1ε)√
Ψ′′(λ∗)t

∫ ∞

−ε
H(w)φm

t
∗ ρ t−m

t

(
w√

Ψ′′(λ∗)t

)
dw

≤ (1 + c1ε)√
Ψ′′(λ∗)t

∫ ∞

−ε
H(w)

[√
t−m

t
ρ

(
w√

Ψ′′(λ∗)t

)
+

√
m

t
e
− w2

2Ψ′′(λ∗)t

]
dw.
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Combining this with (3.22), (3.24), (3.26) (3.27), and using the fact that ρ(z) = 0 for z ≤ 0
and noticing that m = [εt], we get that there exist positive constants c7 (independent of
ε) and t1(ε), c8(ε) such that for t > t1(ε),

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≤ 2(1 + c7ε)R

∗(x)√
2πΨ′′(λ∗)t

∫

R+

H(w)ρ

(
w√

Ψ′′(λ∗)t

)
dw

+ c7
√
ε
2R∗(x)

Ψ′′(λ∗)t

∫ ∞

−ε
H(w)φ

(
w√

Ψ′′(λ∗)t

)
dw + c8(ε)(1 + x)‖H1[−ε,∞)‖1

(
1

t1+ε
+

1

t1+δ/2

)
.

The proof is complete. �

Lemma 3.8. Assume that ((ξt)t≥0, (Px)x∈R) is a spectrally negative Lévy process sat-
isfying (H1), (H2) and E0 [ξ1] < 0. Then one can find a constant C7 > 0 with the
property that for any ε ∈ (0, ε0) there exist positive constants T2(ε) and C8(ε) such that
for any x > 0, t > T2(ε) and any Borel functions h,H : R 7→ R+ satisfying h ≤ε H and∫
R+
H(z − ε)(1 + z)dz <∞,

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≤
(
1 + C7t

−1/2 + C7

√
ε
) 2R∗(x)√

2πΨ′′(λ∗)3t3/2

∫

R+

H(z − ε)R̂∗(z)dz

+
C8(ε)R

∗(x)√
2πΨ′′(λ∗)3t3/2+ε

∫

R+

H(z − ε)(1 + z)dz

+
C8(ε)(1 + x)√

t

(
1

t1+ε
+

1

t1+δ/2

)∫

R+

H(z − ε)(1 + z)dz.

Proof. Fix ε ∈ (0, ε0) and let h,H : R 7→ R+ satisfying h ≤ε H . For any z ∈ R, we define

Hm(z) := Eλ∗

0

(
H(ξm + z)1{τ−−z−ε>m}

)
= Eλ∗

z

(
H(ξm)1{τ−−ε>m}

)
.(3.29)

Fix t ≥ 2 and set m = [t/2]. For any y > 0, we have

Im(y) := Eλ∗
y

(
h(ξm)1{τ−0 >m}

)
(3.30)

≤ Eλ∗
y

(
H(ξm + v)1{τ−−v−ε>m}

)
= Hm(y + v), |v| ≤ ε.

Consequently, Im ≤ε Hm. By the Markov property,

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
=

∫

R+

Eλ∗
y

(
h(ξm)1{τ−0 >m}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)

=

∫

R+

Im(y)P
λ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
= Eλ∗

x

(
Im(ξt−m), τ

−
0 > t−m

)
.

Now applying Lemma 3.7 with h = Im, we get that for t−m > T1(ε),

(3.31) Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≤ J1 + J2 + J3,
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where

J1 :=
2(1 + C5ε)R

∗(x)√
2πΨ′′(λ∗)(t−m)

∫

R+

Hm(w)ρ

(
w√

Ψ′′(λ∗)(t−m)

)
dw,

J2 := C5

√
ε

2R∗(x)

Ψ′′(λ∗)(t−m)

∫ ∞

−ε
Hm(w)φ

(
w

Ψ′′(λ∗)(t−m)

)
dw,

J3 := C6(ε)

(
1

(t−m)1+ε
+

1

(t−m)1+δ/2

)
(1 + x)‖Hm1[−ε,∞)‖1.

We will deal with the upper bounds of Ji separately. We first deal with J1. Note that

J1 =
2(1 + C5ε)R

∗(x)√
2πΨ′′(λ∗)(t−m)

∫

R+

Eλ∗
w

(
H(ξm)1{τ−−ε>m}

)
ρ

(
w√

Ψ′′(λ∗)(t−m)

)
dw

=
2(1 + C5ε)R

∗(x)√
2πΨ′′(λ∗)(t−m)

∫

R

Eλ∗
w+ε

(
H(ξm − ε)1{τ−0 >m}

)
1{w+ε≥0}ρ

(
w√

Ψ′′(λ∗)(t−m)

)
dw

=
2(1 + C5ε)R

∗(x)√
2πΨ′′(λ∗)(t−m)

∫

R+

Eλ∗
w

(
H(ξm − ε)1{τ−0 >m}

)
ρ

(
w − ε√

Ψ′′(λ∗)(t−m)

)
dw

=
2(1 + C5ε)R

∗(x)√
2πΨ′′(λ∗)(t−m)

∫

R+

H(w − ε)Eλ∗
w

(
ρ

(
ξ̂m − ε√

Ψ′′(λ∗)(t−m)

)
1{τ̂−0 >m}

)
dw,

where in the last equality we used (3.15). Using integration by parts, we get for any
z ∈ R+,

Eλ∗
z

(
ρ

(
ξ̂m − ε√

Ψ(λ∗)(t−m)

)
1{τ̂−0 >m}

)
(3.32)

=

∫

R+

ρ′(u)Pλ∗
z

(
ξ̂m − ε√

Ψ(λ∗)(t−m)
> u, τ̂−0 > m

)
du

=

∫

R+

ρ′(u)Pλ∗
z

(
ξ̂m√

Ψ′′(λ∗)m
>
u
√
Ψ(λ∗)(t−m) + ε√

Ψ′′(λ∗)m
, τ̂−0 > m

)
du.

Set

um,ε :=
u
√

Ψ(λ∗)(t−m) + ε√
Ψ′′(λ∗)m

.

Applying Lemma 3.3 to ξ̂, we get that for m > T0(ε),

∣∣∣Pλ∗
z

(
ξ̂m√

Ψ′′(λ∗)m
> um,ε, τ̂

−
0 > m

)
− 2R̂∗(z)√

2πmΨ′′(λ∗)

∫ ∞

um,ε

ρ(y)dy
∣∣∣ ≤ C4(ε)(1 + z)

m1/2+ε
.
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Substituting this into (3.32) and using the fact that
∫
R+
ρ′(u)du ≤ c1 for some c1 > 0, we

get that

∣∣∣Eλ∗
z

(
ρ

(
ξ̂m − ε√

Ψ′′(λ∗)(t−m)

)
1{τ̂−0 >m}

)
− 2R̂∗(z)√

2πmΨ′′(λ∗)

∫

R+

ρ′(u)e−
u2m,ε

2 du
∣∣∣(3.33)

≤ C4(ε)(1 + z)

m1/2+ε

∫

R+

ρ′(u)du ≤ c1
C4(ε)(1 + z)

m1/2+ε
.

Using integration by parts again and the boundedness of ρ′, we get that there exists a
positive constant c2 (independent of ε) such that

∫

R+

ρ′(u)e−
u2m,ε

2 du =

√
t−m

m

∫

R+

ρ(u)ρ(um,ε)du(3.34)

≤
√
t−m

m

∫

R+

ρ(u)ρ

(
u
√
t−m√
m

)
du+

c2ε√
t
,

where in the last inequality we used the mean value theorem. By a change of variables,
we see that

√
t−m

m

∫

R+

ρ(u)ρ

(
u
√
t−m√
m

)
du =

1√
m

∫

R+

ρ

(
y√
t−m

)
ρ

(
y√
m

)
dy(3.35)

=
1√
m

∫

R+

y2√
(t−m)m

e−
ty2

2m(t−m)dy =

√
m(t−m)

t3/2

∫

R+

y2e−
y2

2 dy

=

√
2πm(t−m)

2t3/2
.

Combining this with (3.33), (3.34) and (3.35), we get that there exist positive constants
c4 (independent of ε) and c5(ε) such that

J1 ≤
(
1 + c4t

− 1
2

) 2 (1 + c4ε)R
∗(x)√

2πΨ′′(λ∗)3t3/2

∫

R+

H(z − ε)R̂∗(z)dz(3.36)

+
c5(ε)R

∗(x)√
2πΨ′′(λ∗)3t3/2+ε

∫

R+

H(z − ε)(1 + z)dz.

Next, we deal with J2. Note that

J2 =
2C5

√
εR∗(x)

Ψ′′(λ∗)(t−m)

∫ ∞

−ε
Eλ∗
w

(
H(ξm)1{τ−−ε>m}

)
φ

(
w√

Ψ′′(λ∗)(t−m)

)
dw

=
2C5

√
εR∗(x)

Ψ′′(λ∗)(t−m)

∫ ∞

−ε
Eλ∗
w+ε

(
H(ξm − ε)1{τ−0 >m}

)
φ

(
w√

Ψ′′(λ∗)(t−m)

)
dw

=
2C5

√
εR∗(x)

Ψ′′(λ∗)(t−m)

∫

R+

Eλ∗
w

(
H(ξm − ε)1{τ−0 >m}

)
φ

(
w − ε√

Ψ′′(λ∗)(t−m)

)
dw
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=
2C5

√
εR∗(x)

Ψ′′(λ∗)(t−m)

∫

R+

H(w − ε)Eλ∗
w

(
φ

(
ξ̂m − ε√

Ψ′′(λ∗)(t−m)

)
1{τ̂−0 >m}

)
dw,

where in the last equality we used (3.15). Now repeating the argument leading to (3.36),
we get that there exist positive constants c6 (independent of ε) and c7(ε) such that

J2 ≤
(
1 + c6εt

− 1
2

)
c6
√
ε

2R∗(x)√
2πΨ′′(λ∗)3t3/2

∫

R+

H(z − ε)R̂∗(z)dz(3.37)

+
c7(ε)R

∗(x)√
2πΨ′′(λ∗)3t3/2+ε

∫

R+

H(z − ε)(1 + z)dz.

Finally, we deal with J3. By the definition of Hm and (3.23), we have

‖Hm1[−ε,∞)‖1 =
∫

R

Eλ∗
y

(
H(ξm)1{τ−−ε>m}

)
1{y≥−ε}dy(3.38)

=

∫

R

Eλ∗
y+ε

(
H(ξm − ε)1{τ−0 >m}

)
1{y≥−ε}dy

=

∫

R+

Eλ∗
y

(
H(ξm − ε)1{τ−0 >m}

)
dy

=

∫

R+

H(z − ε)Pz

(
τ̂−0 > m

)
dz ≤ c8

∫

R+

H(z − ε)
1 + z√
m

dz,

where in the last equality we used (3.15) and c8 is a positive constant independent of ε.
Since m = [t/2], there exists a positive constant c9(ε) such that

J3 ≤
c9(ε)(1 + x)√

t

(
1

t1+ε
+

1

t1+δ/2

)∫

R+

(1 + z)H(z − ε)dz.(3.39)

Combining (3.31), (3.36), (3.37) and (3.39), we complete the proof. �

Lemma 3.9. Assume that ((ξt)t≥0, (Px)x∈R) is a spectrally negative Lévy process satis-
fying (H1), (H2) and E0(ξ1) < 0. Then one can find positive constants C9 and q with
the property that for any ε ∈ (0, ε0) there exist positive constants T3(ε) and C10(ε) such
that for any x > 0, t > T3(ε) and any integrable functions h,H, g : R 7→ R+ satisfying
g ≤ε h ≤ε H,

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≥ 2R∗(x)√

2πΨ′′(λ∗)t

∫

R+

[
g(w)1{w≥ε} − C9εh(w)

]
ρ

(
w√

Ψ′′(λ∗)t

)
dw

− C9ε
1/12 2R∗(x)√

2πΨ′′(λ∗)t

∫ ∞

−ε
H(u)φ

(
w√

Ψ′′(λ∗)t

)
dw

− C10(ε)(1 + x)‖H1[−ε,∞)‖1
(

1

t1+ε
+

1

t1+δ/2
+

1

t1+q

)
,

where Ψ is the Laplace exponent of ξ.
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Proof. Fix ε ∈ (0, ε0) and let h,H, g : R 7→ R+ be integrable functions satisfying g ≤ε

h ≤ε H . Then g1[ε,∞) ≤ε h1[0,∞) ≤ε H1[−ε,∞). Fix t ≥ 1 and set m = [εt]. By the Markov
property,

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
=

∫

R+

Eλ∗
y

(
h(ξm)1{τ−0 >m}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)

=

∫

R+

Eλ∗
y

(
h(ξm)1{ξm≥0}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)

−
∫

R+

Eλ∗
y

(
h(ξm)1{ξm≥0}1{τ−0 ≤m}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)

=: I1(t)− I2(t) =: I1(t)− I12 (t)− I22 (t),

where

I1(t) :=

∫

R+

Eλ∗
y

(
h(ξm)1{ξm≥0}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
,

I12 (t) :=

∫ ε1/6
√

[t]

0

Eλ∗
y

(
h(ξm)1{ξm≥0}1{τ−0 ≤m}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
,

I22 (t) :=

∫ ∞

ε1/6
√

[t]

Eλ∗
y

(
h(ξm)1{ξm≥0}1{τ−0 ≤m}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
.

The proof of the lemma is divided into the following three steps.
Step 1. In this step, we give a lower bound for I1(t). By [7, Theorem 2.7], there exist

positive constants c1 (independent of ε) and c2(ε) such that for any m ≥ 1,

Eλ∗
y

(
h(ξm)1{ξm≥0}

)
≥ 1√

Ψ′′(λ∗)m

∫

R

[
g(z)1{z≥ε} − c1εh(z)1{z≥0}

]
φ

(
z − y√
Ψ′′(λ∗)m

)
dz

− c2(ε)

m(1+δ)/2
‖h1[0,∞)‖1.

Note that ‖h1[0,∞)‖1 ≤ ‖H1[0,∞)‖1. Following the analysis of A1(x) in Lemma 3.7 and
using the lower bound in (3.28), we see that there exist positive constants t1(ε) and c3(ε)
such that for t > t1(ε),

1√
Ψ′′(λ∗)m

∫

R+

[∫

R

g(z)1{z≥ε}φ

(
z − y√
Ψ′′(λ∗)m

)
dz

]
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)

≥ 2R∗(x)√
2πΨ′′(λ∗)t

∫

R+

g(w)1{w≥ε}ρ

(
w√

Ψ′′(λ∗)t

)
dw − c3(ε)(1 + x)‖H1[0,∞)‖1

t1+ε
.

and using the upper bound in (3.28), we have

c1ε√
Ψ′′(λ∗)m

∫

R+

[∫

R

h(z)1{z≥0}φ

(
z − y√
Ψ′′(λ∗)m

)
dz

]
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
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≤ 2c4εR
∗(x)√

2πΨ′′(λ∗)t

∫

R+

h(w)ρ

(
w√

Ψ′′(λ∗)t

)
dw +

2c4
√
εR∗(x)

Ψ′′(λ∗)t

∫

R+

h(w)φ

(
w√

Ψ′′(λ∗)t

)
dw

+
c3(ε)(1 + x)‖H1[0,∞)‖1

t1+ε
,

where c4 is a positive constant independent of ε. Thus there exists a positive constant
c5(ε) such that for t > t1(ε),

I1(t) ≥
2R∗(x)√
2πΨ′′(λ∗)t

∫

R+

[
g(w)1{w≥ε} − c4εh(w)

]
ρ

(
w√

Ψ′′(λ∗)t

)
dw(3.40)

− c4
√
ε
2R∗(x)

Ψ′′(λ∗)t

∫

R+

h(w)φ

(
w√

Ψ′′(λ∗)t

)
dw

− c5(ε)(1 + x)‖H1[0,∞)‖1
(

1

t1+ε
+

1

t1+δ/2

)
.

Step 2. Next, we give an upper bound for I12 (t). Combining (3.21) and (3.23), we get
that there exist positive constants c6 (independent of ε) and c7(ε) such that

I12 (t) ≤
∫ ε1/6

√
[t]

0

Eλ∗
y

(
h(ξm)1{ξm≥0}

)
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)

≤
∫ ε1/6

√
[t]

0

1 + c6ε√
Ψ′′(λ∗)m

∫

R

H(z)1{z≥−ε}φ

(
z − y√
Ψ′′(λ∗)m

)
dzPλ∗

x

(
ξt−m ∈ dy, τ−0 > t−m

)

+
c7(ε)(1 + x)‖H1[−ε,∞)‖1

m(1+δ)/2
√
t−m

.

For any u ∈ R, define

J(u) :=

∫ ε1/6
√

[t]

0

[
1√

Ψ′′(λ∗)m
φ

(
u− y√
Ψ′′(λ∗)m

)]
Pλ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
.

Then by Fubini’s theorem, we have

∫ ε1/6
√

[t]

0

1√
Ψ′′(λ∗)m

∫

R

H(z)1{z≥−ε}φ

(
z − y√
Ψ′′(λ∗)m

)
dzPλ∗

x

(
ξt−m ∈ dy, τ−0 > t−m

)

=

∫

R

H(u)1{u≥−ε}J(u)du.

For any u ∈ R+, define

Fu(y) :=
1√

Ψ′′(λ∗)m
φ

(
u− y√
Ψ′′(λ∗)m

)
.
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Using the definition of J(u) and integration by parts, we get

J(u) =

∫ ∞

0

Fu(y)P
λ∗
x

(
ξt−m ∈ dy, ξt−m ≤ ε1/6

√
[t], τ−0 > t−m

)

≤
∫ ∞

0

F ′
u(y)P

λ∗
x

(
ξt−m > y, ξt−m ∈ (0, ε1/6

√
[t]], τ−0 > t−m

)
dy

=

∫ ε1/6
√

[t]

0

F ′
u(y)P

λ∗
x

(
ξt−m ∈ (y, ε1/6

√
[t]], τ−0 > t−m

)
dy.

Since m = [εt], using Lemma 3.3, it holds that for t−m > T0(ε),∣∣∣Pλ∗
x

(
ξt−m ∈ (y, ε1/6

√
[t]], τ−0 > t−m

)

− 2R∗(x)√
2π(t−m)Ψ′′(λ∗)

∫ ε1/6
√

[t]√
Ψ′′(λ∗)(t−m)

y√
Ψ′′(λ∗)(t−m)

ρ(z)dz
∣∣∣ ≤ C4(ε)(1 + x)

(t−m)1/2+ε
.

Now, using the fact

Fu(ε
1/6
√

[t])− Fu(0) ≤
c8(ε)√
t
,

for some c8(ε) > 0, we get that there exists a positive constant c9(ε) such that for
t−m > T0(ε),

J(u) ≤ c9(ε)(1 + x)

(t−m)1/2+ε
1√
t
+

2R∗(x)√
2π(t−m)Ψ′′(λ∗)

∫ ε1/6
√

[t]

0

F ′
u(y)

×
[
R
(

ε1/6
√

[t]√
Ψ′′(λ∗)(t−m)

)
−R

(
y√

Ψ′′(λ∗)(t−m)

)]
dy.

Using integration by parts and the fact Fu(0) ≥ 0 (see [7, (3.33)]), we get that there
exists a constant c10 (independent of ε) such that

∫ ε1/6
√

[t]

0

F ′
u(y)

[
R
(

ε1/6
√
[t]√

Ψ′′(λ∗)(t−m)

)
−R

(
y√

Ψ′′(λ∗)(t−m)

)]
dy

≤ c10ε
1/12

√
t−m

φ

(
u√

Ψ′′(λ∗)t

)
.

It follows that there exist positive constants c11 (independent of ε), and t2(ε), c12(ε) such
that for t > t2(ε),

I12 (t) ≤c11ε1/12
2R∗(x)√
2πΨ′′(λ∗)t

∫ ∞

−ε
H(u)φ

(
u√

Ψ′′(λ∗)t

)
du(3.41)

+ c12(ε)(1 + x)‖H1[−ε,∞)‖1
(

1

t1+ε
+

1

t1+δ/2

)
.
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Step 3. Finally, we study the upper bound for I22 (t). By the definition of I22 (t), we
have

I22 (t) =

∫

R

Jm(y)P
λ∗
x

(
ξt−m ∈ dy, τ−0 > t−m

)
,

where Jm(y) := Eλ∗
y

(
h(ξm)1{ξm≥0}1{τ−0 ≤m}

)
1{y>ε1/6

√
[t]}. For any z ∈ R, define

Mm(z) := Eλ∗
z

(
H(ξm)1{ξm≥−ε}1{τ−ε ≤m}

)
1{z+ε>ε1/6

√
[t]}.

Consequently, Jm ≤ε Mm. Applying Lemma 3.7 with h and H instead of Jm and Mm,
we get that for t−m > T1(ε),

I22 (t) ≤
2(1 + C5ε)R

∗(x)√
2πΨ′′(λ∗)(t−m)

∫

R+

Mm(w)ρ

(
w√

Ψ′′(λ∗)(t−m)

)
dw(3.42)

+
2C5

√
εR∗(x)√

2πΨ′′(λ∗)(t−m)

∫ ∞

−ε
Mm(w)e

− w2

2Ψ′′(λ∗)tdw

+ C6(ε)(1 + x)‖Mm1[−ε,∞)‖1
(

1

(t−m)1+ε
+

1

(t−m)1+δ/2

)
.

Now we bound the three terms on the right-hand side of (3.42) from above. Using (3.17),

‖Mm1[−ε,∞)‖1 =
∫

R

Eλ∗
z

(
H(ξm)1{ξm≥−ε}1{τ−ε ≤m}

)
1{z+ε>ε1/6

√
[t]}1{z≥−ε}dz(3.43)

≤
∫

R

Eλ∗
z

(
H(ξm)1{ξm≥−ε}

)
1{z+ε>ε1/6

√
[t]}1{z≥−ε}dz

=

∫

R

H(z)1{z≥−ε}P
λ∗
z

(
ξ̂m + ε > ε1/6

√
[t], ξ̂m ≥ −ε

)
dz

≤
∫ ∞

−ε
H(z)dz ≤ ‖H1[−ε,∞)‖1.

Moreover, using the definition of Mm and (3.16), we get that

∫

R+

Mm(w)ρ

(
w√

Ψ′′(λ∗)(t−m)

)
dw

=

∫

R+

Eλ∗
w

(
H(ξm)1{ξm≥−ε}1{τ−ε ≤m}

)
1{w+ε>ε1/6

√
[t]}ρ

(
w√

Ψ′′(λ∗)(t−m)

)
dw

=

∫

R

Eλ∗
w+ε

(
H(ξm)1{ξm≥−ε}1{τ−ε ≤m}

)
1{w+2ε>ε1/6

√
[t]}ρ

(
w + ε√

Ψ′′(λ∗)(t−m)

)
dw

=

∫

R

Eλ∗
w

(
H(ξm + ε)1{ξm+ε≥−ε}1{τ−0 ≤m}

)
1{w+2ε>ε1/6

√
[t]}ρ

(
w + ε√

Ψ′′(λ∗)(t−m)

)
dw
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=

∫

R

H(w + ε)1{w≥−2ε}E
λ∗
w

(
ρ

(
ξ̂m + ε√

Ψ′′(λ∗)(t−m)

)
1{ξ̂m+2ε>ε1/6

√
[t],τ̂−0 ≤m}

)
dw

=: J1(t) + J2(t),

where

J1(t) :=

∫ ε1/4
√

[t]

−2ε

H(w + ε)Eλ∗
w

(
ρ

(
ξ̂m + ε√

Ψ′′(λ∗)(t−m)

)
1{ξ̂m+2ε>ε1/6

√
[t],τ̂−0 ≤m}

)
dw,

J2(t) :=

∫ ∞

ε1/4
√

[t]

H(w + ε)Eλ∗
w

(
ρ

(
ξ̂m + ε√

Ψ′′(λ∗)(t−m)

)
1{ξ̂m+2ε>ε1/6

√
[t],τ̂−0 ≤m}

)
dw.

Next, we consider the upper bounds of J1(t) and J2(t) separately. We claim that there
exist positive constants c13 and q (both independent of ε), and c14(ε) such that

J1(t) ≤ c13ε
1/6

∫ ε1/4
√

[t]

−2ε

H(w + ε)dw,(3.44)

and

J2(t) ≤ c13ε
1/12

∫ ∞

ε1/4
√

[t]

H(w + ε)φ

(
w√

Ψ′′(λ∗)t

)
dw +

c14(ε)

tq
‖H1[−ε,∞)‖1.(3.45)

Using (3.44), (3.45) and the fact that φ is bounded, we immediately get there exists a
positive constant c15 (independent of ε) such that

∫

R+

Mm(w)ρ

(
w√

Ψ′′(λ∗)(t−m)

)
dw

≤c15ε1/12
∫ ∞

−2ε

H(w + ε)φ

(
w√

Ψ′′(λ∗)t

)
dw +

c14(ε)

tq
‖H1[−ε,∞)‖1.

Similarly, there exist constants c16 (independent of ε) and c17(ε) such that

∫ ∞

−ε
Mm(w)e

− w2

2Ψ′′(λ∗)tdw ≤ c16ε
1/12

∫ ∞

−2ε

H(w + ε)φ

(
w√

Ψ′′(λ∗)t

)
dw +

c17(ε)

tq
‖H1[−ε,∞)‖1.

Combining the last two displays with (3.42) and (3.43), we get that there exist positive
constants c18 (independent of ε), t3(ε) and c19(ε) such that for t > t3(ε),

I22 (t) ≤
c18R

∗(x)√
2πΨ′′(λ∗)t

ε1/12
∫ ∞

−2ε

H(w + ε)φ
( w√

Ψ′′(λ∗)t

)
dw(3.46)

+ c19(ε)(1 + x)‖H1[−ε,∞)‖1
(

1

t1+ε
+

1

t1+δ/2
+

1

t1+q

)
.
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Combining (3.41) and (3.46), and using the fact that there exists c20 > 0 such that
R∗(x) ≤ c20(1 + x), we get that there exist positive constants c21 (independent of ε),
c22(ε) and t4(ε), such that for t > t4(ε),

I2(t) ≤ c20ε
1/12 2R∗(x)√

2πΨ′′(λ∗)t

∫ ∞

−ε
H(u)φ

(
u√

Ψ′′(λ∗)t

)
du

+ c22(ε)(1 + x)‖H1[−ε,∞)‖1
(

1

t1+ε
+

1

t1+δ/2
+

1

t1+q

)
.

Combining this with (3.40) gives the desired result.
Now we prove the claims (3.44) and (3.45). Using the boundedness of ρ and the fact

that there exists a positive constant t5 independent of ε such that

ε1/6
√

[t]− ε1/4
√
[t]− 2ε >

1

2
ε1/6
√
[t], t > t5.(3.47)

Therefore, we get that there exists a positive constant c23 such that for t > t5,

J1(t) ≤ c23

∫ ε1/4
√

[t]

−2ε

H(w + ε)Pλ∗
w

(
ξ̂m + 2ε > ε1/6

√
[t]
)
dw(3.48)

≤ c23P
λ∗
0

(
ξ̂m >

1

2
ε1/6
√

[t]

)∫ ε1/4
√

[t]

−2ε

H(w + ε)dw.

Using [7, Lemma 3.4] with u = v = 1
2
ε1/6
√

[t], since m = [εt], we get that there exist
positive constants c24 and c25 both independent of ε such that

Pλ∗
0

(
ξ̂m >

1

2
ε1/6
√
[t]

)
≤ 2 exp

{(
1 +

4m

ε1/3[t]

)}
+mPλ∗

0

(
|ξ̂1| >

1

2
ε1/6
√

[t]

)

≤ c24ε
2/3 + [εt]

4Eλ∗
0 (ξ̂21)

ε1/3[t]
≤ c25ε

1/6,

where in the second inequality we used Chebyshev’s inequality and (H1). Combining
this with (3.48), we complete the proof of (3.44).

Next we prove (3.45). Using (3.47) and Hölder’s inequality, we get that for all t > t5
and w > 0, we have

Pλ∗
w

(
ξ̂m + 2ε > ε1/6

√
[t], τ̂−0 ≤ m

)
(3.49)

≤ Pλ∗
w

(
max
s∈[0,m]

|ξ̂s| >
1

2
ε1/6
√
[t]

)1/2

Pλ∗
w

(
τ̂−0 ≤ m

)1/2

= Pλ∗
w

(
max
s∈[0,m]

|ξ̂s| >
1

2
ε1/6
√

[t]

)1/2

Pλ∗
0

(
τ̂−−w ≤ m

)1/2
.

By Lemma 3.2, there exists a Brownian motion W with diffusion coefficient Ψ′′(λ∗),
starting from the origin, such that for any t ≥ 1 and x > 0,

Pλ∗
0 (Ât) ≤

C3(2ε)

t(
1
2
−2ε)(δ+2)−1

,
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where Ât is defined by

Ât :=
{

sup
s∈[0,1]

|ξ̂ts − Ŵts| > t
1
2
−2ε
}
.

Therefore, there exists positive constant q (independent of ε) and c26(ε) such that

Pλ∗
0

(
τ̂−−w ≤ m, Âm

)
≤ C3(2ε)

m( 1
2
−2ε)(δ+2)−1

≤ c26(ε)

t2q
.(3.50)

Moreover, for w > ε1/4
√
[t], we have there exists a positive constant c27 such that

Pλ∗
0

(
τ̂−−w ≤ m,Acm

)
= Pλ∗

0

(
inf

s∈[0,m]
ξ̂s < −w, Âcm

)
(3.51)

≤ Pλ∗
0

(
inf

s∈[0,m]
Ŵs < m

1
2
−2ε − w

)
=

2√
2πΨ′′(λ∗)m

∫ ∞

w−m
1
2−2ε

e
− s2

2Ψ′′(λ∗)mds

≤ c27

∫ ∞

w

2
√

Ψ′′(λ∗)m

e−
s2

2 ds ≤ 2c27
√
Ψ′′(λ∗)m

w
e
− w2

8Ψ′′(λ∗)m ,

where in the last inequality we used the fact that
∫∞
a
e−

s2

2 ds ≤ 1
a
e−

a2

2 for any a > 0.

Combining (3.51) and (3.50), for w > ε1/4
√
[t], since

√
m
w

≤ 1, it holds that

Pλ∗
0

(
τ̂−−w ≤ m

)1/2 ≤ c28φ

(
w√

Ψ′′(λ∗)t

)
+
c29(ε)

tq
,

for some positive constants c28 and c29(ε). Similarly, we can get that

Pλ∗
w

(
max
s∈[0,m]

|ξ̂s| >
1

2
ε1/6
√

[t]

)
≤ c30ε

1/6 +
c31(ε)

t2q
,

for some positive constants c30 and c31(ε). Combining this with (3.49), we get there exist
positive constants c32 and c33(ε) such that

Pλ∗
w

(
ξ̂m + 2ε > ε1/6

√
[t], τ̂−0 ≤ m

)
≤ c32ε

1/12φ

(
w√

Ψ′′(λ∗)t

)
+
c33(ε)

tq
, w > ε1/4

√
[t].

This completes the proof of (3.45). �

Lemma 3.10. Assume that ((ξt)t≥0, (Px)x∈R) is a spectrally negative Lévy process sat-
isfying (H1), (H2) and E0[ξ1] < 0. Then one can find positive constants C11 and q
with the property that for any ε ∈ (0, ε0) there exist positive constants T4(ε) and C12(ε)
such that for any x > 0, t > T4(ε) and any Borel functions h,H, g : R 7→ R+ satisfying
g ≤ε h ≤ε H and

∫
R+
H(z − ε)(1 + z)dz <∞,

Eλ∗

x

(
h(ξt)1{τ−0 >t}

)
≥
(
1− C11t

−1/2 − C12(ε)t
−ε) 2R∗(x)√

2πΨ′′(λ∗)3t3/2

∫

R+

g(z + ε)R̂∗(z)dz
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− C12(ε)
(
1 + C11εt

−1/2 + t−ε
) 2R∗(x)√

2πΨ′′(λ∗)3t3/2

∫

R+

H(z − ε)R̂∗(z)dz

− C12(ε)(1 + x)√
t

(
1

t1+ε
+

1

t1+δ/2
+

1

t1+q

)∫

R+

H(z − ε)(1 + z)dz.

Proof. Recall that the functionsHm and Im are defined in (3.29) and (3.30). Fix ε ∈ (0, ε0)
and let h,H, g : R 7→ R+ be Borel functions satisfying g ≤ε h ≤ε H and

∫
R+
H(z− ε)(1+

z)dz <∞. For any y ∈ R, define

Nm(y) := Eλ∗
y

(
g(ξm)1{ξm≥ε}1{τ−ε >m}

)
.

Then for any y > 0 and |v| ≤ ε,

Nm(y) ≤ Eλ∗
y

(
h(ξm + v)1{ξm≥ε}1{τ−ε >m}

)
≤ Eλ∗

y

(
h(ξm + v)1{τ−−v>m}

)
= Im(y + v).

Therefore, Nm ≤ε Im ≤ε Hm. Applying Lemma 3.9 with h = Im, we get that for
t−m > T3(ε),

Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
= Eλ∗

x

(
Im(ξt−m), τ

−
0 > t−m

)

≥ 2R∗(x)√
2πΨ′′(λ∗)(t−m)

∫

R+

Nm(z)1{z≥ε}ρ

(
z√

Ψ′′(λ∗)(t−m)

)
dz

− 2C9εR
∗(x)√

2πΨ′′(λ∗)(t−m)

∫

R+

Im(z)ρ

(
z√

Ψ′′(λ∗)(t−m)

)
dz

− C9ε
1/12R∗(x)√

2πΨ′′(λ∗)(t−m)

∫ ∞

−ε
Hm(z)φ

(
z√

Ψ′′(λ∗)(t−m)

)
dz

− C10(ε)(1 + x)‖Hm1[−ε,∞)‖1
(

1

(t−m)1+δ/2
+

1

(t−m)1+ε
+

1

(t−m)1+q

)
=:

4∑

i=1

Ki,

where q is the constant in Lemma 3.9. By (3.15), we have

K1 =
2R∗(x)√

2πΨ′′(λ∗)(t−m)

∫

R+

Eλ∗
z

(
g(ξm)1{ξm≥ε}1{τ−ε >m}

)
1{z≥ε}ρ

(
z√

Ψ′′(λ∗)(t−m)

)
dz

=
2R∗(x)√

2πΨ′′(λ∗)(t−m)

∫

R+

g(z + ε)Eλ∗
z

(
ρ

(
ξ̂m + ε√

Ψ′′(λ∗)(t−m)

)
1{τ̂−0 >m}

)
dz.

Repeating the argument leading to (3.36), we get that there exist positive constants c1
(independent of ε) and c2(ε) such that

K1 ≥
(
1− c1t

−1/2
) 2R∗(x)√

2πΨ′′(λ∗)3t3/2

∫

R+

g(z + ε)R̂∗(z)dz(3.52)

− 2c2(ε)R
∗(x)√

2πΨ′′(λ∗)3t3/2+ε

∫

R+

g(z + ε)(1 + z)dz.
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Using an argument similar to that leading to (3.36), we get that there exist positive
constants c3 independent of ε and c4(ε) such that

K2 ≥ −c3ε(1 + c3εt
−1/2)

2R∗(x)√
2πΨ′′(λ∗)3t3/2

∫

R+

H(z − ε)R̂∗(z)dz(3.53)

− c4(ε)
2R∗(x)√

2πΨ′′(λ∗)3t3/2+ε

∫

R+

H(z − ε)(1 + z)dz,

and

K3 ≥ −c3ε1/12(1 + c3εt
−1/2)

2R∗(x)√
2πΨ′′(λ∗)3t3/2

∫

R+

H(z − ε)R̂∗(z)dz(3.54)

− c4(ε)
2R∗(x)√

2πΨ′′(λ∗)3t3/2+ε

∫

R+

H(z − ε)(1 + z)dz.

Moreover, by (3.38), we get that

K4 ≥ −c5(ε)(1 + x)√
t

(
1

t1+ε
+

1

t1+δ/2
+

1

t1+q

)∫

R+

(1 + z)H(z − ε)dz,(3.55)

for some positive constant c5(ε). Combining (3.52), (3.53), (3.54) and (3.55), we get the
desired result. �

Proof of Theorem 3.6: Since h : R 7→ R+ is a Borel function and z 7→ h(z)(1 + |z|)
is directly Riemann integrable, by [7, Lemma 2.3], there exists a ∈ (0, 1) such that∫
R
h̄a,ε(1 + |z|)dz < ∞, for any ε ∈ (0, a), where h̄a,ε is defined in (3.18). Applying

Lemma 3.8 to h, we have for t > T2(ε),

t3/2Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≤
(
1 + C7t

−1/2 + C7

√
ε
) 2R∗(x)√

2πΨ′′(λ∗)3

∫

R+

h̄am,ε(z − ε)R̂∗(z)dz

+
2C7R

∗(x)√
2πΨ′′(λ∗)3tε

∫

R+

h̄am,ε(z − ε)(1 + z)dz

+ C8(ε)(1 + x)

(
1

tε
+

1

tδ/2

)∫

R+

h̄am,ε(z − ε)(1 + z)dz,

where am = 2−ma, m ≥ 0. On the other hand, by Lemma 3.10, we have for t > T4(ε),

t3/2Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≥
(
1− C11t

−1/2 − C12(ε)t
−ε) 2R∗(x)√

2πΨ′′(λ∗)3

∫

R+

ham,ε(z + ε)R̂∗(z)dz

− C11ε
(
1 + C11εt

−1/2 + t−ε
) 2R∗(x)√

2πΨ′′(λ∗)3

∫

R+

h̄am,ε(z − ε)R̂∗(z)dz

− C12(ε)(1 + x)

(
1

tε
+

1

tδ/2
+

1

tq

)∫

R+

(1 + z)h̄am,ε(z − ε)dz.
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Since h is not almost everywhere 0 on (0,∞), we have
∫

R+

h(z)R̂∗(z)dz ≥ R̂∗(0)

∫

R+

h(z)dz > 0.

Thus,

lim sup
t→∞

t3/2Eλ∗
x

(
h(ξt)1{τ−0 >t}

)

2R∗(x)√
2πΨ′′(λ∗)3

∫
R+
h(z)R̂∗(z)dz

≤
(
1 + C7

√
ε
)
lim sup
t→∞

I(ε,m),(3.56)

and

lim sup
t→∞

t3/2Eλ∗
x

(
h(ξt)1{τ−0 >t}

)

2R∗(x)√
2πΨ′′(λ∗)3

∫
R+
h(z)R̂∗(z)dz

≥ lim inf
t→∞

[J(ε,m)− C11εI(ε,m)] ,

where

I(ε,m) :=

∫
R+
h̄am,ε(z − ε)R̂∗(z)dz
∫
R+
h(z)R̂∗(z)dz

, J(ε,m) :=

∫
R+
ham,ε(z + ε)(1 + z)dz
∫
R+
h(z)R̂∗(z)dz

.

Repeating the argument for I(y, ε,m) on [7, pp. 40–41], we get

lim
ε→∞

lim sup
t→∞

I(ε,m) = 1.

This combined with (3.56) yields that

lim sup
t→∞

t3/2Eλ∗
x

(
h(ξt)1{τ−0 >t}

)
≤ 2R∗(x)√

2πΨ′′(λ∗)3

∫

R+

h(z)R̂∗(z)dz.

The lower bound can be obtained in a similar way and this gives the desired result. �

4. Proof of Theorem 1.1 and Theorem 1.2

In this section, we give the proofs of Theorems 1.1 and 1.2. For any x, t > 0 and y ≥ 0,
define

u(x, t) := Px(ζ > t),

and

Qy(x, t) := Px(Mt > y).

It is easy to see that

Q0(x, t) := Px(Mt > 0) = Px(ζ > t) = u(x, t).

The following result is [9, Lemma 2.1] which is true for any branching killed Lévy process.
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Lemma 4.1. For any h ∈ B+
b (R+), the function

uh(x, t) := Ex

[
e
−

∫
R+

h(y)Xt(dy)
]
, t > 0, x > 0,

solves the equation

uh(x, t) = Ex

[
e
−h(ξ

t∧τ−
0
)
]
+ βEx

[∫ t

0

( ∞∑

k=0

pkuh(ξs∧τ−0 , t− s)k − uh(ξs∧τ−0 , t− s)

)
ds

]
.

Consequently, vh(x, t) = 1− uh(x, t) satisfies

vh(x, t) = Ex

[
1− e

−h(ξ
t∧τ−0

)
]
−Ex

[∫ t

0

Φ(vh(ξs∧τ−0 , t− s))ds

]
.

The next result is also valid for any branching killed Lévy process.

Lemma 4.2. For any x, t > 0 and y ≥ 0, it holds that

Qy(x, t) = e−αtEx

[
1{τ−0 >t,ξt>y}e

−
∫ t
0
ϕ(Qy(ξs,t−s))ds

]
.

Proof. For any x, t > 0 and y ≥ 0, by the dominated convergence we have

1−Qy(x, t) = Px(Mt ≤ y) = Px(Z
0
t (y,∞) = 0) = lim

θ→∞
Ex

(
e−θZ

0
t (y,∞)

)

= lim
θ→∞

Ex

(
e
−

∫
R+

θ1(y,∞)(z)Z
0
t (dz)

)
=: lim

θ→∞
uθ1(y,∞)

(x, t).

Now applying Lemma 4.1 we get

Qy(x, t) = lim
θ→∞

Ex

[
1− e

−θ1(y,∞)(ξt∧τ−0
)
]
− Ex

[∫ t

0

Φ(Qy(ξs∧τ−0 , t− s))ds

]

= Px

(
ξt∧τ−0 > y

)
−Ex

[∫ t

0

Φ(Qy(ξs∧τ−0 , t− s))ds

]
.

This combined with the Feynman-Kac formula gives the desired result. �

The next lemma will be used to prove the lower bounds in Theorems 1.1 and 1.2.

Lemma 4.3. Assume that (1.2) holds and that ((ξt)t≥0, (Px)x∈R) is a spectrally negative
Lévy process satisfying (H1). Let x > 0.

(1) If E0 [ξ1] = 0, then for any y ≥ 0, we have

lim inf
t→∞

√
teαtQ√

ty(x, t) ≥ 2CsubR(x)φσ2(y).

(2) If E0 [ξ1] > 0, we have

lim inf
t→∞

eαtu(x, t) ≥ CsubE0 [ξ1]W
(0)(x).

Moreover, for any y ∈ R, we have

lim inf
t→∞

eαtQ√
ty+E0[ξ1]t

(x, t) ≥ CsubE0 [ξ1]W
(0)(x)

∫ ∞

y
σ

φ(z)dz.
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(3) Assume further that (H2) holds. If E0 [ξ1] < 0, then for any y ≥ 0, we have

lim inf
t→∞

t3/2e(α−Ψ(λ∗))tQy(x, t) ≥
2CsubR

∗(x)eλ∗x√
2πΨ′′(λ∗)3

∫ ∞

y

e−λ∗zR̂∗(z)dz.

Proof. For any y ≥ 0, by the definition of Q, we have

Qy(x, t) ≤ Px(ζ > t) ≤ Px(ζ̃ > t) = g(t).

It follows from Lemma 4.2 that

Qy(x, t) = e−αtEx

[
1{τ−0 >t,ξt>y}e

−
∫ t
0 ϕ(Qy(ξs,t−s))ds

]
(4.1)

≥ e−αte−
∫ t
0 ϕ(g(t−s))dsPx

(
τ−0 > t, ξt > y

)
≥ Csube

−αtPx

(
τ−0 > t, ξt > y

)
.

Applying Lemma 3.1, we immediately get the assertion of (1). Using the fact that
u(x, t) = Q0(x, t) and applying Theorem 2.1, we get the first result of (2). Applying
Lemma 2.3 with y replaced by

√
ty + E0 [ξ1] t, we get the second result of (2). Applying

Theorem 3.5 with f(x) = 1(y,∞)(x), we get the assertion of (3). �

In the following three lemmas, we prove the upper bounds in Theorems 1.1 and 1.2.

Lemma 4.4. Assume that (1.2) holds and that ((ξt)t≥0, (Px)x∈R) is a spectrally negative
Lévy process satisfying (H1). If E0 [ξ1] = 0, then for any x > 0 and y ≥ 0, we have

lim sup
t→∞

√
teαtQ√

ty(x, t) ≤ 2CsubR(x)φσ2(y).

Proof. Fix an N > 0. For t > N , by Lemma 4.2, we have

Q√
ty(x, t) ≤ e−αtEx

[
1{τ−0 >t,ξt>

√
ty}e

−
∫ t
t−N

ϕ(Q√
ty(ξs,t−s))ds

]

≤ e−αtEx

[
1{τ−0 >t,ξt>

√
ty}e

−
∫N
0
ϕ(Q√

ty(infr∈[t−N,t] ξr ,s))ds
]
.

Take a γ ∈ (0, 1
2
) and define

J1(t) := Ex

[
1{τ−0 >t,ξt>

√
ty,infr∈[t−N,t] ξr≥

√
ty+tγ}e

−
∫N
0 ϕ(Q√

ty(infr∈[t−N,t] ξr,s))ds
]
,

J2(t) := Ex

[
1{τ−0 >t,ξt>

√
ty,infr∈[t−N,t] ξr<

√
ty+tγ}e

−
∫N
0
ϕ(Q√

ty(infr∈[t−N,t] ξr,s))ds
]
.

Then Q√
ty(x, t) ≤ e−αt(J1(t) + J2(t)). Since Q√

ty(x, t) is increasing in x, we have

J1(t) ≤ e−
∫N
0
ϕ(Q√

ty(
√
ty+tγ ,s))dsPx

(
τ−0 > t, ξt >

√
ty
)
.(4.2)

By (4.1) and (1.5), we have

Q√
ty(x, t) ≥ g(t)Px

(
τ−0 > t, ξt >

√
ty
)
.

Thus,

e−
∫N
0
ϕ(Q√

ty(
√
ty+tγ ,s))ds ≤ exp

{
−
∫ N

0

ϕ
(
g(s)P√

ty+tγ

(
τ−0 > s, ξs >

√
ty
))}

.
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Plugging this into (4.2) and applying the dominated convergence theorem, we get

lim sup
N→∞

lim sup
t→∞

J1(t)

Px

(
τ−0 > t, ξt >

√
ty
) ≤ lim sup

N→∞
e−

∫N
0 ϕ(g(s))ds = Csub.

Therefore, by Lemma 3.1, we have

lim sup
N→∞

lim sup
t→∞

√
tJ1(t) ≤ 2CsubR(x)φσ2(y).

Now we show that

(4.3) lim
t→∞

√
tJ2(t) = 0.

For any ǫ > 0 and t > N , it holds that

J2(t) ≤ Px

(
τ−0 > t, ξt >

√
ty, inf

r∈[t−N,t]
ξr <

√
ty + tγ

)

≤ Px

(
τ−0 > t,

√
ty < ξt ≤

√
t(y + ǫ)

)

+Px

(
τ−0 > t, ξt >

√
t(y + ǫ), inf

r∈[t−N,t]
ξr <

√
ty + tγ

)
.

By Lemma 3.1, we have

lim
t→∞

√
tPx

(
τ−0 > t,

√
ty < ξt ≤

√
t(y + ǫ)

)
=

2R(x)√
2πσ2

∫ y+ǫ
σ

y
σ

ρ(z)dz
ǫ→0−−→ 0.

For any t > 0 and κ ∈ (0, δ
2(2+δ)

), define

At :=

{
sup
s∈[0,1]

|ξts − ξ0 −Wts| > t
1
2
−κ

}
,(4.4)

where W is the Brownian motion in Lemma 3.2. Then by the Markov property of ξ, for
k < t−N ,

Px

(
τ−0 > t, ξt >

√
t(y + ǫ), inf

r∈[t−N,t]
ξr <

√
ty + tγ

)

=Ex

(
1{τ−0 >k}Pξk

(
τ−0 > t− k, ξt−k >

√
t(y + ǫ), inf

r∈[t−k−N,t−k]
ξr <

√
ty + tγ

))

≤H1(t) +H2(t),

where

H1(t) := Ex

(
1{τ−0 >k}Pξk

(
τ−0 > t− k, ξt−k >

√
t(y + ǫ), At−k

))
,

H2(t) := Ex

(
Pξk

(
ξt−k >

√
t(y + ǫ), inf

r∈[t−k−N,t−k]
ξr <

√
ty + tγ , Act−k

))
.

To prove (4.3), we only need to prove

(4.5) lim sup
t→∞

√
tH1(t) = 0, and lim sup

t→∞

√
tH2(t) = 0.
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Using (3.23) and Lemma 3.2, we get that for any k < t,

H1(t) ≤
CN∗(κ)

(t− k)(
1
2
−κ)(δ+2)−1

1 + x√
k
,

where C > 0 is a constant. Taking k = t
2
, we get that

lim sup
t→∞

√
tH1(t) = 0.(4.6)

For any z > 0, we have

Pz

(
ξt−k >

√
t(y + ǫ), inf

r∈[t−k−N,t−k]
ξr <

√
ty + tγ, Act−k

)

≤Qz

(
Wt−k >

√
t(y + ǫ)− t

1
2
−κ, inf

r∈[t−k−N,t−k]
Wr <

√
ty + tγ + t

1
2
−κ
)
,

where (Wt,Qz) is a mean 0 Brownian motion with diffusion coefficient σ2, starting from
z. Therefore, for any z > 0, using the reflection principle for Brownian motion, we get

lim
t→∞

√
tPz

(
ξt−k >

√
t(y + ǫ), inf

r∈[t−k−N,t−k]
ξr <

√
ty + tγ , Act−k

)

≤ lim
t→∞

√
tQ0

(
inf

r∈[0,N ]
Wr < −ǫ

√
t+ tγ + 2t

1
2
−κ
)

= lim
t→∞

√
tQ0

(
max
r∈[0,N ]

Wr > ǫ
√
t− tγ − 2t

1
2
−κ
)

= 0,

which implies that

lim
t→∞

√
tH2(t) = 0.(4.7)

Then (4.5) follows from (4.6) and (4.7), and we complete the proof. �

Lemma 4.5. Assume that (1.2) holds and that ((ξt)t≥0, (Px)x∈R) is a spectrally negative
Lévy process satisfying (H1). If E0 [ξ1] > 0, then for any x > 0, we have

lim sup
t→∞

eαtu(x, t) ≤ CsubE0 [ξ1]W
(0)(x).

Moreover, for any y ∈ R, we have

lim sup
t→∞

eαtQ√
ty+E0[ξ1]t

(x, t) ≤ CsubE0 [ξ1]W
(0)(x)

∫ ∞

y
σ

φ(z)dz.

Proof. Take γ ∈ (0, 1
2
) and fix an N > 0. For t > N , we have

Q√
ty+E0[ξ1]t

(x, t) ≤ e−αtEx

[
1{τ−0 >t,ξt>

√
ty+E0[ξ1]t}e

−
∫ t
t−N

ϕ(Q√
ty+E0[ξ1]t

(ξs,t−s))ds
]

≤ e−αtEx

[
1{τ−0 >t,ξt>

√
ty+E0[ξ1]t}e

−
∫N
0 ϕ(Q√

ty+E0[ξ1]t
(infr∈[t−N,t] ξr ,s))ds

]

=: e−αt(J1(t) + J2(t)),
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where

J1(t) := Ex

[
1{τ−0 >t,ξt>

√
ty+E0[ξ1]t,infr∈[t−N,t] ξr≥

√
ty+E0[ξ1]t+tγ}e

−
∫N
0 ϕ(Q√

ty+E0[ξ1]t
(infr∈[t−N,t] ξr ,s))ds

]
,

J2(t) := Ex

[
1{τ−0 >t,ξt>

√
ty+E0[ξ1]t,infr∈[t−N,t] ξr<

√
ty+E0[ξ1]t+tγ}e

−
∫N
0 ϕ(Q√

ty+E0[ξ1]t
(infr∈[t−N,t] ξr ,s))ds

]
.

Since Q√
ty+E0[ξ1]t

(x, t) is increasing in x, we have

J1(t) ≤ e−
∫N
0
ϕ(Q√

ty+E0[ξ1]t
(
√
ty+E0[ξ1]t+tγ ,s))dsPx

(
τ−0 > t, ξt >

√
ty + E0 [ξ1] t

)
.(4.8)

By (4.1) and (1.5),

Q√
ty+E0[ξ1]t

(x, t) ≥ g(t)Px

(
τ−0 > t, ξt >

√
ty + E0 [ξ1] t

)
.

Thus,

e−
∫N
0 ϕ(Q√

ty+E0[ξ1]t
(
√
ty+E0[ξ1]t+tγ ,s))ds

≤ exp
{
−
∫ N

0

ϕ
(
g(s)P√

ty+E0[ξ1]t+tγ

(
τ−0 > s, ξs >

√
ty + E0 [ξ1] t

))}
.

Plugging this into (4.8) and applying the dominated convergence theorem, we get

lim sup
N→∞

lim sup
t→∞

J1(t)

Px

(
τ−0 > t, ξt >

√
ty + E0 [ξ1] t

) ≤ lim sup
N→∞

e−
∫N
0
ϕ(g(s))ds = Csub.(4.9)

Therefore, by Lemma 2.3, we have

lim sup
N→∞

lim sup
t→∞

J1(t) ≤ CsubE0 [ξ1]W
(0)(x)

∫ ∞

y
σ

φ(z)dz.

Next, we show that limt→∞ J2(t) = 0. For ǫ > 0, it holds that

J2(t) ≤Px

(
τ−0 > t, ξt >

√
ty + E0 [ξ1] t, inf

r∈[t−N,t]
ξr <

√
ty + E0 [ξ1] t+ tγ

)

≤Px

(
τ−0 > t,

√
ty + E0 [ξ1] t < ξt ≤

√
t(y + ǫ) + E0 [ξ1] t

)

+Px

(
ξt >

√
t(y + ǫ) + E0 [ξ1] t, inf

r∈[t−N,t]
ξr <

√
ty + E0 [ξ1] t+ tγ

)
.

By Lemma 2.3, we have

lim
t→∞

Px

(
τ−0 > t,

√
ty + E0 [ξ1] t < ξt ≤

√
t(y + ǫ) + E0 [ξ1] t

)
(4.10)

=
E0 [ξ1]W

(0)(x)√
2π

∫ y+ǫ
σ

y
σ

e−
z2

2 dz
ǫ→0−−→ 0.

Recall the event At defined in (4.4). Then we have

Px

(
ξt >

√
t(y + ǫ) + E0 [ξ1] t, inf

r∈[t−N,t]
ξr <

√
ty + E0 [ξ1] t+ tγ

)
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≤ Px (At) +Px

(
ξt >

√
t(y + ǫ) + E0 [ξ1] t, inf

r∈[t−N,t]
ξr <

√
ty + E0 [ξ1] t + tγ, Act

)

By Lemma 3.2, we have limt→∞ Px (At) = 0. Furthermore, using the reflection principle
for Brownian motion, we get that, as t→ ∞,

Px

(
ξt >

√
t(y + ǫ) + E0 [ξ1] t, inf

r∈[t−N,t]
ξr <

√
ty + E0 [ξ1] t + tγ, Act

)

≤Qx

(
Wt >

√
t(y + ǫ) + E0 [ξ1] t− t

1
2
−κ, inf

r∈[t−N,t]
Wr <

√
ty + E0 [ξ1] t+ tγ + t

1
2
−κ
)

≤Q0

(
inf

r∈[0,N ]
Wr < −ε

√
t+ tγ + 2t

1
2
−κ
)

= Q0

(
max
r∈[0,N ]

Wr > ε
√
t− tγ − 2t

1
2
−κ
)

→ 0,

where (Wt,Qx) is a mean 0 Brownian motion with diffusion coefficient σ2, starting from
x. This combined with (4.9) and (4.10) gives the desired result. �

Lemma 4.6. Fix an N > 0. Assume that (1.2) holds and that ((ξt)t≥0, (Px)x∈R) is a
spectrally negative Lévy process satisfying (H1) and (H2). If E0 [ξ1] < 0, then we have

lim
t→∞

Ex

[
1{τ−0 >t,ξt>y}e

−
∫ t
t−N

ϕ(Qy(ξs,t−s))ds
]

=e(α−Ψ(λ∗))N 2R∗(x)eλ∗x√
2πΨ′′(λ∗)3

∫

R+

Pz(MN > y)e−λ∗zR̂∗(z)dz.

Proof. By the Markov Property,

Ex

[
1{τ−0 >t,ξt>y}e

−
∫ t
t−N ϕ(Qy(ξs,t−s))ds

]

= Ex

[
1{τ−0 >t−N}Eξt−N

[
1{τ−0 >N,ξN>y}e

−
∫N
0 ϕ(Qy(ξs,N−s))ds

]]

=: Ex

[
1{τ−0 >t−N}f

y
N(ξt−N)

]
,

where for any z ≥ 0, f yN is defined by

f yN (z) := Ez

[
1{τ−0 >N,ξN>y}e

−
∫N
0 ϕ(Qy(ξs,N−s))ds

]
.

By Lemma 4.2,

f yN(z) = eαNQy(z,N),(4.11)

which implies that f yN(z) is bounded and increasing with respect to z. Then f yN is a.e.
continuous. Applying Theorem 3.5 to f yN , we get that

lim
t→∞

t3/2e−Ψ(λ∗)tEx

[
1{τ−0 >t,ξt>y}e

−
∫ t
t−N

ϕ(Qy(ξs,t−s))ds
]

=e−Ψ(λ∗)N 2R∗(x)eλ∗x√
2πΨ′′(λ∗)3

∫

R+

f yN (z)e
−λ∗zR̂∗(z)dz,

which gives the desired result together with (4.11). �
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Proofs of Theorems 1.1 and 1.2: Combining Lemmas 4.3, 4.4 and 4.5, we get parts
(1) and (2) of both Theorem 1.1 and Theorem 1.2 immediately. Next, we prove part (3)
of both theorems. For E0[ξ1] < 0, fix N > 0 and y ≥ 0. By Lemma 4.2, we have for
t ≥ N ,

Qy(x, t) ≤ e−αtEx

[
1{τ−0 >t,ξt>y}e

−
∫ t
t−N ϕ(Qy(ξs,t−s))ds

]
.(4.12)

Combining this with Lemma 4.6, we get that

lim sup
t→∞

t3/2e(α−Ψ(λ∗))tQy(x, t)(4.13)

≤ 2R∗(x)eλ∗x√
2πΨ′′(λ∗)3

lim inf
N→∞

e(α−Ψ(λ∗))N

∫

R+

Pz(MN > y)e−λ∗zR̂∗(z)dz.

Moreover, using the fact that Qy(x, t) ≤ g(t) and Lemma 4.2, we get

Qy(x, t) ≥ e−αtEx

[
1{τ−0 >t,ξt>y}e

−
∫ t
t−N ϕ(Qy(ξs,t−s))ds

]
e−

∫ t−N
0 ϕ(g(t−s))ds.

Using Lemma 4.6 again, we have

lim inf
t→∞

t3/2e(α−Ψ(λ∗))tQy(x, t)(4.14)

≥ 2R∗(x)eλ∗x√
2πΨ′′(λ∗)3

lim sup
N→∞

e(α−Ψ(λ∗))N

∫

R+

Pz(MN > y)e−λ∗zR̂∗(z)dz.

Combining (4.13) and (4.14), we obtain that

lim
t→∞

t3/2e(α−Ψ(λ∗))tQy(x, t)

=
2R∗(x)eλ∗x√
2πΨ′′(λ∗)3

lim
N→∞

e(α−Ψ(λ∗))N

∫

R+

Pz(MN > y)e−λ∗zR̂∗(z)dz :=
2R∗(x)eλ∗x√
2πΨ′′(λ∗)3

Cy,

where Cy := limN→∞ e(α−Ψ(λ∗))N
∫
R+

Pz(MN > y)e−λ∗zR̂∗(z)dz. Next, we show that Cy ∈
(0,∞). First, applying Lemma 4.3 (3), we get

Cy ≥ Csub

∫ ∞

y

e−λ∗zR̂∗(z)dz > 0.

Using (4.12) and taking f(x) = 1(y,∞)(x) in Theorem 3.5, we get

lim sup
t→∞

t3/2e(α−Ψ(λ∗))tQy(x, t) ≤ lim
t→∞

t3/2e−Ψ(λ∗)tPx

(
τ−0 > t, ξt > y

)

=
2R∗(x)eλ∗x√
2πΨ′′(λ∗)3

∫ ∞

y

e−λ∗zR̂∗(z)dz.

Therefore, Cy ≤
∫∞
y
e−λ∗zR̂∗(z)dz <∞. This completes the proof. �

Proof of Corollary 1.3: We only prove (3). Combining Theorem 1.1 and 1.2, for
any 0 < a < b, we get that

lim
t→∞

Px (Mt ∈ (a, b]|ζ > t) = lim
t→∞

Qa(x, t)−Qb(x, t)

u(x, t)
=

∫ b
a
e−λ∗zR̂∗(z)dz

∫∞
0
e−λ∗zR̂∗(z)dz

.
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Therefore, there exists a random variable (X,P) such that Px(Mt ∈ ·|ζ > t) vaguely
converge to P(X ∈ ·). Moreover, by (4.1), we have

Px (Mt > y|ζ > t) =
Qy(x, t)

u(x, t)

≤ e−αtPx

(
τ−0 > t, ξt > y

)

Csube−αtPx

(
τ−0 > t

) =
1

Csub
Px

(
ξt > y|τ−0 > t

)
.

Thus by Theorem 3.5, the tightness of Mt under Px(·|ζ > t) follows from the tightness of
ξt under Px(·|τ−0 > t). This gives the desired result. �

5. Proof of Theorem 1.4

For any 0 < x < y, define

v(x, y) := Px(M > y).

The following result is valid for any branching killed Lévy processes.

Lemma 5.1. For any 0 < x < y, it holds that

v(x, y) = Ex

[
1{τ+y <τ−0 }e

−ατ+y −
∫ τ+y
0 ϕ(v(ξs,y))ds

]
,

where ϕ is defined by (1.1). Consequently, for 0 < x < z < y, by the strong Markov
property, we have

v(x, y) = Ex

[
1{τ+z <τ−0 }v(ξτ+z , y)e

−ατ+z −
∫ τ

+
z

0 ϕ(v(ξs,y))ds

]
.

Proof. For 0 < x < y, comparing the first branching time with τ+y , we have

v(x, y) =

∫ ∞

0

βe−βsPx(τ
+
y < τ−0 , τ

+
y ≤ s)ds

+

∫ ∞

0

βe−βsEx

((
1−

∞∑

k=0

pk (1− v(ξs, y))
k

)
1{τ+y ∧τ−0 >s}

)

=Ex

(
e−βτ

+
y 1{τ+y <τ−0 }

)
+

∫ ∞

0

βe−βsEx

((
1−

∞∑

k=0

pk (1− v(ξs, y))
k

)
1{τ+y ∧τ−0 >s}

)
ds.

By [4, Lemma 4.1], the above equation is equivalent to

v(x, y) + β

∫ ∞

0

Ex

(
v(ξs, y)1{τ+y ∧τ−0 >s}

)
ds

= Px

(
τ+y < τ−0

)
+ β

∫ ∞

0

Ex

((
1−

∞∑

k=0

pk (1− v(ξs, y))
k

)
1{τ+y ∧τ−0 >s}

)
ds,
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which is also equivalent to

v(x, y) = Px

(
τ+y < τ−0

)
− Ex

(∫ τ+y ∧τ−0

0

Φ(v(ξs, y))ds

)
,

where Φ is defined in (1.1). Using the Feynman-Kac formula, we get that

v(x, y) = Ex

(
1{τ+y <τ−0 }e

−ατ+y −
∫ τ

+
y

0 ϕ(v(ξs,y))ds

)
.

This gives the desired result. �

Lemma 5.2. Assume that ((ξt)t≥0, (Px)x∈R) is a spectrally negative Lévy process. For
any 0 < x < y, we have

v(x, y) ≤
exψ(α)W

(0)
ψ(α)(x)

eyψ(α)W
(0)
ψ(α)(y)

≤ e(x−y)ψ(α).(5.1)

Proof. Since the function ϕ is non-negative, combining Lemma 5.1 and Theorem 2.1 (2),
we get

v(x, y) ≤ Ex

[
e−ατ

+
y 1{τ+y <τ−0 }

]
=
W (α)(x)

W (α)(y)
, x < y.

This combined with Lemma 2.2 yields that

v(x, y) ≤
exψ(α)W

(0)
ψ(α)(x)

eyψ(α)W
(0)
ψ(α)(y)

≤ e(x−y)ψ(α).

This gives the desired result. �

Proof of Theorem 1.4: By Lemmas 5.1 and 2.4, we have

v(x, y) = Ex

[
1{τ+y <τ−0 }e

−ατ+y −
∫ τ+y
0 ϕ(v(ξs ,y))ds

]

= e(x−y)ψ(α)Eψ(α)
x

[
1{τ+y <τ−0 }e

−
∫ τ+y
0 ϕ(v(ξs ,y))ds

]
.

Fix a γ ∈ (0, 1), by the Markov property of (ξt,P
ψ(α)
x ), we have

v(x, y) := e(x−y)ψ(α)Eψ(α)
x

[
1{τ+

y−yγ
<τ−0 }e

−
∫ τ+

y−yγ

0 ϕ(v(ξs ,y))ds

]
(5.2)

× E
ψ(α)
y−yγ

[
1{τ+y <τ−0 }e

−
∫ τ+y
0 ϕ(v(ξs ,y))ds

]
=: e(x−y)ψ(α)A1(x, y)A2(y),

where

A1(x, y) := Eψ(α)
x

[
1{τ+

y−yγ
<τ−0 }e

−
∫ τ+

y−yγ

0 ϕ(v(ξs ,y))ds

]
,
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A2(y) := E
ψ(α)
y−yγ

[
1{τ+y <τ−0 }e

−
∫ τ+y
0 ϕ(v(ξs ,y))ds

]
.

We first consider the asymptotic behavior of A1(x, y) as y → ∞. We claim that

lim
y→∞

[
Pψ(α)
x (τ+y−yγ < τ−0 )−A1(x, y)

]
= 0.(5.3)

Indeed, using the inequality 1− e−|x| ≤ |x|, we get

0 ≤ Pψ(α)
x (τ+y−yγ < τ−0 )− A1(x, y)(5.4)

= Eψ(α)
x

[
1{τ+

y−yγ
<τ−0 }

(
1− e−

∫ τ
+
y−yγ

0 ϕ(v(ξs ,y))ds

)]

≤ Eψ(α)
x

[
1{τ+

y−yγ
<τ−0 }

∫ τ+
y−yγ

0

ϕ(v(ξs, y))ds

]
≤ Eψ(α)

x

[∫ τ+
y−yγ

0

ϕ(v(ξs, y))ds

]
.

Set y∗(x) := inf{t ≥ y − yγ, t− x ∈ N}. By (5.1), we have

Eψ(α)
x

[∫ τ+
y−yγ

0

ϕ(v(ξs, y))ds

]
≤ Eψ(α)

x

[∫ τ+
y∗(x)

0

ϕ
(
e(ξs−y)ψ(α)

)
ds

]

=

y∗(x)−x−1∑

k=0

Eψ(α)
x

[∫ τ+x+k+1

τ+x+k

ϕ
(
e(ξs−y)ψ(α)

)
ds

]

≤
y∗(x)−x−1∑

k=0

Eψ(α)
x

(
τ+x+k+1 − τ+x+k

)
ϕ
(
eψ(α)(x+k+1−y))

= E
ψ(α)
0

(
τ+1
) y∗(x)∑

k=1

ϕ
(
e−ψ(α)(y−x−1−y∗(x)+k)) .

By the definition of y∗(x), we have that for y large enough,

y − x− 1− y∗(x) ≥ y − x− 1− (y − yγ + 1) = yγ − x− 2.

Therefore, when y is sufficient large so that yγ − x− 2 ≥ yγ/2, by (1.3), we have

Eψ(α)
x

[∫ τ+
y−yγ

0

ϕ(v(ξs, y))ds

]

≤ E
ψ(α)
0 (τ1)

∞∑

k=1

ϕ
(
e−ψ(α)(y

γ/2+k)
)
≤ E

ψ(α)
0 (τ1)

∫ ∞

0

ϕ
(
e−ψ(α)(y

γ/2+z)
)
dz

= E
ψ(α)
0 (τ1)

∫ ∞

yγ/2
ϕ
(
e−ψ(α)z

)
dz

y→∞−→ 0.

This combined with (5.4) yields (5.3). Using Lemma 2.4 and Theorem 2.1(2), we get

lim
y→∞

A1(x, y) = lim
y→∞

Pψ(α)
x (τ+y−yγ < τ−0 )
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= lim
y→∞

e(y−y
γ−x)ψ(α)Ex

[
e−ατ

+
y−yγ 1{τ+

y−yγ
<τ−0 }

]
= lim

y→∞
e(y−y

γ−x)ψ(α) W (α)(x)

W (α)(y − yγ)
.

Using (2.1), we get that

W (α)(y − yγ) ∼ eψ(α)(y−y
γ )

Ψ′(ψ(α))
.

Therefore,

lim
y→∞

A1(x, y) = e−ψ(α)xΨ′(ψ(α))W (α)(x).(5.5)

Next, we consider the asymptotic behavior of A2(y) as y → ∞. Recall that

A2(y) =E
ψ(α)
y−yγ

[
1{τ+y <τ−0 }e

−
∫ τ+y
0 ϕ(v(ξs,y))ds

]

=E
ψ(α)
y−yγ

[
e−

∫ τ+y
0 ϕ(v(ξs ,y))ds

]
−E

ψ(α)
y−yγ

[
1{τ+y ≥τ−0 }e

−
∫ τ+y
0 ϕ(v(ξs ,y))ds

]
.

We claim that

lim
y→∞

E
ψ(α)
y−yγ

[
e−

∫ τ+y
0 ϕ(v(ξs ,y))ds

]
= C∗(α) ∈ (0, 1],(5.6)

and

lim
y→∞

E
ψ(α)
y−yγ

[
1{τ+y ≥τ−0 }e

−
∫ τ+y
0 ϕ(v(ξs ,y))ds

]
= 0.(5.7)

Then we get

lim
y→∞

A2(y) = C∗(α).(5.8)

Combining (5.2), (5.5) and (5.8) gives that

lim
y→∞

ey
γψ(α)v(x, y) = C∗(α)Ψ

′(ψ(α))W (α)(x),

which gives the desired result. Now we are left to prove (5.6) and (5.7). By Lemma 2.4
and Theorem 2.1, we have

E
ψ(α)
y−yγ

[
1{τ+y ≥τ−0 }e

−
∫ τ+y
0 ϕ(v(ξs ,y))ds

]
≤ P

ψ(α)
y−yγ

(
τ+y ≥ τ−0

)
= 1−P

ψ(α)
y−yγ

(
τ+y < τ−0

)

= 1− ey
γψ(α)Ey−yγ

[
e−ατ

+
y 1{τ+y <τ−0 }

]
= 1− ey

γψ(α)W
(α)(y − yγ)

W (α)(y)

which tends to 0 as y → ∞ by (2.1). Thus (5.7) is valid. To prove (5.6), for any y > 0,
define

G(y) := E
ψ(α)
y−yγ

[
e−

∫ τ+y
0 ϕ(v(ξs ,y))ds

]
.
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For any z > y, by the translation invariance and the strong Markov property of ξ, we
have

G(z) = E
ψ(α)
z−zγ

[
e−

∫ τ+z
0 ϕ(v(ξs ,z))ds

]
= E

ψ(α)
0

[
e−

∫ τ+
zγ

0 ϕ(v(ξs+z−zγ ,z))ds
]

= E
ψ(α)
0

[
e−

∫ τ+
zγ−yγ

0 ϕ(v(ξs+z−zγ ,z))ds

]
E
ψ(α)
zγ−yγ

[
e−

∫ τ+
zγ

0 ϕ(v(ξs+z−zγ ,z))ds
]
,

where the first term of the above display is dominated by 1 from above and the second

term is equal to E
ψ(α)
0

[
e−

∫ τ
+
yγ

0 ϕ(v(ξs+z−yγ ,z))ds
]
. It follows that

G(z) ≤ E
ψ(α)
0

[
e−

∫ τ+
yγ

0 ϕ(v(ξs+z−y+y−yγ ,z−y+y))ds

]
.(5.9)

Note that for any w > 0, it holds that

v(x+ w, y + w) = Px+w

(
∃ t > 0, u ∈ Nt s.t. min

s≤t
Xu(s) > 0, Xu(t) > y + w

)

≥ Px+w

(
∃ t > 0, u ∈ Nt s.t. min

s≤t
Xu(s) > w,Xu(t) > y + w

)
= v(x, y).

This combined with (5.9) gives that for z > y,

G(z) ≤ E
ψ(α)
0

[
e−

∫ τ+
yγ

0 ϕ(v(ξs+y−yγ ,y))ds

]
= G(y).

Thus, the limit C∗(α) := limy→∞G(y) exists. It is obvious that C∗(α) ≤ 1. Next, we
only need to show C∗(α) > 0. We assume without loss of generality that y is an integer.
By the strong Markov property and Jensen’s inequality,

G(y) =

E
ψ(α)
0

[
e−

∫ τ+y
0 ϕ(v(ξs ,y))ds

]

E
ψ(α)
0

[
e−

∫ τ+
y−yγ

0 ϕ(v(ξs ,y))ds

] ≥ E
ψ(α)
0

[
e−

∫ τ+y
0 ϕ(v(ξs ,y))ds

]

≥ exp

{
−

y∑

n=1

E
ψ(α)
0

[∫ τ+n

τ+n−1

ϕ(v(ξs, y))ds

]}
.

By (1.3) and (5.1), we get

∫ τ+n

τ+n−1

ϕ(v(ξs, y))ds ≤ (τ+n − τ+n−1)ϕ(v(n, y)) ≤ (τ+n − τ+n−1)ϕ
(
e(n−y)ψ(α)

)
.
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Note that under P
ψ(α)
0 , {τ+n − τ+n−1} are i.i.d. random variables with finite first moment.

Therefore,

G(y) ≥ exp

{
−

y∑

n=1

ϕ
(
e(n−y)ψ(α)

)
E
ψ(α)
0

[
(τ+n − τ+n−1)

]
}

= exp

{
−E

ψ(α)
0 (τ+1 )

y−1∑

n=0

ϕ
(
e−nψ(α)

)
}

≥ exp

{
−E

ψ(α)
0 (τ+1 )

∞∑

n=0

ϕ
(
e−nψ(α)

)
}
,

which implies that

C∗(α) ≥ exp

{
−E

ψ(α)
0 (τ+1 )

∞∑

n=0

ϕ
(
e−nψ(α)

)
}
.

According to (1.3), we have
∞∑

n=0

ϕ
(
e−nψ(α)

)
≤ ϕ(1) +

∫ ∞

0

ϕ
(
e−zψ(α)

)
dz <∞,

which implies that C∗(α) > 0. This gives the desired result. �
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